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NONAUTONOMOUS SECOND ORDER PERIODIC SYSTEMS:
EXISTENCE AND MULTIPLICITY OF SOLUTIONS

GIUSEPPINA BARLETTA AND NIKOLAOS S. PAPAGEORGIOU

ABSTRACT. In this paper we study the existence and multiplicity of solutions
for a second order nonautonumous periodic system with a nonsmooth potential.
We prove two existence theorems and a multiplicity result. In the first existence
theorem the Euler functional is coercive and the solution is a minimizer of it. In
the second existence theorem the Euler functional is unbounded and the solution
is obtained using the saddle point theorem. Finally for the multiplicity result we
employ a nonsmooth version of the local linking theorem.

1. INTRODUCTION

In this paper we study the following second order periodic system with a non-
smooth potential:

_2"(t) — AB)a(t) € 0j(t,2(t) ae. on T = 0,8,
(1.1) { 2(0) = 2(b), 2/(0) = 2 (b) .

Here A : T — RY*V is a continuous map and for every ¢t € T, A(t) is a symmetric
N x N-matrix. Also j : T x RY — IR is a measurable function, which is locally
Lipschitz and in general nonsmooth in the z € IR" variable. By 0j(t, z) we denote
the generalized subdifferential of the locally Lipschitz function = — j(t,z) (see
Section 2).

Problem (1.1) was firstly studied by Rabinowitz [14] under the assumptions that
for every t € T, A(t) is a negative definite matrix, j(t,-) € C*(IRY) and = — j(t, x)
exhibits a strictly subquadratic growth (more precisely, it satisfies the well known
Ambrosetti-Rabinowitz condition). He proved the existence of a solution using
variational methods based on the saddle point theorem. Later Mawhin [9] (see
also Mawhin-Willem [10], p.89), considered problem (1.I) with A being a time-
independent symmetric N x N-matrix, but he did not impose any sign condition
on it. Moreover, he assumed that the potential function j(¢,x) is measurable,
continuously differentiable in z € IR and satisfies

i(t, )] < h(t), |Vi(t,2)| < h(t) for a.a. t € T and all z € RY

where h € L'(T) . He proved an existence result using the saddle point theorem. In

the book of Mawhin-Willem [10], p.63, the problem was studied with A(t) = m2?w?I

for all ¢ € T, where m > 1 is a positive integer, w = 27” and [ is the identity
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N x N-matrix. The potential function j(¢,z) is measurable and continuously dif-
ferentiable and convex in « € IRY. In this case, the authors approach the problem
using the dual action principle and they prove an existence theorem. Recently Tang-
Wu [19] examined problem (I1.1) with A being time-dependent, no sign condition
is imposed on the matrix A(t), ¢ € T and the potential function j(¢,z) is measur-
able, continuously differentiable in z € IR and exhibits a strictly subquadratic
growth. The authors prove an existence theorem using the saddle point theorem.
Motreanu-Motreanu-Papageorgiou [11] considered the complementary situation to
that in the work of Tang-Wu [19] and assumed that xz — j(¢,x) exhibits a strictly
superquadratic growth. Moreover, in their work  — j(¢, x) is only locally Lipschitz
and in general nonsmooth. Multiplicity results were proved by Barletta-Livrea [1],
Bonanno-Livrea [2], Cordaro [4], Faraci [5] (problems with a smooth potential) and
by Motreanu-Motreanu-Papageorgiou [11] (problems with a nonsmooth potential).
In the works of Barletta-Livrea [1], Bonanno-Livrea [2], Cordaro [4] and Faraci [5],
for every t € T' A(t) is negative definite and the method of the proof is based on an
abstract multiplicity result of Ricceri [15] or variants of it. In Motreanu-Motreanu-
Papageorgiou [11], the nonsmooth potential is quadratic or symmetric (even).

In this paper we prove two existence theorems and a multiplicity result using
nonsmooth critical point theory (see the books of Gasinski-Papageorgiou [6] and
Motreanu-Radulescu [12]).

2. MATHEMATICAL BACKGROUND

We make the following assumption on the matrix-valued map t — A(t).
H(A):A:T =0,b] —» RV*V is continuous and for every t € T, A(t) is symmetric.
In our analysis of problem (1.1), we use the following space:

WL2((0,5), RY) = {z € WL2((0,6), RY) : 2(0) = 2(b)} .

per
Since WH2((0,b),IRY) is compactly embedded into C(T,1RY), in the above defini-
tion the evaluations at ¢ = 0 and ¢ = b make sense. By || - || we denote the norm of
Wper((0,), RN) and of RN, It will always be clear from the context which one is
in use. Let A € £L(C(T,IRY), C(T,IRY)) be defined by
Az)(t) = A(t)x(t) for all t € T, x € C(T,RN)

(the Nemytskii operator corresponding to A(:)). As in Mawhin-Willem [10], p.89
and Showalter [16], p.78, using the spectral theorem for compact self-adjoint oper-

ators on a Hilbert space, for the differential operator x — —z” — A\m, we obtain a
sequence of eigenfunctions which form an orthonormal basis for £2(T,1R") and an
orthogonal basis for Wpzz((0,b),IR"Y). Then we can consider the following orthogo-
nal direct sum decomposition

(2.1) W2((0,),RN) = H_ @ Hy® H,

per

where

H_ = span{z € WL2((0,b),RY) : —2” — A(z) = Az for some A < 0}

per

Hy = ker(—a" — Auz)
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and

H, = span{z € W2((0,0),IRN) : —2” — A(z) = Az for some A > 0}.

per

Note that both H_ and Hy are finite dimensional subspaces of Wper((0,b), RY).
Nonsmooth critical point theory relies on the subdifferential theory for locally Lip-
schitz functions due to Clarke [3]. So, let X be a Banach space, X* its topological
dual and denote by (-,-) the duality brackets for the pair (X*, X). Given a locally
Lipschitz function ¢ : X — IR the generalized directional derivative ¢©%(z;h) of ¢
at x € X in the direction h € X, is defined by

pla’ + Ah) — p(a))
X :

©’(z;h) = limsup
¥ =

21O

It is easy to check that ¢°(x;-) is sublinear continuous. Therefore it is the support
function of a nonempty, w*-compact and convex set dp(x) C X* defined by

Op(x) ={z* e X*: (z*,h) < (z;h) Y he X}.

The multifunction © — Odp(z) is called the ”generalized subdifferential” of ¢. If
¢ : X — IR is continuous convex, then ¢ is locally Lipschitz and the generalized
subdifferential of ¢ coincides with the subdifferential do¢(-) of ¢ in the sense of
convex analysis, defined by

dop(x) ={2" € X*: (2", h) < p(z+h)—p(z)Vhe X}
Also, if ¢ € C1(X), then ¢ is locally Lipschitz and
dp(x) = {¢'(2)}.

We say that x € X is a critical point of the locally Lipschitz function ¢ : X — IR,
if 0 € Op(z). In the present nonsmooth setting, the Palais-Smale condition takes
the following form:

"A locally Lipschitz function ¢ : X — IR satisfies the "nonsmooth Palais-Smale
condition at level ¢ € R ” (nonsmooth PS.-condition for short), if every sequence
{zn}n>1 € X such that

plan) = c and m(z,) = mf{|e*] : 2* € Dp(w,)] — 0 asn — oc,

has a strongly convergent subsequence. If this property holds at every level ¢ € IR,
then we simply say that ¢ satisfies the nonsmooth PS-condition”.
The following is a nonsmooth version of the saddle point theorem.

Theorem 2.1. If X =Y &V with dimY < 400, there exists r > 0 such that

max ¢(z) < inf p(z)

| =

and @ satisfies the PS.-condition where

¢ = inf sup @(+(x))
’YGF IEP’I’
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withT = {y € C(B,,X) : |y5, = id’aﬁr}7 By={zxeX: |z| <r} and

OB, ={x € X : ||z|| =}, then ¢ > infy ¢ and c is a critical value of p. Moreover,
if c = infvep, then VN K, # 0, where K. = {x € X : p(x) =¢, 0 € dp(x)} (the
critical set of ¢ at level ¢ € IR).

For the multiplicity theorem, we will use the following nonsmooth version of the
local linking theorem due to Kandilakis-Kourogenis-Papageorgiou [§].

Theorem 2.2. If X = Y@V withdimY < +o0o, ¢ : X — IR is Lipschitz continuous
on bounded sets, it satisfies the nonsmooth PS-condition, ¢(0) = 0, ¢ is bounded
from below, infx ¢ < 0 and there exists r > 0 such that

oy) <0 ifyey, |yl <r and @) >0 ifveV, v <r,

then ¢ has at least two nontrivial critical points.

3. EXISTENCE THEOREMS

For the first existence theorem, our hypotheses on the nonsmooth potential func-
tion j(z,x), are the following:
H(j)1:j:T xRY = R is a function such that

(i) for all z € RN, t — j(t,z) is measurable;
(71) for almost all ¢t € T', x — j(t, ) is locally Lipschitz;
(ii7) there exist functions a € L'(T); and ¢ € C(IR4 )4 such that for almost all
teT,alzecRY and all u € 9j(t,z), we have

Jul < a(t)e(|lz]]);

(iv) there exist a measurable set C' C T with |C| > 0 (] - | being the Lebesgue
measure on IR) and ¢ € LY(T), such that

j(t,x) — —oo for a.a. t € C as ||z|| — oo

and
j(t,x) < E(t) for a.a. t € T and all z € RY;

(v) there exists dp > 0, such that for almost ¢ € T" and all 0 < ||z| < do
j(t,x) >0.
Examples : The following potential functions satisfy hypothesis H(j); :

1 1 1
o) = min { S hal?, Hal } - Dl wieh 2 <,

1
=l _ “xe®)||z|” with 1 <,
T

Evidently jz € C*(IRY).
We start with two auxiliary results which will be used in the proof of the first
existence theorem.
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By virtue of decomposition (2.1), given any = € Wpez((0,b), IRY) we can write in a
unique way
r=T4+2°+Zwithze H_, 2°€c Hyand T € H, .
Lemma 3.1. Given € > 0, we can find n. > 0
{t e T [l2°@t)]| < nellz®(l}| < & for all 2® € Hy.

Proof. We argue by contradiction. So suppose that the lemma is not true. Then
we can find € > 0 and a sequence {z)},>1 C Hy such that

1
’{tET: 22 ()| < on%H}' >e foralln>1.

Let 40 = o > 1. Since Hy is finite dimensional, by passing to a suitable

n

subsequence if necessary, we may assume that
y° — 9% in W;éz((o,b),IRN) and in C(T,RY) as n — oo
Hence y° € Hy, ||3°|| = 1 and so y° # 0. Also, if

1 N
D, = {t eT: |20 < n} and Co = {t € T: °(t) = 0},

then clearly limsup,,_,,, D, C Co. So we obtain

(3.1) e <limsup|D,| < |limsup D,| < ]@0\ .
n—oo

n—oo

But because y° € Hy \ {0}, we have 3°(t) # 0 for almost all t € T. This contradicts
(3.1). O

The next Lemma gives useful information for the component spaces H_ and H .
Its proof can be found in Motreanu-Motreanu-Papageorgiou [11].

Lemma 3.2. (a) There exists &4 > 0 such that

b
2113 — /0 (A@)a(t), x(t)) gy dt > & |l||? for all z € Hy.

(b) There exists &~ > 0 such that
b
|2]13 — / (A@)z(t), z(t)) gy dt < —E_||z||? for allz € H_.
0

Remark 3.3. Let {\,}n>1 denote the eigenvalues of the differential operator x —
—2" — Ax repeated according to multiplicity. Using Lemma (3.2 (a), we see that
there is a smallest positive eigenvalue Ay, > 0 and in fact & = A\, Moreover, by
virtue of the finite dimensionality of H_ (see also Lemmal3.2 (b)), there is a biggest
negative eigenvalue A\ < 0. In fact —&_ = Ag.

Now we are ready for the first existence theorem concerning problem (1.1).

Theorem 3.4. If hypotheses H(A) and H(j)1 hold and dimH_ = 0, then problem
(1.1) admits a nontrivial solution zo € C*(T,IRN) N W?21((0,b), RY).
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Proof. Consider the integral functional ¢ : Cper (T, ]RY) — IR defined by

R b
Ba) = /0 J(t(t))dt

We claim that 1Z is Lipschitz continuous on bounded sets, hence it is locally Lip-
schitz. To this end, let 2 € Cpe (T,IRY) and |z]|c < 7. Then for any u €
Cper (T, RYN) with ||lu|jee < 7, from the mean value theorem for locally Lipschitz
functions (see Clarke [3], p.41), for almost all ¢ € T we have

(32) 3, (t)) — gt u(t)) = (vf (8), z(t) — u(t)) g

with vf € 0j(t, yt), where yr = (1 — A)x(t) + Aeu(t), A € (0,1). Assuming without
any loss of generality that ¢ € C(IR4 )4 in hypothesis H(j)1 (i) is increasing, from
(3.2) we have

3t x(t) = 5 (& u®) < a(t)e(n)llz(t) — w(@)]| with 7 = max{]|z[|co, [|v]lco},

b
50 /0 3@, 2(t)) — (&, u(t))|di < [[allic(n)]lz — ulloo
and finally
(@) = ¢(u)| < llalicm)]z — ulle -

Therefore 1 is Lipschitz continuous on Pf ={y € Cper (T, RY) : ||y|loc < 7}, hence
it is locally Lipschitz. Since W,}é?((o, b),IR") is embedded continuously and densely
into Cper (7, RY), from Clarke [3], pp.47 and 83, we have 1) = 1/1‘
locally Lipschitz and

o(x) C {u* € LYT,RY) : w*(t) € 9j(t,x(t)) a.e. on T}.

Since z — i[|2'|3 — 3 é)(A(t)x(t),x(t))IRN dt is a Cl-convex function, then the

Euler functional ¢ : Wpez((0,b),IRY) — IR for problem (1.1) defined by
1o, 1[0 b
plz) = 5llz’llz — 5 ; (A@)z(t), 2(t))gy dt — ; J(t,2(t))dt,
is locally Lipschitz. Because of hypothesis H(j)(iv) and Lemmata 1 and 3 of Tang-
Wu [18], given ¢ > 0, we can find D, C C measurable such that |C' \ D.| < e,
j(t,x) — —oo uniformly in ¢ € D, as ||z| — oo and

Wa2((0,b),RN) 19

(3.3) j(t,z) < h(t) — g(z) for a.a. t € D, and all z € RV,
where h € LY(T), and g € C(IRY), g > 0 with the following properties:
(3.4) g is subadditive;

(3.5) g is coercive;

(3.6) g(x) < 4+ |z|| for all z € RY.

We consider the integral functional G : Wpléz((o, b),IRY) — R, defined by

Gy) = / g(y(t))dt for all y € W;é%((o, b),]RN).

€
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Evidently G is continuous.

Claim I: G g, is coercive.

Let {20},>1 € Hy be a sequence such that ||20] — oco. By virtue of Lemma (3.1,
given 0 > 0, we can find a measurable set Es C D, with |D. \ Es| < 0 such that

|22 (t)|| — +oco uniformly in t € Ej.

We can always choose ¢ > 0 small so that |Es| > 0. Because g is coercive (see
(3.5)), given € > 0, we can find R = R(6) > 0 large such that

(3.7) g(x) >0 for all ||z|| > R.
So we can find ng = ng(R) > 1 such that
|22 (t)|| > R for all t € Es and all n > ng,
SO
(3.8) g(29(t)) > 6 for all t € Ej5 and all n > ng (see (3.7)) .

Bearing in mind that g > 0, we have
| stabonde= [ gadoyies [ gl
. Es De\Ej
(3.9) > / (22 (£))dt > 0|Es| > 0 for all n > no.
Es

Because 6 > 0 was arbitrary, from (3.9) we deduce that

lim G(2%) = lim g(2%(t))dt = +o0,

n—oo n—oo D
€

so Gp, 1s coercive.

Claim II: ¢ is coercive.

From (3.3) and hypothesis H(j)1(iv), for all z € Wper((0,b),IRY), we have
(3.10)

b
Ajmﬂmﬁz/jWMmﬁ+éwfmdmﬁéMh—/gmww+km.

£

We write z = 2+ 7, with 2° € Hy and 7 € H (recall we assume that dimH_ = 0).
Exploiting the subadditivity of g (see (3.4)), we have

g(z9(t)) = g(z(t) — Z(t)) < g(x(t)) + g(—Z(t)), for all t € T, hence
(3.11) —g(z(t)) < g(—=2(t)) — g(a°(t)) forall t € T .
So, returning to (3.10) and using (3.11) and (3.6), we obtain

b
Ajmamﬁsmh+/gvamﬁ—/g@%mwwml

£ £

b
smm+Au+mmmw—Lgm%mwﬂml

(3.12) <+ ez - / g(2°(t))dt for some cy, ca > 0.

€
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Then, exploiting the orthogonality of the component spaces, using Lemma 3.2/ and
(3.12), for all z € Wpz2((0,b), RY) we have

b b
o) = 51718 =5 [ (AWRO. 30N it = [ ittat)ar
(313) > S - alll + | o ©)it—ar.

From (3.13) and Claim I, it follows that ¢ is coercive.
Claim III: ¢ is sequentially weakly lower semicontinuous.
Let z, — x in Wper((0,b),IRY). We may also assume that z,, — = in C(T,RY).
Then by virtue of hypothesis H(j)1(ii), we have
J(t,zp(t)) — j(t,z(t)) a.e. on T'.
Then hypothesis H(j)1(iv) and Fatou’s lemma, imply
b b
(3.14) lim Sup/ J(t, xn(t))dt < / J(t,z(t))dt.
n—oo 0 0

Also, because z/, — ' in L*(T,RY), from the weak lower semicontinuity of the
norm functional, we have

(3.15) |2']13 < Yim inf laz, 3 -

Finally, since z,, — z in C(T,IRY), we see that

b b
(3.16) /0 (A(t)zn(t), 20 (t)) g di —>/0 (A(t)z(t), z(t)) g~ dt .
From (3.14), (3.15) and (3.16), it follows that
p(z) < liminf p(z,),

hence ¢ is sequentially weakly lower semicontinuous.

Because of Claims I, II and III, we can apply the theorem of Weierstrass and find
20 € Wpe2((0,b), RN) such that

(3.17) o(zo) =inf [p(z): z € w2((o, b),]RN)] :

per

Let 8o > 0 be as in hypothesis H(j)1(v) and 2° € Hy such that ||2°]| < dp. We
know that x°(t) # 0 for a.a. t € T. Then
1 1 b b
P(a) = 515 =5 [ (A0, 000 g dt = [ it.a”e))it -

0

_ /bj(t,xo(t))dt <0,
0

s0 p(mg) < p(z%) < 0 = ¢(0) and g # 0.
From (3.17), we have 0 € dp(zg), then

~

(3.18) V(o) — A(zo) = ug ,
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where V € £ (W;é,%((o, b), RN), Wk2((0,b), IRN)*) is defined by

b
(V(z),y) = /D (2/(8), /(1)) o .~ for all 2, y € WL2((0,), RY),

and u} € LY(T,RY) is such that uj(t) € 9j(t,20(t)) a.e. on T (see, Clarke [3],
p.83).

From the representation theorem for the elements in W~52((0,5), RY) =

Wol 2((0,b), IRN)* (see for example Gasinski-Papageorgiou [7], p.212), we know that
2" € W=H2((0,b), RY). By (-,-)o we denote the duality brackets for the pair

(W‘LQ((O, b), RY), Wol’z(((), b), ]RN)). Acting on (3.18) with the test function i) €
CL((0,b),IRY) and performing an integration by parts, we obtain

b b
(3.19) (=20, ¥)o —/0 (A(t)zo(t), (1)) g dt :/0 (ug(t), ¥ (t)) g dt -

Since C1((0,b), IRYN) is dense in WOLQ((O, b),IRY), from (3.19) it follows that
(3.20) —xg(t) — A(t)zo(t) = ul(t) a.e. on T, x¢(0) = zo(b),

so zf) € LYT,RY), and 2o € CH(T,IRN) nW21((0,b),IRY). Acting on (3.18) with
vE W,}e’%((o, b),IR"), after integrating by parts, we have

b b
(2 (5), 0(b)) g — (4 0), 0(0)) g — / (2l (t), 0(1)) gov it~ / (Ao (), v(t)) g dt

b
= [ o) o)
and using (3.20) we deduce
(20(0), v(b)) v = (26(0),v(0)) v for all v € Wp2((0,0),RY),

so we conclude that z((0) = x(b), hence zg € C1(T,RN) N W21((0,b),IRY) is a
nontrivial solution of (1.1). O

In the above existence theorem, the Euler functional of the problem was bounded
from below (in fact coercive). In the next existence theorem, the Euler functional
is indefinite. Moreover, we do not assume that dim H_ = 0 and so the problem has
an indefinite linear part.

The new hypotheses on the nonsmooth potential j(¢,z) are the following:
H(j)2:j: T xRN — R is a function such that hypotheses H(j)2(i) and (ii) are
the same as hypotheses H(7)1(¢) and (7i), and

(#4i) for almost all ¢ € T, all € RY and all u € 9j(t,x), we have
lu| < a(t) +c(t)||z)|® with a, c € LY(T);, 0 <6 < 1;

(iv)
1

b
||||29/ J(t,z(t))dt — +oo as ||z]| — oo, x € Hy.
z 0
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Remark 3.5. Hypothesis H(j)2(iv) is weaker than the analogous condition em-
ployed in Theorems 2 and 8 by Tang-Wu [19]. Note that, if A =0, then hypothesis
H(j)2(iv) becomes

1 b
lim —— | (t @)dt = +oo .
]l =00 ||CU||26/0 i) >

This condition was used by Tang [17] and by Papageorgiou-Papageorgiou [13], in the
latter in the context of problems driven by the ordinary vector p— Laplacian.

As before, we consider the Euler functional ¢ : Wpléz ((0,b), RY) — IR for problem
(L.1), defined by
1 1 b b
o) = 511~ 5 | (A0, 20y it = [ tate)ar

0
Due to hypotheses H(j)2(7), (ii) (iii) we know that ¢ is Lipschitz continuous on
bounded sets, hence locally Lipschitz (see Clarke [3], p.83).
First we check that ¢ satisfies the nonsmooth P.S—condition.

Proposition 3.6. If hypotheses H(A) and H(j)2 hold, then ¢ satisfies the non-
smooth PS—condition.

Proof. We do the proof for the case W f(fj(t,x(t))dt — 400 as ||z|| — oo, z € Hy,

the proof being similar if the limit is —co. So let {zy, }n>1 € Wpee((0,b),RY) be a
sequence such that

|o(zy) < M; for some M; >0, all n > 1 and m(x,) — 0.

Since dp(n) € Woee((0,b),IRN)* is weakly compact and the norm functional in a
Banach space is weakly lower semicontinuous, by the Weierstrass theorem, we can
find z} € 0p(xy,) such that m(zy) = ||z}||, n > 1. We write

T, :En—kmg—k/m\n with T, € H_, x% € Hy, T, € Hy foralln > 1.
From the choice of the sequence {zy}n,>1 C Wplé?«((o, b),IRY), we have
(), ZTn) < &n||Tp|| with e, | 0,

hence we can find v’ € LY(T,RY), u’(t) € dj(t, z,(t)) a.e. on T such that

n

~

b
B2) Vie).@) = (Al 5 = [ Gt < el

Exploiting the orthogonality of the component spaces, and using Lemma 3.2 (a),
we have

b
(3.22) (V(2n), Tn) — (Alwn), Tn) = 1713 /0 (AOZn(1), Tn () prdt > E[Tn]*.
The use of (3.22) and of hypothesis H(j)2(iii) in (3.21)), yields
b
E+1Znll® < enl|Znl +/0 [ur (OI[Zn () |dt < en|Zn]l + <C3 + C4H$nH€> 2|

< eallzall + (es + callal? + called ) [13al + ealln) !

(3.23) for some c3, ¢4 > 0.
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Using Young’s inequality with suitably small € > 0 on each summand of the right
hand side in (3.23), we obtain

(3.24) 1Z]12 < esl|Tnl? + col|22 %% + ¢ for some 5, ¢, ¢z > 0, all n > 1.

In a similar fashion, using as a test function —z;, € W2 ((0,b), RY), we have

(3.25)  ||Zall® < esll22]1?? + col|Zn]|?? + 10 for some g, co, 19 > 0, all n > 1.
From (3.24) and (3.25) and if y,, = @), + Ty, then

H29 OHZG
n

+ crol|z + c13

for some cq1, c12, c13 >0, alln > 1,

lynll* = 1Znll* + 1Z]* < c11llyn

so, via Young’s inequality with € > 0,

0H2o9
n

Hyn||2 < ciy4llz + c¢15 for some cy4, c15 >0, alln > 1,

hence

: [ynl
(3.26) lim sup
oo [|20]1°

< +00.

From the mean value theorem for locally Lipschitz functions (see Clarke [3], p.41),
for almost all ¢ € T, we can find v} (¢) € 9j(t,v,(t)) with v, (t) = A\ (t)zn () + (1 —
A ()22 (), An(t) € (0,1), such that

(0 (1)) = (290D = [(@3(8), Tnt) + Fn(8) | < [05(0) [l (1)
(3.27) < (a() +2t) (1501 + lga@®1°) ) llyn(®)]] with T e LX(T),.

From the choice of the sequence {xy,},>1 C Wper((0,b), IRN), we have
b b
plon)+ [ seabO)e = -2+ [j(eadar,
0 0

so using (3.27) we deduce that

ci6llynll® + crrllynll + cisllzo )| lynll + crollynl+!

b
> —M; + / §(t,x9(t))dt for some cig, c17 18 > 0,
0

hence
9
1yl )2 1yl ||| llynl <HynH>
C16 + c17 + c18 + c19
<|!x%||9 5112 |25 11 [ KN E

-M 1 b
(3.28) > o+ o [ Ia(0)de.

(B [z 127 Jo

If {20} C Wyper((0,b),RY) is bounded, then so is {y,} C Wper((0,b),IRN). If
28] — oo, then by passing to the limit n — oo in (3.28) we reach a contradiction,
since from (3.26) the left hand side has a finite limsup, while the right hand side goes
to +0o (see hypothesis H(j)2(iv)). This proves that {z0},>1 C W;}éz(((), b), RY) is
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bounded, hence {xy,}n>1 C Wpe2((0,b), IRN) is bounded (see (3.26)). Therefore we
may assume that z,, — z in W,}e%(( ,b),IRY) and z, — x in C(T,IRY). We have

b b
‘(V(xn% Ty — ) = /0 (A(O)zn(t), (2n — 2)(t)) gy dt - /O (un (), (2 — ) () g dt
(3.29) <epnllzn — |-
Evidently

b b
/ (A(t)n(t), (@ — 2)(t)) v df — 0 and / (1 (1), (0 —2) (1)) vt — O aism — 0o
0 0

So, from (3.29) it follows that
(3.30) lim (V(xy,),zn, —2x) =0.

But V e L (Wplé%((o, b), RN), W2((0, b),IRN)*> and so V(z,) — V(z) in
Wper((0,b), RN)*. Hence, from (3.30) we have (V (), ) — (V(2),z), so

(3.31) lzzllz = ll2’[l2 as n — oo

Also we have

(3.32) zl =2’ in LX(T,IRY) as n — co.

From (3.31), (3.32) and the Kadec-Klee property of Hilbert spaces, we infer that
2! — 2’ in L2(T,IRN). Therefore z,, — = in Wpez((0,b),IRN) and so ¢ satisfies the
nonsmooth PS-condition. U

In what follows let
W =H_&®Hy, and Z=Hy® H, .
Then W = Hi, Z = H- and W is finite dimensional.

Proposition 3.7. (a) If hypotheses H(A) and H(j)2 (with the +oo limit in
H(j)2(iv)) hold, then oy, is coercive.
(b) If hypotheses H(A) and H(j)o (with the —oo limit in H(j)2(iv)) hold, then

P|z 1S coercive.

Proof. (a) For every x € H,, using Lemma 3.2 (a), we have

b
(33 o) > Flal? = [ itt.atyar

By virtue of hypothesis H(j)2(ii7) and the mean value theorem for locally Lipschitz
functions (see Clarke [3], p.41), we have
17 (t, )| < ag(t)||z]| + co(t)||z]|°F for a.a. t € T, all z € RN,

Using this in (3.33), we obtain

(3.34) o(x) > %HxHQ — egolz|| = car]|z)|PF! for some e, €21 >0, all z € Hy .
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Since 6 + 1 < 2, from (3.34) we infer that ¢y, is coercive.

(b) For every x € Z, we write z = 2°+7 with 2° € Hy and 7 € Hy. Then exploiting
the orthogonality of the component spaces, and using Lemma [3.2/ (a), we have

§—+§c\2— y x
o) = a7 = [t atar

b b
335 =S~ [ Ga) - ieao)a - [ i

As in the proof of Proposition[3.6, using the mean value theorem for locally Lipschitz
functions, we obtain

b
/ (4, z(t)) = j(t,wo(t)))dt‘ < caol@l| + exn |2°|1°1 7] + caal| 7
0

for some cog, €21, c22 > 0.

Using this estimate in (3.35) together with Young’s inequality with ¢ > 0 small, we
obtain

b
go(x) > CQgH&T\HZ — 024”.730”29 — C25 — / j(t,xo(t))dt for some Cc23, C24, Co5 > 0,
0

SO

o) ek o1 /b o
3.36 > co3 — Co4 — - g, 27 (t))dt .
(3.36) [0 = C 0] 2 [0 ~ oy J, I @)

If ||z|| — oo, then ||Z|| — oo and/or ||2°|| — oco. Therefore from (3.36) and hypoth-
esis H(j)2(iv) (the —oo option), we have that ¢(x) — 400 as ||z| — oo, so ¢z is
coercive. O

Proposition 3.8. (a) If hypotheses H(A) and H(j)2 (with the +o0 limit in
H(j)2(iv)) hold, then oy is anticoercive (i.e. ¢(x) — —oo as ||z| — oo,
zeW).

(b) If hypotheses H(A) and H(j)2 (with the —oo limit in H(j)2(iv)) hold, then
¢|g_ 1s anticoercive (i.e. p(x) — —o0 as [|x|| — oo, x € H_).

Proof. (a) For x € W, we write z = 7 + 2" with 7 € H_, 2° € Hy. Then using
Lemma 3.2 (b), we have

IA

b
plo) < =Sl = [ dtate)a

& b . b
= —QHIIIQ—/0 (a(tw(t))—J(t,x°<t))>dt—/0 j(t,20(t))dt .

As in the proof of Proposition 3.6, we check that

b
/0 (j(t,z(t) — j(tyxo(t)))dt‘ < co6||Z|| + car)|2°)|%|Z|| + cas |z

for some cog, co7, cog > 0.
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Hence it follows that

b
o(z) < —029||TH2 + 630||330||20 + €31 — / j(t,xo(t))dt for some cog, €39, c31 > 0,
0
S0

e(x) |1z c31 1 b
(3.37) S < - €297 020 + c30 + 0%~ 20 Jt,x7(t))dt .
0

Then as in the proof of Proposition 3.6, from (3.37) we infer that ¢y is anticoercive.
(b) Let x € H_. Then using Lemma 3.2 (b), we have

(3.38) o) <~ a2 bj(tw(t))dt-
2 0
Recall that
17 (t, )| < ag(t)||z]| + co(t)||z]|°F for a.a. t € T, all z € RN,
Using this growth estimate in (3.38), we have

p(x) < —%HwHQ + eza|z|| 4 e33)|z]|? T for some e32, ¢33 > 0.
Since 6 + 1 < 2, from the above inequality we infer that ¢|;_ is anticoercive. ]

Now we are ready for the second existence theorem

Theorem 3.9. If hypotheses H(A) and H(j)2 hold, then problem (1.1) has a solu-
tion xg € CH(T,RN) n W21((0,b), RYN).

Proof. First we assume that in hypothesis H(j)2(iv) the limit is +o00. By virtue of
Proposition 3.7/ (a) we can find Gy € IR such that

(3.39) P, = Po-

On the other hand from Proposition 3.8 (a), we see that we can find r > 0 large
such that

(3.40) ®1aB,nw < Bo where OB, = {z € Wplez((() b),IRY): |jz|| =r}.

Because of (3.39), (3.40) and Proposition 3.6 we can apply Theorem 2.1/ and obtain
xo € Wl}ei((o b), RY) such that 0 € dp(xg), that is V(zg) — A(a:o) = wu with
uy € LNT,RN), uj(t) € 9j(t,zo(t)) a.e. on T. From this, as in the proof of
Theorem 3.4, we conclude that zo € C*(T,R™) N W?2((0,b),RY) and it solves
problem (1.1).

Next suppose that in hypothesis H(j)2(iv) the limit is —oco. In this case Proposition
3.7 (b) implies that we can find $; € IR such that

(341) 90|Z > ,31 .
Also from Proposition 3.8 (b), we see that we can find p > 0 large such that
(3.42) PloB,nH_ < B -

Note that (3.41), (3.42) and Proposition 3.6, permit the use of Theorem 2.1, which
gives xg € W,}ér((o, b), RY) such that 0 € dp (o), that is V(zo) — A(zg) = ug with
uly € LYT,RN) u(t) € dj(t,xo(t)) a.e. on T. From this as before we conclude
that 29 € CH(T,IRY) N W21((0,b),IRY) and it solves problem (1.1). O
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4. MULTIPLICITY RESULT

In this section, using Theorem [2.2| we prove a multiplicity result for problem
(1.1). The hypotheses on the nonsmooth potential j(¢,x) are the following:
H(j)3:7:T xRN — R is a function such that j(t,0) = 0 a.e. on T, hypotheses
H(j)3(7), (ii) and (iv) are the same as hypotheses H(j)1(7), (i) and (iv), and

(i31) for almost all t € T, all x € RY and all u € 95(t, ), we have

ull < a(t) + c@)|jz|” with a, ¢ € LY(T)4, and 2 < r < o0}

(v) if A > 0 is the first positive eigenvalue of  — —z” — A(z), then there exist
6 € L>°(T')4+ and 69 > 0 such that

0(t) <\ ae.onT, 0# N\,

1
and 0 < j(t,z(t)) < ie(t)Htz for a.a. t € T and all ||z]| < do.

Examples : The following functions satisfies hypotheses H(j)s:

. 00112 if ]| < 1
atz) =49 , TR
e — | + %2 i o) > 1

and

, ot .
ol ) = "D — ol

with @ € L>°(T)4 as in hypothesis H(j)3(v), 2 < r, co > 0 and C' C T measurable
with |C| > 0.
We will need the following lemma.
Lemma 4.1. If 0 € L>®(T)4, 0(t) < Ay, a.e. on T and 0 # X\, then there exists
& > 0 such that for all x € Hy
b

b
b(z) = |22 — z(t),x N dt — z(t)|)? £||z||? .
P(z) = [|l[l3 /O (A(t)x(t), x(t)) g dt /09(15)” @)[7dt = &||z|

Proof. Clearly {p\ > 0 on Hy. We argue indirectly. So suppose that the lemma is
not true. Exploiting the 2-homogeneity of the functional 12, we can find a sequence
{zn}n>1 € Hy with ||z,]| = 1 for all n > 1, such that ¢(zy) | 0. By passing to a
suitable subsequence if necessary, we may assume that

Ty — x in Wpléz((O,b),IRN) and x, — z in C(T,IRY).
Note that 1 is weakly lower semicontinuous on W2 ((0,b), RN). So we obtain
O(z) < liminf P (z,) =0,
n—oo

hence

41 a3 - /Ob (A@)x(t), z(t)) g dt = /Obé’(t)\lx(t>!!2dt > Al[3 -

Since x € H; and )\, is the first positive eigenvalue, from (4.1) we infer that
x € CHT,IRY) is an eigenfunction corresponding to the eigenvalue \,, > 0. Hence
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x(t) # 0 for a.a. t € T. Therefore from (4.1) and the hypothesis on 6, we have a
contradiction. O

Now we are ready for the multiplicity result. We require that dim H_ = 0 but
the kernel of the differential operator x — —a” — A(z) can be nontrivial.

Theorem 4.2. If hypotheses H(j)s hold, and dim H_ = 0, then problem (1.1)
admits at least two nontrivial solutions xo, T € CY(T,RN) N W>1((0,b), RY).

Proof. We consider the orthogonal direct sum decomposition

WL2((0,0),RY) = Hy® H, .

per

Recall that Hy C C(T,IRN) C Wper((0,b),IRY) is a finite dimensional subspace,
so all norms are equivalent. This means that if we choose dg > 0 as in hypothesis
H(5)3(v), then, if ||2°|| < o, 2° € Hp, then ||z°(¢)|| < & for all t € T. Then for
every such z° € Hy, we have

(4.2) 0<j(t2%t) ae. on T'.
Hence, using (4.2) and the fact that z° € Hy
b
(4.3) o) = [ jta)at < o.
0

From hypotheses H(j)3(7i7) and (v), we see that
(

(v
(44) jt. (e < 20
Then, using Lemma 4.1/ and (4.4), we can find ¢34 > 0 such that, for every =z € Hy,
we have

| z)|? + ¢(t)||z||” for a.a. t € T.

b b
o) > 5l = 5 [ (AWO.a)gr it =5 [ 00la(OlPd— culal
(45) > & a? — esallal”

Because r > 2, we can find 5 < dg such that
(4.6) o(x) >0 for all z € Hy with ||z]] < do.

Arguing as in the proof of Claim 2 of Theorem 3.4, we can check that the Euler
functional ¢ is coercive. This implies that ¢ satisfies the nonsmooth PS-condition.
Indeed, let {z,}n>1 € Wiper((0,b),IRY) be a sequence such that

|o(zn)] < Ma for some My > 0, all n > 1 and m(x,) — 0 as n — co.

As before, we can find z} € dp(zy,) such that m(z,) = ||z || for all n > 1. Since ¢
is coercive and {¢p(zy,)}n>1 is bounded, we infer that {z,}n>1 C W;,;%((O, b), RY is
bounded. From this fact, as in the last part of the proof of Proposition 3.6, we can
check that ¢ satisfies the nonsmooth PS-condition. Also ¢ is bounded from below.
If inf o = 0 = ¢(0), then, by virtue of (4.3), all 2° € Hy, with 0 < ||2°|| < ¢ are
nontrivial minimizers of ¢, hence nontrivial solutions of (1.1). Therefore we have a
continuum of solutions belonging in CY(T,IRY) N W21((0,b), RM).
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If inf ¢ < 0, then by virtue of Theorem 2.2, we know that ¢ has at least two non-
trivial critical points zg, T € Wol’z(Z). As before, we have that zo, z € C1(T,IRV)n
W21((0,b),IRY) and solve problem (L.1). O

Remark 4.3. Theorem|4.2 above improves Theorem 8 of Motreanu-Motreanu- Pa-
pageorgiou [11], where the potential function j(t,z) is necessarily quadratic near
infinity. The following potential function satisfies hypotheses H(j)s but not those
of Theorem 8 in [11]. For simplicity we drop the t-dependence.

(2) :{ sl , ]l <1
—clhnlflz]| + 5 if flzfl > 1

with 6 < A\, and ¢ > 0. Note that, if c = 0, then j € C1(IR).

(1]
2]
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(4]
5]
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