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GLOBAL DIFFERENTIABILITY RESULTS FOR SOLUTIONS OF
NONLINEAR ELLIPTIC PROBLEMS WITH CONTROLLED
GROWTHS

LUISA FATTORUSSO

ABSTRACT. Let Q2 be a bounded open subset of R™, n > 2. In Q2 we deduce the
global differentiability result
ue H*(Q,RY)
for the solutions u € H'(Q,R™) of the Dirichlet problem:
u—g e Hy(Q,RY)
(A) - Z D;a’(x,u, Du) = Bo(z,u, Du)

with controlled growth and non linearity ¢ = 2.

The result has been obtained in two steps:at first in a particular case of
controlled growths and subsequently, in a more general case, for solutions u €
HY(Q,RY) N C®*(Q,RY) of problem (A). In the later case we prove the local
differentiability result to the interior of 2. We then prove the differentiability re-
sult near the boundary and afterwards the global differentiability result, making
use of the covering procedure.

1. INTRODUCTION

Let Q2 be a bounded open set of R, n > 2 (1), for instance of class C? with points
L= (.1171,.’,12‘2, s 71'71,)'

We denote by dq the diameter of 2. N is an integer > 1, (-|-)x and || - [|x are
the scalar product and the norm in R¥, respectively. We will drop the subscript k
when there is no fear of confusion.

If u:Q — RY weset Du= (Diu,...,D,u) where, as usual, D; = a%i; clearly
Du € R™ and we denote by p = (p',...,p"), p/ € RY, a typical vector of R™V.
If

(1) u e HY(Q,RV)®

2000 Mathematics Subject Classification. 5J60, 35D10, 58 B10.
Key words and phrases. global differentiability of weak solutions, elliptic problems, controlled
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(D) This argumentation is obviously modified if n = 2
@)N is an integer > 1, H* = H*? HF = H('f’2 (k integer > 0) are the usual Sobolev spaces,

1
H(Q) = L2(Q), lu}a = fo Sy 1Dl da, llullea = { Shoglufia }, uloe = Julon =
1
(U lul?dz}
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we consider the following variational elliptic non linear system

n
(2) - ZDiai(x,u, Du) = By(z,u, Du).
i=1
We suppose that:
(3) a’:(:c,u,p), Vi = 1,2,...,n, are vectors of class C'(Q,RY R™V) such that
a(z,u,0) =0Vz € Q, Vu e RV, Vi=1,2,...,n

da'(z, u,p)
|52+

da‘(x,u,p)
op,

Y (z,u,p) € A =Q xRV x R

Vi, j=1,2,....,n Yk=1,2,...,N

<M,

where M is a suitable positive constant;

) dat ) Uy o .
B R s EFORR M o]
J

Vi,s=1,2,...,n V(z,u,p) € A with a < "

5 and f € L*();

(4) there exists a positive constant v such that

dal (z,u,p i i
Y YD) g s e
i hk opy,

Y (z,u,p) € A, VE € R,
(5) the vector BY(x,u,p) defined in A, is measurable in x, continuous in (u, p)
and

satisfies the following condition
V(z,u,p) € A

1B (2, p)|| < fola) + e lul®+ D lIpI
j

n n-+2
< .
— Y= n
From (3) it easily follows that V (z,u,p) € A,Vi=1,2,...,n

where fy € L(Q), a <
n

(6) la’ (2, u, p)|| < Mllp].
A solution of system (2) in € is a vector u € H'(Q, R") such that

g | Y@ D | Dy = [ (B )

Vi € HL(Q,RN).
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S. Campanato in [4] investigated the problem of the differentiability of the solu-
tion u € H*(Q, RY) of basic systems

> Did'(Du) =0

both in the interior and near the boundary, achieving results of the same type in
both cases.

Moreover the problem of achieving global differentiability results has been in-
vestigated by Campanato in [2], regarding the solutions u € H*(Q, RY) of linear
elliptic systems there by proving that the solutions of the Dirichlet problem with
zero boundary data belong to H¥2(Q, RY).

In the first part of this paper we investigate the problem of the global differ-
entiability of the solutions u € H'(€,R") of the Dirichlet problem with non zero
boundary data for non-linear elliptic systems (2) in a particular case (y = 1) of
controlled growth (3), (5) and we prove the following:

Theorem 1. Let u € H' (2, RY) be a solution of the Dirichlet problem:
(8) u—g € Hy(Q,RY)
- Z D;a'(x,u, Du) = B%(x,u, Du)
if Qs of class C?, g € H*(Q,RN) and if a’, By satisfy conditions (3)—(5) withy =
1 then it results
u € H*(Q,RY)
and we have

() /QZ|Diju||2dm§c(1/,M)/Q[1+|f|2

+fol? + [lul® + | Dull? + | Dg||? + | D?g||?| da.

In order to prove this result, we must first recall a local differentiability result due
to S. Campanato [3] and from this we immediately obtain an interior differentiability
result:

Theorem 2. Let u € H'(Q,RN) be a solution of the system (2) where we suppose
that the conditions (3)—(5)with v = 1 are verified. Then for every open set 2* CC Q
we have that u € H*(Q*,RY) and

ul o < c /Q L+ 172+ 1fol? + ull® + 3 | DsulHde
7

where the constant ¢ depends also on d = dist(Q",99Q).
We can extend this theorem to the solution of the system
(10) —ZDiai(a:,u—kg,Du—kDg) = Bo(z,u + g, Du + Dg)
i=1

with g € H?(Q2,RY), we obtain immediately the following
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Theorem 3. Let uc H'(Q,RN) be a solution of the system (10) with g€ H*(Q, RY),
where we suppose that the conditions (3) — (5) with v = 1 hold. Then for every open
set 0 CC Q it results that v € H*(Q*,RY) and

[ul,0- < c/Q[l 1P+ Lol + llull® + llgI* + IDull* + [[Dg||* + |1 D?g||?|dx

where the constant ¢ depends also on d = dist(Q", Q).

Afterwards we prove the differentiability result near the boundary.
We define

B 0)={x eR": ||z — 2% < o};
moreover, if 29 =0

BT (2% 0)={z € B(a" o) : 2, > 0}

I'(xY o) ={z € B 0) : z, = 0}
We will simply write Bt (o), I'(0) and T' instead of B*(0,0),I'(0,0) and I'(0,1)
respectively.

Let us consider ¢ € (0,1), h € R, such that |h| < (1 —t)oc and x € B(to) C Q.
If u: B(o) — RY we define

Topuw(z) =u(x+he’) —u(z) s=1,2,...,n

where {e®}s=12 ., is the standard base of R".
In the hemisphere B*(1) let us consider the problem

uwe HY(B'(1),RY)
(11) u=0onT
n .
- Z Dia'(z,u, Du) = B(z,u, Du)
i=1
The last equality means that
(12) / > (a*(x,u, Du)| Digp)dz = / (B®(2,u, Du)|p)dz
BH(1) 7 B*(1)
Yo € Hi(B*(1),RY).
Then the following differentiability theorem near the boundary holds:

Theorem 4. If u € H'(BT(1),RY) is a solution of the problem (11), under the
conditions (3)-(5), with v =1, for every o <1

(13) u € H*(BT(0),RY)

and

[

c(v, M * 2
(1) |Dupr < G { / O +\|Du||2]dx} .

Proof. See e.g. [8]. O
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Now let us consider for g € H'(B*(1),RY) the following problem

u=0 onl

n
(15) —ZDiai(x,u—i—g,Du—&—Dg) = B%xz,u+ g, Du + Dyg)
i=1
and let us assume that conditions (3)—(5)with v = 1 are verified with €2 replaced by
B*(1).
Then the following result holds:
Theorem 5. Let u € H'(B*(1),|RN) be a solution of the problem (15) under the

conditions (3)-(5),with v = 1.Let us assume that g € H?(BT(1),RN). Then for
every 0 < R < 1, Du belongs to H'(B*(R),RY) and it results

c(v, M) / 2 2
Du < L+ [fI° + [ fol*+
|Duly p+(w) 1-R) { B+(1)[ |17+ | fol

1
Hull® + || Dull* + [ Dg||* + ||1)29H2]d$}2 :
Proof. See e.g. [8]. O

Using this local differentiability result near the boundary, together with the inte-
rior differentiability result, we can prove, by means of the usual covering argument,
the global differentiability result (Theorem 1)),

Afterwards, in order to obtain a more general differentiability result, we prove

2
the following local differentiability result assuming that v < i
n

Theorem 6. If u € H'(Q,RY) N COMNQ,RN) (0 < A < 1) is a solution of the
system (2), if the conditions (3),(5) are verified, then ¥ B(30) = B(z",30) CcC
it result

A
(16) ue H(B(o), RM)W) v e (0, )
and
(v, k, U\, 9,n) .
(D) |Duloney < WGP EE [ [ 2 4 o]+l + Dul]de
(1-0) B(30)
where we pose k =supu and U = [u], g = sup M
Q ’ z,ye z#y HJJ - yH

(3)This result has been submitted for publication to the Czechoslovak Mathematical Journal,
see [8].
(4)H6(Q,RN), 0 < 6 < 1, is a space of the vectors u € L?(Q2, R") such that

lu(z) — u()|?
ulp,o = [ dr [ —/————Z—dy < +00
Ful / o o — gl

and H't9(Q,RY)is subspace of H'(Q,RY) of vectors v € H'(Q,RY) such that Dju €
HY(QRY), i=1,2,...,n. |Dufj g,y = i, [Diul} o)
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Proof. Let us choose ¢ < 1 such that B(30) = B(z",30) cC Q and the function
Y € C§°(R™) fulfilling these properties

(18) 0<¢<1,¢¥=1inB(0), ¥ =0 in R"\B(20), |Dity| <

1-0
If p < § we assume in (2) as a test function
Y= Tr,—p(wzﬂ",pu)

Then we have
19) [ S o DD i) = [ (BP0 )

Arguing as in the proof of theorem (3.1) of [8], we obtain, for each integer i, 1 <
1 < n,

14
(20) A = 5 /B o V2|7, Dul|*dx

o(Mv), 2
<Gl [ o

i /B( {lfo@)] + e(k) [[lul* + Zj: 17 7]l 7= (VP72 ) || }dew = B + C.

"+ || Dul*Yda

Taking into account that u € C%*(Q, RY) we have :
17— (WP o)l < 2[uly g |oI* Vo € B(30)

and then from (20) we have

M *
@) [ Pl < M) | [ s T |1 Duf?}da
B(20) (1-o0) B(30)
+ o{v, k, U, o) ol /B o (1l "+ | Dl
therefore, Vp < 20
(22) > / |7 Dl 2dx
r—17B(o)
< M.k Ui NP / (L4 1ol 4+ 1P+ [l

+ || Du|* + | Du|| }dz.

Then, given that o < 2* and v < 2,if 0 < ¥ < % we have

20
(23) Z / P / [ roDuls

c(M,n,v,k,U,\)

< SRSl [ Ll SR+l + |DulP
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and by a well known theorem® we have (16) and (17). O

We must underline that the proof of this theorem is analogous to that of theo-
rem 2, except for the estimation of the integral

(24) /Q 1B (2,0, Du)| || 75— (673, p0) iz,

where we need the assumption v € C%(Q,RY). By means of this assumption we
get
2 A
17, —p (07T pu) || < 2[“],\,§|P|
and hence the assertion.

Afterwards, taking into account this results, we obtain a better local regularity
result.

Theorem 7. Ifu € H'*(Q,RY)NCOAQ,RN), 0 < A< 1, 0< 6 < 1 is a solution
of the system (2) and if the assumptions (3)—(5) hold, thenV B(30) = B(2°,30) CC
Q it result

(25) w e HY(B(0),RY) Vb, € (0,0 + %(1 —0)

and

C(V7k7 Uagvela )\777')
(1-0)?

] [ PP T+ PPl + 1D s}

(26) ‘Du|91,B(a') <

Proof. We set o < 1 such that B(30) = B(z°,30) CC Q and ¥(z) € C§°(R"™) a real
function defined in (18).

If we set p such that |p| < %, arguing as in the proof of the theorem 6, we

obtain,for each integer r, 1 < r < n, and for each ¢ > 0 (20).

Let us consider the last integral that appears at the right hand side of (20). The
hypothesis that v € H*(Q,RN) N COMNQ,RN), 0 < A< 1,0 < 6 < 1 and a well
known interpolation theorem (¥), means that

2(1+9)n
2 H'Y7(Q,RY) V2 =
(27) u€ HWP(QRT) ¥2<p<g=-——0n

and VB(p) = B(2°, p) cC Q

DY /B Ui (D |7 < 0\, p)mis (o) )T Do
p

Arguing as in the proof of the theorem 3.IT of [6], we obtain

(1+v
(29) [ulf 50 < ek, U, 0, X, p,m, p) {1+ [Dul3 5}

(5)see [6], lemma 2.3
6)See [5], theorem 2.1
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In particular (27) hold Vp such that 2 < p < 4 A ¢, and then, Ve > 0
(30)

O <{ [, PP L@ + el + D)

SN

P
2

22
A (V2T )| 7 da )

R N L P
B(20)

3 _ _ _p
S N e P e Al I L e MR

(20)
p
< (Ifo@) + llul® + | Dul|") * da
Moreover by lemma 2.1II of [5], we have

15 _ g
61y Sl / 72— (2 p0) [Pl < & / | D27 ) |2
2 B(20) 2 JB(30)

SE/ w4||Tr,pDu]2dx+c(o,€)/ ¢2HT7~7puH2d$
B(20) 5

2

< / 2|7 pDul?dz + c(o, ) pf? / | Du|?dz
B(20) )

(30
and, taking into account that u € C%*(Q, RN)

P
2

(e k)l ? [ o)+l + Dl - o527 g0) P

20)
< (e, k,p,n, U, 0)|plP~>A7%) / [+ |fo(@)* + ul®® + || DulP)dz <
20
< e, k,p,n, U,0)|p|P~>TA27%) / [+ [fo(@)? + [lul* + | Dul/”)dz
B(30)
From (30)—(32), if we set € = % and p = 2(1 4 1) we have, by (29) :

32) o< 02|77, Du||2dz + c(v, k, A, U, 9, o, n)|p| 2 +A1=9)
4 JB(20) "’

' /B o L@ 17 ol + 1wl + 1Dl

By (20) and (33) we obtain

(1-0)?

' /3(3 )[1 + 1ol + 11 + lull® + | Dull*)dz + |Dul} s,

- kAU, Y
(33) Z/ |’T7',,0-Du||2d$ S C(Va 9 aU7 ,O‘,n)|p|219+)\(17ﬁ)
r=1 B(o)

taking into account (17) and then, arguing as in the proof of theorem 6, we obtain
(25) and (26). O
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7)

Subsequently, with iterative procedure and an interpolation theorem(”) we obtain

a still better local regularity result:

Theorem 8. Ifu € H'(Q,RN)NCOQ,RYN), 0 < X < 1 is a solution of the system
(2) and if the conditions (3)-(5), hold then ¥ B(c) CC B(op) CC Q

(34) u € H'?(B(o),RY) Vo € (0,1)

and

k,U,9,\,n) .
D 2 <C(V7 sy Y Y / 1 2 2 2 D 2 )
(9 |Dulhne) < =g PR Ll |DulPlde

A
Proof. Set 9 € (0,1); if we assume 9y = Z,then i € N, i =1(¥,\) exists, such that

791' = 190 Z(l — 190)7“ S (0, 1)
r=0

then, by theorem 6 we deduce
VB(3p) CC Q, we H'(B(p),RY) N C*(B(p),RY)

and

/ L+ [£124 ol lul® + [ Dul2)d.
B(3p)

By theorem 7
uwe H1(B(372p),RY) N " (B(3-2p), RY)
and
c(v, k,U,9,\,n)
(1—-p)?

A
with 91 = 9 + Jo(1 — P) = Vo >_h_o(1 — 0)" < Jo + S =),

If we repeat this process we deduce

|Dul3, 5 < /B(3 )[1 + P fol+ lull*+ || Dul*]dae
p

(36) ue H'(B@3%p),RY) n CO™N(B(3-2p),RY)
and
c(v, k,U,9,\,n) .
1Dl g < G [ L Ll Dulds
1)
and by lemma 1.IIT of |6] we have o) CC B(og) CC
d by 1 IIT of have VB B Q
c(v, k, U, 9, \,n) .
37 IDullp) < o /| TP ol Dol
0
and then we have the thesis. O

Finally we prove the searched local differentiability result :

(MSee [7] lemma 2.IV
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Theorem 9. Ifu € H'(Q,RN)NCOAQ,RYN), 0 < X < 1 is a solution of the system
(2) and if the assumptions (3)—(5) hold, then ¥ B(30) = B(x°,30) CC Q it results
(38) u € H*(B(o),RY)

and the following estimate holds

9 c(v, k, U, A\, n) / 9 9 o 9
< 1 177 7. 1 D .
(39)  |ul3 g < (1—o0) { B(3U)[ + 11 Lol [lull™ + [ Dull ]dﬂ?}

Proof. Fixed B(30) = B(2°,30) CC Q, h € R such that |h| < %, let ¢ (z) be a real

function € C§°(R") fulfilling (18). Arguing as in the proof of theorem 3.I of [8], we
obtain (20).
Let us consider the last integral that appears at the right side of (20). By Corollario

2.1 of [9], with Q@ = B(30) and ¥ =1 — g, we have that

u(z, ) € Wl’p(B(ga),RN)

and
1 1
2 X 2
(40) [l i30r < COTINEIEy s 00y
4
where p =4+ ——.
n—A\

Now, since p > 4, H'“W(B(30),RY) c H'“(B(50),R") and then u €
H"Y(B(30),RY) and by (28)

(41) |V“Hi4,3(ga) < c(k, U\ o,n){1+ \u|iB(%U) + |Duﬁ_%73(%g)}
c(o,k,U,\,n)

< O I Ll

Now we observe that, taking into account (42), Ve > 0 we have

Z 4 || Duf?do}

« N N — o (027 u) || da
(42) [B(QU){!fO(w)!+C(k)[\|U|! +§j:\|p]|| PHITr—p (7T pu) || d

1

P72 p (27, p0)| )

IN

1

([ Il e e ipay) ([

B(20) B(20)
< &2 2 24 k 2 a1 Dull V24
< ol 17— p (27 ) | *d + c(k, €) {1 fo(@)] +[lul|® + || DulY2dz

B(20) B(20)

<e / 2|7 D) |2z + c(k, 0, ) o]

B(20)

' / {1+ [fo(@)* + [ul* + [ Dul| + | Dul*"}2dz'™
B(20)

<c [ PmpDwlPdrt el [ QHf@R+ [l + Dul? s
B(20) B(30)
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clo,k, U \,n
o) [ paliad] e [ wRln, 00+ LTS
B(20) B(20) (1-0)

: / [ +1fo(@) P+ [£ @) + [lul* + | Dul*]da.
B(30)

Finally by (20) and (43), applying usually a well known theorem®) we obtain (39),
(40). 0

From Theorem 9 we can immediately deduce the interior differentiability result
and afterwards, arguing as in the first part of this paper, the differentiability result
near the boundary and finally the following global differentiability result :

Theorem 10. Let u € H'(Q,RY) N CO*(Q,RY)
(0 < A< 1) be a solution of the Dirichlet problem

u—g e HY}QRY)
- Z D;a(x,u, Du) = B%(x,u, Du)

7

if Q is of class C? and g € H*(Q,RN) N COMNQ,RN), if the conditions (3),(4),(5)
are verified, then it results
u € H*(Q,RY)

and we have

/ S| Digulde < (v, U, kA ) / [+ |/
Q i Q

+ 1fol* + llul® + lgll* + |1 Dul® + | Dgl* + [ D*g|*) da
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