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GLOBAL DIFFERENTIABILITY RESULTS FOR SOLUTIONS OF
NONLINEAR ELLIPTIC PROBLEMS WITH CONTROLLED

GROWTHS

LUISA FATTORUSSO

Abstract. Let Ω be a bounded open subset of Rn, n > 2. In Ω we deduce the
global differentiability result

u ∈ H2(Ω,RN )

for the solutions u ∈ H1(Ω,Rn) of the Dirichlet problem:

u− g ∈ H1
0 (Ω,RN )

−
∑

i

Dia
i(x, u, Du) = B0(x, u, Du)(A)

with controlled growth and non linearity q = 2.
The result has been obtained in two steps:at first in a particular case of

controlled growths and subsequently, in a more general case, for solutions u ∈
H1(Ω,RN ) ∩ C0,λ(Ω,RN ) of problem (A). In the later case we prove the local
differentiability result to the interior of Ω. We then prove the differentiability re-
sult near the boundary and afterwards the global differentiability result, making
use of the covering procedure.

1. Introduction

Let Ω be a bounded open set of Rn, n > 2 (1), for instance of class C2 with points
x = (x1, x2, . . . , xn).

We denote by dΩ the diameter of Ω. N is an integer > 1, ( · | · )k and ‖ · ‖k are
the scalar product and the norm in Rk, respectively. We will drop the subscript k
when there is no fear of confusion.

If u : Ω → RN , we set Du = (D1u, . . . ,Dnu) where, as usual, Di = ∂
∂xi

; clearly
Du ∈ RnN and we denote by p = (p1, . . . , pn), pj ∈ RN , a typical vector of RnN .
If

(1) u ∈ H1(Ω,RN )(2)
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(1)This argumentation is obviously modified if n = 2
(2)N is an integer > 1, Hk = Hk,2, Hk

0 = Hk,2
0 (k integer ≥ 0) are the usual Sobolev spaces,

H0(Ω) = L2(Ω), |u|2k,Ω =
∫
Ω

∑
|α|=k ‖D

αu‖2 dx, ‖u‖k,Ω =
{∑k

h=0 |u|
2
h,Ω

} 1
2
, |u|0,Ω = ‖u‖0,Ω =

{
∫
Ω
‖u‖2dx}

1
2
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we consider the following variational elliptic non linear system

(2) −
n∑

i=1

Dia
i(x, u,Du) = B0(x, u,Du).

We suppose that:

(3) ai(x, u, p), ∀i = 1, 2, . . . , n, are vectors of class C1(Ω,RN ,RnN ) such that
ai(x, u, 0) = 0 ∀x ∈ Ω, ∀u ∈ RN , ∀ i = 1, 2, . . . , n∥∥∥∥∂ai(x, u, p)

∂uk

∥∥∥∥ +

∥∥∥∥∥∂ai(x, u, p)

∂pj
k

∥∥∥∥∥ ≤M,

∀ (x, u, p) ∈ Λ = Ω× RN × RnN

∀ i, j = 1, 2, . . . , n ∀ k = 1, 2, . . . , N

where M is a suitable positive constant;

∥∥ai(x, u, p)
∥∥ +

∥∥∥∥∂ai(x, u, p)
∂xs

∥∥∥∥ ≤ f(x) + c

‖u‖α +
∑

j

‖pj‖


∀i, s = 1, 2, . . . , n ∀ (x, u, p) ∈ Λ with α ≤ n

n− 2
and f ∈ L2(Ω);

(4) there exists a positive constant ν such that∑
i,j

∑
h,k

∂ai
h(x, u, p)

∂pj
k

ξi
hξ

j
k ≥ ν ‖ξ‖2

∀ (x, u, p) ∈ Λ, ∀ ξ ∈ RnN .
(5) the vector B0(x, u, p) defined in Λ, is measurable in x, continuous in (u, p)

and
satisfies the following condition
∀(x, u, p) ∈ Λ

‖B0(x, u, p)‖ ≤ f0(x) + c

‖u‖α +
∑

j

‖pj‖γ


where f0 ∈ L2(Ω), α ≤ n

n− 2
, γ ≤ n+ 2

n
.

From (3) it easily follows that ∀ (x, u, p) ∈ Λ, ∀ i = 1, 2, . . . , n

(6) ‖ai(x, u, p)‖ ≤M‖p‖.

A solution of system (2) in Ω is a vector u ∈ H1(Ω,RN ) such that

(7)
∫

Ω

∑
i

(ai(x, u,Du) |Diϕ)dx =
∫

Ω
(B0 |ϕ)dx

∀ϕ ∈ H1
0 (Ω,RN ).
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S. Campanato in [4] investigated the problem of the differentiability of the solu-
tion u ∈ H1(Ω,RN ) of basic systems∑

i

Dia
i(Du) = 0

both in the interior and near the boundary, achieving results of the same type in
both cases.

Moreover the problem of achieving global differentiability results has been in-
vestigated by Campanato in [2], regarding the solutions u ∈ Hk(Ω,RN ) of linear
elliptic systems there by proving that the solutions of the Dirichlet problem with
zero boundary data belong to Hk+2(Ω,RN ).

In the first part of this paper we investigate the problem of the global differ-
entiability of the solutions u ∈ H1(Ω,RN ) of the Dirichlet problem with non zero
boundary data for non-linear elliptic systems (2) in a particular case (γ = 1) of
controlled growth (3), (5) and we prove the following:

Theorem 1. Let u ∈ H1(Ω,RN ) be a solution of the Dirichlet problem:

(8) u− g ∈ H1
0 (Ω,RN )

−
∑

i

Dia
i(x, u,Du) = B0(x, u,Du)

if Ω is of class C2, g ∈ H2(Ω,RN ) and if ai, B0 satisfy conditions (3)−(5)with γ =
1 then it results

u ∈ H2(Ω,RN )
and we have

(9)
∫

Ω

∑
ij

‖Diju‖2 dx ≤ c(ν,M)
∫

Ω

[
1 + |f |2

+|f0|2 + ‖u‖2∗ + ‖Du‖2 + ‖Dg‖2 + ‖D2g‖2
]
dx.

In order to prove this result, we must first recall a local differentiability result due
to S. Campanato [3] and from this we immediately obtain an interior differentiability
result:

Theorem 2. Let u ∈ H1(Ω,RN ) be a solution of the system (2) where we suppose
that the conditions (3)−(5)with γ = 1 are verified. Then for every open set Ω∗ ⊂⊂ Ω
we have that u ∈ H2(Ω∗,RN ) and

|u|22,Ω∗ ≤ c

∫
Ω
[1 + |f |2 + |f0|2 + ‖u‖2∗ +

∑
i

‖Diu‖2]dx

where the constant c depends also on d = dist(Ω∗, ∂Ω).

We can extend this theorem to the solution of the system

(10) −
n∑

i=1

Dia
i(x, u+ g,Du+Dg) = B0(x, u+ g,Du+Dg)

with g ∈ H2(Ω,RN ), we obtain immediately the following
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Theorem 3. Let u∈H1(Ω,RN ) be a solution of the system (10) with g∈H2(Ω,RN ),
where we suppose that the conditions (3)− (5) with γ = 1 hold. Then for every open
set Ω∗ ⊂⊂ Ω it results that u ∈ H2(Ω∗,RN ) and

|u|22,Ω∗ ≤ c

∫
Ω
[1 + |f |2 + |f0|2 + ‖u‖2∗ + ‖g‖2∗ + ‖Du‖2 + ‖Dg‖2 + ‖D2g‖2]dx

where the constant c depends also on d = dist(Ω∗, ∂Ω).

Afterwards we prove the differentiability result near the boundary.
We define

B(x0, σ) = {x ∈ Rn : ‖x− x0‖ < σ};
moreover, if x0

n = 0

B+(x0, σ) = {x ∈ B(x0, σ) : xn > 0}
Γ(x0, σ) = {x ∈ B(x0, σ) : xn = 0}

We will simply write B+(σ), Γ(σ) and Γ instead of B+(0, σ), Γ(0, σ) and Γ(0, 1)
respectively.

Let us consider t ∈ (0, 1), h ∈ R, such that |h| < (1 − t)σ and x ∈ B(tσ) ⊂ Ω.
If u : B(σ) → RN we define

τs,h u(x) = u(x+ h es)− u(x) s = 1, 2, . . . , n

where {es}s=1,2,...,n is the standard base of Rn.
In the hemisphere B+(1) let us consider the problem

u ∈ H1(B+(1),RN )

u = 0 on Γ(11)

−
n∑

i=1

Dia
i(x, u,Du) = B0(x, u,Du)

The last equality means that

(12)
∫

B+(1)

∑
i

(ai(x, u,Du)|Diϕ)dx =
∫

B+(1)
(B0(x, u,Du)|ϕ)dx

∀ϕ ∈ H1
0 (B+(1),RN ).

Then the following differentiability theorem near the boundary holds:

Theorem 4. If u ∈ H1(B+(1),RN ) is a solution of the problem (11), under the
conditions (3)–(5), with γ = 1, for every σ < 1

(13) u ∈ H2(B+(σ),RN )

and

(14) |Du|1,B+(σ) ≤
c(ν,M)
(1− σ)

{∫
B+(1)

[1 + |f |2 + |f0|2 + ‖u‖2∗ + ‖Du‖2] dx

} 1
2

.

Proof. See e.g. [8]. �
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Now let us consider for g ∈ H1(B+(1),RN ) the following problem

u = 0 on Γ

(15) −
n∑

i=1

Dia
i(x, u+ g,Du+Dg) = B0(x, u+ g,Du+Dg)

and let us assume that conditions (3)–(5)with γ = 1 are verified with Ω replaced by
B+(1).

Then the following result holds:

Theorem 5. Let u ∈ H1(B+(1), |RN ) be a solution of the problem (15) under the
conditions (3)–(5),with γ = 1.Let us assume that g ∈ H2(B+(1),RN ). Then for
every 0 < R < 1, Du belongs to H1(B+(R),RN ) and it results

|Du|1,B+(R) ≤
c(ν,M)
(1−R)

{∫
B+(1)

[1 + |f |2 + |f0|2+

+‖u‖2∗ + ‖Du‖2 + ‖Dg‖2 + ‖D2g‖2]dx
} 1

2
.

Proof. See e.g. [8]. �

Using this local differentiability result near the boundary, together with the inte-
rior differentiability result, we can prove, by means of the usual covering argument,
the global differentiability result (Theorem 1)(3).

Afterwards, in order to obtain a more general differentiability result, we prove

the following local differentiability result assuming that γ ≤ n+ 2
n

.

Theorem 6. If u ∈ H1(Ω,RN ) ∩ C0,λ(Ω,RN ) (0 < λ < 1) is a solution of the
system (2), if the conditions (3),(5) are verified, then ∀B(3σ) = B(x0, 3σ) ⊂⊂ Ω
it result

(16) u ∈ H1+ϑ(B(σ),RN )(4) ∀ϑ ∈ (0,
λ

2
),

and

(17) |Du|ϑ,B(σ) ≤
c(ν, k, U, λ, ϑ, n)

(1− σ)2

∫
B(3σ)

[
1 + |f |2 + |f0|+ ‖u‖2∗ + ‖Du‖2

]
dx

where we pose k = sup
Ω
u and U = [u]λ,Ω = sup

x,y∈Ω x 6=y

‖|u(x)− u(y)‖
‖x− y‖

(3)This result has been submitted for publication to the Czechoslovak Mathematical Journal,
see [8].

(4)Hθ(Ω,RN ), 0 < θ < 1, is a space of the vectors u ∈ L2(Ω,RN ) such that

|u|θ,Ω =

∫

Ω

dx

∫

Ω

‖u(x)− u(y)‖2

‖x− y‖n+2θ
dy < +∞

and H1+θ(Ω,RN )is subspace of H1(Ω,RN ) of vectors u ∈ H1(Ω,RN ) such that Diu ∈
Hθ(Ω,RN ), i = 1, 2, . . . , n. |Du|2ϑ,B(σ) =

∑n
i=1 |Diu|2ϑ,B(σ)
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Proof. Let us choose σ < 1 such that B(3σ) = B(x0, 3σ) ⊂⊂ Ω and the function
ψ ∈ C∞0 (Rn) fulfilling these properties

(18) 0 ≤ ψ ≤ 1, ψ = 1 inB(σ), ψ = 0 in Rn\B(2σ), |Diψ| ≤
c

1− σ

If ρ < σ
2 we assume in (2) as a test function

ϕ = τr,−ρ(ψ2τr,ρu)

Then we have

(19)
∫

Ω

∑
i

(τr,ρai(x, u,Du)|Di(ψ2τr,ρu)dx) =
∫

Ω
(B0|τr,−ρ(ψ2τr,ρu))dx

Arguing as in the proof of theorem (3.1) of [8], we obtain, for each integer i, 1 ≤
i ≤ n,

A =
ν

2

∫
B(2σ)

ψ2‖τr,ρDu‖2dx(20)

≤ c(M,ν)
(1− σ)2

|ρ|2
∫

B(3σ)
{1 + |f |2 + ‖u‖2∗ + ‖Du‖2}dx

+
∫

B(2σ)

{
|f0(x)|+ c(k)

[
‖u‖α +

∑
j

‖pj‖γ
]
‖τr,−ρ(ψ2τr,ρu)‖

}
dx = B + C.

Taking into account that u ∈ C0,λ(Ω,RN ) we have :

‖τr,−ρ(ψ2τr,ρu)‖ ≤ 2[u]λ,Ω |ρ|λ ∀x ∈ B(3σ)

and then from (20) we have

(21)
∫

B(2σ)
ψ2‖τr,ρDu‖2dx ≤ c(M,ν)

(1− σ)2
|ρ|2

∫
B(3σ)

{1 + |f |2 + ‖u‖2∗ + ‖Du‖2}dx

+ c(ν, k, U, σ)|ρ|λ
∫

B(3σ)
(|f0|+ ‖u‖α + ‖Du‖γ)dx;

therefore, ∀ρ < 2σ

(22)
n∑

r=1

∫
B(σ)

‖τr,ρDu‖2dx

≤ c(M,ν, k, U, n, λ)
|ρ|λ

(1− σ)2

∫
{1 + |f0|+ |f |2 + ‖u‖α + ‖u‖2∗

+ ‖Du‖2 + ‖Du‖γ}dx.

Then, given that α < 2∗ and γ ≤ 2, if 0 < ϑ < λ
2 we have

(23)
n∑

r=1

∫ 2σ

−2σ

dρ

|ρ|1+2ϑ

∫
B(σ)

‖τr,ρDu‖2dx

≤ c(M,n, ν, k, U, λ)
(1− σ)2

∫
B(3σ)

{1 + |f0|+ |f |2 + ‖u‖2∗ + ‖Du‖2}dx
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and by a well known theorem(5) we have (16) and (17). �

We must underline that the proof of this theorem is analogous to that of theo-
rem 2, except for the estimation of the integral

(24)
∫

Ω
‖B0(x, u,Du)‖ ‖τr,−ρ(θ2τr,ρu)‖dx,

where we need the assumption u ∈ C0,λ(Ω,RN ). By means of this assumption we
get

‖τr,−ρ(θ2τr,ρu)‖ ≤ 2[u]λ,Ω|ρ|
λ

and hence the assertion.
Afterwards, taking into account this results, we obtain a better local regularity

result.

Theorem 7. If u ∈ H1+θ(Ω,RN )∩C0,λ(Ω,RN ), 0 < λ < 1, 0 < θ < 1 is a solution
of the system (2) and if the assumptions (3)–(5) hold, then ∀B(3σ) = B(x0, 3σ) ⊂⊂
Ω it result

(25) u ∈ H1+θ1(B(σ),RN ) ∀θ1 ∈ (0, θ +
λ

2
(1− θ))

and

(26) |Du|θ1,B(σ) ≤
c(ν, k, U, θ, θ1, λ, n)

(1− σ)2

·
{∫

B(3σ)
[1 + |f |2+|f0|2+ ‖u‖2∗+ ‖Du‖2]dx+ |Du|2θ,B(3σ)

}
.

Proof. We set σ < 1 such that B(3σ) = B(x0, 3σ) ⊂⊂ Ω and ψ(x) ∈ C∞0 (Rn) a real
function defined in (18).

If we set ρ such that |ρ| < σ

2
, arguing as in the proof of the theorem 6, we

obtain,for each integer r, 1 ≤ r ≤ n, and for each ε > 0 (20).
Let us consider the last integral that appears at the right hand side of (20). The

hypothesis that u ∈ H1+θ(Ω,RN ) ∩ C0,λ(Ω,RN ), 0 < λ < 1, 0 < θ < 1 and a well
known interpolation theorem (6), means that

(27) u ∈ H1,p(Ω,RN ) ∀2 < p < q =
2(1 + ϑ)n
n− 2ϑλ

and ∀B(ρ) = B(x0, ρ) ⊂⊂ Ω

(28)
n∑

i=1

∫
B(ρ)

‖Diu− (Diu)B(ρ)‖p ≤ c(ϑ, λ, n, p)(misB(ρ))1−
p
q
[
u
] pϑ

1+ϑ

λ,Ω

∣∣Du∣∣ p
1+ϑ

ϑ,B(ρ).

Arguing as in the proof of the theorem 3.II of [6], we obtain

(29) |u|2(1+ϑ)
1,p,B(ρ) ≤ c(k, U, ϑ, λ, ρ, n, p){1 + |Du|2ϑ,B(ρ)}

(5)see [6], lemma 2.3
(6)See [5], theorem 2.1
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In particular (27) hold ∀p such that 2 < p < 4 ∧ q, and then, ∀ε > 0

C ≤
{∫

B(2σ)
|ρ|p−2[|f0(x)|+ c(k)

(
‖u‖α + ‖Du‖γ

)
]

p
2 · ‖τr,−ρ(ψ2τr,ρu)‖2− 2

pdx
} 2

p

(30)

·
{∫

B(2σ)
|ρ|−2‖τr,−ρ(ψ2τr,ρu)‖2dx

}1− 2
p

≤ ε

2
|ρ|−2

∫
B(2σ)

‖τr,−ρ(ψ2τr,ρu)‖2dx+ c(k, ε, p)|ρ|p−2

∫
B(2σ)

‖τr,−ρ(ψ2τr,ρu)‖2− p
2

·
(
|f0(x)|+ ‖u‖α + ‖Du‖γ

) p
2 dx

Moreover by lemma 2.II of [5], we have

ε

2
|ρ|−2

∫
B(2σ)

‖τr,−ρ(ψ2τr,ρu)‖2dx ≤ ε

2

∫
B( 5

2
σ)
‖D(ψ2τr,ρu)‖2dx(31)

≤ ε

∫
B(2σ)

ψ4‖τr,ρDu‖2dx+ c(σ, ε)
∫

B( 5
2
σ)
ψ2‖τr,ρu‖2dx

≤ ε

∫
B(2σ)

ψ2‖τr,ρDu‖2dx+ c(σ, ε)|ρ|2
∫

B(3σ)
‖Du‖2dx

and, taking into account that u ∈ C0,λ(Ω,RN )

c(ε, k, p)|ρ|p−2

∫
B(2σ)

[f0(x) + ‖u‖α + ‖Du‖γ ]
p
2 · ‖τr,−ρ(ψ2τr,ρu)‖2− p

2 dx

≤ c(ε, k, p, n, U, σ)|ρ|p−2+λ(2− p
2
)

∫
B(2σ)

[1 + |f0(x)|2 + ‖u‖2α + ‖Du‖p]dx ≤

≤ c(ε, k, p, n, U, σ)|ρ|p−2+λ(2− p
2
)

∫
B(3σ)

[1 + |f0(x)|2 + ‖u‖2∗ + ‖Du‖p]dx

From (30)–(32), if we set ε =
ν

4
and p = 2(1 + ϑ) we have, by (29) :

(32) C ≤ ν

4

∫
B(2σ)

ψ2‖τr,ρDu‖2dx+ c(ν, k, λ, U, ϑ, σ, n)|ρ|2ϑ+λ(1−ϑ)

·
∫

B(3σ)
[1 + |f0(x)|2 + |f |2 + ‖u‖2∗ + ‖Du‖2]dx+ |Du|2ϑ,B(3σ).

By (20) and (33) we obtain

(33)
n∑

r=1

∫
B(σ)

‖τr,ρDu‖2dx ≤ c(ν, k, λ, U, ϑ, σ, n)
(1− σ)2

|ρ|2ϑ+λ(1−ϑ)

·
∫

B(3σ)
[1 + |f0|2 + |f |2 + ‖u‖2∗ + ‖Du‖2]dx+ |Du|2ϑ,B(3σ)

taking into account (17) and then, arguing as in the proof of theorem 6, we obtain
(25) and (26). �
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Subsequently, with iterative procedure and an interpolation theorem(7) we obtain
a still better local regularity result:

Theorem 8. If u ∈ H1(Ω,RN )∩C0,λ(Ω,RN ), 0 < λ < 1 is a solution of the system
(2) and if the conditions (3)–(5), hold then ∀B(σ) ⊂⊂ B(σ0) ⊂⊂ Ω

(34) u ∈ H1+ϑ(B(σ),RN ) ∀ϑ ∈ (0, 1)

and

(35) |Du|2ϑ,B(σ) ≤
c(ν, k, U, ϑ, λ, n)

(1− σ)2
{∫

B(3σ)
[1 + |f |2+|f0|2+ ‖u‖2∗+ ‖Du‖2]dx

}
.

Proof. Set ϑ ∈ (0, 1); if we assume ϑ0 =
λ

4
,then i ∈ N, i = i(ϑ, λ) exists, such that

ϑi = ϑ0

i∑
r=0

(1− ϑ0)r ∈ (0, 1)

then, by theorem 6 we deduce

∀B(3ρ) ⊂⊂ Ω, u ∈ H1+ϑ0(B(ρ),RN ) ∩ C0,λ(B(ρ),RN )

and

|Du|2ϑ0,B(ρ) ≤
c(ν, k, σ, ϑ, λ, n)

(1− ρ)2

∫
B(3ρ)

[1 + |f |2+|f0|+ ‖u‖2∗+ ‖Du‖2]dx.

By theorem 7
u ∈ H1+ϑ1(B(3−2ρ),RN ) ∩ C0,λ(B(3−2ρ),RN )

and

|Du|2ϑ1,B(ρ) ≤
c(ν, k, U, ϑ, λ, n)

(1− ρ)2

∫
B(3ρ)

[1 + |f |2+|f0|2+ ‖u‖2∗+ ‖Du‖2]dx

with ϑ1 = ϑ0 + ϑ0(1− ϑ0) = ϑ0
∑1

r=0(1− ϑ0)r < ϑ0 +
λ

2
(1− ϑ).

If we repeat this process we deduce

(36) u ∈ H1+ϑi(B(3−2iρ),RN ) ∩ C0,λ(B(3−2iρ),RN )

and

|Du|2ϑi,B(3−2iρ) ≤
c(ν, k, U, ϑ, λ, n)

(1− ρ)2

∫
B(3ρ)

[1 + |f |2+|f0|2+ ‖u‖2∗+ ‖Du‖2]dx

and by lemma 1.III of [6] we have ∀B(σ) ⊂⊂ B(σ0) ⊂⊂ Ω

(37) |Du|2ϑi,B(σ) ≤
c(ν, k, U, ϑ, λ, n)

(1− σ)2

∫
B(σ0)

[1 + |f |2+|f0|2+ ‖u‖2∗+ ‖Du‖2]dx

and then we have the thesis. �

Finally we prove the searched local differentiability result :

(7)See [7] lemma 2.IV
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Theorem 9. If u ∈ H1(Ω,RN )∩C0,λ(Ω,RN ), 0 < λ < 1 is a solution of the system
(2) and if the assumptions (3)–(5) hold, then ∀B(3σ) = B(x0, 3σ) ⊂⊂ Ω it results

(38) u ∈ H2(B(σ),RN )

and the following estimate holds

(39) |u|22,B(σ) ≤
c(ν, k, U, λ, n)

(1− σ)2
·
{∫

B(3σ)
[1 + |f |2+|f0|2+ ‖u‖2∗+ ‖Du‖2]dx

}
.

Proof. Fixed B(3σ) = B(x0, 3σ) ⊂⊂ Ω, h ∈ R such that |h| < σ

2
, let ψ(x) be a real

function ∈ C∞0 (Rn) fulfilling (18). Arguing as in the proof of theorem 3.I of [8], we
obtain (20).
Let us consider the last integral that appears at the right side of (20). By Corollario

2.I of [9], with Ω = B(5
2σ) and ϑ = 1− λ

2
, we have that

u(x, t) ∈W 1,p(B(
5
2
σ),RN )

and

(40) ‖u‖1,p,B( 5
2
σ) ≤ c(λ, σ, n)‖u‖

1
2

2−λ
2
,B( 5

2
σ)
· ‖u‖

1
2

C0,λ(B( 5
2
σ),RN )

where p = 4 +
4λ

n− λ
.

Now, since p > 4, H1,p(B(5
2σ),RN ) ⊂ H1,4(B(5

2σ),RN ) and then u ∈
H1,4(B(5

2σ),RN ) and by (28)

‖u‖4
1,4,B( 5

2
σ)
≤ c(k, U, λ, σ, n){1 + |u|2

1,B( 5
2
σ)

+ |Du|2
1−λ

2
,B( 5

2
σ)
}(41)

≤ c(σ, k, U, λ, n)
(1− σ)2

{∫
B(3σ)

[1 + |f |2 + |f0|2 + ‖u‖2∗ + ‖Du‖2]dx
}

Now we observe that, taking into account (42), ∀ε > 0 we have

(42)
∫

B(2σ)
{|f0(x)|+ c(k)[‖u‖α +

∑
j

‖pj‖γ ]}‖τr,−ρ(ψ2τr,ρu)‖dx

≤
( ∫

B(2σ)
|ρ|2{|f0(x)|+c(k)[‖u‖α+‖Du‖γ ]}2

) 1
2 ·

( ∫
B(2σ)

|ρ|−2‖τr,−ρ(ψ2τr,ρu)‖2dx
) 1

2

≤ ε

2
|ρ|−2

∫
B(2σ)

‖τr,−ρ(ψ2τr,ρu)‖2dx+ c(k, ε)|ρ|2
∫

B(2σ)
{|f0(x)|+‖u‖α +‖Du‖γ}2dx

≤ ε

∫
B(2σ)

ψ2‖τr,ρDu)‖2dx+ c(k, σ, ε)|ρ|2

·
∫

B(2σ)
{1 + |f0(x)|2 + ‖u‖2α + ‖Du‖2 + ‖Du‖2γ}2dx(8)

≤ ε

∫
B(2σ)

ψ2‖τr,ρDu)‖2dx+ c(k, σ, ε)|ρ|2
[ ∫

B(3σ)
{1+ |f0(x)|2 + ‖u‖2∗ + ‖Du‖2}2dx
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+ c(σ)
∫

B(2σ)
‖Du‖4dx

]
≤ ε

∫
B(2σ)

ψ2‖τr,ρDu)‖2dx+
c(σ, k, U, λ, n)

(1− σ)2
|ρ|2

·
∫

B(3σ)
[1 +|f0(x)|2+ |f(x)|2 + ‖u‖2∗+ ‖Du‖2]dx.

Finally by (20) and (43), applying usually a well known theorem(9) we obtain (39),
(40). �

From Theorem 9 we can immediately deduce the interior differentiability result
and afterwards, arguing as in the first part of this paper, the differentiability result
near the boundary and finally the following global differentiability result :

Theorem 10. Let u ∈ H1(Ω,RN ) ∩ C0,λ(Ω,RN )
(0 < λ < 1) be a solution of the Dirichlet problem

u− g ∈ H1
0 (Ω,RN )

−
∑

i

Dia
i(x, u,Du) = B0(x, u,Du)

if Ω is of class C2 and g ∈ H2(Ω,RN ) ∩ C0,λ(Ω,RN ), if the conditions (3),(4),(5)
are verified, then it results

u ∈ H2(Ω,RN )
and we have∫

Ω

∑
ij

‖Diju‖2dx ≤ c(ν, U, k, λ, n)
∫

Ω

[
1 + |f |2

+ |f0|2 + ‖u‖2∗ + ‖g‖2∗ + ‖Du‖2 + ‖Dg‖2 + ‖D2g‖2
]
dx
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