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OPTIMALITY CONDITIONS AND DUALITY IN NONSMOOTH
MULTIOBJECTIVE OPTIMIZATION

IZHAR AHMAD AND SARITA SHARMA

ABSTRACT. In this paper, a new class of generalized (F,p,o)—type I functions
are introduced for a nonsmooth multiobjective optimization problem. Based
upon these generalized functions, Karush-Kuhn-Tucker type sufficient optimality
conditions are derived for a feasible point to be an efficient or properly efficient
solution. Appropriate duality theorems are also proved for a general Mond-Weir
type dual.

1. INTRODUCTION

Multiobjective optimization is a useful mathematical model in order to investigate
real-world problems with conflicting objectives, arising from economics, engineering
and human decision making. Various optimality conditions and approaches to du-
ality for the multiobjective optimization problems may be found in the literature.
The case involving nonlinear functions has been of much interest in the recent past
and many contributions have been made to this development.

It is well known that convexity plays a vital role in many aspects of mathematical
programming including sufficient optimality conditions and duality theorems, but
does no longer suffice. To relax convexity assumptions imposed on sufficient opti-
mality conditions and duality theorems, various generalized convexity notions have
been proposed. One of the useful generalizations is (F, p)-convexity was introduced
by Preda [13] as an extension of F-convexity [7], and p - convexity [15], and he used
this concept to obtain duality results for efficient solutions. Recently, Aghezzaf [1]
and Ahmad [3] obtained sufficiency and duality theorems for efficient and properly
efficient solutions under generalized (F, p)—convexity.

Hanson and Mond [8] introduced two new classes of functions, called type I
and type II functions for scalar optimization problem, which were further general-
ized to pseudo-type I and quasi-type I by Rueda and Hanson [14]. Other classes
of generalized type I functions have been introduced in [2, 6, 9]. Zhao [16] gave
optimality conditions and duality results in nondifferentiable scalar optimization
assuming Clarke [4] generalized subgradients under type I functions. Recently, Kuk
and Tanino [10] established sufficient optimality conditions and duality theorems
under generalized type I functions in terms of Clarke subgradients.
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In the present paper, we consider a nonsmooth multiobjective optimization prob-
lem and define a new class of generalized (F,p,0) - type I functions in order to
establish the Karush-Kuhn-Tucker type sufficient optimality conditions for a fea-
sible point to be efficient or properly efficient. Moreover, weak, strong and strict
converse duality theorems are obtained for a general Mond-Weir type dual.

2. DEFINITIONS AND PRELIMINARIES

Following conventions of vectors in R™ will be followed throughout the paper:
T2y~ x; 2y, i =1,2,....n x>y<=x; 2y, t=1,2...,n, but x #
y; x >y<=wx; >y, i=12,...,n. Let K ={1,2,...,k},and M ={1,2,...,m}
be index sets.

A function f : R™ — R is said to be locally Lipschitz at z € R", if there exist
scalars § > 0 and € > 0 such that
| flat) — f(@?®) | £ 6| 2 — 2%, for all 2!, 2% € Z 4 €B,
where T + eB is the open ball of radius € about .

The generalized directional derivative [4] of a locally Lipschitz function f at x in
the direction v, denoted by f°(x;v), is as follows :

fly+tv) — f(y)
t

fO>z;v) =lim  sup
y—x

£10
The Clarke generalized gradient [4] of f at x is denoted by
of(x) = {&: fUz;v) = v, for all v € R"}.

The function f at z is regular in the sense of Clarke [4], if fO(z;v) = f'(z;v),
where f’(z;v) is the directional derivative

Fas)  tim [T 1) 1)

t10 t

We now consider the following multiobjective optimization problem :
(MP) Minimize f(z) = [f1(x), fa(z), ..., fr(z)]
subject tox € X ={x € S:gj(z) £0, j € M},
where S is a non-empty open convex subset of R", and f; : S — R, i € K and
g; S — R, j € M, are locally Lipschitz functions.
The following two definitions are from Geoffrion [5].

Definition 2.1. A point z € X is said to be an efficient solution of (M P) if there
exists no x € X such that f(z) < f(z).
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Definition 2.2. An efficient solution Z is said to be a properly efficient solution of
(M P) if there exists a scalar N > 0 such that for each i, f;(z) < fi(z) and z € X

imply that
fi(z) — fi(x)
fi(@) = f;(2)
for at least one j satisfying f;(z) < f;(x).

<N

Definition 2.3. A functional F' : S x S x R™ — R is said to be sublinear in its
third component, if for all z,z € S,

(i) F(xz,Z;a+b) < F(x,z;a) + F(x,z;b), for all a,b € R™,
(ii) F(z,z;aa) = aF(z,z;a), Va € R,a 2 0,and for all a € R".
From (ii), it is clear that F'(x,z;0) = 0.

We next introduce generalized (F, p,o)—type I functions.
Let F be a sublinear functional, and let the functions f and g be locally Lipschitz
at a given point z € S. Let p; e R, i€ K, 0; € R, j € M, and d(-,-) : S x S — R.

Definition 2.4. (f,g) is said to be (F,p,o0)-type I at € S, if for all x € X, we
have

(2.1) filz) — fi(z) = F(z,5;&) 4 pid*(z,z), for all & € fi(%), i € K,
-gij(z) 2 F(x,7z;¢)+ deQ(m,;f), for all (; € 0g;(Z), j € M.

If in the above definition, (2.1) is a strict inequality, then we say that (f,g) is
(F, p, o)-semistrictly-type I at Z.

Remark 2.5. If p; = 0, F(2,%;&) = &n(z,z),i € K, and 0; = 0, F(z,7;¢j) =
Can(:z,j), j € M, for a certain mapping 17 : X x S — R", then above definition
reduces to one of type I functions defined in [10].

Example 2.6. Consider the following multiobjective optimization problem:

Minimize f(z) = [f1(x), f2()]
subject to g(z) £ 0, z € S,
where f = (f1,f2) : S — R? and g : S — R are given by
24z —152<0,
fl(x)_{ 3r; 05251,

2
¢ -1z <0,
fQ(x):{x,ngél,

and
g(@) = |o| 1 < 0.
The feasible region is X = {z: —1 <z < 1}.
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The Clarke generalized gradients of f1, fo, and g at £ = 0 are
0f1(0) ={& : 126 =3}, 0/(0)={& : 0= & =1},

and
99(0) ={¢ : -1 =¢=1}.

It can be easily seen that (f,g) is (F, p,0)-type I at £ =0 € S, for the sublinear
functional F(z,%;a) = a® (23 + ), d(2,2) = Vz+2 -2, p=2, and 0 = 3. But
(f,9) is not type I [10] as can be verified by taking p = 0, and o = 0.

Definition 2.7. (f,g) is said to be (F, p,0)-quasi-type I at z € S, if for all z € X,
we have

filz) £ fi(z) = F(2,%,&) £ —pid*(z,7), for all & € 0fi(7),i€ K,
—gj(%) £ 0= F(z,z;(;) < —ade(x,:i), for all ¢; € 0g;(z), j € M.

Definition 2.8. (f, g) is said to be (F, p, o)-pseudo-type I at & € S, if for all z € X,
we have

F(x, ;&) 2 —pid*(2,7) = fi(x) Z fi(2), for all & € 9fi(x), i € K,
F(x,z;¢) 2 —ajdz(x,a_:) = —g,(z) 20, for all (; € 0g;(Z), j € M.

Definition 2.9. (f,g) is said to be (F, p, 0)-quasipseudo-type I at z € S, if for all
x € X, we have

fi(x) £ fi(®) = F(2,%;&) £ —pid*(z,7), for all & € 8fi(7), i € K,
(22)  F(z,2,{) 2 —0;d*(z,2) = —g;(z) 2 0, for all ; € dg;(z), j € M.
If in the above definition, inequality (2.2)) is satisfied as
F(z,7;¢j) 2 —0;d*(z,7) = —g;(%) > 0, for all ¢; € dg;(Z), j € M,
then we say that (f,g) is (F, p, 0)-quasistrictly-pseudo-type I at .

Definition 2.10. (f, g) is said to be (F, p, o)-pseudoquasi-type I at z € S, if for all
x € X, we have

(23)  Fl(a,%&) 2 —pid*(2,7) = fi(x) Z fi(2), for all & € 0f,(7), i € K,

—g;(#) £0= F(,7;(;) £ —0;d*(z,7), for all ¢; € dgj(z), j € M.
If in the above definition, inequality (2.3) is satisfied as

F(z,7;&) 2 —pid*(z,7) = fi(z) > fi(7), for all & € 9f;(2), i € K,
or equivalently,

filz) £ fi(z) = F(z,%,&) < —pid®(z, 7), for all § € 8fi(Z), i € K,

then we say that (f, g) is (F, p, o)-strictly-pseudoquasi-type I at .
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3. SUFFICIENCY

In this section, we obtain Karush-Kuhn-Tucker type sufficient optimality condi-
tions for a feasible point of (M P) to be efficient or properly efficient. Let J(z) =
{j € M : g;(z) =0}, and g;(Z) denotes the vector of active constraints.

Theorem 3.1. Suppose that there exists a feasible solution T of (M P) and scalars
k

Xi20,i€K,> \i=1andp; 20,5 € J(Z) such that
i=1

k
(3.1) 0> NOfi(@) + > nog;(@
=1

jeJ(z)

If (f,g7) is (F, p,o)—semistrictly-type I at z and Z Xipi + Y. pjo; 20, then
i=1 JjeJ(T)
Z is an efficient solution of (M P).

Proof. Condition (3.1) implies that there exist §; € 0f;(Z), i € K, and (j € 0g;(Z), j €
J(Z) satisfying

k
(3.2) Z&fri- Z 1 = 0.
i=1

jeJ()
Now suppose that Z is not an efficient solution of (M P), then there exists a
feasible solution z of (MP), and an index r such that

fr(@) < fr(Z),
and
fi(z) = fi(z), for all i # r.
These two inequalities lead to

k

D Nifi(x) ngj

=1

Also, we have — > p;g;(%) =
JjEJ(2)

Since (f,g7) is (F, p,o)—semistrictly-type I at Z, we have

(3.3) file) = fi(@) > F(x,%;&) + pid®(x, ), for all & € 8fi(7), i € K,
and
(3.4) — g;(%) = F(z,7; () + 0;d*(2,2), for all {; € dg;(%),j € J(7).

On summing the inequalities obtained on multiplying (3.3) by A\; =2 0, ¢ € K, and
(3.4) by puj 20, j € M, respectively, we get

K k
Z Aifi(x) — Z Aifi(Z)
i=1 i=1
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(3.5) F(z, & Z)\ &) + Z&pl , for all & € 0f;(z),
0 = — ) pg(x)
jeJ (%)
(3.6) 2 F(z, Z i) + Z pjoid*(x,z), for all ¢; € dg;(7).
jed(x) jed(x)

Now relations (3.5), (3.6), and the sublinearity of F' imply

k K
F(z, %) N&it+ Y i) S Fz, 3> N&) + Fn,3 Y 1))
=1

JEJ () 1=1 JEJ(Z)

Z&p@ + Z pjo;)d*(z,z) < 0.

jeJ(Z)
Therefore i
Z)\z‘fz‘ + Z 1565 7 0,
i=1 JeJ (%)
which is a contradiction to (3.2). Hence Z is an efficient solution of (M P). O

Theorem 3.2. Suppose that there exists a feasible solution T of (MP) and scalars
k
Xi20,ieK,> Ni=1andp; 20,5 € J(Z) such that (3.1) in Theorem 3.1l holds.

=1
If (Z Nifis Do 1jg5) is (F, p1, o1)-strictly-pseudoquasi-type I at & and py+o1 2 0,
i=1 jeJ(@)

then T is an efficient solution of (M P).
Proof. Following the proof of Theorem [3.1, we obtain

k k
> Nifi(z) £ Nfi@),
i=1 i=1

- Z 1595(Z

jeJ (T

and

(Z Nifi, Do pjg5) is (F, p1,01)-strictly-pseudoquasi-type I at Z, it follows that

=1 jed(z)
k
Fo,%;)  Ni&) < —prd®(x,2), for all & € 9fi(%), i € K,
i=1
F(z,z; Z 1;iG) £ —o1d*(z,7), for all ¢; € dg;(7), 7 € J(%).
jed (z)

Using the sublinearity of F' and p; + o1 = 0, we again reach a contradiction like
Theorem 3.1, Il
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The following theorem can be proved along the similar lines of the proof of The-
orem 3.2.

Theorem 3.3. Suppose that there exists a feasible solution T of (MP) and scalars

k
Xi20,i€ K, Y N=1andp; 20,5 € J(Z) such that (3.1) in Theorem 3.1 holds.
i=1

If(z Xifis Do 1jg;5) is (F, pa, 02)-quasistrictly-pseudo-type I at T and pa+o9 2 0,
i=1 JjeJ (%)

then T is an efficient solution of (M P).

Theorem 3.4. Suppose that there exists a feasible solution T of (MP) and scalars
Xi >0,i€ K, and pj 20,5 € J(Z) such that (3.1) in Theorem 3.1 holds. If any
one of the following two sets of hypotheses is satisfied:

(a) (i) (f,gJ) is (F\p,0)-type I at 7,
(i) Z Nipi + >0 piog 20,

i=1 jeJ(T)
(b) (i) (Z Xifi, Do wjg5) is (F, ps, 03)-pseudoquasi-type I at T,
=1 JjeJ(Z)

(ii) p3+ 03 20,
then T is a properly efficient solution of (MP).

Proof. Condition (3.1) implies that there exist & € 0f;(Z), and (; € Jg;(Z) satisfy-
ing

(3.7) O—ZA&Jr Z 15 Gj-

jeJ (@

(a) Since (f,g7) is (F, p,0)-type I at T, we have for all z € X,

k k k
Y oNifil@) =D Nfi(®) = Fle, ) Né)
i=1

i=1 i=1
k

(3.8) +> Nipid’(w, ), V & € 0fi(T),
i=1

- > wgi@ z Flea ) )
JEJ(7) jeJ(z)

(3.9) + Z pijoid*(x, @), ¥ ¢; € 0g;(Z).

jeJ(T)

Now relations (3.8)), (3.9), and the sublinearity of F' imply that

1\

K k k k
D o Nifi(x) =Y Nifi(®) Fz,2; ) MN&)+ > dipid®(x, 2
i=1 i=1 i=1 i=1
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+F(x,z; Z 1iCi) + Z pjoid?(z, )

jed(z) jeJ(z)
k
> Flo,z ) Né&+ Y. 1w6)
=1 jed(z)
Z)\zpl+ Z lu]O-J ZL‘,QL‘)
jeJ(z
2 Zm+ Z njo;)d (@, ), (by (3.7))
jeJ(z
2 0, (by (i1)).

Hence by Theorem 1 of Geoffrion [5], Z is a properly efficient solution of (M P).
(b) Since g;(z) = 0,y = 0, the second part of assumption (i) gives

F(z,@ Y i) £ —osd*(x,7), for all ¢ € dg;(z), j € J(Z).
jeJ(z)
The above inequality together with the sublinearity of F', (3.7), and assumption
(ii) imply
F(x, z; Z \i&i) Z —psd®(x,2), for all § € 0fi(%), i € K,

which on applying the first part of assumptlon (i) yields

inm) > inﬁ(:ﬁ)
=1 =1

Hence by Theorem 1 of Geoffrion [5], Z is a properly efficient solution of (M P). O
The so-called Cottle constraint qualification is used in the following theorem:

Proposition 3.5. Let f;, i € K and gj, j € M, be locally Lipschitz functions at
a point & € X. Problem (MP) satisfies the Cottle constraint qualification at T if
either g;(Z) <0, for all j € M, or 0 ¢ conv {Jg;(Z) : g;(Z) = 0}.

Assuming the Cottle constraint qualification, we obtain the Karush-Kuhn-Tucker
type necessary conditions for efficiency (see, for example, [11], Theorem 3.2.9).

Theorem 3.6. Assume that T is an efficient solution of (M P) at which the Cottle
k
constraint qualification is satisfied. Then there exist scalars \; 20, i € K, Y \j =
i=1
1, uj 20, j € M, such that

(3.10) 0€e ZA Ofi(T) + Zujagj (Z),
7=1
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(3.11) 1j9;(z) =0, j € M.

The above conditions are also necessary for weak efficiency of z for (MP) (see
[11], Corollary 3.2.10).

4. GENERALIZED MOND-WEIR TYPE DUALITY

In this section, we discuss weak, strong, and strict converse duality theorems
between the problem (M P), and its corresponding general Mond-Weir [12] type
dual:

(MD) Maximize f(y) + > 11g;(y)e
Jj€Jdo
subject to
k m
(4.1) 0€> Nofily)+ D 1dgi(y),
i=1 j=1
(4.2) > migiy) 20, a=1,2,...,p,
jE€Ja
(4.3) A 20, i€k,
k
(4.5) D=1,
=1

where, e = (1,1,...,1) € R¥ and J, C M, a =0,1,2,...,p, with J,NJs = ¢, a #
P

B,and |J Jo = M.
a=0

Theorem 4.1 (Weak Duality). Assume that for all feasible x for (MP) and all
feasible (y, A\, p) for (M D), any one of the following two sets of hypotheses is satis-

fied:

k
(a) (1) (O Nfi+ Do wigis > rigy) s (F, p1,01a)-strictly-pseudoquasi-type
i=1 Jj€Jdo Jj€Ja
Iaty foranya=1,2,...,p,
P
(i) p1r + > 01a 20,

a=1

k
(b) (1) (Do Nifi+ Do migj, > wjg5) is (F, p2, 02q)-quasi-strictlypseudo-type
i=1 j€Jo j€Ja
Laty foranya=1,2,...,p,
P
(i) p2+ > 020 2 0;
a=1

then the following cannot hold
f@) < f)+ Y migi(y)e.

J€Jo
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Proof. (a) Suppose to the contrary that

(4.6) F@) < FW)+ Y migi(y)e

J€Jo

k
holds. Since z is feasible for (MP), \; 2 0,i € K, > > \; =1 and pu; 20,5 € M,

then (4.6) implies -
k k
(4.7) S ONfil@) + D pigi(@) 2D Nfiw) + > wigi ()
i=1 j€do i=1 j€Jo
Also, from (4.2), we have
(4.8) = wigily) £0, a=12,...p

J€Ja

Using hypothesis (i), we see that (4.7) and (4.8) together give

k
(4.9)  Flz,y ) N&+ > wiG) < —prd(x,y), for all & € 9f;(y), i € K,

i=1 jedo
(4.10)

Fz,y; Y i) £ —o1ad*(w,y), a=1,2,....p, for all ¢; € dg;(y), j € Ja.
Jj€Ja

By the sublinearity of F, we summarize to get

xyﬂZA§Z+ZMJCJ é $y7ZA€Z+ZM]<j Z a:y?z:u’]g]

]EJO ]eJa
—(p + Z o1a)d’ (2, ).
P
Since (p1 + Y. 01a) = 0, we have
a=1

k m
(.11 Foy 3 M6+ Y i) <0
i=1 j=1

From condition (4.1), there exist & € 0fi(y), i € K, and ¢ € 0g;(y), j € M, such

that
k m
D NG+ D G =0
i=1 j=1

which implies

k m
Fz,y; > N&+ Y piG) =0
i=1 =1
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contradicting (4.11). Hence f(z) < f(y) + > 1j9;(y)e cannot hold.

J€Jo
(b). Under this hypothesis, inequality (4.9) holds as < inequality (with p; = p2),
and (4.10) holds as strict inequality (with o1, = 02,). Therefore (4.11) also holds
as strict inequality, again a contradiction. O

Theorem 4.2 (Strong Duality). Let & be an efficient solution of (M P) at which
the Cottle constraint qualification is satisfied. Then there exist A\ € R*, and i € R™
such that (%, \, i) is feasible for (M D) and the objective values of (M P) and (M D)
are equal. If the assumptions of weak duality (Theorem [/.1) are satisfied, then
(Z, M\, i) is an efficient solution of (M D).

_ ko _
Proof. Using Theorem 3.6, we obtain scalars \; =2 0,7 € K,Y  A\; = 1 and fi; =
=
0,7 € M such that (3.10) and (3.11) hold. Therefore (z,, 1) is a feasible solution
of (MD), and the objective values of (MP) and (MD) are equal. If (z, A\, i) is not

an efficient solution of (MD), then there exists a feasible solution (y, A, 1) of (MD)

such that
+Z/'L]g] Je < fly +Z/'ng]
]EJO ]GJO

From the above inequality and (3.11), we have

F@) < f)+ Y migi(ye
j€Jo

which contradicts weak duality (Theorem 4.1). Hence (Z, A, 1) is an efficient solution
of (MD). O

Remark 4.3. It may be noted that the above strong duality theorem is also valid
for weakly efficient solution as the Karush-Kuhn-Tucker type necessary conditions
used in the theorem holds for weak efficiency as well.

Theorem 4.4 (Strict Converse Duality). Let T be a feasible solution of (M P) and
let (g, A\, n) be a feasible solution of (M D) such that

(4.12) Z/\ fi@) < Z )+ > Aigi(§)

Jj€Jo
k . . .
(Z fi+ >0 Rjgs, > [g5) is (F, p1,01a)-strictly-pseudoquasi-type I at g
=1 Jj€Jo J€Ja

P
for any @« =1,2,...p, and p1 + > 014 = 0, then 7 = 7.
a=1

Proof. We assume that Z # ¢, and exhibit a contradiction By imposing the

(F, p1, 014)-strictly-pseudoquasi-type I assumption on (Z Nfit+ YD Bigi, O fijg;)
=1 ]GJO ]EJoc
at y, we have
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=1 j€Jo 1=1 Jj€Jo

414 Z:u]g] —0:>F(£7ga ZﬂjCj)g_GladQ(i’ag)v a=12...
Jj€Ja Jj€Ja

Since (7, \, i) is feasible for (MD), we obtain
(4.15) Y higi(H) £0, a=1,2,.

j€Ja
Relation (4.14) along with (4.15) yields
(4.16) F(Z,09; ) 1;¢) S —01ad*(Z,7), a=1,2,...,p

J€Ja

From condition (4.1)), there exist & € 0f;(y) and ¢; € 0g;(y), such that

k m
> A&+ ¢ =0
i=1 j=1

which along with the sublinearity of F' gives

k m
(4.17) 0 = F@3 ) N&+ Y i)
=1 =1

k
F(ﬂ_ﬁ?j;z;\igi + Z MJQJ) 2 z,Y; Z NJCJ

i=1 jeds a= j€Ja

A

k
(4.18) ZX i+ G 2 —ZF(iﬂ;ZﬂjCj)

j€JIo a=1 j€Ja

p
é Zalad2<§:7g)
a=1
p
> —pid*(z,7), (by pr+ Y _ 010 2 0).

a=1

The inequalities (4.13) and (4.18) imply
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Since fi; 2 0 and gj(Z) =0, j € M, we obtain

k

k
STNfi@) > Y Nfi@) + Y Figi(7),

i=1 i=1 j€Jo

contradicting (4.12). Hence z = g. O
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