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SENSITIVITY ANALYSIS FOR A SYSTEM OF PARAMETRIC
MIXED QUASI-VARIATIONAL INCLUSIONS

X. P. DING* AND J. C. YAO**

ABSTRACT. In this paper, we introduce a new system of parametric mixed quasi-
variational inclusions. By using resolvent operator technique of maximal mono-
tone mappings and the property of fixed point set of set-valued contractive map-
pings, we study the behavior and sensitivity analysis of solution set for the system
of parametric mixed quasi-variational inclusions. In particular, we proved that
the solution set of the system of parametric mixed quasi-variational inclusions is
nonempty closed and established that the solution set of the system of paramet-
ric mixed quasi-variational inclusions is Lipschitz continuous with respect to the
parameters under suitable conditions.

1. INTRODUCTION

The behavior of solution set of variational inequality problems as the result of
changes in the problem data is always concerned. In recent years, much attention
has been devoted to developing general methods for the sensitivity analysis of so-
lution set of various variational inequalities and variational inclusions. From the
mathematical and engineering points of view, sensitivity properties of various vari-
ational inequalities can provide a new insight concerning the problem being studied
and can stimulate ideas for solving problems. The sensitivity analysis of solution
set for parametric variational inequalities has been studied extensively by many
authors using quite different methods. By using the projection technique, Dafer-
mos [4], Mukherjee and Verma [11], Noor [13], Yen [19] dealt with the sensitivity
analysis for variational inequalities with single-valued mappings. By using the im-
plicit function approach that makes use of so-called normal mappings, Robinson
[17] dealt with the sensitivity analysis for variational inequalities with single-valued
mappings in finite-dimensional spaces. By using resolvent operator technique, Adly
[1], Noor and Noor [14], and Agarwal et al. [2] studied sensitivity analysis for quasi-
variational inclusions with single-valued mappings. By using projection technique
and the property of fixed point set of set-valued contractive mappings, Ding and
Luo [5] studied the behavior and sensitivity analysis of solution set for generalized
quasi-variational inequalities. Recently, Liu et al. [10], Salahuddin [18], Park and
Jeong [15], and Ding [6]-[8] studied the behavior and sensitivity analysis of solu-
tion set of generalized nonlinear implicit quasi-variational inclusions of several type
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with set-valued mappings. Agarwal et al. [3] first studied sensitivity analysis for a
system of nonlinear mixed quasi-variational inclusions with single-valued mappings
and maximal monotone mappings.

Inspired and motivated by recent research works in this field, in this paper, we
introduce a new system of parametric mixed quasi-variational inclusions involving
set-valued mappings and maximal monotone mappings. By using resolvent operator
technique and the property of fixed point set of set-valued contractive mappings,
we prove existence of solutions and study the behavior and sensitivity analysis of
solution set for the system of parametric mixed quasi-variational inclusions. In
particular, we prove that the solution set of the system of parametric mixed quasi-
variational inclusions is nonempty closed and established that the solution set of the
system of parametric mixed quasi-variational inclusions is Lipschitz continuous with
respect to the parameters under suitable conditions. Our results improve, unify and
generalize the responding results in [1], [2], [4]-[15], [10]-[15], [17], [18].

2. PRELIMINARIES

Let H be a real Hilbert space with a norm || - || and an inner product (-,-). Let
2H and C(H) denote the family of all nonempty subsets of H and the family of
all nonempty compact subsets of H, respectively. Let H (+,-) denote the Hausdorff
metric on C(H) defined by

H(A, B) = max{sup,¢ 4d(a, B),sup,cgd(A,b)}, V A, B € C(H),

where d(a, B) = infyeglla — b|| and d(A,b) = inf,c 4]la — b]|.

Let © be a nonempty open subset of H in which the parameter \ takes values,
A,B,C,D,E, F,G,Q,S: HxQ — C(H) be set-valued mappings and m : H x ) —
H Ny :HxHXxHxHxQ — Hand Ny : Hx HxQ — H be single-valued
mappings. Let M, My : H x H x Q — 29 be set-valued mappings such that for
each given (z,\) € H x Q, Mi(-,z,\) and Ms(-, 2z, \) are both maximal monotone
mappings with (G — m)(H x {\})(domM; (-, z,A) # (. Throughout this paper,
unless otherwise stated, we will consider the following system of parametric mixed
quasi-variational inclusion (SPMQVI): for each given A € Q and w;,we € H, find
(x,y) = (x(N\),y(\)) € Hx H, a = a(z,\) € A(z,\), b = b(z,\) € B(z,\),
¢ = C(y7)‘) € C(yvA)’ d= d(yvA) € D(y))‘)v €= e(y’)‘) € E(ya )‘)7 f = f(%,)\) €
F(z,\), g=g(z,\) € G(z,\), ¢ =q(z,\) € Q(x, ), and s = s(x, \) € S(z, \) such
that

(2 1) w1 eNl(a,b,c,d,)\)+M1((g—m)(a:,)\),e,)\))7
‘ wy €y — x + pNa(f, q, A) + pMa(y, s, N),

where p > 0 is a constant.

Special cases: (I) If G = g is a single-valued mapping, then the SPMQVI (2.1)
reduces to the following parametric problem: for each given A € 2 and wy,ws € H,
find (z,y) = (z(\),y(\) € H x H, a = a(z,\) € A(z,\), b = bz, \) € B(z, ),
¢ = C(y7)\) S C(yvA)7 d= d(ya)‘) € D(y7)‘)7 € = e(y7)‘) S E(ya )‘)7 f = f(xv)‘) S
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F(z,\), ¢=q(z,\) € Q(z,\), and s = s(x, \) € S(z, A) such that

{wl € Ni(a,b,c,d, \) + My((g — m)(z, \), e, \)),

2.2
( ) wg6y—:B—G—pLNg(f,q,)\)+ALM2(y,,S,)\),

where p > 0 is a constant.

The parametric problem (2.2) appears to be a new one.

(IT) If wey = 0, My = Ny = 0, then the SPMQVI (2.1) reduces to the following
parametric mixed quasi-variational inclusion problem: for each given A € ) and
wy € H, find 2z = 2(\) € H, a = a(z,\) € A(x,\), b = b(z,\) € B(z,\), ¢ =
c(x,\) € C(z,\), d =d(z,\) € D(xz,\), e = e(x,\) € E(x,\) and g = g(z,\) €
G(x,\) such that

(2.3) wy € Ni(a,b,c,d, \) + Mi((g —m)(x, A), e, N)).

The parametric problem (2.3) also appears to be a new one.

(III) If PW : H x H x Q — C(H) are two set-valued mappings and
Ni(a,b,c,d, \) = P(a,b,\) — W(e,d, \) for all (a,b,c,d,\) € Hx Hx Hx H x§,
then the parametric problem (2.3) collapses to the following parametric problem:
for each given A € Q and wy € H, find z = z(\) € H, a = a(z,\) € A(xz,\), b =
b(x,\) € B(z,\), c=c(z,\) € C(x,\),d=d(z,\) € D(z,\), e =e(z,\) € E(x,)\)
and g = g(x,\) € G(z, \) such that

(2.4) wy € Pa,b,\) —W(e,d,\) + Mi((g — m)(z,A), e, N)).

The parametric problem (2.3) with G = g being a single-valued mapping was
introduced and studied by Liu et al. [10].

(IV) If W = 0, then the parametric problem (2.4) reduces to the following para-
metric problem: for each given A € Q and wy € H, findz = z(\) € H, a = a(z, \) €
A(z,N), b=0b(z,\) € B(z,\), e=e(z,\) € E(z,\) and g = g(z,\) € G(x,\) such
that

(2.5) wy € P(a,b,\) + Mi((g —m)(z,N),e, N)).

The parametric problem (2.5) was introduced and studied by Ding [6].

(V) If o : Hx HxQ — RU{+o0} and ¢y : H x H x A — RJ{+ox}
are such that for each fixed (z,\) € H x Q, ¢(-,z,A) and 9¥(-,z,\) are both
proper convex lower semicontinuous functional and dg(-, 2z, A) and 9Y(-,z, \) are
the subdifferential of ¢(-, z,A) and (-, z, A), respectively. By [16], J¢(+, z,A) and
0Y (-, z, \) are both maximal monotone mappings. Let M (-, 2, A\) = 9p(-, 2z, A) and
My (-, z,\) = 0¢(-,2z,A) such that (G — m)(H x {A\})(dom 9p(-,2z,A) # @ for
all (z,\) € H x Q. It is easy to see that the SPMQVI (2.1) reduces to the fol-
lowing system of parametric problems: for each given A € Q and wy,ws € H,
find (x>y) = (x()‘)vy()‘)) €HxH, a= a(x,)\) € A(xa)\)v b= b(x7)\) € B(ZL‘,)\),
c=c(y,A) € Cy,A), d=d(y,\) € D(y,A), e =e(y,A) € E(y, ), g(x,A) € G(z, ),
f=f(x,\) € F(z,\), ¢ =q(z,\) € Q(z,\), and s = s(x,\) € S(x, \) such that

(N1(a,b,c,d,\) —wy,u— (g —m)(z,\))
(2.6) > p((g—m)(z,N),e,\) —o(u,e,N), VueH,
(y—x — w2 +MN2(f7Q7A)7u - y> > /’Lw(yﬂsa)‘) - /ﬂb(u,S,A), Voue H7
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where p > 0 is a constant.

(VI) If G = g is a single-valued mapping, wy = wy = m = 0, K1, Ky : HxQ — 21
are two set-valued mappings such that for each (e, \),(s,\) € H x Q, Kj(e, )
and K3(s,\) are both closed convex subsets of H, and ¢(-,e,A) = I, (e ) () and
Y(+,8,A) = Ig,(s0)(-) are the indicator functions of Kj(e, A) and Ka(s, ) respec-
tively, i.e.,

0, if ue Ky(e, \),
IKI(E’)‘)(M B {—i—oo, otherwise,

07 ifUGKQ(Sy)\)v
Tr. (s =
Ka(s,)\) (u) {+OO, otherwise,

then the parametric problem (2.6) collapses to the following system of parametric
quasi-variational inequalities problems: for each given A\ €  and wi,ws € H, find
(x7y) = (1’()\),y()\)) € HxH, a= a(x,)\) € A(.’L’,)\), b= b(l’,)\) € B(va)7 ¢ =
c(y, )‘) € C(yv >‘)7 d= d(y7 )‘) € D(y7 )‘)7 €= e(y, )‘) € E(ya )‘)7 g= g(xv )‘) S G($> >‘)7
f=flx,\) € F(z,\), g=q(z,\) € Q(z,\), and s = s(z,\) € S(x, ) such that
(g - m)(:v,)\) € Kl(ea)‘)a RS K2(Sa)‘) and

(27) <N1(a7b7 C7da )‘) — Wi, U — g(a:,A)) > 07 Vue K1<6,A),
<y_x_w2+:uN2(f>Q7)‘)au_y> 207 VUGK2($7)‘)7

where 1 > 0 is a constant.

In brief, for appropriate and suitable choices of m, A, B,C,D,E,F,G,Q,S,
Ny, Ny My and My, it is easy to see that the SPMQVI (2.1) includes a number of sys-
tems of (parametric) mixed quasi-variational inclusions, (parametric) mixed quasi-
variational inclusions, systems of (parametric) mixed quasi-variational inequalities
and (parametric) mixed quasi-variational inequalities studied by many authors as
special cases.

Definition 2.1. Let M : H x H x Q — 29 be a set-valued mapping such that
for each fixed (z,\) € H x Q, M(-,z,\) : H — 2 is maximal monotone. The
parametric implicit resolvent operator Jé‘/[ (2N H - H is defined by
TN ) = (I 4+ pM (-2, 0) " (w), Y u € H,
where [ is the identity mapping on H and p > 0 is a constant.
It is well-known that for each (z,\) € H x Q, J[],V[ (20 45 g single-valued nonex-
pansive mapping.

From the definition of parametric implicit resolvent operator, we have the follow-
ing lemma.

Lemma 2.1. For each fized A € Q, (x,y) = (x(N),y(A\)) € Hx H, a = a(z,\) €
A, ), b = bz, \) € B(r,)), ¢ = g, \) € Cly,A), d = d(y.\) € D(y,\),
e = (5. X) € BlyA), g = gle.3) € GleA), f = F@A) € BN, 4 = a(e.3) <
Q(z,A), and s = s(x, \) € S(x,\) is a solution of the SPMQVI (2.1) if and only if

(9= m)(z.)) = TN (g —m) (2, X) + plwi — Ni(a,b,c,d, \)],
y = Y0V 0wy — Ny (f, 0, M),
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where p > 0 and p > 0 are constants.
Now, define a set-valued mapping R : H x Q — 21 by

R(z,)) = U TSN [ fwy — uNo (f, ¢, N)], ¥V (2, 0) € H x 9,
fEF(x,\),qeQ(x,)),s€S(z,\)

and define a set-valued mapping T : H x Q — 2 by
T(x,A\) ={ue H:3yec R(z,\) such that

ue U [~ (g —m)(x, N

a€A(z,\),beB(z,\),9€G(x,\),ceC(y,\),deD(y,\),e€EE(y,\)
+ M (g —m)(z, A) + p(wy — Ni(a,b,c,d, \)]}, ¥ (2,0) € H x Q.
By the definition of set-valued mappings R and T', we have the following result.

Lemma 2.2. For each fized A € Q, (x,y) = (x(A),y(\)) € H x H, a = a(z,\) €
A(z,N), b = b(z,\) € B(z,\), ¢ = c(z,\) € C(y,\), d = d(y,\) € D(y,\),
9= g(qu) S G<$7)‘)7 e = e(yv)‘> € E(y7)‘)7 f= f(x7)‘) € F(l’,)\), q= Q([BaA) S
Qz,N), s = s(xz,\) € S(z,\) is a solution of the SPMQVI (2.1) if and only if
x = x(A) is a fized point of T(x, \).

Proof. If (z,y,a,b,c,d,g,e, f,q,s) is a solution of the SPMQVI (2.1), by Lemma
2.1, we have y € R(x,\) and z = z(\) € T'(z, A), i.e., . = x()\) is a fixed point of T'.
Conversely, if z = x(\) is a fixed point of T'(x, A), then there exists y = y(z,\) €
R(z,\), a = a(x,\) € A(z,\), b = b(z,\) € B(z,\), ¢ = c(y,\) € C(y,N),
d=d(y,\) € D(y,\), g = g(z,\) € G(x,\), e =e(y,\) € E(y, \) such that

(g —m)(z, \) = IV [(g —m) (2, A) + p(wy — Ni(a,b,c,d, \)].

From y = y(z,A\) € R(z,\) it follows that there exist ¢ = q(z,\) € Q(z,\),
f=f(x,\) € F(z,\), and s = s(x,\) € S(x, \) such that

y = JAP0 V[t w; — pNo(f, g, V)]
By Lemma 2.1, (z,y,a,b,c,d, g,e, f,q, s) is a solution of the SPMQVTI (2.1). O

Remark 2.1. By Lemma 2.2, we observe that the sensitivity analysis of the solution
set of the SPMQVT (2.1) with respect to the parameter A € 2 is essentially the
sensitivity analysis of the fixed point set of the set-valued mapping 7T'(z, A) with
respect to the parameter A € .

Lemma 2.3 ([9]). Let (X,d) be a complete metric space and Ty,T> : X — C(X)
be two set-valued contractive mappings with same contractive constants 6 € (0,1),
1.e.,

H(Ti(x), Ti(y)) < 0d(x,y), Vr,ye X, i=1,2.
Then

A(F(T), F(Ty)) <

Gsup, e H (T3 (2), To(a)),
where F(T1) and F(Ty) are fixed-point sets of Th and Ts, respectively.

Definition 2.2. Let Ny: H x Hx Hx Hx Q) — H and Ny : H x HxQ — H be
single-valued mappings and A, B, F,G : H x 2 — C(H) be set-valued mappings.
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(i) G is said to be ag-strongly monotone in first argument if there exists ag > 0
such that

(g—g,x—@ ZQGH‘T_'%‘F? v (CE,E,)\) € H X H x Qa ge G(IE,)\), ge G(jjv)‘)v

(ii) G is said to be {g-Lipschitz continuous in first argument if there exists
fa > 0 such that

H(G(z,\),G(z,\) < Llgllz —z|, V (x,2,\) € Hx H x

(iii) V; is said to be aq p-mixed strongly monotone in first and second argument
with respect to A and B if there exists a4 g > 0 such that

<N1(Cb,b, C7d7 )‘) - Nl(a'a 57 Cy d7 )‘)7:13 - j) > OCA,BHx - EH2
for all (z,Z,c,d,\) € Hx Hx Hx HxQ,, a€ A(z,)), b€ B(z,)), ac
A(7,)), be Bz, \);
(iv) N is said to be ¢1-fo-mixed Lipschitz continuous in first and second argu-
ments if there exists £; > 0 and #5 > 0 such that

1Ny (a,b, ¢, d, \)—N1(a@,b, ¢, d, \)|| < balla—a|+01]|b—bl|, ¥ a,b, ¢, d,a,b € H, X € ;

(v) N is said to be ap-strongly monotone in first argument with respect to F
if there exists ap > 0 such that

<N2(f7Q7)‘) - NQ(vav)‘)aaj - j) > O‘FHJ" - j‘”27
Va,z,q€ HAEN, feF(x,\),feF(xM\);

3. EXISTENCE AND SENSITIVITY ANALYSIS

Theorem 3.1. Let A,B,C,D,E,F,G,Q,S : Hx Q — C(H) be set-valued map-
pings, andm : HxQ — H, N1 : Hx HXHxHxQ — H and Ny : HxHxQ — H
be single-valued mappings. Let My, My : H x H x Q — 28 be set-valued mappings
such that for each (z,\) € H x Q, My(-,z,\), Ma(-,2,\) : H — 21 are both mai-
mal monotone with (G —m)(H x {\})(dom M (-, z,\) # 0. Suppose the following
conditions are satisfied:
(i) A,B,C,D,E,F,G,Q,S,m are all Lipschitz continuous in first argument
with Lipschitz constants €4, €, Lc, {p, LE, {r, La, Lg, s, Um, respectively;
(il) G is ag-strongly monotone in first argument:

with respect to A and B, mixed {1-£5-Lipschitz continuous in first and sec-
ond arguments, and mized {3-£4-Lipschitz continuous in third and fourth
arguments;

(iv) Na(-,-,-) is ap-strongly monotone in first argument with respect to F, kj-
Lipschitz continuous in first argument, and ko-Lipschitz continuous in sec-
ond argument.

Further assume that there exist o,m > 0 satisfying

(81) TN @) = SN )| < olle |, ¥ e,u € Hy Ae L,

(3.2) 120N () = TGN )| < plls — 5, ¥ s,5,u € H, A€ Q.
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If
(3.3)

CI= 2(€m + \/1 — 2aq¢ —|—£é), 'y =018a+ lalp, Ty =038+ 04lp,

0> = \/1— 2y + u2K20 + pk3ly + nls, ©1 + oty <1,
aap > (1—01—alp)la++/(T7 —T2)(01 +0lg)(2 — 61— alp),
aap—T2(1-01—0lg) < V0oa,s—(1=61—0lp)T2)2—(F3-T3)(01+0(p)(2—01—0lk)

=T 11

nls < 1 kalg < kilp, ap > kolg(l —nls) + ¢2nzs(1 — nls) (k303 — k303)
ar—kalo(l=nts)| _ \/1or—kalq(—nts)?—nts(2—nts) (k33 —k3(3)

\| o Rk | < k203 —k302, ’

Then for each A € Q, the solution set Sol(A) = {(z,y) € Hx H : Jy €
R(z, \) such that x € T(z,\)} of the SPMQVI (2.1) is nonempty and closed in
Hx H.

Proof. For each (x,y,A\) € H x H x §, since A(x,\), B(xz,\), C(y,\), D(y,\),
E(y,\), F(z,)), G(z,\),Q(x,A), S, \), € C(H), and J;"*“" and 32 are
continuous, we have R(z,\) € C(H) and T'(x,\) € C’(H) Now for each fixed
A € Q, we prove that T'(z, ) is a set-valued contractive mapping. For any x € H

and any z € T'(x, ), there exist y € R(z, A) such that
se U 2 — (g —m)(, )
a€A(xz,\),beB(x,A),g€G(x,\),ceC(y,\),deD(y,\),e€E(y,\)
+ I, 10N (g = m) (@, A) + p(wr — Ni(a,b,e,d,A))].

Hence there exist a = a(x,\) € A(x, ), b="0b(z,\) € B(z,\), g = g(z,\) € G(z,\),
c=c(y,\) € C(y,\), d=d(y,\) € D(y,\), and e = e(y, A) € E(y, A) such that

(84) 2= (g—m)(@ A + 20V [(g — m)(x,\) + plwr — Ni(a,b,e,d, V).

From y € R(z, \) it follows that there exist f = f(z,\) € F(z,\), ¢ = q(z,\) €
Q(z,N), and s = s(z,\) € S(z, A) such that

(3.5) y = TR0V g+ wy — uNa(f, q, \)-

For any Z € H, since F(Z,)),Q(Z,\),S(Z,\) € C(H), there exist f € F(z,\),
g€ Q(z,\), se€ S(x,\) such that

If = Fl < HF(z,X), F(z,0), ¢ —dll < HQ(x,\), Q(z, \),
Is = 5]l < H(S(z,)),S(%,\))

Let
(3.6) g = JMECSN(E 4wy — uNo(F,q,\)-
Then we have § € R(z,A). Since A(z,\), B(z,\), G(z,\), C(y,)), D(g,\),
E(y,\) € C(H), there exist a = a(z,\) € A(Z, ), b = b(&,\) € B(z,)), § =

(xh)\)he G(z,\),c=¢(y,\) € C(y,\),d=d(y,\) € D(y,\), e =¢e(y,\) € D(y,\),
such that

Ha - d” < E[(A(.CC,)\),A(:E, )‘))7 ”b_ BH < E[(B(*%)‘)?B(f?A))’
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(G(,2),G(@ ), lle—c| < H(C(y, 1), C(.
(D(y,2), D(g,A)), lle —ell < H(E(y, ), E(3,

lg—al <H
ld—dl < &1
Let

(3.7) w=z—(g—m)(x,\) + "N ((g—m)(z,\) + p(wr — Ni(a,b,¢,d, \))].

Then we have w € T(Z, ).
It follows from (3.4) and (3.7) that

(3.8) Iz = wll = |z = (g = m) (@, A) + T2 0D (g = m) (2, )
+ p(wr = Ni(a,b,¢,d, N))) — [2 — (g —m)(7, A)
+ I 0EN (g = m) (2, 0) + plwr — Ni(a,b,e,d,\)]]
< lz =z = (g(z, A) = g(@, M) + [m(z, A) = m(z,A)||

+ [N (g — m)(x, A) + p(wr — Ni(a,b,c,d, N)))

ﬂﬁeA«g m)(z, ) + p(wy — Ny(a,b,¢,d, \)))||

+ |7 N (g —m)(#, ) + p(wr — Ny(@,b,c,d, \)))]|
(

= IR0V (g = m)(@, ) + p(wr — Ni(a,b,e,d\))|
<2)z -2 — (g(z,A) — (2, 2))[| + 2[lm(z, A) — m(z, A

+ ||z — 2 — p(Ni(a,b,c,d, \) — Ni(a, b, c,d, \))||

+ p||N1(@, b, ¢, d, \) — N1(a@, b,é,d, \)|| + o||e — €]|.

Since G is ag-strongly monotone and ¢g-Lipschitz continuous in first argument,
we have

lz — 2 — (g(z, ) — g(@, )|

= |lz — z[* = 2(g(x, \) = g(z, 1), @ = 2) + [lg(, ) — g(z, )|
< |lz — z|* - 2a¢lz — z|* + [H(G(z, A), G(z, N)]?

< (1 - 2ag + &)llz - 2%,

and hence

(3.9) 2 =2 — (g(z, A) = g(&, )| < /1~ 206+ |l — 7.

Since m is £p,-Lipschitz continuous in first argument, we have

(3.10) lm(z, A) — m(z, N)|| < bnllz — Z|.

Since Ni(+, -+, -, ) is a4 p-mixed strongly monotone in first and second arguments

with respect to A and B, mixed ¢1-f5-Lipschitz continuous, and A and B are £4-
Lipschitz continuous and £g-Lipschitz continuous respectively, we have

|z — Z — p(Ni(a,b,c,d, \) — Ni(a,b,c,d, \))|>
< ||z — z||* = 2p(N1(a,b,c,d,\) — Ni(a,b, c,d, ),z — Z)
+ p?|IN1(a, b, ¢, d, \) — Ny(a,b,c,d, \)|*
<z = z[|” = 2paaplle — (> + p*(t1]la — al| + £2[|b - b]])°
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<(1- 2pacs B + 02(51&4 + EZZB)Q)H:E - jHQ’

and hence we have

(3.11) [|[x—z—p(N1(a, b, c,d, \)—Ni(a, b, c,d,\))|| < \/1 —2paap+ pT? |lz—2|>.

guments, and C' and D are {c-Lipschitz continuous and £p-Lipschitz continuous
respectively, we have

(3.12) ||N1(@,b,c,d, \) — N1(a,b, & d,\)|
< lzlle — el + talld — d|| < L3H(Cly. A), C (5, ) + £4H(D(y, A), D(3, A))
< (b3l + lalp)|ly — gll = Ta2lly — gll.

Sine F is ¢p-Lipschitz continuous in first argument, we have

(3.13) le —ell < H(E(y, ), E(5, V) < €glly — gl

From (3.8)—(3.13) it follows that

(314) 2 —w] < [20fm + /1~ 206 + 2 ) + /1~ 2panp + 9217 ] |l 2|

+ [pLa + olg]|ly — 7

= [©1+ /1~ 2pan 5 + o3l — 2] + [T2 + otisllly — 51l

where ©1 = 2(4y, + 1/1 — 2ag + (%). By (3.5) and (3.6), we have

(3.15) |y — ¥l
= [|JAC5 N (2 4wy — pNo(f, q, ) — J,%("g’/\)(ﬂ_? + wy — pNa(f, 4, \))||
< [ IMRC) (@4 wy — uNa(f,q, V) — JROS)(Z + wy — puNa (£, 0, 0)|
+ [ IMR0SN(E 4wy — uNo(f, 3, A)) — TSV (@ + wy — uNa(f, M)
<|lx =2 — u(Na(f, ¢, A) = Na(f, @, M)l +nlls — 3.
< ||z — & — u(Na(f, 0, X) = No(f, ¢, M) + pllNa(f, 4, A) = Na(f, 3, \) |
+ s — 5]|.

Since Na(-,-,-) is ap-strongly monotone in first argument with respect to F', ki-
Lipschitz continuous in first argument, and F' is ¢p-Lipschitz continuous, we have

|z — & — p(Na(f, ¢, A) — No(f, q,\)|1?
= [lz — 2|* — 2(Na(£, ¢, \) = Na(f, ¢, ), & = ) + 1| Na(f, 0, A) = Na(f, 0, M)
< e —2|* - 2uar|z — 2|* + 12K f — FII
< (1= 2uap + 2k 03 ) ||z — 7).
It follows that




220 X. P. DING AND J. C. YAO

Since Na(, -, -) is kp-Lipschitz continuous in second argument and @ is {g-Lipschitz
continuous, we have

Since S is fg-Lipschitz continuous, we have
(3.18) s — 51l < H(S(x, 1), S, ) < sl — 2.

From (3.15)—(3.18) it follows that

(3819) [y — 3l < (/1 2uap + p2k3 G + pkat + nls) ||z — 7| = Oallz — 7.

where Oy = \/1 — 2pap + pPk303+pkolg+nls. The condition (3.3) implies O < 1.
By (3.14) and (3.19), we have

Iz —wll < [©1 + /1~ 2paap + o3 + L'y + oti)|z — 2| = O}z — |,

where © = ©; + \/1 —2paa,B + pQF% + pI's + olg. The condition (3.3) implies
O < 1.
Hence we have

d(z,T(x,N)) = infuer@nllz —ull <z = wl| < O]z —z].
Since z € T'(x, A) is arbitrary, we obtain
SuszT(x,)\)d(z7T(£7 /\)) < 9”1' - 'fH
By using same argument, we can prove
supyerE AT (2,A), w) < Oz — 7|

By the definition of the Hausdorff metric H on C(H), we obtain that for all
(z,z,\) € Hx H x Q,

H(T(x,7),T(z,)) < Oz -z,

ie., T'(xz,\) is a set-valued contractive mapping which is uniform with respect to
A € Q. By a fixed point theorem of Nadler [12], for each A € Q, T(x,\) has a
fixed point z(\) € H, i.e., z(\) € T(x(A),A). By Lemma 2.1 and Lemma 2.2, for
each A € Q, there exist (z,y) = (z(A\),y(\)) € H x H, a = a(z,\) € A(z,N),
b=b(x,\) € B(z,\), c =c(y,\) € C(y,\), d =d(y,\) € D(y,\), e =e(y,\) €
E(y7)‘)a 9= g(x,)\) € G(xv)‘)a f= f(xaA) € F(x))‘)v q = Q('%)‘) € Q(xv/\)’ and
s =s(z,\) € S(x, A) such that

(g —m) (@, A) = I N [(g — m) (@, A) + p(wy — Ni(a,b,¢,d, )],
Yy = ']lzlfw2(”87)\)[$ + w2 — #NZ(fv q, )‘)]a

ie., (z,y,a,b,c,d, g, e, f,q,s) is a solution of the SPMQVTI (2.1). Hence the solution
set Sol(A) of the SPMQVTI (2.1) is nonempty .

For each A\ € Q, let (zn,yn) = (xn(A),yn(N)) be a sequence such that y,(A\) €
R(zn(N), A), zn(N) € T'(zn(N), A), 2n(A) — zo(A) and y,(A) — yo(A), as n — oo.
Hence there exist a, = an(xn,A) € A(xn, ), by = bp(n,A) € B(zp, A), ¢n =
cn(Yn, A) € C(Yn, A), dn = dn(Yn; ) € D(Yn, ), en = en(Yn, ) € E(yn,A), gn =
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In(Tn, A) € G(Tn,A), fo = fa(zn,A) € F(xn,A), @n = qn(Tn, A) € Qzn, ), and
Sn, = $(xn, \) € S(xpn, A) such that

(g” - m)(:nn, A) - Jyl(.7em)\)[(gn - m)(wm )‘) + ,0(’11}1 - Nl(am bmcm dm /\)]7
Yn = J;yQ(.’S”’/\)[xn + wo — MN2<fn7Qna)\)]a

Since A,B,C,D,E, F,G,Q,S,m N, and Ny all are Lipschitz continuous, and
J,‘;Vh("e’)‘) and J,ﬁvb("s’)‘) are nonexpansive and satisfy the conditions (3.1) and (3.2), it
is easy to show that a,, — ag = ag(zg, \) € A(xo, A), by, — by = bo(x0, A) € B(xo, A),
cn — ¢ = ¢o(Yo,\) € Clyo,N), dn — do = do(yn,\) € D(yo,\), en — ey =
eo(Y0,A) € E(Yo, ), gn — go(w0,A) € G(x0,A), fo — fo = fo(zo,A) € F(xo,A),
dn — qo = qo(x0, A) € Q(x0,A) and s, — so = s(xp, A) € S(xp, A) such that

(90 —m)(xo, A) = Jéwl("eo’”[(go —m)(zo, A) + p(w1 — Ni(ao, bo, co, do, N)],
Yo = J}AiWQ(.’SO’)\) ['1/‘0 + w2 — MNZ(fO,q07 )‘)]7

By Lemma 2.1, (zo,yo, ao, bo, o, do, 90, €0, So, fo,qo) is a solution of the SPMQVI
(2.1) and for each A € Q, the solution set Sol(\) = {(z,y) € Hx H : Jy €
R(z, \) such that € T'(x, )} of the SPMQVTI (2.1) is closed in H x H. O

Theorem 3.2. Under the hypotheses of Theorem 3.1, further assume

(i) A,B,C,D,E,F,G,Q,S,m are all Lipschitz continuous in second arguments
with Lipschitz constants La, L, Lc, Lp, Lg, Lr, Lag, Lg, Ls, Ly, Te-
spectively;

(ii) N1 and N2 are Lipschitz continuous in fifth argument and third argument
with Lipschitz constants Ls and Ls, respectively;

(iii) there exist £,0 > 0 such that for any (e,s,u) € H x H x H, A1, A2 € Q,

(3.20) [N () — TG ()] < €A — Aol
(3.21) TR0 () — T2 ()| < B[ A — Ao .

Then the solution set Sol(A) = {(z(A\),y(A)) € H x H : 3 y(A) € R(z(\),\) such
that x(A) € T(x(A),\)} of the SPMQVI (2.1) is Lipschitz continuous with respect
to the parameter \ € Q.

Proof. For any given A, A2 € €2, by Theorem 3.1, Sol(\1) and Sol(\2) are both
nonempty closed subsets of H x H. By the proof of Theorem 3.1, T'(-,A\1) : H —
C(H) and T(-,A2) : H — C(H) are both set-valued contractive mappings with
same contractive constant © € (0,1). Let F1(A;) and F5(\2) denote the fixed point
sets of T'(-, A1) and T'(-, A2). By Lemma 2.3, we obtain

- 1 N
(3.22) H(F1(\), Fa(Ae)) < msupzeHH(T(m, M), T(x, A2)).
For each fixed z € X and any z € T'(z, A1), there exists y € R(x, A1) such that
se U o = (9 — m)(z, \)

a€A(z,\1),b€ B(z,M\1),9€G(2,A1),c€C(y,A1),deD(y,A\1),e€E(y,A\1)
+ I (g — m) (@, M) + plwi — Ni(a,b,¢,d, Ar))].



222 X. P. DING AND J. C. YAO

Hence there exist a = a(z, A1) € A(z,\1), b = b(x,\1) € B(z,\1), ¢ = c(y,\1) €
Cy, M), d = d(y. ) € D(y,\), e = e(y,\) € Bz, \), and g = g(w, \) €
G(x,\1) such that

(3.23) z =z —(g—m)(z, 1)+ 2GS (g —m) (z, A1)+ p(wr — Ni(a, b, ¢, d, \r))]-

From y € R(z, A1) it follows that there exist f = f(zx,\1) € F(x,\1), ¢ =
q(z, A1) € Q(z, A1), and s = s(z, A1) € S(x, A1) such that

(3.24) y = JYROSA g 4wy — uNy(f, g, M)).
Since F(z,)2), Q(z,)\2), S(z,\2) € C(H), there exist f = f(z,X2) € F(z, o),
qd=q(z,A2) € Q(z,A2), § = 5(x, \2) € S(z, A2) such that
||f - f” < ﬁ[(F(ZL‘, )\1),F($, )‘2))7 Hq - QH < H(Q(x7)\1)>Q(x7)‘2))a
Is — 5]l < H(S(x, A1), S(x, A2)).

Let

(325) y= JIJJ‘JQ(.7§7>\2)[$ + w2 — /'LN2(-f_7 q >\2)]

Then we have y € R(x, A2). Since A(x, A2), B(z, \2), C(¥, A\2), D(¥, \2), E(7, X2),
G(z,A2) € C(H), there exist a = a(x,\2) € A(z,N2), b = b(z,\2) € B(z, \2),
c = E(ga )‘2) € C(yaAQ) d = d(ya )‘2) € D(ga >‘2)7 e = é(@) )‘2) € E(:l% )‘2)7 g =

g(x, A2) € G(x, \2) such that
la —al| < H(A(z, M), A(z, \2)), |Ib—b]| < H(B(z, A1), Bz,

(
le —ell < H(C(y, M), C(5, A2)), |ld —dl| < H(D(y, A1), D(g, A2))

le —ell < H(E(y. A1), EFA2)), g —gll < H(G(z, M), G(z,)2)).
Let
(3.26) w=x—(g—m)(z, )\2)+JM1( eA2) ((G—m)(x, Aa) + p(w1 — N1 (@, b, & d, X2))].
Then we have w € T'(z, A2). It follows that
(3.27)
Iz = wl]
= [lz = (g — m)(@, A1) + IO (g —m) (2, M) + p(wr = Ni(a,b,¢,d, A1)
— [x = (g = m)(w, Xo) + )0 ((g = m) (2, X) + p(wr — Ni(@,b,¢,d, A2)))]|
< [I(g(, >\1) — 9@, M)l + [lm(z, A1) —m(z, Ao)|

+ [l A (g = m) (@, M) + p(wr — Ni(a, b, ¢, d, Ar)))
— Jy e (g —m) (2, M) + p(wr — Ni(@,b,¢,d, A2)))|
+[|JYEeA (g = m) (2, Ag) + plwr — N1(a, b, €, d, A2))) |
— JYLEA (g — m)(E, A2) + plwr — N1(a, b, €, d, M\2)))
+ [N (g — m)(x, No) + p(wr — Ni(a,b, ¢, d, A2)))|
— JMEeR) (g —m)(z, X2) + p(wr — Ni(a,b,¢,d, \a))) |
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+ pl[N1(a, b, ¢, d, A1) = N1(a, b,¢,d, Xo)|| + olle — el| + &[[ A1 — Xz
< 2(Lg 4 L) M1 = Xall + plIN1(a, b, ¢,d, A1) — Ni(@, b, ¢, d, \y)|
+ plIN1(a, b, ¢, d, A1) — N1(a, b, ¢ d, \)|| + pl|N1(a, b, ¢, d, A1) — Ni(a, b, ¢, d, A2)||
+olle— el + &l[Ar = Azl
< 2(Lg + L)\ = X2l + p(billa — al| + £2[|b = b]| + £s]|c — €| + La]|d — d]])
+ Ls[[A1 — Aal| + ofle — e[| + £[[A — Aof|
< (2LG + 2Lm + €+ Ls) | M — Xo|| + p(ls H(A(z, A1), A(z, A2))
+ 6 H(B(z, A1), B(z, A2)) + 6H(Cy, 1), C(7, A2))
+ LH(D(y, M), D(5, A2)) + o H(E(y, 1), E(7, A2))
< (2LG 4 2Lm + &+ Ls + p(l1La + L2Lp)) | A1 — Az
+ pls[H(Cy, M), C(5, M) + H(C (5, M), C(5, A))]
+ plalH(D(y, M), D(§: A1) + H(D(g, M), D(F, A2))]
+a[H(E(y, M), B(g, M) + H(E(F, M), E(7, A2))]
<(2Lg+ 2Ly + &+ Ls + p(l1La+loLp + 3L + €4Lp) + oLE)|| A1 — A2l
+ (plslc + plalp + olp)|ly — 7l
= Ai[[A1 = Aol + Azlly — g,
where
AN =2Lg+2L, +&+4+ Ls+ p(l1La+ oL+ l3Lec + 04Lp) + oLp
and
No = plslc + plylp + olE.
By (3.24) and (3.25), we have
(3.28)
ly — 9l
= |20 M (2w — uNo(f, g, A1)] — JYPCSAD @ 4wy — pNo(f, G, X))
< [ IMRCSA [ wy — uNa(f, g, M) = TN [ wy — uNo(f, G, A2)]|
+ [ ISECA ) [ 4wy — uNo(F, @, A2)] = TN [ 4wy — pNo(f, @, M)
[ IO @ 4wy — uNo (£, G, A2)] — TP [ 4wy — pNo(f, G, A2)]
< pl[No(f,q, A1) — Na(f. @ A2)|| +nlls — 5] + 0]| A1 — A
< plkall f = fIl + kallg = all + Lalld = Xal) +nlls = 5] + 0] A1 — Aa|
< (uLg + 0) ||\ — Aol + pki H(F (z, 1), F(z, X))
+ pke H(Q(x, A1), Q(x, A2)) + nH(S(x, A1), S(x, \2))
< [u(Ls +kiLp + kaLq) + 0 + nLs|[|A1 — Aof| < Asl[A1 — Aqf],

where A3 = /L(Lg + kiLp + k‘gLQ) +0+nLgs.
From (3.27) and (3.28) it follows that
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[z — wll < (A1 + A2A3)[|A — Ao

Hence we obtain

SUP.er(za) A2, T(T, A2)) < (A1 4+ A2As)|[ A1 — Azf|-
By using similar argument as above, we can obtain

SUPyer(za) AT (2, A1), w) < (A1 + A2As)[[ A1 — Azf|.
It follows that

H(T(x,M1)), T(x, A2)) < (A1 + A2A3)[|A1 = Al

By (3.22), we obtain

A(F()), Fah)) < 1 (A1 + AsAg)Ar — ol

On the other hand, by the definition of the set-valued mapping R(x, \) and similar
argument as in the proof of (3.28), it is easy to show that

H(R(z,\1), R(z,\2)) < As|[A1 — Xa|.

This proves that the solution set Sol(\) of the SPMQVI (2.1) is Lipschitz continuous
with respect to the parameter A € (2. O

Remark 3.1. If each mappings in Theorem 3.2 is assumed to be continuous with
respect to the parameter A € {2, then by similar argument as above, we can show
that the solution set Sol(\) of SPMQVI (2.1) is also continuous with respect to the
parameter A € Q.

4. CONCLUSION

In this paper, we introduce a new system of parametric mixed quasi-variational
inclusions (SPMQVTI) (2.1) in Hilbert spaces. The existence and closeness of solution
set for the SPMQVT (2.1) is proved under suitable conditions. The Lipschitz conti-
nuity of the solution set mapping with respect to the parameter is also established
under suitable conditions.
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