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ABSTRACT. Two new theorems of alternative for invex infine inequality systems
are proved. One of these theorems is applied to characterize optimal solution
of nonsmooth scalar-valued fractional minimax programming problem with in-
equality, equality and abstract constraints. An existence theorem and Karush-
Kuhn-Tucker (KKT) type optimality conditions are established.

1. INTRODUCTION

There has been an urge to find a class of functions for which Karush Kuhn-Tucker
(KKT) necessary optimality conditions become sufficient too. This urge led sev-
eral authors in the past to study convexity and its various generalizations. Among
them, the most significant is the concept of invexity, introduced by Hanson [7] for
differentiable functions. It was shown by Ben-Israel and Mond [4] that a differen-
tiable function is invex if and only if every stationary point of the function is its
global minimizer. This property of invex functions make their study significant.
Later, Reliand [11] extended invexity to locally Lipschitz nonsmooth vector-valued
functions. However, the notion of invexity is suitable for optimization problems in-
volving inequality constraints only but not for optimization problems with equality
constraints. This motivated Sach et al. [12] to define a new class of nonsmooth
infine functions which forms a subclass of invex functions and is also appropriate
for optimization problems with equality constraints. Invex functions are also useful
in deriving theorems of alternative for various systems of inequalities. For more
details, one can refer to [5, 10, 12]. These theorems are used as principal tools in
developing necessary optimality conditions for constrained optimization problems.
These observations make the study of nonsmooth locally Lipschitz invex infine vec-
tor functions important and interesting.

The aim of this paper is twofold. First, we prove two theorems of alternative
for systems involving infinite inequalities, finite equalities and abstract constraints
under suitable V-invex infine hypotheses. Second, as an application of one of these
theorems, we derive necessary and sufficient optimality conditions for nonsmooth
fractional minimax problems.

The rest of the paper is organized as follows. In section 2, we introduce the
notion of V-invex infine function using Clarke generalized gradient [6]. Example is
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given to support the definition. Section 3 is devoted to prove the main theorem of
the paper, that is, the theorem of alternative involving V-invex infine inequalities,
equalities and abstract constraints. Relaxing the assumptions of this theorem, we
obtain another theorem of alternative for a different system in the same setup. We
use these theorems to obtain conditions which ensure the existence of solution for
minimax optimization problem in section 4, while in section 5, we present necessary
and sufficient optimality conditions for fractional minimax programming problems.
Some concluding remarks are given in section 6.

2. VECTOR INVEX INFINE FUNCTION

In this section, we introduce a new class of nonsmooth locally Lipschitz V-invex
infine functions. We begin with some basic definitions and notations that will be
used throughout the paper.

Let f: R™ — R be a locally Lipschitz function at xy € R™, that is, there exists
a constant L > 0 such that for any x, 2’ in some neighborhood of x,

f(x) = f(&')] = Lz — 2.

For zp € R", the Clarke directional derivative of f at xo in the direction d [6] is

defined as
Fo(z0,d) = Tim sup LEFAD) = f(@)
T=T0 A |0 A

and the Clarke subdifferential of f at xg is defined as
Of (xo) ={§ € R": f(o,d) 2 (£, d), Vd € R"},
where (.,.) denotes the inner product in R". It is well known that for any d € R",

°(zg,d) = max (&,d
fo(ro.d) = mox (€.

and 0f(xg) is a nonempty compact convex subset of R".

Let S be a closed subset of & and xg € S. The Clarke tangent cone to S at xg
is given by

Ts(x()) = {d e R": dso(xo,d) = 0},
where dg(xp) is the distance metric defined as
ds(zg) = inf ||z — xo]|.
zeSs
The Clarke normal cone to S at xq is given by
Ng(zg) ={veR": (v,d) =0,Vde Tg(xg)}.

In the following, we assume that f = (f1, fa,..., fp) is a nonsmooth vector-valued

function defined on ™ such that each f; is locally Lipschitz real-valued function.

The generalized gradient of f at zg, [6], is the set
af($0) = afl(.l‘(]) X afg(l'()) X ... X 8fp(.7}0)

We recall below definitions of invex and infine vector-valued functions from [12].
A

Definition 2.1. f is said to be inver at zop € S if for any x € S and

(517627"'75}7) € 8f(x0), EZ € afl(x0)7 i = 1,2,---,]77 there exists n € TS('%'O)
such that
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fi(z) = fi(zo) 2 (&, n(z, A)).
Definition 2.2. f is said to be infine at xg € S if for any x € S and A =
(&1,62,...,&) € Of(x0), & € Ofi(xo), @ = 1,2,...,p, there exists n € Ts(xg)
such that

fi(z) = filwo) = (&,m(z, A)).

Observe that, in the above definitions, vector 1 depends on vector x and the matrix
A. We now introduce the notion of V-invexity and V-infineness.

Definition 2.3. f is said to be V-invex at xg € S if for any x € S and A =

(&1,&2,...,&) € Of(xo), & € Ofi(xo), © = 1,2,...,p, there exist n € Tg(xg) and
0; € R4 \{0} such that

fi(x) = fi(zo) 2 Oi(z,&)(&,n(x, A)).
Definition 2.4. f is said to be V-infine at xg € S if for any x € S and A =

(£1,&2,...,&p) € 0f(x0), & € Ofi(wo), © = 1,2,...,p, there exist n € Ts(xo) and
6; € R\{0} such that

fi(x) = fi(zo) = Oi(z,&)(&,n(x, A)).

In definitions 2.3 and 2.4, vector 1 depends on x and A while 6; depends on x and
&;. Following example illustrates the notion of V-invexity.

. x, =20
Example 2.5. Consider fi(x) = 2:n, v <0 and fo(x) = 22 + |z| defined
over R. Let zg = 0. Then Of1(xo) = [1,2] and Ofz(xg) = [-1,1]. The vector
function (f1, f2) is not invex at xo with respect to a common n in the sense of
definition 2.1, for if, A = [1,-1]T and x = —1/2, we cannot find n for which
(f1, f2) is invex. However, (f1, f2) is V-invex in the sense of definition 2.3. For
x>0, A=[,6]T, & €[1,2] and & € [—1,1], we can take n = x/2, 01 = Oy = 1.
Forx <0, A=[6,6]T, & €[1,2] and & € [-1/2,1], take n = 2z, 01 = 0 = 1
whereas for & € [—1,—1/2), take n =2z, 61 =1 and 03 = (1 — z)/2. Observe that
in all the cases 01 and 0y are positive.

Remark 2.6. If 0;(x, &) =1, V& € 0fi(xo), i =1,2,...,p, then definitions 2.3 and
2.4 reduce to invex and infine functions respectively, of Sach et al. [12]. Moreover,
if n does not depend on the matrix A and 6; too is independent of the vector &;
then the notion of V-invexity introduced here coincides with the V-invexity defined
by Bector et al. [3].

Remark 2.7. The above definitions could also be given using the generalized Jaco-
bian, Jf(z¢), of f at o, [6], which is defined as the convex hull of all limits of the
form
. /
A= xiﬁxlé;rsrtlieDf f (xZ)

where Dy is the set of all « where f’(x) exists. However, it is well known that
Jf(xo) C 0f(zp) and there are functions f for which Jf(zg) # 0f(xo). Thus, if
the concepts of invexity and infineness are defined in terms of Jf(zp), instead of
Of(xg), we would be restricting the class of functions. Therefore, we consider the
two definitions with df(xg) so as to study wider class of optimization problems.
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Definition 2.8. Let f = (f1, f2,.. -, fp). 9 = (91,92, ..,9¢) and h = (h1,ha,... hy)
be vector-valued functions defined on R"™ such that each f;,g;,ht,1 =1,2,...,p,j =
1,2,...,qandk =1,2,... 7 is locally Lipschitz real-valued function. Then ((f,g);h)
is said to be V-invex infine at xo € S if for any x € S and A € 9f(x9) x dg(xp) X
Oh(zo), there exists n € Ts(xo) such that (f,g) is V-inver and h is V-infine at x
with respect to n =n(z, A).

From now onwards we will be writing 1 instead of n(x, A) and 6; instead of
0;(x, &) without any ambiguity.

3. THEOREMS OF ALTERNATIVE

Theorems of alternative play pivotal role in deriving necessary optimality condi-
tions of Karush Kuhn-Tucker type for nonsmooth nonconvex optimization problems.
Various types of theorems of alternative for various systems of inequalities have
been studied in the past. Here, we would like to mention few of them related to the
present work. Jeyakumar et al. [8] discussed the theorems by considering systems
of infinite inequalities involving convexlike and concavelike functions. Brandao et
al. [5] studied the theorem for system of finite inequalities and abstract constraints
involving nonsmooth invex functions. Later, Luu et al. [10] used standard separation
theorem of convex sets and Motzkin’s theorem of alternative of Schmitendorf [13]
to discuss theorem of alternative for system with infinite inequalities only. More re-
cently, Sach et al. [12] derived theorems with systems consisting of finite inequality
constraints, equality constraints and abstract constraints under invex infine condi-
tions. In this section, two new theorems of alternative for the systems involving
infinite inequalities, finite equalities and abstract constraints are derived under V-
invex infine hypotheses. It can be observed that the related theorems of Luu et
al. (Theorem 3.3, [10]) and Sach et al. (Theorem 4.1 and Theorem 4.2, [12]) are
particular cases of the theorems of alternative presented in this section.

Before proving the theorems, we define the following notations. Let Y be a
compact subset of R and S be a nonempty closed subset of R”. Let F(.,y), y € Y be
locally Lipschitz real-valued function, g = (g1,92,...,9m) and h = (hy, ha, ..., hy)
be vector-valued functions with locally Lipschitz components defined over R". Let
J=A{1,2,...,m} and K ={1,2,...,p} be the index sets. For 2y € S, denote

Yo ={yo €Y : F(20,90) = sugF(xo,y)L
ye
Jo = {] eJ: gj($0) = O}.
Further, assume that for each z € S, the function y — F'(z,.) is upper semicon-

tinuous on Y. Upper semicontinuity of F'(z,.) along with compactness of Y ensures
that Yy is nonempty.

Theorem 3.1. Assume the following:
(1) The system

(3.1) (Fz e R (Vy € Y) F(z,9) <0, g(z) £0, h(z) =0, z € S

has a solution xg.
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(2) Jourani’s constraint qualification (JCQ)(see, [9]) is satisfied at xq, that is,
YV (Brs YK), B 20, j€Jyand v, € R, k € K, not all zeroes,

0¢ > Bidgi(zo) + > wOhi(wo) + Ns(o).
Jj€Jo keK

(3) For eachy € Yy, (F(.,y), 95,(.)); hx(.)) be V-invez infine at xo on S.
Then either the system
(I) (FzeR™)(Vy €Y)
(3.2) F(z,y) <0, g(z) =0, h(z) =0, x € S
has a solution
or,
(IT) 3 wvectors y1,y2, ..., Yn+1 0 Yo, X = (A1, A2,...,  n41) >0, 5; 20, j €
Jo, 7 € R, k € K such that Vo € S

n+1

Z/\Ffv i)+ > Bigi(x) + Y whi(z) 20

j€Jo keK
but never both.

Proof. Observe that systems (I) and (II) cannot hold together. Assume that system
(I) has no solution. Consider the optimization problem

(P) minimize o(x), ¢(x) = sup F(z,y)
yey
subject to gj (z) =0, jed,
hi(x) = 0, keK,
xes.

Let S = {z € R" : gj(x) £ 0, hg(x) =0, = € S} denote the feasible solution
set of the problem (P). Since (3.1) has a solution so, S; is nonempty. Also, (3.2)

has no solution, hence, sup F(x,y) = 0, Va € S;. Therefore, ¢(z) =2 0, V = € Sj.
yey

Moreover, by assumption 1, xg is a solution of (3.1) which implies zy € S; and

F(zo,y) = 0 thereby implying that ¢(z¢) = 0, that is, ¢(.) attains its minimum at

xo. Therefore, x( is a local minimizer of (P).

Invoking the necessary optimality conditions from Clarke [6], there exists A =
0, 8; 20 (j € Jo), v, € R (k € K), not all zeroes, such that

0 € Ndd(wo) + Y _ Bj0gi(x0) + D WhOhi(wo) + Ns(zo).
j€Jo keK

(JCQ) ensures that A\ # 0. In particular, for A\j = 1,

0 € dp(z0) + Y B;9g;(x0) + Y VeOhx(z0) + Ns(x0),
Jj€Jo keK
implying that
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0€cof [J OF(wo,9)}+ > B0gi(wo) + S 10hn(wo) + Ns(o).

y€Yo Jj€Jo keK
n+1
Thus, there exist y; € Yo and X; 20,i=1,2,...,n+1, Z)\; = 1 such that
i=1
n+1
(3.3) 0 e Z A;@F(mo,yi) + Z ﬂ;agj(xo) + Z ’}/llﬁahk(xo) + Ng(xo).
i=1 Jj€Jo keK
Consequently,
n+1
(Z Xy + Y B+ D 1hék) € Ns(ao)
j€Jo keK

for some &, € OF(z0,v:), i = 1,2,...,n+ 1, & € dgj(z0), j € Jo and {k €
ahk(l‘o), ke K.

Applying V-invexity infineness of ((F'(.,y),97,(-)); hx(.)) at zg, we have that for any
x € S, there exist vectors n € Ts(zo), 0y,, ¢; € R\{0}, i =1,2,...,n+1, j€ Jy
and ¢, € R\{0}, k € K, such that

n+1

ZA (@, y:) = Flzo0,90)] + Y Bilgs(x) — gj(x0)] + Y wlhr(x) — h(wo)] Z 0,

jeJdo keK

where \; = \./0,,, i =1,2,...,n+1, §; = ﬂ;/cpj, J € Jo and v, = v, /¢k, k € K.
Therefore, for any x € .S, we obtain,

n+1

ZAF zoy)+ Y Bigi(@) + > yehe(x) =
j€Jdo keK
n+1
D NiF(wo,ui) + Y, Bigi(x0) + Y whi(wo) = 0.
i=1 j€Jo keK
This proves the result. O

We illustrate the above theorem by an example.

Example 3.2. Consider F(z,y) = —(1/2)y? —(1/2)y2 +y121+ 3222 wherey € Y =
[~1,1]x[~1,1], g(x) = 21+ (1/2)x2 and h(x) = —x1+(1/2)x2 defined over R?. The
assumptions of the theorem are satisfied at the point xo = (0,0) with Yo = {(0,0)}
and n = x. We observe that system (1) is not satisfied but system (II) is solvable
for A>0,3=0andy=0.

Assumptions 1 and 2 of the above theorem can be replaced by existence of a
solution of an unconstrained optimization problem. For this, we define a scalar-
valued function
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O(.) = max { zlelgF(,y), 1}1€a}<gj(.), I]glealzéc\hk()\}

on S.

Theorem 3.3. Assume the following:

1". Function ©(.) attains its minimum on S at a point xy € S.
2. For each y € Y1, (F(.,v), 91,(.)); hi,(.)) is V-invez infine at xo on S,

where
Yi={y €Y : F(zo,y0) = O(z0)},
Ji={j € J:gj(x0) = O(x0)},
Ky ={k e K : |hg(zo)| = O(x0)}.

Then either the system
(') Bz eR)(Vy€Y)
F(z,y) £0, g(x) =0, h(z) =0, z€ S
has a solution

or,

(IT') 3 wectors y1,y2, .-, Ynt1 m Y1, A = (A1, X2,..., Anq1) 20, 85 20, j €
J1, v € R, k € Ky, not all zeroes, and a scalar € > 0 such that Vo € S

n+1
S ONF(my) + > Bigi(@) + > yhe(x) > €
i=1 jeh =

but never both.

Proof. Observe that systems (I') and (II') cannot hold together. Assume that system
(I') has no solution. Then, ©(z) > 0, Yz € S. Since O(.) attains minimum at
xo € S, there exists € > 0 such that ©(zg) > €. By optimality of x(y, we have,

0 € 90(x0) + Ns(zo).

Following on the lines of proof of Theorem 4.1 of Sach et al. [12] and using Levin’s
theorem (see, chapter 2, Clarke [6]), we get the existence of vectors y1,ya, ..., Yn+t1
in Y7 and multipliers (X, #,4") where (A, 3') =2 0 and 7/ € R, not all zeroes, such
that

n+1
0> NoF(wo,y:) + Y Bj0g;(z0) + Y VkOhx(z0) + Ns(zo)-
=1 Jje€J keK,

Applying V-invexity infineness of ((F(.,v),9.,(.)); hi,(.)) on S, we obtain
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n+1
Y NF(@y) + Y Bigi@) + > whilx)
i=1 JjEN keK,
n+1
2 ZA F x(),yz + Z /ngj 370 Z ’)/khk(x())
jeJ ke Ky
n+1
= 330{2/\ +Zﬂj+27kak}>6
YISO ke Ky
where \;, (; and 7j are same as defined in Theorem 3.1, a;, = sign(hy(xo)) and
n+1
e—e{Z)\ +Zﬁ;+2’7kak} =

JjeN keK,

Example 3.4. Consider F(z,y) = 1/2y?—yx, wherey € Y = [-1,1], g(z) = 2®—1
and h(z) = |z| — 1 defined over R. We observe that assumption 1 of Theorem 3.1
does not hold. Moreover, Jourani’s constraint qualification is also not satisfied. The
function ©, given by
_f Jx|+1/2, z<1.4311
) = { 28 —1, x>14311"

attains minimum at xy = 0. Observe that Y1 = {—1,1} while J1 and K; are
empty. Also, system (I') does not hold but system (II') is solvable for any € > 0
with )\1 = )\2 = €.

4. EXISTENCE THEOREM FOR MINIMAX PROBLEM

In this section, we investigate the existence of a solution of nonsmooth minimax
problem (P) using theorem of alternative proved in the previous section.

Definition 4.1. (zo,y0) € S1 X Y is solution of the minimaz problem (P) if it
satisfies the following

min F(z,yo) = sup min F(x,y) = min sup F(z,y) = sup F(zg,y).

z€51 yE€Y TES TESL yey yeY

We now recall the definition of concavelike function as given by Jeyakumar et
al. [8].

Definition 4.2. F(z,.) is said to be concavelike on Y if for any B € (0,1), y1,y2 €
Y there exists y3(B3, y1, y2) € Y such that for any x € Sy

BE(z,y1) + (1 = B)F(x,y2) = F(x,ys3).

Following theorem ensures the existence of a solution of the problem (P) under
invex infine and concavelike assumptions.

Theorem 4.3. Suppose there exists xy € Sy such that sup F(zg,y) = v =
yey

misn sup F(z,y), and let (P) satisfy (JCQ) at xg. Assume that for each y € Yj,

TES1 yey

(F(.,y), 91,(.)); hr(.)) is V-invex infine at xo on S, and for each x € S1, F(z,.)

is concavelike on Y. Then there exists yo € Y such that (xo,y0) is a solution of

(P).
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Proof. We know that

(4.1) min sup F(z,y) = sup min F(z,y).
€S yey yey x€S]

Thus, we have to prove that

sup min F(z,y) = min sup F(z,y).
sup mip ( y)_meslyeg (z,y)

Define Fi(x,y) = F(x,y) —v. Then ((Fi(.,y),97,(.)); hx(.)) is V-invex infine at z
on S. Also the system
(FzxeR")(My €Y) Fi(z,y) < 0,2 € S1
has a solution zg. Further, the following system
(Fzx e S1)(Vy € Y)Fi(z,y) <0

is inconsistent. For, if this system is consistent, then there exists € S1 such that
for any y € Y, Fi(z,y) < 0 which implies that

(4.2) sup F'(z,y) < v = sup F(zg,y).
yey yey

But v = min sup F(z,y) = sup F(xg,y) < sup F(x,y) for any z € S; and hence, in
T€S1 yey yey yey
particular, holds true for z € S; which contradicts the inequality (4.2).

It follows from Theorem 3.1 that there exist vectors y1,y2, ..., ynt+1 and A = (Mg, Ag,

n+1
.oy Ant1) > 0 (we can take Z Ai = 1) such that
i=1
n+1
Z)\zFl('rvyz) 2 O) Vo € Sla
i=1

where y; € Yo ={y € Y : F(x0,y) = sup F(z¢,y)}, implying
yey
n+1
(4.3) min » NF(z,y;) 2 v = minsup F(x,y).
z€ES =1 TESL yey
Since F'(z,.) is concavelike on Y, by induction, there exists yp € Y such that for
any x € S1,

n+1
i=1

Therefore,

n+1

4.4 min Y NF(x,y;) < sup min F(x,y).
(4.4) res, &7 ( yz)_y65$651 (z,y)

Combining (4.1), (4.3) and (4.4), we obtain
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min F(z,yo) = sup min F(x,y) = min sup F(z,y) = sup F(xg,y).
z€S] yeY TESL €S yey yey

Hence, the invex concavelike minimax problem (P) has a solution. U

5. INVEX FRACTIONAL MINIMAX PROBLEM

This section is devoted to study an important class of fractional minimax opti-
mization problems. Such problems arise naturally in modeling various conflicting
situations, for example, in the formulation of rational approximation problems with
respect to Chebyshev norm, in continuous rational games, in multiobjective pro-
gramming, in parametric estimation problems, in minimum risk problems, to name
the few. For a detailed discussion on minimax optimization problems and their
applications, readers can refer to [1, 14, 15] and references cited therein. Optimal-
ity conditions for fractional minimax programming problems were earlier studied by
Jeyakumar et al. [8] and Bector et al. [2]. In this section, we establish necessary and
sufficient optimality conditions for fractional minimax problem in terms of Clarke
generalized gradient under nonsmooth invex infine constraints.

We first state the conditions under which the ratio of two invex functions with
respect to a common 7 is also invex.

Consider the functions ¢(.) and (.) defined on S. Then their ratio is invex at
xg € S if any of the following conditions are satisfied:

(1) $ =0, >0 and (¢, —1) is invex at xo;
(2) 20,9 <0 and (—¢,—1)) is invex at zo;
(3) $ 0,9 >0 and (¢,7) is invex at zo;

(4) ¢ £0,1% <0 and (—¢,1) is invex at zp;

Observe that the ratio of the two invex functions with respect to same 1 € Tg(zo)
is invex with respect to the vector 77 € Ts(zp), given by 7 = (o) (n/¥).

We consider the following fractional minimax problem

(FP) minimize sup{o(z,y)/v(x,y)}
yey

subjectto gj(x) =0, j=1,2,...,m,
hip(x) =0, k=1,2,...,p,
r €S,

where Y is a compact subset of R™ and S is a closed subset of R". Assume
®, ¥, gj, hi are locally Lipschitz functions on S and ¢(x,y) = 0, ¥(x,y) >
0, V(z,y) € S x Y. For each x € S, y — ¢(x,.)/¥(z,.) is upper semicontinuous
on Y. Let S; denote the feasible set of (F'P) and F(x,y) = ¢(x,y)/v(z,y). There-
fore, the fractional minimax problem (FP) is equivalent to the ordinary minimax
problem (P1)
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(P1) minimize f(z), f(z) =sup F(x,y)
yey
subjectto g¢;(x) <0, j=1,2,...,m,
hi(z) =0, k=1,2,...,p,
xesS

€ o.
This problem is identical to the problem (P) studied in sections 3 and 4.

Theorem 5.1 (Necessary Optimality Conditions). If (zg,y0) € S X Y is an opti-
mal solution of the problem (FP) and (JCQ) holds at xq, then there exist vectors
Y15Y25 -+ Ynt1 N Yo, A= ()\17)‘2a"'7)\n+1) >0, ﬁj 2 0, j € Jo, QURS %7 ke K
such that

n+1

0€ > Ni/t(wo,yi) [06 (0, yi) — F(wo, )0y (x0, 7))

=1

m p
+ ) Bi0g;(w0) + > WOhi(wo) + Ns(wo),

j=1 k=1

,ngj(l‘o) = O, _] e J.

Proof. Since (x0,y0) is a solution of (F'P), xq is a solution of the problem (P1).
Repeating the arguments of the theorem of alternative (Theorem 3.1), we have,
from (3.3)

n+1
0€> NOF(zo,y:) + Y Bi0g;(x0) + Y wOhi(wo) + Ns(z0)
i=1 j€Jo keK

which can be rewritten as

n+1 m p
0> NOF(z0,41) + Y _ Bi0g5(z0) + Y _ mOhi(0) + Ns(xo),
i=1 j=1 k=1

where A = ()\17)\27--~7)\n+1) >0, ﬂj 2 0 (] S Jo), ﬁj =0 (] S J\J()), Vi € R (k €
K). Applying Clarke’s [6] quotient rule of subdifferentiability to F'(zg,y;), ¢ =
1,2,...,n+ 1, we have,

n+1
0> Ni/v(x0, i) [00(x0, y:) — F (0, 4:)0¢ (0, ys)]
i=1
m P
+ ) B;0g;(w0) + > WOhi(wo) + Ny (o).
Jj=1 k=1
Also, it is observed that 3;g;(xz¢) =0, j € J. O

Theorem 5.2 (Sufficient Optimality Conditions). Assume that there exists (xo,y1,
Y2,y Yna1, AV, 8°4%) such that zg € S1, yi € Yo, i = 1,2,...,n+1, X0 =
()\(1]7A8""7)\91+1) Z 07 /60 = (/85)7/887"'7/6’971) g 07 ’70 = (7??78?"‘)719) 6 §Rp
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satisfying
n+1 m
(5.1)0 € > N /4b(wo, yi) [06(wo, yi) — F(wo, yi) O (wo, yi)] + Y, B0g; (o)
i=1 =1
. J
+> R0k (w0) + Ns (o)
k=1

,ngj(ﬂ?o) = O, _] e J.
Let (¢, —) be inver at xg on S, ((¢(.,y)/¥(.,y), g(.)); h(.)) be V-invex infine
on S. Then there exists yo € Y such that (xo,y0) is an optimal solution for the
fractional minimax problem (FP).

Proof. From (5.1) we have,

n+1 m 3 D _
0= Z XY /o, i) €y, — F(wo,5i)E),] + Zﬁ?f? + Z’Ygfg +2°,
=1 =1 k=1

where ggl S a¢($0,yi), 521 € a¢(fﬂ07%’)a = 12,...,n+1, yi € Y, gg) €
9g;(w0), j € J, € € dhy(x0), k € K and 2° € Ng(zp). Therefore, for n € Ts(zo),

n+1

(5.2) ZA?/w(xo,yz-)@& — F(wo,y:)&y),.m) + Zﬁo

=1
p ~
+D WELm + (% m) =o0.
k=1

Now, suppose that xg is not a solution of (P1). Then there exists z € S; such that

sup F(z,y) < supF(a:o, y) = F(xo,y:), i=1,2,...,n+1
yey yey

which implies
&(7,y;) — Fxo,y:)Y(%,y:) <0, i=1,2,...,n+ 1.

By invexity of ¢(.,y:) — F(zo,i)¥(., yi), we have,

which implies

n+1

i=1
For x € S, ﬁ?gj(x) < ﬂ?gj(azo) and Yhy(x) = Y9hg(zo), which by V-invexity
infineness leads to

Zﬁ@], n <0
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and
P
§ ’7 Ekv =
k=1

Further,
(=% n><o.

Combining the above arguments, we obtain

n+1 m B
ZA?/w(wo,yi)@& — F(xo, 1)), M)+ Zﬁ (&,m)
i—1 =1

W& + (2" m) <0

M@

+

B
Il

1

which contradicts (5.2). Therefore, z¢ is the solution of the problem (P1). Hence,
there exists yo € Y such that (zg,yo) is a solution of (FP). O

6. CONCLUDING REMARKS

As noted by Sach et al. [12], we also observe that to study applications of invexity
ideas in optimization problems, explicit formulae of 7 is not required. The existence
of vector 7 is sufficient enough to obtain the optimality conditions. This observation
motivated us to introduce the notion of V-invex infine functions for nonsmooth case
where 17 depends on x and A while #; depends on x and &;. Also, V-invexity infine-
ness is weaker as compared to the earlier ideas of invexity and/or infineness. We
established an existence theorem and optimality conditions for fractional minimax
programming problem involving functions belonging to the newly defined class. Ap-
plications of theorems of alternative established in this paper can also be explored
for various optimization problems involving different solution concepts.
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