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SOLVABILITY OF A DIRICHLET PROBLEM FOR DIVERGENCE
FORM PARABOLIC EQUATION

MARIA ALESSANDRA RAGUSA

ABSTRACT. We consider parabolic equations with discontinuous coefficients and
prove that if the known term belongs to the Morrey space LP** then the first
order derivatives of the solution of an associate Dirichlet problem belong to the
same space. We also obtain local Hélder continuity for solution.

1. INTRODUCTION
In this note we are concerned with existence, uniqueness and global regularity in
HS P ”\(QT) of the weak solution of the second order differential equation

n

(1.1) Lu = uy — Z (aiju:ri)zj =div f

3,j=1

in the cylinder Q7 = Q x (—=T,0) where Q C R™, n > 3, is a bounded open set with
sufficiently smooth boundary and T > 0.

In our treatment we assume z = (z1,...,7,,t) = (2/,t) € Ry = %‘,
Vu = (88—;‘1, ..., 2% the spatial gradient of u.

For reader’s convenience we recall the definition
RTrl — Rn+1 N (SE% > 0),
R =R N (2, <0).

We also assume L to be a linear parabolic operator in divergence form whose
possibly discontinuous coefficients are taken in the space VMO at first defined by
Sarason in [13] (see Section 2 below for precise definition). This hypotheses implies
a number of good properties, for example bounded uniformly continuous functions
are in the vanishing mean oscillation class as well as functions of the Sobolev spaces
W™ for T €0,1].

Our main result is the well-posedness in HS P ”\(QT) of the Cauchy-Dirichlet prob-
lem

Lu=div f Qr,
(1.2) u=0 on 99 x (=T,0)
w(z',—=T)=0 in Q.
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The result has been studied in Lebesgue spaces (see [12]), now we improve it showing
that fine regularity of the right-hand side f increase the regularity of the first
derivatives of the solution.

We recall that if the coefficients a;; are real bounded measurable functions ex-
istence of weak solutions of linear parabolic equations and some kind of regularity
has been studied by Kaplan in [5] and [6].

The present note generalizes, for linear second order elliptic equations, the local
regularity result obtained by Marino and Maugeri in [7], as showed in detail in
Appendix, because they obtain

we Ll (=T,0,H(Q))

loc

while here is proved that
we LPMN=T,0, HP(Q)).

We point out that in this note we answer to the question, arised when I present
during a conference the note [12] , if the space H and the Lebesgue space LP can
be exchanged. It is true comparing our main theorem with Theorem 2.10 in [12].
In fact in the above mentioned paper it is proved that if w satisfy the parabolic
equation (1.1) for f € LP(Qr), then

we HI(~T,0,I7(Q)), q=1- ;

and our main theorem showed that if f € LP*(Q) then
w e LPMN=T,0, HP(Q)).

In realizing the program it is not used Nash’s techniques ([8]) because is easier
for the author to obtain interior and boundary estimates as consequence of com-
bined Morrey regularity and representation formula for the solution of (1.1) and its
derivatives expressed, similarly to [2] and [3], in terms of singular integral operators
and commutators with parabolic Calderén - Zygmund kernel (see [9]) and some less
singular operators, that are in some sense taking after Hardy’s operators.

A combination of these estimates with solvability in L? spaces proved in [12] leads
to the well-posedness of the Cauchy - Dirichlet problem (3.4) in Morrey class.

Finally we observe that global a priori estimate and the known properties of Mor-
rey spaces for suitable p and A (see [1]) allows us to derive global Holder regularity
result for the solution u.

2. PRELIMINARY TOOLS AND REPRESENTATION FORMULA

We assume throughout the paper that €2 is an open bounded subset in R™, n > 3.
Definition 2.1. We set

H&’p’A(QT) = {u - HS’p(QT) . Du = (8;p1u7 ceey 81'nu) is

such that d,,u and Oyu € Lp’)‘(QT),W =1,..., n} i
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Let us suppose the linear parabolic operator L having principal part
a;j(x) = aji(x), YeeQr, Vi,j=1,.,n
such that
> 0:p7 ] < aij ()68 < pléf’, VEER™ ae. z € Qr.
Before the definition of parabolic Calderén-Zygmund kernel we set parabolic met-

ric the quantity
d(z,y) = p(r —y)

\/\x’\Q—i— ]x’|4—|—4t2

and the balls of radius o and center 0 respect to metric are the ellipsoids
| /|2 t2
+ — <1}

where

E,(0)={z = (2/,t) e R"":
In the sequel we denote E, as an ellipsoid in R"+1 of radlus o.

Definition 2.2. (see [9]). A function k is a Parabolic Calderén-Zygmund kernel
on R™! with respect to the parabolic metric p if

(1) k is smooth on R\ {0};

(2) k(ra',r2t) = r~ (g (2’ t), Vr > 0 (homogeneity condition);

(3) / k(x)do(x) = 0, Vr > 0 (cancellation property on ellipsoids).
p(x)=r

In the following it will be useful to consider the fundamental solution of the
constant coefficient operator Ly obtained by L freezing the coefficients at a fixed
point zg € Q7.

1 e Az’j(ﬂfo)éifj) FAT >0
(2.1)  T(wo, &) = { Ar(t+1) ) \/det{ay (20} eXp( AEHT) e
0 t+7 <0

where A;; are the entries of the inverse matrix of {ai;}ij=1,..n

For our purposes it is fruitful to give the definition of John - Nirenberg class of
Bounded Mean Oscillation functions (see [4]) and, as subclass, the Sarason class
VMO of Vanishing Mean Oscillation functions (see [13]).

Definition 2.3. A locally integrable function f belongs to the John-Nirenberg
space BM O of functions with bounded mean oscillation if the following quantity is
finite

Iflle= s / /(@) — I lde,

where
1

e, =
Bl JE,

and FE, is any ellipsoid in R™*! of radius o.

f(z)dx

Let us now introduce the space whom the coefficients a;; belong.
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Definition 2.4. Let us set f € BMO and E, in the class of the ellipsoids of R"*!
having radius ¢ > 0 and

1
W= s E/ (@) — fr, |d

E,CRnt1

the VMO modulus of the function f.
We say that f € VMO if

li .
Lim n(R) =0

Let us note that replacing R"*! by Q7 we obtain the definitions of BMO(Qr)
and VMO(Qr) preserving its character.
We now describe the Morrey spaces LP*(Qr) whom the known term belongs.

Definition 2.5. Let 1 < p < 00,0 < A < n+ 2. We say that a locally integrable
function f belongs to the Morrey class LPM(Q7) if

1
f = sup — / fy)|Pdy < 4oc.
LA o () Sup s 1f (W)l
z€QT QTﬂEp(x)
Let us set T'(x) = T(2/,t;2/,t) and T'(2/, t; 2", t) = 2/ — %am(fn”,t), " e
R™ and any fixed, ¢t € R and an(2’,t) = (ain(2’,t)i=1,. n) is the last column (row)

of the matrix {a;;}i j=1,.. n. Let us also consider k(x,-) a variable PCZ kernel and
the following singular integral operators and commutators

Kf(z)=PV. k(z,x —y)f(y)dy

Rn+1
and

Cla.fl=PV. | Ko = u)faty) = ala)) ()

In addition we use in the sequel the following notation for integral operators
having nonsingular variable kernel

Rfw)= [ H @) =)0y
+
and
Clafl = [ ha.Ta) = laty) ~ a(@)]f(s)dy.
+
Let us now recall LP estimates (see [9] Theorem 3.3) based on technique con-

sisting in eigenfunctions expansion of the kernel.

Theorem 2.6. Let 1 < p <00, 0< A<n+2, f € LP(RY™) anda € BMOR ).
There exists a constant ¢ independent of f such that

(2.2) HRfHLp,,\(Riﬂ) <c- HfHLp,%(RiJrl).

(2.3) 1CTa, Al gpagarsy < € lalle - 11 o ganen.
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The same results concerning LP* estimates for the operators K(f) and Cla, f]
are considered in [14] and [10], precisely if f € LPA(R"*!) then
IK flloa@ntry < el flloa@nty
and
1C(a, Hlpr@ntry < cllallll fll o @nty-

The above estimates can be repeated substituting R**! with a subset Q of R**1.
In addition we shall use the following result proved in [11] concerning with singular
integrals having as kernel an homogeneous function.

Theorem 2.7. Let Q be an open subset of R"1 1 < p <00, 0 < v <n+2 such
that v+ ap < n+2 and k € C(R"1\ {0}) be an homogeneous function of degree
—a, a €]0,n + 2[, Then, for every f € LP¥(Q) the operator

7f(a) = [ k- ) iy
Q
is defined, belongs to L9"(Q) where + + gz = L1, u= % and exists a constant

P q
¢ > 0 independent on f such that

”TfHL‘I’“(Q) < CHfHLp,V(Q).

3. INTERIOR AND BOUNDARY ESTIMATES AND MAIN RESULTS
Let us consider £ an arbitrary set, £ CC Qp, and
EY ={(x1,..,pn,t) € E 1y, > 0,t < 0}

Let us also introduce © € C5°(Qr) a cut-off function, 0 <© <1, O(z) =1 in Fg,
O(z) = 0 outside E,, |VO| < £, for some E, CC Qr.

If u is a solution of Lu = div f on Qr with zero boundary data, we can consider
u as a solution of the equation

L(Ou)=divG +g

for G = —a;jO,,u+Of and g = —aij@x].uxi — @xjf + O;u.
Let us state the following interior and boundary representation formula as con-
sidered in [12].

Theorem 3.1. (Interior representation formula). Let the hypotheses of symmetry
and ellipticity for a;; € VMON L>®(R™Y) hold and let E, be an arbitrary ellipsoid
contained in Qr, G € [C°(Ey)]" and g € C§°(E,). Consider v=0u € C§°(E,) as
a solution of

L(Ou) =divG +g.
Then,

(3.1) wgi(z) = (Ou)i(x)

= PV. / Tij(x, 2 — y){[anj () — an;(y)](Ou)z, (y) — G;(y)}dy
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N / 9(y)Ti(a, — y)dy + C;(x) / Ty(z, y)nydo,

n+1
where n;j stands for the j-th component of the outer normal to the following surface
Yni1 = {z € R" L |z| = 1}.

Using the representation formula, it is possible to prove the following interior
estimate.

Theorem 3.2 (Interior estimate). Assume a;; € VMONL>®(R" 1) symmetric and
uniformly elliptic, u a weak solution of (1.1) such that %u eLP(Qr)i=1,...,n,

fePMQT)]", 2<p<o00,0<A<n+2. Then 3og >0 and Ic > 0 independent
on f and u such that Vo < o9 we have

(3.2) IVullnagig) < ¢ (Iullzorz,) + 1l ,)) -

Theorem 3.3 (Boundary representation formula). Let us assume the above hy-
potheses about the coefficients a;j, for some E, CC Qr, G € [COO(E:)]" and
g€ COO(E:) vanish in a neighborhood of R’ NOE,.

If v is a restriction to Ef of some function in C{°(E,) vanishing in {{x, =
0}x] —1T,0[} N E;r and satisfies the equation Lu = divG + g in Ej, then

vy, = P.V. /E+ Lij(z,z —y) {{anj(z) — anj(y)]va, (v) — Gi(y)} dy

o

+es(@)Gilo) + [ Tieiw - y)gly)dy + Liw), Vo B,
Es

where c;j(x) = fZ +F¢(:L‘,y)77jday are bounded functions arising from the interior

representation formula
Ii(x) = /+ Lij(z, T () — y) {lan; (x) — anj(y)] ve, (y) — G;(y)} dy
Es

- / Tie, T(2) - y)g(y)dy, i=1,....n 1
Ef

and

In(r) = /E+ By, (y)Lhj(z, T(x) — y){[an;(x) — an;(y)]va, (y) — Gi(y)}dy

- Br(y)Ti(z, T(z) — y)g(y)dy,

where By, are bounded functions that have L° norm expressed in term of the ellip-
ticity constant (.

Theorem 3.4 (Boundary estimate). Let a;; € VMO N L>®(R"™) and in addition
symmetry and ellipticity conditions be true. Let us assume f € [LPNQr)]™ where
2 <p< 400, 0< A< n+2. Then there exists g > 0 such that Vo < o¢ and for
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every u weak solution of (1.1) which vanishes on {{z, = 0}x] —T,0[} N E: such
that g—;‘i € LP(Qr)i=1,...,n, we have

(3.3) IVl e ) < € (10l sy + 1 liorn)

for a suitable constant ¢ independent on u and f.
Before we prove the above boundary estimate let us state the main result.

Theorem 3.5. Let a;; € VMO N L®(R") be symmetric and uniformly elliptic.
Suppose that f € [LPMNQr)]™ where 2 < p < 400, 0 < A< n+ 2.
Then the Cauchy-Dirichlet problem

Ly =div f Qr,
(3.4) u=0 on 9Q x (—=T,0)
u(@',=T)=0 in Q.
has a unique solution u € Hé’p’”\(QT).
Proof of Theorem 3.4. Let us consider the above boundary representation formula
vy (1) = Cijlang, va, )(2) — Kij(Gj)(x) + ¢ij(2)Gj(x) + Tig(x) + Li(x).

The first two integrals are singular and of the kind considered in [10], [14] as in [9],
the term T;(g) is a bounded nonsingular integral. Then

(3:5) 190l gty < € (Nalle - 1900 por sy + 1G] por st
HITGl oy + 1l o)

Let us study a majorization for ||Tg|| Lea(E)- For it we are inspired by Theorem
2.6 in [11] and obtain

(3.6) ||Tg||Lp,>\(Ej;) < CHQHLW(E;“)v

for s + 95 =+ LA=vEv+ap<n+t2.

Then from the definition of g

(3.7) HQHLﬁ,v(E;) < HgHLPW(E;r)
<+ (Il gty + 1wty + 1l i ) -
We also have

(3.8) G Lox gr)y Sc¢- [ull Lox gr) T (FAlFS ENY ) -
(B5) (Bs) (B5)

To majorize the term I; using LPA estimates for nonsingular integral operators K
and C' and Theorem 2.7, we have

(3.9) Il o gy < € (HGH* NVl oy + 1Gl pos 1y + HgHLﬁ,v(E;)) -
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From the VMO hypothesis on the coefficients a;;, (3.5), (3.6), (3.9) and let p =
min(\, v + p) then u < A, we obtain

IVl ooty < € (1G] gty + 190l o) -
Consider (3.7) and (3.8), we have
(310)  IV0llgnms) < - (Fullgonzs) + 1Flma@n + [Vulimon)-
It follows from the LP result ([12]) that Vp > 2 we have

IVullr@ry < ¢ [Ifllzr(@r)
and for v = 0 (3.10) implies
IVl o isgy < IVt < e (Hellri@m + 1l zorcry ) -

If A < p we get the conclusion, if A > p we obtain

Vel gy < ¢ (lullmon + 11 @n)-
Using again (3.10) for v = p we have

IVl s 2y < € (Nellzorir) + 1) -

2

where 111 = min(A, 2p). The improvement p is constant then in a finite number of
steps we obtain (3.3). O

Proof of Theorem 3.5. Existence and uniqueness of the solution u of the Cauchy-
Dirichlet problem (3.4) are true because are proved above interior and boundary
estimates, the estimates for u; are obtained writing uy = Lu+(a;jus,).; and applying

Jensen’s inequality (see [9]), because of LPA C LP and for the study made in the
case LP in [12]. O

As a consequence of Theorem 3.5 and well known properties of Morrey spaces
contained in [1] it is easy to have the following result.

Corollary 3.6. Let u be a solution of (3.4), f € [LPMNQ7)]". If n+2—p < A < n+2
then, the solution u is a Holder continuous function with exponent o =1 — %%7)‘.
4. APPENDIX

We wish to point out that the main theorem prove that Vu € Lp”\(QT), or
equivalently

u € LPAN=T,0,H"P(Q)), V2<p<4oo, 0<A<n+2

introducing the following norm

lwll Lor (—70,10 (02))

1 »
= sup <>\/ {/ \Vuypdac] dt) .
0<o<diam Qr,X%€Qr \ 9" J(=T,0)n(t0—02,t%) “JONB(20,0)

|
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This result can be view, as suggested by A. Maugeri, as a generalization, only for
linear second order parabolic equations, of the study made by Marino and Maugeri
in [7] because of the authors showed that if © is a bounded open set of R™ and
N e N,

we L2(=T,0, HY(Q,RN)) n CO([—T,0]; L>(Q,RY))

is a solution of the second order nonlinear variational system

n
. 9 .
- ZDia’(m, u, Du) + 8—1; = B'(z,u, Du)
i=1
where a'(x,u, Du) and B*(z,u, Du),i=1,...,n, Du= (Dju, ..., Dyu), are vectors
of RY defined in A = Q7 xRY xR™V measurable in z, continuous in (u, p), %,
k

i,j=1,...,n,k=1,..., Nare bounded in € such that a'(z,u, p) satisfy the strong
ellipticity condition and the vectors a', B* have a quadratic growth, then there exists
P > 2 such that Vp € (2,D)

Diue I’ (QRY), i=1,...,n

loc
and holds
we P (=T,0, H'P(Q,RY)).

loc
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