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ABOUT SUBDIFFERENTIAL CALCULUS FOR ABSTRACT
CONVEX FUNCTIONS

E. V. SHARIKOV

ABSTRACT. We introduce a stronger version of the strong globalization property
of Rolewicz and examine the corresponding subdifferential calculus for abstract
convex functions. In particular, we calculate a formula for the abstract subdif-
ferential of the maximum of a finite set of abstract convex functions. We also
present some examples of families of functions, which possess this new strong
globalization property.

1. INTRODUCTION

In this paper we examine the subdifferential calculus for some classes of abstract
convex functions. We are concentrating mainly on the maximum of a finite set of
functions. The maximum of abstract convex functions is always abstract convex
with respect to the same set of elementary functions. So the question “How is
the subdifferential of the maximum of some functions via the subdifferentials of
given functions expressed?” is natural. Subdifferential calculus is important for
applications of abstract convex analysis, so it is interesting to find conditions that
provide the exact formula for the subdifferential of the maximum. We show that
such a formula can be given in terms of abstract convex hull with respect to a
certain subset of elementary functions (see Corollary 4.1).

Our main goal in this paper is to show that the subdifferential calculus is not a
privilege of convex analysis only. We indicate some conditions which guarantee the
existence of a calculus in abstract convex case.

In the paper [4] S. Rolewicz introduced the notion of the strong globalization
property. He says that a set ® of functions defined on a topological space X has the
strong globalization property if for every ®-convex function f and for every point
y € X each local ®-subgradient of f at y can be extended to a global one. Here, into
the definition of the strong globalization property, we put a more rigid condition.
Namely, we say that ® has the strong globalization property if for every ®-convex
function f and for every point y € X, each local ®-subgradient of f at y is also a
global one. We show that in such a case subdifferential calculus can be expressed in
terms of special functions that approximate in a certain sense the given functions.

In Section 2 we recall some definitions on abstract convexity which will be used
in the paper. Section 3 contains some general results related to the subdifferential
of a maximum of two abstract convex functions. In Section 4 we examine the
subdifferential calculus in the case when the set of elementary functions has the
strong globalization property. Section 5 contains some examples.
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2. PRELIMINARIES

Let X be a topological space and H be a set of functions A : X — R. Recall
(see [5]) that a function f defined on X is called H-convex if f(x) = sup{h(zx) :
h € supp(f,H)} Vo € X, where supp(f,H) ={h € H: h < f}. Here h < f
means that h(z) < f(x) for all x € X. The mapping f — supp(f, H) is called
a Minkowski duality. Let U C H and f(z) = sup{h(z) : h € U}. Then the set
copgU ={h € H:h < f} is called the H-convex hull of U. It is known (see [5],
Theorem 7.16) that

(21) Supp(ma’x<f17 f2)7 H) = COH(Supp(f17 H) U Supp(f27 H)),

where f; and fo are H-convex functions.

Let L be a set of functions [ : X — R. Here and in the rest of the paper let
Hp, denote the set of functions h(x) = I(z) — ¢, where | € L and ¢ € R. Let
f: X —>Rixw=RU{+oc}andy edomf={zre X: f(zr)<+oo}. Then the set
Or f(y) defined by

(2.2) Ofly) ={leL: l(z)=I(y) < f(z) - f(y) Vo e X}

is called the abstract subdifferential of the function f at the point y € X with
respect to L. We will need e-subdifferentials as well. Let € > 0. The set

Irefly)={leL: l(z) —Uy) < flz) — fly) +e Vo € X}

is called the e-subdifferential of the function f at y with respect to L. Consider also
the following set (see [5], p. 364)

Drf(y) ={h e Hy: h(zx) =U(z) —(y), L € ILf(y)}.
It is clear that a function h € Hy, belongs to Dy, f(y) if and only if
h(y) =0 and h(z) < f(z)—- f(y) VzeX.

Remark 2.1. For the sake of convenience we assume that for f(y) = +oo the sets
Orf(y), Oref(y) and Drf(y) are defined as empty sets. So if we write“the set
Drf(y) is nonempty” then we mean, in particular, that y € dom f.

In this paper we provide a basis for further development of applications of abstract
convexity to optimization. For this purpose we need to develop subdifferential
calculus. Note that if 0 € L then a function f attains its global minimum at a point
y if and only if 0 € Orf(y). If 0 € L then it is more convenient to consider the
set Drf(y). Then we have the following sufficient condition for a global minimum:
if Drf(y) contains a nonnegative function then f(y) < f(x) for all x € X. The
equivalent form of this assertion: if Jr, f(y) contains a function that attains its global
minimum at y then f(y) < f(x) Vo € X. Thus the calculus of subdifferentials is a
very important problem.

In this paper we are only presenting some general results related to the calculus of
abstract subdifferentials. Detailed examination of some particular nonconvex cases
is the theme of further research.

We will use Hy, to denote the set of all h € Hj, such that h(y) = 0, that is
Hp, = {l—1l(y) : 1 € L}. The symbol f, also denotes the function f,(z) =

f(z) — f(y) (here y € dom f).
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If T'C Hy, then the Hp, y-convex hull of T' is defined as follows

(2.3) cog, , T = {h € Hpy: h(zx) <supt(x) Vo e X} .
teT

3. SUBDIFFERENTIALS OF THE MAXIMUM OF TWO ABSTRACT CONVEX
FUNCTIONS

It is more convenient to formulate all statements in terms of the set Dr f(y).
First we present some general inclusions for which additional assumptions are not
needed.

Proposition 3.1. Let fi, fo be Hp-convex functions and f1(y) = fa(y). Then
(3.1) corry,,(Prfi(y) UDLSf2(y)) C Dr(max{fi, f2})(y)-
Proof. 1f (I — I(y)) € con, ,(Drfi(y) UDLf2(y)) then

(z) —Iy) < sup h(z)

heDr, f1(y)UDy f2(y)

= max{ sup (t(z) —t(y)), sup (t(x)— t(y))}

tedr, f1(y) tedr, f2(y)
< max{ fi(z) — fi1(y), fo(x) — f2(y)}
= max{ f1(z), fo(z)} — max{fi(y), f2(y)}.

So (I —(y)) € Dr(max{f1, fa})(y)- a

For some special types of Hy-convex functions f1, fo we can get equality instead
of the inclusion in (3.1).

Proposition 3.2. Let fi1, fo be functions defined on X such that the functions
fry, foy are Hy y-convex and fi(y) = fa(y). Then

Dr(max{fi, f2})(y) = con, ,(Prfi(y) U DL f2(y))-

Proof. If is clear that Dy, f(y) = supp(fy, Hry) for any function f. Since fi(y) =
f2(y) then (max{ fi, fo})y = max{fiy, foy}. Formula (2.1) gives us the equality

supp(max{ fiy, foy }, Hry) = con, , (supp(fiy, Hry) Usupp(fay, Hry))
for Hy, ,-convex functions fiy, f2,. Hence
Dr(max{f1, f2})(y) = supp((max{ fi, fo})y, Hry) = supp(max{ fiy, foy}, Hr y)

= cop, , (supp(fiy, Hry) Usupp(fay, Hry))
= com,,,(Drfi(y) UDLf2(y)). O

The following example demonstrates that the equality

Dy (max{f1, f2})(y) = con, ,(DLf1(y) UDLf2(y))

does not necessarily hold for arbitrary Hp-convex functions fi, fo with fi(y) =

f2(y).
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Example 3.1. Let X = R and L consists of all linear functions and the function
I(z) = x2. Consider the functions fi, fo:

2
ﬁ(w)z{‘"" T fz(ff»‘)={0’ T

0, x> 0. xz, xz > 0.

Note that f; and fy are Hp-convex and f1(0) = f2(0). At the same time, both fi,
and fo, are not Hp, ,-convex for y = 0. It is clear that Dy f1(0) = Dr. f2(0) = {0},
hence cop, (D f1(0)UDL f2(0)) = {0}. But the function f(z) = max{ fi(z), f2(z)}

coincides with elementary function I(x) = 22, therefore | € Dy f(0). This means
that DL(max{fl, fg})(()) 75 COHL (DLfl (0) U DLfQ(O))

Further, consider a multifunction A : X x 2Hc x 20 — 2Hr where 281 is the
set of all nonempty subsets of Hy,.

Proposition 3.3. Let y € X. Assume that the inclusion

(3.2) A(y,Drg1(y), Drg2(y)) C Dr(max{gi, g2})(y)

holds for all Hp-convex functions gi,ge such that the sets Drgi(y),Drga2(y) are
nonempty and g1(y) = g2(y). Let f1, fo be Hy-convez functions such that the sets

Dpf1(y), DL f2(y) are nonempty and fi(y) = fa(y). If

A(y, Drf1(y), Drf2(y)) = Dr(max{ f1, f2})(v)
then

(3-3) Dr(max{fi, f2})(y) = con, ,(Prfi(y) U DL fo(y))-

Proof. Let f1, fa be Hp-convex functions such that the sets Dy, f1(y), DL f2(y) are

nonempty, fi(y) = f2(y) and A(y, DL f1(y), Drf2(y)) = Dr(max{f1, f2})(y). Con-
sider the functions

gi(z) = sup{h(z) + fi(y) : h € D fi(y)}
= sup{h(z) : h(y) = fi(y), h € supp(fi, HL)}-

It is clear that ¢1(y) = fi(y) = f2(y) = ¢92(y) and g1y, g2y are Hy, ,-convex. Propo-
sition 3.2 implies the equality Dy (max{g1,92})(y) = con, ,(Prg1(y) U Drga(v))-
Since

Drgi(y) ={h € Hry: h<gi—gi(y)}
= {hEHL,y: h(z) < sup R'(z) VmGX} =Drfi(y)
h'eDr fi(y)
then A(y, Drg1(y), Drg2(y)) = Ay, Drf1(y), Drfa(y)). Hence
(3.4)  Dp(max{fi, f2})(y) = A(y, Drf1(y), PLf2(y)) = A(y, DL91(y), PLg2(y))
C Dr(max{gi, g2})(y) = con, ,(DPrgi(y) UDrg2(y))
= con,, ,(Drfi(y) UDLf2(y)).

Combining the above inclusion with Proposition 3.1 yields the equality
Dy (max{ f1, f2})(y) = con, ,(Drf1(y) U DLfa(y))- O
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Proposition 3.4. Let y € X. Assume that

cony ,(DLfi(y) UDLf2(y) C Ay, DLf1(y), DLf2(y)) C Dr(max{fi, f2})(y)

for all Hy,-convex functions fi, fo such that the sets Dy, f1(y), D1, f2(y) are nonempty
and f1(y) = fa(y). Then for all such functions fi, fa

A(y, Drf1(y), DL f2(y)) = con, ,(Drfi(y) U DL fa(y))

Proof. Using the same functions g; as in the proof of Proposition 3.3 we conclude

that A(y,DLf1(y), Drf2(y)) C con, ,(Drfi(y) U Dpfa(y)) (see (3.4)). However,
cor, , (Drfi(y) U DLf2(y)) C Aly, Drfi(y), Drfa(y)) by our assumptions. So we
obtain the desired equality. O

Example 3.1 and Proposition 3.3 show that, in general, the set Dy (max{ f1, f2}) ()
cannot be described in terms of the sets Dy, f1(y) and Dy, fa(y).

At the same time the equality Dy (max{f1, f2})(y) = con, ,(Drf1(y) UDLf2(y))
is valid for broad classes of Hp-convex functions. However the mapping cop, , can
be very complicated.

Proposition 3.5. Let L be a set of functions defined on a set X. Let L consist of
all functions l(x) = max{li(z),l2(z) + c}, where l1,lz € L and ¢ € R. Then

Dr(max{f1, f2})(y) = con,, (Dr.f1(y) UDLf2(y))
for all Hy-convex functions fi, fo and all points y € X such that the sets Dy, f1(y),
Dr.f2(y) are nonempty and f1(y) = f2(y).

Proof. 1t is clear that Hy C Hj and a function is Hp-convex if and only if it is
Hp-convex. Let fi and fo be Hp-convex functions (then they are also H,-convex).
Let y € X be a point such that the sets Dy, fi(y) and Dy, f2(y) are nonempty and
fi(y) = fa(y). First we will prove that

(3.5) sup{hi(z) : hi € Drfi(y)} = fi(z) — fily) Ve € X Vi=1,2.
For this purpose we only need to check that sup{h;(z) : h; € Dpfi(y)} > fi(x) —
fi(y). For each i = 1,2 choose an arbitrary function h; € Dy fi(y). Since h; € Hy,
then hl(z) = max{l}(z),1?(x) + ¢;} + ¢}, where I},1? € £ and ¢;,c, € R. For
the sake of definiteness assume that hi(y) = I}(y) + ¢;. Then I}(y) + ¢, = 0 and
I1(x) + ¢ < fi(z) — fi(y) for all z € X. For every t; € supp(f;, Hz) consider the
function hy; defined by
he; (x) = max{lj (z) + ¢, t:(z) — fi(y)}.

We see that hy, € Hr, hy(y) = 0 and he,(z) < fi(x) — fi(y) Yo € X, that is
ht, € Drfi(y). Since f; is Hp-convex then

sup{ti(z) — fi(y) : i € supp(fi, He)} = fi(w) — fily) Vo e X.
Hence

sup{hi(z) : hi € DLfi(y)} = sup{hy,(x) : t; € supp(fi, He)}
> sup{ti(z) — fi(y) : ti € supp(fi, He)}
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So the equalities (3.5) hold true. This means that

con,, (Drfi(y) UDL fa(y))
={h € Hry: hz) <max{fi(z) - fi(y), fo(x) — f2(y)} V2 € X}
= Dr(max{f1, f})(y). O

Under the assumptions of Proposition 3.5, in order to describe the sets Dy, f1(y)
and Dy, f2(y) we need to know all support functions of f; and fo with respect to
Hy. In other words, we need to know the values of the functions f; and fo at
each point x € X. These sets can be very complicated, and therefore the set
co, ,(Drfi(y) UDLf2(y)) is also complicated.

In the next sections we will consider one special case when the subdifferential
calculus is possible. We will assume that the subdifferential has a local nature.
This means that for the description of a set Dy, f(y) we need to know the behaviour
of the function f only in a neighbourhood of the point y. This allows us to give a
sufficiently simple description of Dy, f(y).

4. SUBDIFFERENTIAL CALCULUS IN CASE THAT Hj HAS THE STRONG
GLOBALIZATION PROPERTY

Let H be a set of functions defined on a topological space X. We say that H
has the strong globalization property if for any H-convex function f, for any point
y € X and for any h € H the following implication holds

(4.1) (h(y) = f(y), h(z) < f(z) in a neighbourhood of y)
= (h(z) < f(z) for all x € X).

For instance, it was shown in [4] (see Example 5.4) that the set H of all continuous
affine functions defined on a topological linear space X has the strong globalization

property.

Remark 4.1. Assume that H has the strong globalization property. Then every
subset H' C H also has the strong globalization property since any H’-convex
function is H-convex.

Now let L be a set of functions defined on X. As above, H;, denotes the set of all
vertical shifts of functions [ € L. Assume that Hj, has the strong globalization prop-
erty. Take an Hp-convex function f and a point y € X. Let U be a neighbourhood
of y. Then the following equality holds

(4.2) oLfly)={leL: l(x)—I(y) < f(zx)— f(y) Vx € U}.
Indeed, let I € L and I(x) — l(y) < f(x) — f(y) Va € U. Then the function h(z) =
I(x) — l(y) + f(y) belongs to Hy. Moreover, h(y) = f(y) and h(z) < f(z) Ya € U.
Hence h(z) < f(x) for all z € X. This implies | € 91, f(y).

Similarly, we have the equality for the set Dr f(y)

(4.3) Drf(y)={h€Hr: h(y) =0, h(z) < f(z) — fly) Yz € U}
The following proposition demonstrates a technique that can be applied for sub-

differential calculus. We assume that the space R™ is equipped with the usual
coordinate-wise order relation: a < b if and only if a; < b; for all ¢ = 1,....n
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(a,b € R™). We will consider increasing continuous mappings M : R” — R. For
example, the mappings M(a) = ), a; and M(a) = max;a; (a = (a1,...,an) € R")
are increasing and continuous on R™. Moreover, the maximum of abstract convex
functions is always abstract convex. Hence the mapping M (a) = max; a; verifies
the assumptions of Propositions 4.1 and 4.4 irrespective of the set Hy.

For y € X let U(y) denote the set of all neighbourhoods of y.

Proposition 4.1. Let M : R® — R be an increasing continuous mapping such
that for all hy, ..., hy, € Hp the function M(hi(x),...,ho(2)) is Hp-conver. Let
y € X and fi,..., fn be Hp-convex functions such that f;(x) < o0 for all x from a
neighbourhood of the point y. Assume that Hy, has the strong globalization property.
Then for every h € DM (f1,..., fa)(y) the following inequalities hold

h(z) < M(Fy(z),...,Fy(x)) — M(Fi(y),...,Fu(y)) forallz € X,
where

Fi(z) = inf inf supsup{hi(z): h; € supp(fi, Hr), hi(2) = fi(z) — €}
e>0Uel(y) zeU

Proof. Since the mapping M : R™ — R is continuous and increasing then for any
sets A; CR (i=1,...,n)

M < sup ai,..., sup an) = sup M(aq,...,an),

(4 4) aleAl an€An aieAi
M| inf ai,..., inf a,) = inf M(a,...,ay).

a1€A; an€Anp a;€A;

(Here we assume that M(b1,...,bj,...,by) = limp_p; M(b1,...,b,...,by) for bj =
+00).
Consider the following sets

T;(Uye) = U {hi € supp(fi, Hr) : hi(2) > fi(2) — €},
zeU

where U € U(y) and £ > 0.
Let U’ be a neighbourhood of y such that f;(z) < +oo for all i and x € U’. Since
all functions f; are Hp-convex then for any U; € U(y) and &; > 0

(4.5) fi(x)=sup  hi(z) VeeUnU.
hi €T3 (Us\e4)

In particular, the equality fi(y) = supp,cr, (v, e,) hi(y) holds for any U; € U(y) and
g; > 0. Hence

4.6 Fi(y) = inf inf sup  hi(y) = fily).
(4.6) () B T O (y) = fi(y)

So let h € DLM(f1,..., fn)(y). Then

hz) < M(fi(z),..., fu(x)) = M(fi(y),..., fu(y)) forall z € X.
Due to (4.5), (4.6) and (4.4) we have for any neighbourhoods U; € U(y) and &; > 0
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(4.7)
h(z) <M ( sup  hi(z),..., sup hn(x)> - M(Fi(y),...,EFn(y))
h1€T1(U1,e1) hn€Tn(Un,en)
= swp M@)o ha(@) — MOR), .., Fa(y)) Ve e (TN
hiETi(Ui,é:i) i=1
Note that, by our assumptions, each function M (hi(x),...,hy(x)) is Hp-convex,
and therefore for any U; € U(y) and ¢; > 0 the function
(48) swp M(i(e),. . b)) - M(Ey(y),., Faly) (€ X)

hiETi(Ui,&‘i)
is Hy-convex as well. Moreover, by (4.7), each function (4.8) is not less than h(z)
in a neighbourhood of the point y and interpolates h at y (it is equal to zero at y).
Since Hp, has the strong globalization property it follows that
)< s M), ha(@) — MF(y),..., Fuly)  VYa € X.
hi€Ti(Use:)
This implies (see (4.4))
Bz) < inf inf  sup  M(ha(e),...ha(2) = M(Fi(y),.... Fay))
€i>0U,el(y) hi €Ty (Us 24)
= M(F\(2),..., Fa(z) — M(Fi(y), ..., Fu(y)) Vo€ X. O

Assume that the set Dy, f(y) is nonempty. Then we can introduce the following
function defined on X
(4.9) appy,(z) = inf sup sup (h(x) + f(2)), (x € X).

UCU(Y) zeU, Dy f(2)#0 heDr f(2)

We will show that the function appy, can be considered as an approximation of
the function f near the point y. In the classical convex case we can estimate this
function using e-subdifferentials (see Proposition 4.5 and Example 4.1).

First we prove some properties of the function appy,,.

Proposition 4.2. Lety € X and f : X — Ry be a function such that D f (y) # 0.
Then

(4.10) appy,(y) = f(y),  sup (h(z)+ f(y)) < appy,(z) < f(z) VzeX
heDy f(y)

Moreover, Dr(appy,)(y) = DrLf(y).

Proof. Since y € U for each U € U(y) we have that appy ,(z) > suppep, ¢y (h(z) +
f(y)) for all z € X. In particular, appy,(y) > suprep, sy (R(y) + f(y)) = f(y).
Inequality appy, < f is trivial since h(z) + f(2) < f(z) for any h € Dp f(z).

(
Since appy,,(y) = f(y) and app;, < f then Dp(appy,)(y) C Drf(y). Take a
function h € D, f(y). Then

h(z) = (h(x)+ f(y) —f(y) < sup (W' (z)+f(y)— f(y) < appys, (=) —appy, (v),
WeDLf(y)
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hence h € Dr(appy,)(y)-

Il = O

Proposition 4.3. Lety € X and f, g be Hr-convex functions such that Dy, f(y) #
and Drg(y) # 0. Assume that Hy, has the strong globalization property. If f(z)
g() in a neighbourhood U’ of y then appy, = app,,,,-

Proof. Let z € U' Ndom f Ndom g. Then U’ is also a neighbourhood of z and, by
(4.3), we have

Drf(z) ={he€ Hr: h(z) =

f(@) = f(z) Yz eU'}
={h€Hy: h(z) = g

(z) —g(2) Yo € U'} = Drg(2).
Since we can take in (4.9) infeyy)vcory instead of infyey,) then
appf,y = a“ppg7y’ O

So if Hy, has the strong globalization property and f is an Hp-convex function
such that Dy, f(y) # 0 then, in view of Propositions 4.2 and 4.3, we can say that the
function app , approximates the function f near the point y in the following sense:
the function app;, depends only on the local behaviour of f at y, interpolates f
at y and does not exceed f on the whole space X. The equality Dr(appy,)(y) =
Drf(y) shows that such an approximation is closely connected with the notion of
the subdifferential. Note that the function t(z) = supyep, f(y) (h(z)+f(y)) enjoys all
these properties as well. However, due to the inequalities t(z) < appy, () < f(x)
(see (4.10)), the approximation app;, () is better than ¢(z).

A main question now is to establish conditions which guarantee that the approx-
imations appy,,(z) and t(z) = supyep, f(y) (h(z) + f(y)) coincide on X.

If D1, f(z) is nonempty in a neighbourhood of y then
(4.11) appys,(z) =limsup sup (h(z) + f(2)) forallz e X.

2=y heDyf(z)
So for each fixed x € X we have: app;,(¥) = suppep, ¢() (h(2)+ f(y)) if and only if
the function u(z) = suppep, ¢(z)(h(z) + f(2)) is upper semicontinuous at the point
Y.

Proposition 4.4. Let M : R™ — R be an increasing continuous mapping such that
for all hy, ..., hy, € Hy, the function M(hi(x),..., hy(x)) is Hp-convezr. Lety € X
and fi,..., fn be Hp-convex functions such that the sets Dr fi(2),...,Drfn(z) are
nonempty in a neighbourhood of y. If Hy, has the strong globalization property then

(4.12) DrM(fi,..., fa)(y) = DM (appy, .- appy, ,) (1)

Proof. If h € DM (appfhy, . ,appfmy) (y) then

h(z) < M (appy, ,(2), ..., appy, (%)) =M (appy, ,(v), .- appy, () Ve X,

Since the mapping M is increasing then, due to Proposition 4.2,

hz) < M(fi(x),..., fa(2)) = M(f1(y), .., faly))  VeelX,

hence h € DM (fi,..., fn)(y).
Conversely, let h € D M(fi,..., fn)(y). In this part of the proof we will use the
same arguments as those in the proof of Proposition 4.1. Let U’ be a neighbourhood
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of y such that the sets Dy f;(2) are nonempty for all i and z € U’. By definition of
Dy, fi(z) we have for all z € U’

fi(z) = sup  (hi(2) + fi(2)),  filz) > sup (hi(2) + fi2)) VaeX.
hi€Dyr fi(2) hi€Dy fi(2)

Hence for any neighbourhood U; € U(y)

fi(z) = sup sup  (hi(z) + fi(2)) VeeUnU',
zeU;Nu’ hiGDLfi(Z)

and therefore (see (4.4))
h(z)
< M(fu(x), ..., fa() = M(f1(Y), -5 fa(y))

2€UiNU’ hi €Dy f1(2) 2€UnNU’ hyp €D fn(2)

=M< sup  sup (@) + fi(2).., swp sup (hn<x>+fn<z>>)

-M (appfl,y(y)v ) appfn,y(y)>

= sup sup M ((ha(z) + f1(21)), -, (hn(x) + frn(2n)))
z;€U;NU’ hi €Dy, fi(2:)

- M (a‘ppfl,y(y)a s '7appfn,y(y)) Va e ﬂ(UZ N U,)

i=1
Since Hy has the strong globalization property then this inequality holds for all
x € X. So, due to (4.4), we conclude that for all z € X
h(z)

< inf sup  sup M (@) + fi(21)s- s (Bn(@) + fa(20))
Uz‘eu(y)ziGUiﬁU'hiEDLfi(Zi)

- M (appfl,y(y)a s 7a‘ppfn,y(y))

= inf sup sup M ((hi(z) + f1(21)),.. ., (hn(x) + fu(2zn)))
Ui€U(Y) (z,€U;, Dy fi(2:)#0) hi€Dy fi(2:)

-M (appfl,y(y)v s 7appfn,y(y))

= M (appy, 4 (@);- - appy, 4 (@) = M (aPpy, 4 (y), - - 8PPy, 4 (1) - 2
Corollary 4.1. Assume that Hyp has the strong globalization property. Assume
that fi1,..., fn are Hp-convex functions and take a point y € X such that the sets

Drfi(2),...,Drfu(z) are nonempty in a neighbourhood of y and
appy, ,(x) = sup (h(z) + fi(y)) forallze X, i=1,...,n.

heDy fi(y)
If fily) = - = fa(y) then
(4.13) Dy (max{fi,..., fa})(y) = co,, | DLfiy).

i=1
If all functions f; are continuous at y then

(4.14) Dy(max{f1,..., fa})(y) = con, , | JPrfilv),

el
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where I = {i: fi(y) = max{f1(y),..., [n(y)}}.

Proof. Let M(ay,...,a,) = max{ay,...,a,}. Then M satisfies the conditions of
Proposition 4.4. Hence, by (4.12)

(4.15) Dr(max{fi,..., fn})(y) = DL(max{appfhy, ... ,appfmy})(y).
Let fi(y) =+ = fa(y). Since appy, ,(y) = fi(y) (see (4.10)) then we have
max{appfhy(x), ce 7a‘ppfn,y(x>} - max{appfl,y(y)7 M) a‘ppfn,y(y)}

heDyr, f1(y) heDy fn(y)
=max sup h(z).
v heDyLfi(y)

:max{ sup  h(z)+ fi(y),..., sup h(x)—l—fn(y)}—max{fl(y),...,fn(y)}

So a function h' € Hy , belongs to D (max{appy, ,---,appy, ,})(y) if and only if
W' (z) < max; supyep, f,(y) M(z) for all z € X. In other words (see (2.3))

n
Dy (max{appy, -, appy, , ) (y) = com, , | DLfi(y).
i=1
This and (4.15) give us the required equality (4.13).
If all functions f; are continuous at the point y then there exists a neighbourhood

U of y such that max{fi(x),..., fn(x)} = max;es fi(x) for all x € U. Since Hy, has
the strong globalization property then

Dutmax{fis- ... ) = i (maxf:) ()

At the same time, f;(y) = f;(y) for any ¢,j € I. Then it follows from the first part
of the proof that

Dy, (f?gx fi) (y) = con,, | DrLfily)-
i€l
Thus the equality (4.14) holds true. O

Corollary 4.2. Let conditions of Proposition 4.4 hold, M(hi,...,hy) € Hy, for all
h; € Hy, and

appy, ,(x) = sup  (h(z) + fi(y)) forallz € X andi=1,...,n.
heDy, fi(y)

Then

DLM(fh cee fn)(y)
= copy, [M(Drfi(y) + [1(y); - Drfa(y) + fa(y)) — M(f1(y), - fu ()],

where [M(Dr fi(y) + f1(y), -, Dofuy) + fo(y)) = M(f1(y), -, fu(y))] is the set
of all functions of the form

h(z) = M(hi(z) + f1(y), - - hn() + fu(y) — M(f1(y), - -, fu(y))
with h; € Drfi(y) for alli=1,... n.
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Proof. 1t is sufficient to note that, by our conditions, every function

h(z) = M(hi(2)+ f1(y)s - - s hn(@)+ [ (y) =M (f1(y), - - -, faly)) with h; € Dpfi(y)

belongs to Hy ,,.
Due to (4.12) a function h' € Hy,, belongs to D M(f1,..., fn)(y) if and only if

b (x)
< M(appy, ,(2),...,appy, ,(¥)) — M(appy, ,(¥), - - -, appy, ,(¥))
=M< sup  (h(z)+ f1(y)),..., sup (h(w)+fn(y))>

heDyr f1(y) heDy fn(y)
= M(fi(y),---, fa(y))
= sup [M(hi(2)+ fi(y), .. ha(@) + fu(y) = M(f1(y), ..., fuly)] Ve X.

hi€Dy, fi(y)
The proof is completed. O
For example, if M (a1, ...,a,) = a1+- - -+a, then, under assumptions of Corollary

4.2, the sum (f; + -+ + f,) of Hp-convex functions f; is Hp-convex as well and
Dr(fi+ -+ fo)) = con, ,(Drfi(y) + -+ Drfuly))-

So the main problem now is to find conditions which guarantee the equality

appy,, (x) = suppep, r(y)(h(x) + f(y)). Since appy,(z) = suppep, s, (M(x) + f(y))
then we are interested in the inverse inequality. In the following proposition we
estimate function appy, using e-subdifferentials.

Proposition 4.5. Let y € X. Assume that for any Hp-conver function g the
following implication holds:

(4.16) limsup g(z) < +o00 = ¢ is continuous at y.

T—yY

Let a function f be Hp-convex and continuous at y. If the set D f(y) is nonempty
then

(4.17) appy,(z) < lim  sup  (I(x) —I(y) + f(v)) forall z € X.
0o, f(y)

Proof. First we will prove that for each € > 0 a neighbourhood U, of the point y
exists such that

(4.18) Wy)=Uz)+ f(z) > fly)—e forall ze U, | € dLf(2).

Assume it is not true. Then a number € > 0 exists such that for any neighbourhood
U of the point y we can find z € U and [ € 9rf(z), for which the inequality
(I(y) = U(z) + f(2)) < (f(y) — &) holds.
Then consider the function

g9(x) =sup{l(z) — () + f(2): 2 € X, 1€0Lf(2), ly) —U(z) + f(2) < fy) — ¢}
This function is Hp-convex, g(x) < f(x) for all z € X and g(y) < f(y) — e.
Moreover, due to our assumption, for any neighbourhood U of the point y a point
z € U exists such that g(z) > f(2), hence limsup,_,, g(z) > liminf,_, f(2). Since
[ is continuous at the point y and g(y) < f(y) — ¢ then limsup,_,, g(2) > f(y) >
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fly) —e > g(y). Hence g is discontinuous at y and, by (4.16), we conclude that
limsup,_,, g(2) = +0c0. On the other hand, since g < f and f is continuous at
y then limsup,_ ,, g(z) < limsup,_,, f(2) = f(y) < +oo, which contradicts the
equality limsup,_,, g(z) = +oo.

So for each € > 0 a neighbourhood U, of y exists such that (4.18) holds. Then
for any z € U, and [ € 0r f(2) we have

U(2) ~ 1(y) = (@) — =) + () — () 1) + F(2) < f@) — f@) +e VaeX.

This implies that [ € Oz f(y) for all [ € 01, f(z) with z € U.. Therefore

(4.19) sup  (l(2)=ly)+f(ly) < sup (l(z)—Il(y)+f(y)) forallze X.
1edy, f(z), z€U- 1€dr  f(y)

At the same time, since (—1(2) + f(z)) < (=I(y) + f(y)) whenever [ € 9y f(z) then
(4.20)

sup  (I(z) —1(2) + f(2)) < sup  (I(z) —l(y) + f(y)) forallz e X.
ledr, f(z), z€Us ledL f(z), z€Us

It follows from the inequalities (4.19) and (4.20) that
sup (Ux)— 1)+ () < sup () —1(y) + f(y)) forall z € X.

1€y, f(2), z€Ue 1€dr  f(v)
Hence

appy, ()
= inf sup  (l(z) —U(z) + f(2))

Uel(y) zeU, 1€d, f(z)

< inf sup (I(x) = U(z) + f(2))

€>0 U, 1€0L f(2)

<inf sup (I(z)—IU(y)+ f(y)) = lim sup (I(z) —Il(y) + f(y). O

e>01¢cay  f(y) = 401co,  f(y)

Remark 4.2. Implication (4.16) means that every Hp-convex function g is contin-
uous at y whenever a neighbourhood U of y and a number ¢ € R exist such that
g(u) < ¢ for all w € U. Note that this implication can be false even in the case
when all elements of H, are continuous. For example, let g : R — R be the function
defined by: ¢g(z) = 0if x < 0 and g(z) = 1 if z > 0. Then ¢ can be represented
as the supremum of a family of continuous functions. We see that g is uniformly
bounded on R. However g is discontinuous at zero.

Example 4.1. Let L be the set of all linear continuous functions defined on a
normed space X. Then every Hy-convex function is convex in usual sense. It was
proved in ([2], Proposition 2.2.6) that a convex function ¢g defined on X is Lipschitz
continuous at y € X provided that g is bounded above in a neighbourhood of y.
Thus we conclude that the condition (4.16) is valid in the classical convex case.

The other approach to examining the equality app;,(z) = supsep, f(y) (h(z) +
f(y)) is based on upper semicontinuity of the mapping D f(-). We will use the
following definition of upper semicontinuity of set valued mappings due to Berge
[1]. Let X and T be topological spaces. We say that a mapping D : X — 2T ig
upper semicontinuous at y € X if, for any open set G C T such that D(y) C G, a
neighbourhood U of y exists such that D(u) C G for all u € U.
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Proposition 4.6. Let L consist of continuous functions. Assume that the set Hy,
is equipped with the topology of pointwise convergence. Let f be an Hj-convex
function, y € X and let the sets Drf(z) be nonempty in a neighbourhood of y.
If f is continuous at the point y and Drf(-) is upper semicontinuous at y then

appf,y(:n) = Suphepo(y)(h($) + f(y)) forallz € X.
Proof. Firstly, since f is continuous at y then (see (4.11))

appyy(z) = limsup sup (h(z) + f(2)) = f(y) +limsup sup h(z).
' 2=y heDyf(2) 2=y heDyf(z)

Take ¢ > 0 and x € X. Let t denote the function #(z) = suppep, f(») (). Let
Ge ={h € H,: 39 € Drf(y) |h(zx)—g(x)| < e}. Then G; is an open set and
Drf(y) C Ge. Since the mapping Dy, f(-) is upper semicontinuous at y then there
is a neighbourhood U of the point y such that T := U,cyDr f(2) C Ge, hence

supt(z) =sup sup h(z)=suph(z) < sup h(x)
€U 2eU heDy f(z) heT heG:

=sup{h(x): h€ Hy, 3g € Drf(y) |h(x) —g(x)| < e}
sup{h(z) : h€ Hy, 3g € Drf(y) (h(z)—g(z)) <e}

sup g(x) +e=1t(y) +e.
geDLL(Y)

This means that ¢ is upper semicontinuous at y, therefore

appy, () = f(y) +limsupt(z) < f(y) +t(y) = sup (h(z)+ f(y)).
=Y heDr f(y)

<
<

The reverse inequality suppep, ¢y (R(z) + f(y)) < appy,(z) follows from Proposi-
tion 4.2. U

5. EXAMPLES

Let X and Y be topological spaces and w : X — Y an open continuous mapping.
Let £ be a set of functions defined on w(X) = {w(z) : x € X}. Let L be the
set of all functions [(z) = ¢(w(x)) defined on X, where ¢ € £. Then the set of all
Hp-convex functions coincides with the set of functions f(z) = g(w(x)), where g is
H /-convex.

Proposition 5.1. If H; has the strong globalization property then also Hy, has the
strong globalization property.
If g is an Hp-convex function, y = w(x) and

appy,(2) = sup  (h(z) +g(y))  Vzew(X),
he€Drg(y)

then the following equalities hold for the function f = gow

appy . (2) = he;lil;(x)(h(z) +f(z)) VzeX.

Proof. Assume that H, has the strong globalization property, and let h € Hy. Let
f(z) = g(w(z)) be an Hp-convex function such that

hy) = fy), h(x) < flz) YVeel,
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where U is a neighbourhood of y. Since h(z) = ¢(w(z)) — ¢ then f(w(y)) — ¢ =
g(w(y)), b(w(x))—c < g(w(x)) Vo € U. Since w is an open mapping then U’ = w(U)
is a neighbourhood of the point w(y). Because H; has the strong globalization
property, we have £(z) — ¢ < g(z) for all z € w(X) and h(z) < f(x) for all z € X.
So we proved that Hp has the strong globalization property.

Let us prove the second part of proposition. Let g be Hp-convex, y = w(x) and
apPg., (%) = SUPpep,g(y) (A(2) +9(y)) for all 2 € w(X). It is clear that ({—{(w(t))) €
Drg(w(t)) if and only if (£ ow — £(w(t))) € Drf(t). Hence

appy,(z) = inf sup = sup  (h(w(z2)) + g(w(?))).
’ UeU(x) teU heD g(w(t))

Since w is a continuous and open mapping then

appr,(z) = inf sup su h(w(z)) + g(t)).
PP1a(2) =, Jnf e s (H(w(2) +9(0)

Thus, using also our assumption, we obtain

appy,(2) = app, ,(w(2)) = sup (h(w(2)) +9(y))
heDg(y)

= sup  (h(w(z)) +9(w(=)) = sup (h(z) + f(2)). O
heDeg(w(z)) heDy f(x)

Note that, under the conditions of Proposition 5.1, we have a simple isomorphism
between Hp-convex and Hp-convex functions. If f = g ow then inf,cyx f(z) =
infyc,(x)9(y). So if H. has the strong globalization property but the elementary
functions h € H, seem difficult then we can use such isomorphism in order to get
a more convenient equivalent form of abstract convex functions.

Proposition 5.2. Let X and V' be topological spaces. Let H be a set of functions
h: X — R. Assume that for each two points x,y € X there exists a continuous
mapping w : V. — X such that x,y € w(V) and H¥ has the strong globalization
property, where H* is the set of all functions h' : V' — R defined by h'(v) = h(w(v)),
(h € H). Then H has the strong globalization property.

Proof. Let f: X — Ry be H-convex function. Let y € X and h € H be a function
such that h(y) = f(y) and h(z) < f(x) for all z from a neighbourhood U of the
point y. Take a point z € X and consider a mapping w : V' — X, which satisfies
the conditions of our proposition for the points z,y. Let w(vi) = y and w(vy) = z.
Consider the functions h/, f’ defined on V' by the formulas: b'(v) = h(w(v)), f'(v) =
f(w(v)). Then A’ belongs to H¥, and f is H¥-convex. Since w is continuous then
a neighbourhood U’ of the point v; exists such that w(v) € U for all v € U’. Hence
W(01) = h(y) = F(5) = /(1) and ' (v) = h(w(v)) < fw(v)) = f(4v) for all v € U".
Since H“ has the strong globalization property then h'(v) < f'(v) for allv € V. In
particular, h(x) = 1/ (v2) < f'(v2) = f(x). O

Now consider the simplest case X = R.

Proposition 5.3. Let L be a set of continuous functions defined on R. Assume
that for any functions hi,ho € Hp and for any points x1,x2 € X the following
implication holds

(5.1) (hl(xl) = hQ(lEl), hl(.%'g) = h2($2), I 75 .1‘2) — (hl = hQ).
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Let y € R and f be an Hp-convex function such that the sets D f(z) are nonempty
in a neighbourhood U of y. Then for any h € Hy, implication (4.1) holds.

Proof. Let U be a neighbourhood of y such that Dpf(z) # 0 for all z € U. Let
h € Hp, be an elementary function such that h(y) = f(y) and h(z) < f(z) for all
x € U', where U’ is a neighbourhood of y. We need to check that h(z) < f(z) for
all z € R.

First we will show that h(z) < f(x) for any z > y. Let z > y. Then a point
z € UNU' exists such that x > z > y. Since z € U then Dy f(z) # 0. Take an
arbitrary function h, € Dr f(z). Then h,(y)+ f(z) < f(y) = h(y). Moreover, since
z € U’ then h(z) < f(z) = h.(2) + f(2). Consider the function h'(t) = h,(t) + f(z).
Since Hp, is closed under vertical shifts and h, € Hy, then b’ € Hy. So for these 2,y
and h,h’ € H, we have

(5.2) 2>y, W(y) <h(y), hiz) < (2).

Note that, under our assumptions, Hy, consists of continuous functions. Then, due
to (5.2), a point ¢ € [y, z| exists such that h'(t1) = h(t1).

Now suppose that h(z) > h/(x). This means, in particular, that h # h'. It follows
from (5.1) that h/(t) # h(t) for any ¢t # t;. Then, by (5.2), either h'(y) < h(y) or
h(z) < h'(z). If h(z) < h/(z) then a point t3 € (z,x) exists such that h'(t2) = h(t2),
which contradicts our assumption. Hence h'(y) < h(y) and y < t;. Take a positive
number ¢ such that ¢ < min{h(y) — h'(y), h(x) — h'(z)} and consider the function
he(t) = W'(t) +e. Then h. € Hr. Moreover, the following inequalities hold

(5:3) he(tr) > h(t1),  he(y) <h(y), he(x) <h(z).

Since y < t; < z and the functions h. and h are continuous then, by (5.3), we
can find two different points a € (y,t1) and b € (¢1, ) such that h.(a) = h(a) and
he(b) = h(b). Then, by (5.1), he = h, which contradicts (5.3).

So we conclude that h(z) < h'(z). Since h/(z) = h.(x) + f(z) and h, € D f(z)
then h/(z) < f(x). Thus we have proved that h(z) < f(z) for any x > y.

The same arguments show that h(z) < f(x) for all z < y. O

Proposition 5.4. Let L be a set of continuous functions defined on R such that
(5.1) is valid for Hyp. Assume also that for any sequence {h;} C Hj the fol-
lowing holds: if a function h € Hy and an interval (a,b) C R exist such that
lim;_ 400 hi(z) = h(x) for all x € (a,b) then lim; 4o hi(z) = h(z) for all x € R.
Then Hj, has the strong globalization property.

Proof. Let f be an Hp-convex function and y € R. Let h € Hy, be an elementary
function such that h(y) = f(y) and h(z) < f(x) in a neighbourhood U of the point
y. We need to check that h(z) < f(z) for all z € R. Here we will show only that
h(z) < f(x) for all z < y. The proof of the inequality h(xz) < f(z) for z > y is
analogous.

First suppose that a sequence {y;} C R exists such that y; < y Vi, lim;_, 100 y; =
y and h(y;) < f(y;) for all i. Since f is Hp-convex then for each ¢ a function
h; € supp(f, Hr,) exists such that f(y;) > hi(y;) > h(y;). We have for each i

(5.4) vi <y, hi(yi) > h(yi), hi(y) < fly) = h(y).
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Since the functions h; and h are continuous then we can find a point ¢ € (y;, ]
such that h;(t) = h(t). Assume that h;(z) < h(z) for certain x < y;. Then a point
t' € (x,y;) exists such that h;(t') = h(t'), and therefore, by (5.1), h; = h, which
contradicts (5.4). Hence h(x) < hij(z) < f(x) for all z < y;. Since y; — y then
h(z) < f(z) for all x < y.

Now suppose that such a sequence {y;} does not exist. Since h(x) < f(x) for all
x € U then h(x) = f(x) for all x € [a,y], where a is a point from the neighbourhood
U and a < y. Assume that a point yy < a exists such that h(yg) > f(yo). We will
get some contradictions for such a situation. So take a small enough ¢ > 0 such
that h(yo) — f(yo) > 2. Let {¢;} be a decreasing sequence of positive numbers and
lim; 1 =0, €1 = €. Since f is Hp-convex and Hyp, is closed under shifts then a
sequence {h;} C supp(f, Hy) exists such that h;(a) = f(a) —¢; for each i. Consider
two cases:
1.) Let a point ¢’ € (a,y) and an index 7 exist such that f(y') — hi(y') > f(a) —
hi(a) = &;. Choose a positive number ¢ such that min{f(y’) — hi(y'),2e;} > 6 >
f(a) — hi(a) = ;. Then consider the function h'(z) = h;(x) + 6. We have

W(y')=hi(y) +6 < f(y)=h(y),  H(a)=hi(a)+3> fla) = h(a),

W (yo) = hi(yo) + 0 < fyo) + 2ei < f(yo) + 2¢ < h(yo).

Since yp < a < ¥/, these inequalities contradict (5.1) and the continuity of the
elementary functions.
2.) Let f(v) — hi(y') < f(a) — hi(a) = g; for all i and y' € (a,y). Since f(y') —
hi(y") > 0 then

lim hi(x) = f(z) = h(x) for all = € (a,y).

1——+00
Due to the assumptions of this proposition lim; ., hi(z) = h(x) for all x € X.
Hence h(yo) = lim;— 00 hi(yo) < f(yo) because h; € supp(f, Hy). But this contra-
dicts the assumption h(yo) > f(vo). O

Example 5.1. Let ap > 0 and X = R. Let L be the set of all functions I(z) =
—ap(z — a)?, where a € R. Then conditions of Proposition 5.4 hold for Hy, and
therefore Hy, has the strong globalization property. But we do not have the tools
here for necessary or for sufficient conditions for global minimum of Hp-convex
functions since Hy, does not contain any constant and each function h(x) = —ag(z—
a)? — ¢ has no global minimum over X.

So we should consider only examples where some elementary functions attain
their global minimum. In the following example zero belongs to L. Hence we will
have necessary and sufficient condition for the global minimum.

Example 5.2. Let [;(x) and lo(x) be continuous strictly decreasing and strictly
increasing functions respectively (z € R). Assume that L consists of all the functions
aly(z), ala(x) with @ > 0. It is easy to check that the set Hy, verifies the assumptions
of Proposition 5.4. For example, we can take

li(x) = —e", la(x) = —e™ 7.

We see that the set Hy, here is closed under horizontal and vertical shifts. Moreover,
the set of all Hy-convex functions is bigger than the set of all lower semicontinuous
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convex functions defined on R. Indeed, let t(z) = ax — ¢ be an affine function. If
a=0thent € Hy. If a > 0 then for each y € R we have that (—aeVe ™" +a+t(y)) <
t(x) for any z € R, the function h(x) = —aeYe™ 4 a + t(y) interpolates t in y and
belongs to Hr. The same can be done for a < 0. Hence every affine function is
Hj-convex.

Example 5.3. Let ly,...,l;,a1,...,a,, be strictly increasing continuous functions
defined on R. Let L denote the set of all functions I*(z) = ai(t)li(z) + -+ +
am (t)lm () with t € R. We will check that (5.1) is valid for Hy,. So let

hi(z) = ar(t)h(z) + -+ am(t)lm(2) — c1,

hg(x) = al(tg)ll(l’) —+ -+ am(tg)lm(l’) — Co.
Let x # y and hi(xz) = ha(z), h1(y) = ha(y). Then (hi(z) — hi(y)) — (ho(z) —
ha(y)) = 0, that is
(5.5) (a1(t1) —ar(t2))(l(z) = li(y)) + - + (am(t1) = am(t2))(ln(z) = lm(y)) = 0.
Since x # y and the functions [; are strictly increasing then all the quantities
(li(z) — l;(y)) have the same sign and are not equal to zero. Since all a; are strictly
increasing then the equality (5.5) is possible only for ¢; = t5. It follows from the

equality hi(y) = he(y) that ¢; = co, hence hy = ho.
Now let the sequences {t},{cx} and an interval (a,b) be such that

kll)l}_loo <Z a;(ty)l;(x) — ck> = Zai(to)li(:n) — ¢ for all x € (a,b).
i=1

Let x,y € (a,b) and x > y. Then

i (; ai(ty)li(z) — Ck) — Jim (Z ai(te)li(y) — Ck)

i=1

= altole) - Yt
i=1 =1
— Erfoo((al(tk)—m(to))( 1(x) — 1 (y))
+ o (am () = am(to))(Im(2) — lm(y))) = 0.

Since all the quantities (I;(x) —[;(y)) are positive and all the functions a; are contin-
uous and strictly increasing then limy_, o tx = to. The equality limg .1 crx = co
is valid as well. Hence, due to Proposition 5.4, H has the strong globalization
property.

Now consider the usual convex functions defined on a topological linear space.

Example 5.4. Let L be the set of all linear continuous functions defined on a
topological linear space X. Let £ be the set of all linear functions defined on R.
It follows from Example 5.3 (with m = 1, a1(t) = ¢, l1(x) = x) that the set Hp
of all affine functions defined on R has the strong globalization property. Take
two arbitrary points z,y € X and consider the function w : R — X defined by
w() = vx + (1 —v)y. Then w(0) = y and w(1) = z. Moreover, w is continuous
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and for any h € Hy, the function h'(v) = h(w(v)) belongs to H,. Indeed, if h(z) =
I(z) +¢ Vz € X, where | € L and ¢ € R, then '(v) = l(vz + (1 —v)y) + ¢ =
v(l(z) —l(y)) + (I(y) + ¢). Thus, by Proposition 5.2 (see also Remark 4.1), Hy, has
the strong globalization property.
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