wa Py
o2 Pug,

Journal of Nonlinear and Convex Analysis g % mm Pﬂb"She’s
Volume 8, Number 2, 2007, 165-177 E WJ ISSN 1880-5221 ONLINE JOURNAL
Sine 199

ON MUTUALLY NEAREST POINTS OF UNBOUNDED SETS IN
BANACH SPACES

CHONG LI AND J. MYJAK

ABSTRACT. Let A(X) (resp. C(X)) denote the family of all nonempty closed
(resp. nonempty closed convex) subsets of a strictly convex and Kadec (resp. uni-
formly convex) Banach space X and let A(X) be endowed with the h,-topology.
Let G € A(X) and consider the minimization problem minzeca .cc ||z — 2|,
denoted by min(A,G). It is proved that the set of all subsets A € Ag(X)
(resp. A € Cq(X)) such that the minimization problem min(A, G) is well-posed
is a dense Gs-subset in Ag(X) (resp. Ca(X)) provided that G is a relatively
weakly compact closed (resp. a bounded closed) subset of X, where Ag(X) is
the closure of the set {A € A(X) : Aag > 0} with respect to the h,-topology and
Ca(X) =C(X)NAg(X). In particular, in the case when X is uniformly convex it
is also proved that the set of all subsets A € Ag(X) such that the minimization
problem min(A, G) fails to be well-posed is a o-porous set in Ag(X). Similar re-
sults are given for the family of all nonempty closed boundedly relatively compact
subsets of X. The case when G is unbounded is also considered.

1. INTRODUCTION

Let X be a real Banach space. Let A°(X) (resp. C’(X)) denote the family of all
nonempty closed bounded (resp. nonempty closed bounded convex) subsets of X.
Let h denote the Hausdorff distance. It is well-known that the space (A%(X),h) is
a complete metric space.

For closed disjoint subsets A and G of X, we set

Mg :=inf{||z —z||:x € A,z € G}.

A pair (z9,20) with zg € A,zp € G is called a solution of the minimization
problem, denoted by min(A, G), if |[zg — z0|| = Aag. Moreover, any sequence
{(zn,2n)} with =, € A,z, € G, such that lim, . ||z, — zn]| = Aag is called a
minimizing sequence for min(A, G)). A minimization problem is said to be well-
posed if it has a unique solution and every minimizing sequence converges strongly
to this solution.

For a given closed subset G of X, let C&(X) stand for the closure (under the
Hausdorff distance) of the set {A € C°(X) : Aag > 0}. In [2], it is proved that the
set of all A € C&(X) such that the minimization problem min(4, G) is well-posed is
a dense Gg-subset of C_g(X ), provided that X is a uniformly convex Banach space.

Recently (see [11], [12] and [13]), this result has been extended to the framework of
strongly convex and/or strictly convex Banach spaces also for the class of nonempty
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compact, nonempty convex compact or nonempty closed bounded subsets of X,
provided that each class under consideration is endowed with Hausdorff distance.
For further related results, see [14-19].

In this note we will study similar problem for the class of unbounded sets endowed
with the h,-topology (see [1]). Since in the class A’(X) the h,-topology is weaker
than the topology generated by the Hausdorff distance, the results presented here
are independent of those mentioned above.

2. PRELIMINARIES AND MAIN RESULTS

Recall that a function d : X x X — [0, +o0] is called a semimetric ( pseudometric,
gauge) in X if d(z,z) =0, d(z,y) = d(y,z) and d(z,y) < d(x, z) + d(z,y) for every
x,y,z € X. The d ball of radius € centered at y is the set Uy(y,€) = {x e X
d(z,y) < €}.

A family {dp ipE F} of gauges on X is called separating if for each pair of points
x,y € X, x # y there is p € T" such that d,(z,y) > 0. The topology having for a
subbasis the family {Udp (r,e) : pel, z e X, e> O} is called the gauge topology
in X induced by {dp 1p € I‘}. Obviously this topology is Hausdorff if the family of
gauges is separating.

Let X be a Banach space and let A be a subset of X. Then, as usual, A stands
for the closure of A, diam A for the diameter of A, €6 A for the closed convex hull of
A, and d(z, A) for the distance from x to A. By S(x,r) we denote the closed ball in
X with center z and radius r. In particular S stands for S(0,1). By R we denote
the set of all reals and by N the set of all positive integers. Moreover, we set

A(X ) — the family of all nonempty closed subsets,
— the family of all nonempty closed bounded subsets,

A (X)
D(X) — the family of all nonempty closed boundedly compact subsets,
DY(X) — the family of all nonempty compact subsets,
C(X) — the family of all nonempty closed convex subsets,
C’(X) — the family of all nonempty closed bounded convex subsets,
K(X) — the family of all nonempty closed convex boundedly compact subsets,
KCP(X) — the family of all nonempty convex compact subsets.
For A, B € A(X), we define
(2.1) e(A,B)=inf{e >0: AC B+ €S}
and
(2.2) h(A, B) = max{e(A, B), e(B,A)}.

Note that & is allowed to take value +oc. If A, B € A%(X) then h is the well-known
Hausdorff distance. Obviously

_ Jsup,cad(a,B) if A#(
(2.3) e(A,B) = {0 A0,

Now we introduce the h,-topology on the space A(X) (cf. [1]). For p > 0 and
A, B € A(X), we define

(2.4) hp(A, B) = max {e(ANpS, B),e(BNpS, A)}.
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Clearly, for any p > 0 and A, B € A(X),
(2.5) hy(A, B) < h(A, B).

Clearly h, is a gauge in A(X) and the family {hp tp > 0} is separating.
For A € A(X), p> 0 and r > 0 we define

(2.6) Up(A,7) = {B e AX): hy(A,B)<r}.

Clearly, the family {Llp(A,r) cp>0,r > 0} is the neighbourhood basis of the
point A and the corresponding (gauge) topology on A(X) is called h,-topology on
A(X). Note that the sequence {A,} converges to A in h,-topology iff h,(A,, A) — 0
for every p > 0. It is easy to verify that the set A”(X) is dense in the space A(X)
with respect to the h,-topology. The next proposition describes some relationship
between the convergences in the h,-topology and in the topology generated by the
Hausdorff distance.

Proposition 2.1. Let {A,} be a sequence of sets from C(X) and let Ay € C*(X).
Then the following conditions are equivalent:
(i) {An} converges to Ay in the h,-topology.
(ii) There exist M > 0 and some integer ng such that ||Ay| < M for n > ng
and {Ay} converges to Ag with respect to the Hausdorff distance.

Proof. The implication (ii) = (i) follows immediately from (2.5). We need only to
prove (i) = (ii). Let pp > 0 and let n. be such that Ao N pp S # 0 and

(2.7) hpo(Apn, Ag) <1 for each n > n,.

Let b€ AgNpoS. From (2.7) it follows that b € A,, + S for every n > n,. Thus, for
every n > ny, we can choose a, € A, and ¢, € S such that b = a,, + ¢,. Obviously
the sequence {a,} is bounded.

Further, for every k € N, let my be such that hy(A,, Ag) < 1 for each n > my,.
This means that

(2.8) A, NkS CAg+ S for each n>my.

Suppose that the first statement of condition (ii) does not hold. Then, for every
k € N, there exists n; > max{k, my} and a point z,, € A,, such that ||z, || > k.
Without loss of generality we can assume that k > sup,cy ||an||. Since the set A,
is convex and ay,, x,, € Ay, satisfy that ||a,, || < k, z,, > k, there is y,, € Ay,
such that ||y, || = k. By (2.8) the sequence {yy, } is bounded, a contradiction. Thus
the first statement of condition (ii) holds. Obviously, if p > M then h,(A,, A) =
h(Ay, A) for each n > ng. This implies that h(A;, Ag) — 0 as n — oo. The proof
is complete. O

Remark 2.1. The assumption about convexity of sets A,,, n € N, and boundedness
of Ag in Proposition 2.1 cannot be dropped as shown by the examples bellow.

Example 2.1. Let {x,} C X be a sequence satisfying ||z,| — oo and let zp € X.
Then define {4, } C A(X) as follows.

Ag =A{xo} and A, ={zo,z,}, n=12,....
Obviously, A,, converges to Ay in the h,-topology but h(A,, Ag) — +o0.
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Example 2.2. Let X =R x R. Define, for n € N,
Ao ={(2,0): € R} and A, ={(z,z/n):zecR}.

Obviously {A,} converges to Ag in the h,-topology but h(A,, Ag) = +oo for every
n € N.

Definition 2.1. X is said to be

(i) strictly convex if, for any z1,z2 € S, the condition ||z 4+ z2| = 2 implies
that x1 = xo;
(ii) uniformly convex if, for any sequences {z,},{yn} C S, the condition
lim,, o ||Zn + yn|| = 2 implies that lim, . || Zn — ynl|| = 0;
(iii) (sequentially) Kadec if, for any sequence {z,} C S and x € S, the condition
xn, — x weakly implies that lim, . ||z, — 2| = 0.

For a given set G € A(X), we denote by Ag(X) the closure of the set {A €
A(X) : Aag > 0} with respect to the h,-topology. Further, by Cq(X), Dg(X)
and Kg(X) we denote the intersections of Ag(X) with C(X), D(X) and K(X),
respectively. Then the main results are stated as follows.

Theorem 2.1. Let G € AY(X). Suppose that X is a uniformly convex Banach
space. Then the set of all F' € Cq(X) such that the minimization problem min(F, Q)
is well-posed is a dense Gs-subset in Cq(X) with respect to the h,-topology.

Remark 2.2. The statement of Theorem 2.1 remains true with Ag(X) in the place
of Cq(X).

Theorem 2.2. Suppose that X is a strictly convex, Kadec Banach space. Let G
be a nonempty closed relatively weakly compact subset of X. Then the set of all
F e Kq(X) (resp. F € Dg(X), F € Ag(X)) such that the minimization problem
min(F, G) is well-posed is a dense Gs-subset in Kq(X) (resp. Da(X), Aq(X)) with
respect to the h,-topology.

Theorem 2.3. Suppose that X is a uniformly convex Banach space. Let G € A(X).
Then the set of all F € Cq(X) such that the minimization problem min(F,G) fails
to be well-posed is a set of the first Bair category in Cq(X) with respect to the
h,-topology.

Theorem 2.4. Suppose that X is a strictly conver, Kadec Banach space. Let G be
a nonempty closed, relatively boundedly weakly compact subset of X. Then the set of
all F € Kg(X) such that the minimization problem min(F, G) fails to be well-posed
is a set of the first Bair category in Kg(X) with respect to the h,-topology.

3. PROOFS OF THE MAIN RESULTS
Let F, G € A(X) and 0 > 0. We set ||A|| = sup,ec4 ||a]| and
Lp(G,o0):={9g€G:d(g,F) < Apg+o0}.

Obviously the set Lr(G, o) is nonempty, closed and Lp(G,01) C Lp(G,09) if 01 <
o3. The following characterization of well-posedness is direct but very useful (see

[2])-
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Proposition 3.1. Let G, F € A(X). Then the problem min(F,G) is well-posed if
and only if

;I;% diamLg(F,0) =0 and ;I;f(’] diamLp(G,0) = 0.

Proposition 3.2. Let G € A*(X). Let m > 0 and let p > |G| +m. Then, for
every A, B € A(X) with Aag < m and Apg < m, we have

(3.1) ‘)\Ag—)\Bg‘ < hp(A,B).

Proof. Let A, B € A(X) be such that Agg < m and Apg < m. Let € > 0 be such
that

(3.2) |G| +m+e<p.
Choose b € B and a € A such that
Apg > d(b,G) —e and |la—10| <d(b,A) +e

Then
(3.3) Mg — Apa < d(a,G) —d(b,G) + e < |la—0b|| +e<d(b,A) + 2.
Obviously

o] <d(b,G) + |Gl < Apg +e+ |G| < [|G|+m +e.
From this and (3.2) it follows immediately that

d(b,A) < sup d(y,A) < h,(A,B).
yEBNPS

Using the last inequality in (3.3) we get
Mg — ABa < hp(A, B) + 2e.
Since € > 0 is arbitrary, we have
Mc — Asa < hy(A, B).
Changing the order of A and B, we obtain (3.1). O
Given G € A(X) and k € N define
(3.4) Ly = {F €Ca(X): inf diamLg(F,0) < and inf diamL4(G,0) < ek},
where ¢, = 1/k.

Lemma 3.1. Let G € A*(X). Then for every k € N the set Ly, is open in Cq(X)
with respect to the h,-topology.

Proof. Fix k € N and let A € L. Set

(3.5) 0 = max { ;I;fo diamLg(A,0), ;I;% dlamLA(G,U)}.

Fix m > Asq and take n > 0 such that
(3.6) Mg +n<m, 0+42n<e.
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Let a € A be such that
n

(3.7) d(@, G) < Aag + 5

and let
p> G+ lall +m.
By (3.5), there exists o1 > 0 such that
(3.8) IG|+m+o1<p
and
max {diang(A, o1), diamL4 (G, 01)} <0+n.

Fix o9 € (0,01) and set

ol
(3.9) 5:m1n{§(01—02),g}.
We will show that
(3.10) Uy(A,0)NCq(X) C Ly,

where U,(A, ) is given by (2.6) (with ¢ in place of ).
Let B € U,(A,6) NCq(X). Note that a € AN pS C B+ 6S5. It follows from
conditions (3.7) and (3.6) that

(3.11) )\BG§d(&,G)+5<)\AG+g—|—5§)\AG+n§m.

This means that A, B satisfy the hypotheses of Proposition 3.2 and consequently
the condition (3.1) holds.
Let g € Lp(G,09), ie., g € G and

(3.12) d(g9, B) < Apa + 0.
Let b € B be such that
(3.13) lg = bll < d(g, B) + .

From the last inequality, (3.12), (3.11). (3.9) and (3.8), we have
1l < llgll +d(g, B) + 6 < |G| + Apg + 02+ 6 < |G| + m + o1 < p.
Hence b € BN pS and

(3.14) d(b,A) < sup d(y,A) < h,(A,B).
yeBNpS

Consequently, by (3.13), (3.14), (3.12), (3.1) and (3.9) we get
d(g, A) < |lg — bll + d(b, A) < d(g, B) + 0 + hy(A, B)
< Apg + o9 +5+hp(A,B) < Aag + 09 +5+2hp(A,B)
< Aag +092+30 < Aag +o1.

This shows that Lp(G,02) € La(G,01) because g € Lp(G, 02) is arbitrary. Conse-
quently

(3.15) diamLg(B,02) < diamLg (A4, 01) < €.
Now, let b € Lg(B,02) i.e. b€ B and
(3.16) d(b,G) < Apg + 02.
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Obviously ||b]| < ||G|| + A + o2 and by (3.11), (3.8) and the choice of o2 we have
||b]] < p. From this and the fact that AN pS # ) it follows easily that
(3.17) d(b,A) < h,(A,B) <é.
Let a € A be such that ||b — a|| < J. Then, by (3.16), (3.1) and (3.9) we obtain
d(a,G) <d(b,G)+6 < Apg+ 02+ < Mg+ 02+ 25 < Aag + 01.

This means that a € Ls(G,01) and so b € La(G,01) +0S. Since b € Lg(B, 02) is
arbitrary, Lp(G,02) C La(G,01) + 65, which implies

(3.18) diamLp(G, 09) < diamLA(G,01) + 20 < €.
From (3.12) and (3.18) it follows that B € Lj. Since B € U,(A,d) N Cq(X) is
arbitrary, the proof of Lemma 3.1 is complete. O

The following example shows that Lemma 3.1 may fail if G € A(X).
Example 3.1. Let X = R x R. Define G = {(—1,0)} UU,~,{(2n,2)}. Let Ag =
[0,400) x {0} and A, = {(¢,t/(2n)) : t € [0,2n]} for each n € N. Obviously
A, — Ap in the h,-topology, Ay € Ly but A, ¢ L, for each £ € N. This means
that, for arbitrary k € N, the set £, is not open with respect to the h,-topology.

Lemma 3.2. Let G € A(X). Then, for every k € N, the set C&(X) N Ly is
contained in the set int Ly, where int L, denotes the interior of L with respect to
the h,-topology.

Proof. Let A € C®(X) N L. Then, by Proposition 2.1, there exist M > 0, p > 0
and € > 0 such that

|B|| < M for each B € Us(A,€) NCq(X).
Indeed, otherwise, then, for every k € N, there is By € Uy (A, 1/k) such that ||Bg|| >
k, which is a contradiction by Proposition 2.1. Let p > M and let § > 0 be defined

as in the proof of Lemma 3.1. Using the similar arguments as in the proof of Lemma
3.1 one can show that U,(A,0) NCq(X) C Ly, which completes the proof. O

Remark 3.1. Note that Lemma 3.2 fails if the class C%(X) is replaced by A%(X) or
DL, (X) showed by the following examples.

Example 3.2. Let X be a Banach space and let g € X such that ||zg|] = 1. Let
Tn = (n+ 1)z for n € N. Define

o= oo temnl=1)

n=1
Ao ={x0} and A, ={zg,z,}, neN.
Clearly A, — Ag in hy-topology and Ay € Ly, but A,, ¢ Ly, for each k € N. This
means that Ay ¢ int £y, for each k € N.

Let V(G) denote the set of all F € A%(X) such that the minimization problem
min(F, G) is well-posed. Define

Vo(G) =C(X)NVp(G), Vp(G)=D"(X)NVE(G), Vk(G)=KX)NVs(G).

The following observations are known (see [2], [12], [13]).



172 C. LI AND J. MYJAK

Proposition 3.3. Let G € A(X). Then the following assertions hold.
(i) If X is uniformly convez, then Vo(G) is a dense Gg-subset of C4(X).
(il) If X is strictly convex Kadec and G is relatively boundedly weakly compact,
then Vg(G) (resp. Vp(G), Vik(G)) is a dense Gs-subset of A%(X) (resp.
D (X), K&(X)).

Now we are ready to prove the main theorems. Here we only give the proofs of
Theorems 2.1 and 2.3 because the proofs of Theorems 2.2 and 2.4 are almost the
same as Theorems 2.1 and 2.3 respectively.

Proof of Theorem 2.1. For k € N, let L, be defined by (3.4). Let
(3.17) Lo= )L

k>1
Then, for F' € Cg(X), by Proposition 3.1, the minimization problem min(F,G)
is well-posed if and only if F' € Ly. By virtue of Lemma 3.1 it suffices to show
that each £ is dense in Cq(X) with respect to the h,-topology. For this end,
let V§(G) denote the set of all F' € C4(X) such that the minimization problem
min(F, G) is well-posed. Then, by Proposition 3.3, the set V§(G) is dense in C%(X)
with respect to the Hausdorff distance and so it is dense in C%(X) with respect
to the h,-topology. Since the set Cg(X) is dense in Cg(X) with respect to the
h,-topology, it follows that V§(G) is dense in Cq(X) with respect to h,-topology.
Clearly V3(G) C L. Hence Ly is dense in Cq(X) with respect to the h,-topology.
The proof is complete. O

Proof of Theorem 2.3. Let Ly and L be defined by (3.4) and (3.17), respectively.
Then, for F' € Cz(X), the minimization problem min(F, G) is not well-posed if and
only if F' € Cq(X) \ Lo. Since

oo

Ca(X)\ Lo = | (Ca(X)\ Lk),

k=1
it suffices to verify that each Cq(X) \ L is nowhere dense in Cq(X). Let F €
Ca(X) \ Ly and let U,(F,€) be any open neighbourhood of F' in Ce(X). Then,
as in the proof of Theorem 2.1, one can verify that there exists a bounded set
A € U,(F,e) such that the minimization problem min(A4,G) is well-posed; hence
A € L. By Lemma 3.2, there exists an open neighbourhood of A, say U(A), such
that U(A) C Lg; that is, U(A) N Cq(X) \ Lr = 0. This shows that Co(X) \ Ly is
nowhere dense in C;(X) and the proof is complete. O

4. A POROSITY RESULT

Let {d, : p € T'} be a family of gauges on X. Assume that X is endowed with the
topology generated by {d,},er. Moreover assume that I" is an ordered set and for
every pi,p2 € I', p1 < p2 we have

dp, (z,y) < dp,(x,y) forall z,y € X.

A subset Y of X is said to be porous in X if there exist s € (0,1], 7o > 0 and
po € I' such that for every z € X, r € (0,79] and p € I with p > po, there is a point
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y € X such that Uy, (y,sr) C Ug,(x,7) N (X\Y). A subset Y is said to be g-porous
in X if it is a countable union of sets which are porous in X.

Theorem 4.1. Suppose that X is a uniformly convexr Banach space. Let G €
AY(X). Then the set Ag(X)\ V(G) is a-porous in Ag(X).

To prepare the proof of Theorem 4.1, we will need the following version of
Steckin’s lens lemma (see [2,13]) and some other lemmas.

Lemma 4.1. Let X be a uniformly convexr Banach space. Let rq > 0 be arbitrary.
Then for every € > 0 there exists §(¢) > 0 such that for every 0 < § < d(e),
0<r<ry, and z,y € X satisfying 0 < ||z — y|| < r/2 we have

diamD(x,y,r,d) < €,
where
(4.1)  D(z,y,r,d) = {z eX:|z—yll<r—|lz—yl|(1=9) and ||z — z|| > r}.
Let G € A°(X) be fixed. Denote by V(G) the set of all F' € Ag(X) such that the

minimization problem min(F, G) is well-posed. For F € V(G), let (fr,gr) denote
the unique solution to the problem min(F,G). For « € [0, 1], set

urpo = (1 —a)fr+agr

and
F,=FU {uEa}.
Now define _
A=NN U U UFareanr),
neNkEN FeV(G) a€l0,1/2]
where )
Pn =", YFak= T min {d(uRa, F), 1}.

Lemma 4.2. Let X be a uniformly convex Banach space. Let G € AY(X). Then
ACV(G).
Proof. Let F' € A. By virtue of Proposition 3.1, it suffices to show that
4.2 lim diamLg(F,0) =0 d lim diamLg(G,0) = 0.
(4.2) Jim. diam c(F,0) and  lim diam r(G,0)
By the definition of A, for each n, k € N, there exist Fy, € V(G) and gy € [0,1/2]
such that
where

Fok = Fup Ui}, ok = (1= k) frop + WnkGFs  Onk = YE,pcomp k-
For notational convenience, set

Mk = ABpGr Ank = Apq T=Arcg+1, =Gl +Apc + 1.

Observe that

~ 1
(44) Ank = (1 - ank)Anky d(unkaFnk) = QpkAnk, Onk < Eank)\nlv
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Without loss of generality we can assume that o, > 0 for all n, k € N.
We claim that

(4.5) La(Fop, 46,3) = {un}  for all k>4 and n > r,.

To see this, let [ € Lg(ﬁnk, 46,1 ), where k > 4 and n > r,. Using (4.4) we obtain
~ 4

(46) d(f7 G) S )\nk + 45nk S (1 - ank))\nk + % ank)\nk < )\nk

This means that f ¢ F,; and so f = uyg. Thus (4.5) holds.
On the other hand, by Proposition 3.2, we have

Now we can show that
(4.8) diamLg(F, pr) < 40p;  for all k > 4 and n > r,.

Indeed, let k >4, n > r, and let f € Lg(F,dn;) be arbitrary. Since h,, (F, ﬁnk)) <

Snk, there exists f € F, such that Ilf — fll < 28,%. By the definition of Lg(F, 6,)
and (4.7) we have

Thus f € LG(ﬁnk745nk) and from (4.4) it follows that f = u,x. Consequently, for
any f1, fa € Lg(F, 6p), we have

1f1 = fall < N1f1 = wnrll + lJunk — fal < 46pp-

Then (4.8) is proved whence the first relation of (4.2) follows immediately.
To complete the proof, it remains to verify the second relation of (4.2). Let

D(z,y,r,0) be defined by (4.1). We claim that
(4.9) L k(G,Bénk) C D(ank, Upk> Ank, 4/k) for all £k > 4 and n > r,.

In fact, using (4.4), for arbitrary g € Lﬁnk(G’ 30k ), we obtain
d(g, Fuie) < M + 3606 = (1 — i) Aks + 30k
Now, taking f.r € fnk such that
(4.10) lg — farll < (1 — ank) Ak + 465k,
we have
d(frk, G) < |lg — frrll < (1 — ang) Ak + 400k < Ak — (1 — 4/k) i A < Ak
This implies that f,; = unx. Hence, by (4.10) and (4.4), we have

g = wnkll = [lg — farll < (1 — anp) Ank + 405k
4
< (1 — ) Ak + %ankAnk =Mk — (1 = 4/F)||unk — fF,. |-

Since ||lg — fr,,. || > Ank, it follows that g € D(fr, ., Unk, Ank,4/k) and so (4.9) is
proved.
Finally, for arbitrary g € Lp(G, d,x) using (4.3) and Proposition 3.2, we have
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This means that
LF(G, 6nk) C Lﬁnk (G, 35nk:)-

Combining the last inclusion and (4.9), we obtain

(4.11) Lp(G,6n1) € D(fr,y, Unks Ank, 4/k)  for all k > 4 and n > 7.
From (4.11) and Lemma 4.1 the second relation of (4.2) follows. The proof is
complete. O

Proof of Theorem 4.1. For n,k,l € N, set
nk—AG \ U U u'n On’YFozk)
FeV(G) ag0,1/2]
and
nk‘_{FeAnk 1/l<>\FG<l}

By Lemma 4.2, we have

Ac(X)\V(G) C Ac(X)\ A= |J A

neN keN [eN

To complete the proof it suffices to show that Aflk is porous in Ag(X) for every
n,k,l € N.
Let n, k,l € N. Define
1 1

=g 5= m=20+]0CI)

Let F € AL, , 0 <7 <rgand p> py be arbitrary. Let n be such that
(4.12) 0<77<£ and %—n<)\pg<l+n.

By Theorem 2.1, there exists F € V(G) such that

(4.13) ho(F,F) <n

Taking f,, € F' such that
d(fm G) < Arg + 1,
we have
1fall < Gl + Ara +n < p.
Hence, by (4.13),
fn€ FNpSc F+ns,

which in turns implies that

(4.14) Ao < d(fy, G) +1 < Apg + 21 < 2L.
Thus we can apply Proposition 3.2 to conclude that
(4.15) N pg — Arc| < hy(F,F) <.

From (4.15), (4.12) and (4.13), it follows that

- 1
ho(F,F) <~ and = <Az

i 7 < Apg <l
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In particular this implies that Ag, > 2r. Set

uip = (fp+9p)/2
Observe that [|uys| < p because [gp[| < |G| < p and ||fz]l < [[fz —9pll + gzl <
Apg T IGI <20+ G| < p.

Putting ﬁl/Q =FU {@1/2} we have
hp(ﬁl/%F) > hp(ﬁl/%ﬁ) - hp(ﬁv F)
> d(Ty g, F) — /4= (1/2)Ap, — /4 > 3r/4.
It follows that there exists o € [0,1/2] such that hp(ﬁa, F) = 3r/4. Since, for each
AcU,(Fy,sr),
ho(A, F) < hy(A, Fo) + hy(Fu, F) < st +3r/4 <,
we have that R
Uy(Fo,sm) CU,(F,T).
Thus, in order to complete the proof, we need to show that
Up(Fa,57) C Ag(X) \ ALy
Since Afl C A, and A, NU ( @ VE, o ) = (), It suffices to show that

(4.16) Uy( Fa,sr ) S Up(Fa, vz, ak)

o(F:
From relations hp(ﬁa, F) =3r/4 and h,(F, F) < r/4 it follows that
(4.17) hy(Fuay F) > hy(Fay F) = hy(F, F) > r/2.
Moreover, since [lug || < p we have
(4.18) d(up o F) = hy(Fa, F)
By (4.17), (4.18) and equality s = 1/(4k), we have

sr < 2shy(Fo, F) < d(up , F) /k.

Since d(up ,, F) < 1, this implies that sr < V5, ok 2nd so (4.16) holds. The proof
is complete. O

Similar result can be given for the class Dg(X).
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