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GENERIC CONVERGENCE OF A CONVEX LYAPOUNOV
FUNCTION ALONG TRAJECTORIES OF NONEXPANSIVE
SEMIGROUPS IN HILBERT SPACE

RENU CHOUDHARY

ABSTRACT. We show that while a convex Lyapounov function for a semigroup
of contractions on a Hilbert space may not converge to its minimum along the
trajectories of the semigroup, it converges generically along the trajectories of
the semigroups generated by a class of bounded perturbations of the semigroup
generator.

1. INTRODUCTION

Let K be a closed convex subset of a real Hilbert space H and let {S(t)}+>0 be a
semigroup of contractions on K generated by a maximal monotone operator A on
H. The study of convergence of a trajectory S(t)x as t — oo had the attention of
several mathematicians in the past. See, for example, [3], [4], [5], [6], [7], [8], [12],
[13] and [14]. In general S(t)z does not converge strongly or even weakly as ¢t — oo,
and convergence requires additional conditions. Dafermos and Slemrod [8] obtained
strong convergence by assuming that the w-limit sets are nonempty. Brezis in [5]
and [6] studied strong convergence when F, the set of fixed points of {S(¢)}:>0
has a non empty interior. Bruck [7] and Brezis [6] obtained strong convergence
for the special case A = 0¢, where ¢ is a proper l.s.c. convex function from H to
R U {oo}, under some restrictions on ¢. Brezis [6] proved strong convergence under
the assumption that bounded subsets of level sets of ¢ are relatively compact, i.e.
for every M, {z : ¢(x) < M, ||z|| < M} is compact, which ensures the convergence
for finite dimensional spaces. Also, Bruck [7] used the condition that ¢ is even to
get strong convergence. Bruck [7] showed the weak convergence of S(t)z under an
additional condition on the generator A, which he called demipositivity. Also, for
the special case A = 0¢, he showed that S(t)z converges weakly as ¢ — oo to a
minimizer of ¢. Baillon [3] constructed a proper l.s.c. convex function ¢ such that
the semigroup generated by 0¢ converges weakly to the minimizer of ¢ but not
strongly, demonstrating that weak convergence is the best possibility.

The fact that S(¢)x does not converge even weakly, in general, as t — oo, to-
gether with the use of Lyapounov functions to determine the asymptotic behavior
of semigroups, inspired us to consider a l.s.c. Lyapounov function f : H — RU{co}
and then study convergence of f(S(t)z) as t — oo. Since f, being Lyapounov, is
decreasing along the trajectories S(t)z, a natural question is whether

(1) f(S(t)x) — min(f) as t— oo.
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In finite dimensional space even without the nonexpansivity of the semigroup and
convexity of the Lyapounov function, if a strictly Lyapounov function f exists in
the neighbourhood NN of an equilibrium point xy of the semigroup, meaning f is
continuously differentiable on N, f(z) > f(zo) for all z € N \ {z¢} and f strictly
decreases on the set N\ {z¢}, then the trajectories converge to its equilibrium point
and the Lyapounov function converges along the trajectories to its minimum [9]. We
will have a different definition of Lyapounov function and show that this is not the
case, in general, in infinite dimensional spaces. We will show in Proposition 1 that,
in general, f(S(t)x) /4 min(f) as t — oo, when there is a unique equilibrium point,
even if f strictly decreases along the trajectories of {S(t) }+>0, by assuming {S(t) }+>0
to be the semigroup given by Baillon[3] and assuming f : H — R to be given by

f(z) = @ Vo € H. So the next question is under what condition equation (1)
holds. We note that if f decreases along the trajectory at a particular rate then
convergence occurs. More precisely, if for a semigroup {S(t)}+>0, f decreases along
the trajectories at a particular rate we call f regularly Lyapounov for the semigroup
{S(t)}+>0. In Theorem 1 we will show equation (1) holds if f is regularly Lyapounov
for the semigroup {S(t)}+>0.

Even if f is not converging along S(¢)z in the sense of equation (1), can we
find a semigroup close to {S(t)}+>0 and having the convergence property (1)? The
affirmative answer to this question further poses the question of how large is the
collection of semigroups such that f is decreasing along the trajectories, and having
the convergence property (1). The answer to this question is the main concern
of this paper. So instead of considering the convergence of f(S(t))z for a single
semigroup, we investigate the convergence of f(S'(t)x), where {S(¢)};>0 are the
semigroups generated by a class of bounded perturbations of the generator A of
the given semigroup {S(¢)}+>0. In fact, under some mild conditions on A and f,
we construct a complete metric space (A!,d) of the bounded perturbations of the
generator A such that f is Lyapounov for all the semigroups generated by these
perturbations. We show that there is a very large subset F' of A! such that f is
regularly Lyapounov for all the semigroups generated by the maximal monotone
operators in F'. When we say a set is very large we mean the complement of it
in the complete metric space is very small, more precisely, a o-porous subset of
the metric space. We say a property is a generic property of a complete metric
space or a Baire space if the subset for which the property is not true is of first
category. In particular, the convex Lyapounov function f for {S(¢)}:>0, generated
by A, converges generically along the trajectories of a class of semigroups generated
by bounded perturbations of A.

The generic approach, when a property is investigated for the whole space in-
stead of an element of the space, already has many successful applications see, for
example, [10]. Reich and Zaslavski [17] investigated the convergence of a continuous
convex bounded below function f in the more general setting of a Banach space,
along the trajectories given by vector fields on the Banach space, and obtained
positive results by restricting f under some conditions. For more recent results on
continuous descent methods see [1] and [2]. We study the convergence of a convex
l.s.c. Lyapounov function f in Hilbert space, along the trajectories of the semigroups
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generated by a class of bounded perturbations of a multivalued maximal monotone
operator.

2. PRELIMINARIES AND NOTATION

Throughout this paper H stands for a real Hilbert space. Let A be a maximal
monotone operator on H such that A=1{0} # () and let {S(¢)};>0 be the semigroup
of contractions generated by A on K = D(A). Usually —A is called the generator
of {S(t)}+>0 but we find it more convenient to say A is the generator of {S(t)}+>0
in the same sense as Pazy [11].

Since in a Hilbert space there is one to one correspondence between the max-
imal monotone operators and the semigroups of contractions [11] we will switch
frequently between semigroups and the maximal monotone operators generating
them.

Definition 1. Let f be a proper ls.c. function from H to R U {oco} such that
K C Dom(f) and suppose there exists xg € A71{0} such that f(zo) = min(f) :=
min{f(z):x € H}. We say f is Lyapounov for {S(t)};>o if

f(S@)z) < flz) VeeK, t=0,
and strictly Lyapounov if
f(St)x) < f(x) Yz e DA\ A0}, t>0.

Note that the function f(x) = ||z—xl|? is a Lyapounov function for the semigroup
{S(t)}+>0 generated by a maximal monotone operator A if zop € A=1{0}.

Let us recall the notion of porosity before proceeding further. Let (X, d) be a
complete metric space and B(z,r) the closed ball centered at x € X and of radius
r > 0. We say a subset £ C X is porous in (X, d) if there exist a € (0,1) and 9 > 0
such that for each r € (0,7¢] and for each z € X, there exists y € X satisfying

B(y,ar) C B(z,r) \ E.

A subset of the space X is called o-porous in (X,d) if it is a countable union of
porous subsets in (X,d). Several other notions of porosity are available in the
literature but we use the strong notion used by Reich and Zaslavski [17]. Also, in
the definition of porosity the point z can be assumed to be in E. Since porous sets
are nowhere dense sets, all o-porous sets are of the first category.

3. CONVERGENCE THEOREM

We begin this section with a counterexample showing that even though a contin-
uous convex function f is strictly decreasing along the trajectories of {S(¢)}+>0, for
some a1 € H, f(S(t)a1) does not converge to min(f).

Example 1. Let H = R, define A: R — R as
r—1 if >1
Az =<0 if |z| <1
r+1 if z<-1.
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Define f : R — R as f(z) = 22. Clearly A is a maximal monotone operator
and A~1{0} = {z : |z| < 1}. The function f is continuous convex function and
f(0) = 0 = min(f),0 € A~1{0} and f is strictly Lyapounov for the semigroup
{S(t)}+>0 generated by A. For all a; > 1, S(t)a; — 1 so f(S(t)a;) — 1, not
min(f), as t — oo.

For this A, and a different continuous convex f, we would hope to get f(S(t)a;) —
min(f) if f is minimised at all points of A=1{0}, i.e. A=1{0} C f~*{0}. Because if
S(t)a; — 1 € A~H{0} then f(x1) = min(f) and by continuity f(S(t)a1) — f(z1).
The next proposition shows that even though A=1{0} C 9f~1{0} and f is strictly
decreasing along the trajectories of {S(t)};>0 and A71{0} = {x¢}, for some a; €
H, f(S(t)a1) does not converge to min(f).

Proposition 1. There exists a real valued convex continuous function f on H such
that min(f) = f(zo), xo € H, f(x) > f(xo)Vx # 0, and a semigroup {S(t)}i>0
of contractions on a closed convex subset C of H containing xo such that {z € C :
S(t)x =z ¥Vt > 0} = {xo} and f is strictly Lyapounov for {S(t)}+>0, and a1 € C
for which f(S(t)a1) /4 min(f) as t — oo.

|2

Proof. Let H = [ and let f : [> — R be given by f(z) = H:CTV:U € 2. Let
{Sa(t)}+>0 be the semigroup on the positive cone C = {x € I : z = (;);>1, all 7; >
0} generated by d¢, as given by Baillon [3]. To recall the definition of {S () }+>0

and ¢, let us recall a few definitions and results from [3].
The function fy : R? — R, for A > 0, is defined as

f)\(x7y) - {

In polar coordinates

[arc‘can(%)])‘(ac2 + yQ)% ifx >0,y >0,

00 otherwise.

Iz, y) = ie:p>0and 0<0<7/2

00 otherwise.

(E—Q)Ap " {x:pcosﬂzo, y=psinf >0

For A > 1, f\ is a convex Ls.c. function with subdifferential 0fy. For o = (;)i>1,
all a; > 0, and A = (\;)i>1, all \; > 1, ¢ : 12 — RU{oo} is defined as

da(x) = arfa, (1, 22) + - + anfir, (Tny Tny1) + - .

For a; = (1,0,0,...), and \; = %Zb_ilbi, withb > 1, Baillon [3] has chosen « such

that

. 1
(2) Jim [1Sa(t)ar]] > .

Also, 0 is the only fixed point of {S,(t)}i>0 as ¢a(z) > 0 Va € 12, and ¢u(z) =
0 = f(zi,xiy1) = 0 Vi = x; = 0 Vi. To see that f is strictly Lyapounov for
{Sa(t)}+>0, we note that for all x € D(9¢,) \ {0}

+
Cthf(Sa(t)x) = (Vf(x), =05(x)) = (x, =0} (1)) < —da(x) <0,

t=0
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where 0¢% () denotes the element of minimal norm in d¢,(x). Hence f(S,(t)x) is
a strictly decreasing function of ¢. Also by (2), for a; € C

a 2
F(Sa(t)ay) = el

The idea of regularity that we use was essentially already given in [17], page 4,
and it had previously been given in [16], page 1005, in the study of discrete descent
methods.

/4 0=min(f) as t— oo. O

Definition 2. A Lyapounov function f for a semigroup {S(t)}+>o is called regularly
Lyapounov for {S(t)}+>¢ if for each positive integer n there exists a positive number
d(n) (depending on n) and for every x in D,, where D, = {x € D(A) : ||z|| <
n, f(z) > min(f) + 1}, there exists a(z) > 0 such that

f(2) = f(S()) > t5(n) V't € [0,a(x)).

Note that a regularly Lyapounov function f for a semigroup {S(t)}+>0 is also
strictly Lyapounov for {S(t)};>0 if f(x) > min(f)Vz € D(A)\ A~{0}.

Theorem 1. Let f be a regularly Lyapounov function for the semigroup {S(t)}i>0.
Then for every x € D(A)

lim f(S(t)x) = min(f).

t—o00

Proof. Let if possible, for some z € D(A),
lim £(S(t)x) # min(f).
Then there exists some positive integer N such that
f(S(t)x) > min(f) + %, Vit >0.
Since all the trajectories of the semigroup {S(t)}+>0 are bounded, ||S(¢)x| is bound-
ed, say by M. Let m = max(N, M) then
S(t)xr € Dy, Vit>0.

Since f is regularly Lyapounov for {S(t)}+>0 there exists a positive number 6(m)
such that for each x € D,, there exists o > 0 such that

flz)— f(S(t)x) > to(m), Vtel0,aq

Let V.= {T : f(z) — f(S(1)x) > 76(m) V7 € [0,T]}. Then V is a nonempty
subinterval of [0, 00). We claim V' is open and closed in [0, 00). To see V' is open in
[0,00) let T € V be given. Since S(T)x € D,, there exists o/ > 0 such that

(3) f(S(T)z) = fF(S®)S(T)x) = td(m) Vit e [0,a].
Also T € V implies
(4) flx) = f(S(T)z) = T5(m).

Adding the inequalities (3) and (4) we get
(5) f(x) = f(SEt+T)x) > (t+T)5(m) Vtel0,d].
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Thus [0,T + &'] CV, and V is open.
To see V is closed in [0, 00), let (¢,)02, € V and ¢, /'t as n — oo, t > 0. Then for
every n we have

F(2) = F(S(M)) = f(2) = F(S(ta)) (as t — F(S(t)a) is decreasing)
>t,0(m) (as t, € V), giving
f(x) = f(S@)z) = t6(m).
Hence t € V. Now V is a nonempty open and closed subinterval of [0,00), and
therefore V' = [0, 00). Hence for every t € [0,00), f(z) — f(S(t)x) > to(m). There-

fore by taking the limit as ¢ — oo, we get lim; o f(S(t)x) = —oo, contradicting
the fact that f is bounded below. O

Remark 1. If f is uniformly continuous on bounded subsets of K then in Theorem
1, f(S(t)z) — min(f) ast — ooV € K.

Remark 2. Tt is interesting to note that if we assume f to be bounded below and
A7H0} # 0 instead of assuming f to be minimized at xo € A~'{0} in the defi-
nition of Lyapounov function (Definition 1), and by replacing min(f) by inf(f) in
Definition 2, then in Theorem 1 for every x € D(A)

Jim £(S(t)2) = inf(f),
and this further gives us f(z¢) = inf(f) Vo € A~1{0}.

Remark 3. We note that the conclusion of Theorem 1 holds true for a general
w-semigroup (in the sense of Pazy[11]) if all the trajectories are bounded. The
trajectories will be bounded if level sets of f {x : f(z) < ¢} are bounded.
Proposition 2. Let f be a Lyapounov function for the semigroup {S(t)}+>0 gen-
erated by A on K = D(A) and suppose %f(S(t):r)] . exists for every x € D(A).
t=

Then f is regularly Lyapounov for the semigroup {S(t)}i>0 iff for each positive
integer n there exists hy, > 0 such that

dr
f(S(t)x)] < —hy, VYzeD,.
dt =0
Proof. = Let f be regularly Lyapounov for the semigroup {S(t)}+>0. Let n be

a positive integer and x € D,. Then by Definition 2 there exist positive numbers
d(n) and a(x) such that

f(x) = f(S(t)x) = td(n) Vitel0,a(z))

Therefore

) — X +
i L&) = F(5®2) Cclltf(S(t)a:)} > §(n).

t—0+ t =0
<= Let n be a positive number and z € D,, be given. Then by the given assumption
there exists h, > 0 such that %f(S(t)x)] . < —hy,. Let &' = %" Then there
t=
exist o/(z) > 0 such that

dr
0| -

t=0

<& Vte|0,d(x)).

f(S(t)z) - f(fL")'
t
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Therefore for all t € [0, &/ (z)),

f(S@t)z) — f(z) _d* ’ ) hn
" < %f(S(t)x) t:0+6 < —h,+0 = -

Thus we have positive numbers §(n) = %” and o (z) such that for all z € D,
f(S(t)x) — f(=)
t

Corollary 1. Let f be a proper convex l.s.c. function on H which attains its min-
imum. We take the maximal monotone operator A to be Of, and take {S(t)}i>0 to

be the semigroup generated by Of on D(Of) = K. Then f is reqularly Lyapounov
for the semigroup {S(t)}+>0, andVz € K

f(S(t)x) — min(f) as t— oo.

< —=4(n) Vte|0,d(x)). O

Proof. 1t is already shown in [5], Theorem 3.2 that

d* S = d+s 2<0 Vt>0, V K
() = | s@el <0 vis0, vaek
Also for x € D(0f),
©)  fsw) ﬂ _ H[‘ﬁsu)} L jor@)?
dt X t:0— dt X - = X .

Let g € {x € K : f(z) = min(f)}. Then Vz € D,, we have

< f@) ~ fwo) < (@~ 70,00°(2)
< Jlo = wolll0f°(2)]
< (n-+ |20l 10°()].
Thus

o 1
7 0@ > oo

Hence by (6) and (7),

dr
s
Therefore by Proposition 2 and Theorem 1,
f(S({t)xr) —» min(f) as t— oo Vae D(If).
Also by [5] Theorem 3.2, S(t)x € D(0f) Va € K and t > 0. Hence for all z € K,
f(S(t)x) — min(f) as t— oo. O

_ <M>2 — —h, (say) Vaz€ Dy

t=0

Remark 4. For S, (t) and ¢, as given by Baillon [3] we have
(1) Sq(t)xr — 0 = point of minimum of ¢, Vz € C.
(2) Sa(t)x 4 0 for x =a; € C.
(3) ¢a(Sal(t)z) — ¢a(0) =0 Ve C.
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4. GENERIC CONVERGENCE

In this section we investigate the generic convergence of the convex Lyapounov
function f along the trajectories of a set of semigroups. This set consists of the
semigroups generated by a class of perturbations of the maximal monotone operator
A. Instead of working with these semigroups, we will be dealing more with the
maximal monotone operators generating them.

Under the mild assumption that f(Prxx) < f(z) for all x € H, the following
proposition gives many conditions equivalent to f being Lyapounov for {S(t)}+>0.
Brezis has considered these conditions in [5], Theorem 4.4 and [5], Proposition 4.6.

Proposition 3. Let A be a mazimal monotone operator, and {S(t)}+>0 the semi-

group generated by A on K = D(A). Let f : H — RU {oo} be a convez l.s.c.
function and K C Int D(f). Consider:

(1) f(S(t)x) < f(z) for allz € K, t> 0.

(2) For all x € D(A) and all z € 0f (x), (2, A°z) > 0.

(3) For all x € D(A) there exists z € Of (x) such that (z, A°z) > 0.

(4) For allz € D(A) and ally € Ax, there exists z € Of (x) such that (z,y) > 0.
Then 1= 2= 3= 1 and 4 = 3. Suppose f(Pxx) < f(z) for all x € H, where Pk
is the nearest point projection on K, then 1 = 4.

Proof. We only show 1 = 2 and refer to [5] for the rest of the proof. Let z € D(A)
and z € df(x), then for all y € H

fy) = f@) 2 (z,y —2).
In particular for all ¢ > 0
f(S@t)z) — f(z) = (2, 5(t)z — z),
which with condition 1 implies
(z,8(t)x —x) <O0.

Dividing by ¢ > 0 and letting ¢ go to 0 we obtain (z, —A°x) < 0. O
Proposition 4. Let A be a mazimal monotone operator, and {S(t)}+>0 the semi-
group generated by A on K = D(A). Let f : H — RU {oo} be a convez ls.c.

function, minimized at a point xy, and K C Int D(f). Then the following are
equivalent:

(1) For each positive integer n, there exists 6(n) > 0 such that for every x in
D,,, there exists a(x) > 0 such that

f(S@t)z) = fz) < =td(n) Vi€ [0,a(x)).
(2) For each positive integer n, there exists hy, > 0 such that for all x € D,, and
all z € Of (x), (2, A°x) > hy,.
(3) For each positive integer n, there exists hy, > 0 such that for each x € D,

there exists z € Of (x) such that (z, A°x) > hy,.
(4) For each positive integer n, there exists hy, > 0 such that for all x € D,

"(z,A°z) = max (2, A°x) > h,,
FlaA°) = max (s, 4°0) >
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where f'(x, A°x) denotes the right hand directional derivative of f at x in
the direction of A°x.

Proof. To see 1 = 2, let 1 hold. Let n be a positive integer, and take d(n) to satisfy
1. Let = € D,,. By 1, we take a(x) > 0 such that

(8) f(S8(W)z) — f(x) < —té(n) Vi€ [0,a(z)).
Let z € 0f(z) i.e.
fy) = f@) =2 (zy—x) VyeH.
In particular for all ¢ > 0,
f(SB)x) = f(z) = (2, 5(t)x — ).
Dividing by ¢ > 0 and using (8) gives for all ¢ € (0, a(x)),
—5(n) > (z, S(t)j_%.
Taking the limit ¢t — 0T gives
—d(n) > (z,—A°x).
Obviously, 2 = 3 = 4. To see 4 = 1, we follow the proof that (iii) = (i) in

Proposition 4.6 of [5]. Let 4 hold. Let n be a given positive integer. By 4, take
hy,, > 0 such that

(9) f(x,A°z) > h, Y € Dy,

Let x € D,,. Since f is convex and continuous at x, it is Lipschitz in a neighbourhood
of z. Thus, t — f(S(t)z) is Lipschitz on [0, aq ()], a1(z) > 0, and there exists L > 1
such that

(10) [f(S(t)x) = f(S(t2)2)| < LIS(E)z — S(t2)zl| Vi, b2 € [0, ar(a)].
Choose

. 1
(11) a(z) = min(a; (z) ).

"2nL(||A°z| + 1)
Then we claim S(t)x € Doy, Vt € [0, (z)]. Let ¢t € [0, a(x)]. Note that

(12) [1S@)z]| < [[SO)z — 2| + ||=||
< tf| Az + |[=||
A% .
= LAz + 1) +n  (using (11) and = € D,,)
<l4+n
< 2n.
Also
(13) |f(S(t)x) = f(2)] < L||S(t)x — || (using (10))
< Lt||A°z||
1
<L A° i 11
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1
< —.
— 2n
Therefore,
(14) f(5(t)x) —min(f) = f(S(t)x) — f(z) + f(z) — min(f)
> ;—; + % (using (13) and = € Dy,)
1
2

Since S(t)x € D(A), (12) and (14) establish our claim. Suppose t — S(t)z and
t— f(S(t)z) differentiable at tg € (0, (z)). For all z € 9f(S(to)z), and all v € H,
f(s(

f(v) = F(S(to)x) = (2,0 = S(to)).
So taking v = S(tp — €)x, € > 0,

f(S(to — e)x) — f(S(to)z) S(to — )z — S(to)x

. > (z, ; ).
Let € \, 0,
- 80| 2 (e A5(10)0),
to
Thus

- 50| = o 45 (0)e)

to
> h,  (using (9) as S(tg)x € Day,).

Then integrating gives
F(S(t)2) — f(z) < ~thy VEE [0,a()]. O

Note that these equivalent conditions give us the flexibility to use the definition of
Lyapounov and regularly Lyapounov function for the semigroup {S(¢)}+>0 in terms
of its generator A.

5. ASSUMPTIONS

The following assumptions A(4.1)-A(4.5) will be assumed when specified.

A(4.1) A is a maximal monotone operator on H.

A(4.2) fisa convex Lyapounov function for the semigroup generated by A, Xy
a nonempty closed bounded convex subset of A71{0}, f(x¢) = min(f)
for all zg € Xo, and D(A) = K C Int D(f).

A(4.3) D(A) is a convex subset of H.

A(4.4) For each x € D(A), Ax does not contain a line.

A(4.5) For all x € H, f(Pxz) < f(x).

We give examples of a maximal monotone operator A, set X, and function f,

for which either all the assumptions A(4.1)-A(4.5) hold or one of the assumptions
does not hold.
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Example 2. We take H = L?[0,1], where L?[0,1] denote the set of equivalence
classes of all Lebesgue measurable functions u : [0, 1] — R satisfying

1
(15) /0 lu(x)|*dz < oo;

we identify the functions that are equal almost everywhere on [0,1]. Let D(A) =
{u € L?[0,1] : o/, u” € L?0,1],4/(0) = v/(1) = 0}, and A(u) = —u" for u € D(A).
Thus A is defined on the set of equivalence classes each containing a function w :
[0,1] — R which is differentiable, with derivative v’ which is absolutely continuous
on [0,1] and satisfies v/(0) = u/(1) = 0, and whose derivative, which exists a.e., is
in L2[0,1], not just L'[0,1]. Let f : L?[0,1] — R be given by f(u) = |jul|?>. Let
Xo = {0}. Then A, Xy, and f satisfy assumptions A(4.1)-A(4.5).

Proof. One checks that A is densely defined, linear (giving A0 = 0), and monotone
(since for u € D(A), (u, Au) = —(u,u”) = (u/,4') > 0). One checks R(I + A) = H.
Therefore, A satisfies A(4.1). The function f is convex and f(0) = 0 = min(f).
Also K = D(A) = H C Int D(f) = H and f is a Lyapounov function for the
semigroup {S(¢)}+>0 generated by A as for all u € D(A),

d+
CHSWu)| = —(Vf(w), Au) = (2uu") = 20wy < 0.
t=0

Therefore, f and Xy satisfy A(4.2). Since A is linear and single valued, A(4.3)
and A(4.4) hold. For each u € H, as K = H, Pxg(u) = u, and therefore A(4.5)
holds. O

Example 3. Let H =R, define A:[0,1] — R as

(—00,0] ifz=0
x ifo<z<1
[1,00) ifz=1.

Ax =

Define f : R — R as f(x) = 22. Let Xy = {0}. Then A, X, and f satisfy
A(4.1)-A(4.5).

Proof. Clearly A is a maximal monotone operator and satisfies A(4.1), A(4.3) and
A(4.4). fis a convex function and f(0) = 0 = min(f), 0 € A~1{0}. The function
f is Lyapounov for the semigroup {S(¢)}:+>0 generated by A as for each x € [0, 1],
noting {S(t) }+>o0 is a semigroup of contractions, f(S(t)z) = ||S(t)z||* < [|z||* =
f(z). Therefore f and X satisfy A(4.2). To check A(4.5), we note that

0 ifz<0
Pg(x)=<x if0<z<1
1 ifz>1.
Thus f(Pk(z)) < f(z) and A(4.1)-A(4.5) all hold. O

In our next example we use the maximal monotone operator A, whose domain is
not a convex set, as given by Simons[18].
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Example 4. Let H = R?, define ¢ : R> — RU {oo} as
V(1—y/1—2%), if |z1] V]z| <1
S, ) = {m (= VI=a), i |V fos| <

00 otherwise.

[

Let A = 0¢ and define f : R? — R as f(z) = HIT Let Xo = {0}. Then A, Xy and

f satisfy assumptions A(4.1)-A(4.5) except A(4.3).

Proof. Note that ¢ is a proper convex l.s.c. function on R%. Therefore d¢ is a
maximal monotone operator. Also (0,0) € A~((0,0)). We note that D(¢) =
{(z1,22) « |21] < 1, |2o| < 1}, D(9¢) = D(¢) \ {(21,22) : 31 = £1,|wa| < 1},
and K = D(0¢) = D(¢). Clearly A satisfies A(4.1), A(4.4) but not A(4.3). The
function f is convex and f(0) = 0 = min(f). Also K C Int D(f) = H and f is a
Lyapounov function for the semigroup {S(t)};>0 generated by A as for each z € K,

d+

—f(S(t)z) = (Vf(z),—A°z) = —(z,A°z) <0.

dt e
Therefore, f and Xy satisfy A(4.2). To see A(4.5), we note that, for each z € R?,
||Pr ()| < ||| as (0,0) € K and Py is a contraction. Therefore, for each x € R?,

P (z)]]? z|?

Therefore, A(4.5) holds. 0
Example 5. Let H = R? K = {(2,0) : 0 < z < 1}. Let A = 0l where, we recall,

Ic(z,y) = {0 if (z,y) e K

oo otherwise.

Define f : R? — R as

) = lI(z, )%
Let Xo = {0}. Then A(4.4) does not hold but all of A(4.1), A(4.2), A(4.3) and
A(4.5) hold.

Proof. Note that Xy = {0} and A is a maximal monotone operator and (0,0) €
A(z,y)V(xz,y) € K. Clearly A satisfies A(4.1), A(4.3) but not A(4.4). f is a
convex function and f(0,0) = 0 = min(f). Also K = D(A) C Int D(f) = H and
f is a Lyapounov function for the semigroup {S(t)};>0 generated by A as for each
(z,y) € K, f(S{t)(x,y)) = f(x,y). Therefore, f and Xy satisfy A(4.2). To see
A(4.5), we note that, for each (z,y) € R2, ||Px(z,v)|| < ||(z,v)| as (0,0) € K and
P is a contraction. Therefore, for each (z,y) € R?,

F(Px(z,y) = [P (@, 9)lI* < (@, 9)lI* = f(z,).
Therefore, A(4.5) holds. 0

Example 6. Let H =R? K = {(z,y):x —1<y<z+ 1,2 € R} and A = dlg.
Define f : R? —» R as

fla,y) =y
Let X be any nonempty closed bounded convex set of {(z,0) : |x| < 1}. Then
A(4.5) does not hold but all others, A(4.1)-A(4.4), hold.
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Proof. A is a maximal monotone operator and A(z,y) = {(0,0)} for all (z,y) €
Int K. Clearly A satisfies A(4.1), A(4.3) and A(4.4). f is a convex function and
f(z,0) = 0 = min(f)Vz : x| < 1. Also K = D(A) C Int D(f) = H and f
is a Lyapounov function for the semigroup {S(¢)}+>0 generated by A as for each
(x,y) € K, f(S(t)(x,y)) = f(x,y). Therefore, f and Xy satisfy A(4.2). To see
A(4.5) does not hold, we note that Px(3,0) = (2,1) and f(Pk(3,0)) = f(2,1) =
1> £(3,0)=0. O

The following proposition is a simple perturbation result which will help us to
define the collection of bounded perturbations of A. To prove it we use [5], Theorem
2.4, Lemma 2.5, and the argument used in [5], Proposition 2.10. Let us recall a single
valued operator A : C — H, C a convex subset of H is said to be hemicontinuous
if for each z,y € C, A((1 — t)z + ty) — Ax (weak convergence) as t — 0.

Proposition 5. Let A be a mazximal monotone operator satisfying A(4.3). Let
A" : D(A") C H— H be such that :

(1) D(A) € D(A"),

(2) A’ is single valued, hemicontinuous and monotone on D(A), and

(3) A" maps bounded subsets of D(A) to bounded sets.

Then A+ A" is a mazimal monotone operator.

Proof. Since A’ is monotone on D(A) there exist a maximal monotone extension A’

of A" |p(a) such that D(A") € D(A) = K. To show A + A’ is maximal monotone
we show that

(a) A+ A’ is maximal monotone, and
(b) A+ A=A+ A
To see (a), let y € H be arbitrary. We write A’y = % for the Yosida

approximation of A’. Since A and A’ are maximal monotone, for A > 0 there is
xz)x € D(A) such that y € z) + Az + A’\z). Since D(A)(D(A") # 0, ||z is
bounded by Lemma 2.5 of [5]. Therefore, by condition 3 of this Proposition, ||A’x,]|
is bounded as A — 0. Denoting the element of minimal norm in the closed convex
set A’z by (A")°x) we get
[ A" \axl| < [[(A) sl < A"zl

Therefore || A’)xzy || is bounded as A — 0 and by [5], Theorem 2.4, A+ A’ is maximal
monotone. To establish (b), we use the argument used in [5], Proposition 2.10.
Clearly, A4 A" C A+ A’. For the reverse inclusion we first show that for each
x € D(A), Alx C A'x + 0lIgx. Let © € D(A) and z € A’z. Since A’ is monotone
we have

(Aly —z,y—x) >0 Yye D(A).
In particular putting y = y = (1 —t)z +tu, t € (0,1), w € D(A) in the above
inequality we get

(A'yy —z,u—2) >0 Vue D(A),te(0,1).

Taking the limit as ¢ — 0 and using the hemicontinuity of A’ on D(A) we get

(Alz —z,u—2x) >0 Vue D(A),
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which holds true Vu € K, implying z € A'z+0Ixxz. Thus A+ A’ C A+(A' +0Ix) =
A"+ (A + 0Ik). Since A + Ik is a monotone extension of A, A + dlx = A,
establishing (b). O

Definition 3. Let A, Xy and f satisfy A(4.1), A(4.2) and A(4.3). Let A! be
the set of monotone operators A' which may be written as A' = A 4 A’ where
A’ : D(A) C H — H satisfy the following:

(1) A’ is single valued, hemicontinuous and monotone on D(A),

(2) A" maps bounded subsets of D(A) to bounded sets,

(3) (A+ A"z 3 0 for some zp (depending on A’) in Xy,

(4) for each x € D(A) and z € 9f (), (z, (A + A")°x) > 0.

Definition 4. Let F! be the set of monotone operators A' = A + A’ of A such
that for each positive integer n there exist a positive number h,, > 0 such that for
each z in D,,, where we recall D,, = {x € D(A) : ||z|| < n, f(z) > min(f)+ 1}, and
all z € 0f(x),

(z,(A+ A)°zx) > hy,.

Proposition 6. If A satisfies A(4.1), A(4.3) and f satisfies A(4.2) then f is Lya-
pounov for each semigroup {S'(t)};>0 generated by A' in A' and regularly Lya-
pounov for each semigroup {S*(t)}t>0 generated by Al in F*.

Proof. Let Al = A+ A" € A! be given. Since A satisfies A(4.1), A(4.3) then by
Proposition 5, A! is a maximal monotone operator. Also Alzy = Azg + A'zg 2 0
for some g (depending on A’) in Xy. Let {S'(¢)}+>0 be the semigroup generated
by A'. By Proposition 3, 4 of Definition 3 implies

f(S*(t)x) < f(z) Ve K=D(A),Vt>0.
Hence f is Lyapounov for the semigroup {S'(¢)};>0. Now let A! = A+ A’ € F!
and n be a positive integer. Then there exists a positive number h,, > 0 such that
for each z in D,, and z € 0f(x),
(z,(A+ A)°x) > h,.
Hence by Proposition 4, f is regularly Lyapounov for the semigroup {S*(t)};>0. O

The next proposition is a simple but interesting geometrical result which will help
us to equip A' with a metric, so that we can see that the subset F! of A! is large.

Proposition 7. Let C be a nonempty convex subset of a linear space X. Then
there exists 0 # x € X such that C+ 2 = C < C = J o L+ ¢ for a nonzero linear
subspace L of X.

Proof. = Let there exist a nonzero x in X such that C +x = C. Let L = {\x :
A € R}. Then for each ¢ € C, L 4 ¢ is an affine set containing ¢ and

cclJL+e
ceC
For the reverse inclusion we show that for each ¢ € C, L + ¢ C C. For each c € C
and for each integer n, using C' + x = C, we get

(16) c+nx e C.
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Let Ax+c¢, for a real number A, be any arbitrary element of L+ c. Choose a positive
integer n such that |A\| <n and let u = % Then p € [0,1] and A = £nu. Then by
(16) and the convexity of C' we get

At +c=xnpz+c—pc+ pe=(1—p)e+ pu(ctnx) € C.

Hence,
C= U L+ec.
ceC
<= Let C = U, L + ¢, for a non zero linear subspace L of X. Let x be a non
zero element of L. We have

C+x:(UL+c)+x:UL+c:C. O
ceC ceC

Proposition 8. Assume A(4.1) to A(4.5). Letd: A' x A* — R be defined as

1 dy (Al A2)

1 2
AL A =Y T T )

n=1
for A = A+ A" and A2 = A+ A" in A', where for each integer n, d,(Al, A?) is
defined as

dn(A', A?) = sup{|| A’z — A"z|| : ||z|| < n, z € D(A)}.
Then (A',d) is a complete metric space.

Proof. In view of Proposition 7 and A(4.4), note that if A* € A' can be represented
as Al = A+ A" and A' = A+ A” then A’ = A”. It is easy to see that (A!,d) is a
metric space. For completeness, let (A" = A + A(”))%":1 be a Cauchy sequence in
(Al d), where A™ satisfy 1-4 of Definition 3. Then for each z € D(A), (AMz)e
is a Cauchy sequence in H and hence converges. We define B : D(A) — H as
Bz = lim A™z.
n—oo

In fact A — B uniformly on bounded subsets of D(A) and d(A+A™  A+B) — 0
as n — 00. We check B satisfies 1-4 of Definition 3. Note B is a single valued
monotone operator on D(A). To see B is hemicontinuous on D(A), let z,y € D(A).
Let z be an arbitrary nonzero element of H. Then A" — B uniformly on the
bounded subset {x +t(y —z) : 0 < ¢t < 1} of D(A), so for € > 0 there exists a
positive integer p such that

JA® (@ + by - 2)) = Bl + tly - )| < gr—

Vn>p 0<t<l1.
3=

In particular,

(17) IAP (@ + t(y — 2)) = Bz +t(y — )| <

€

for 0 <t < 1.
3|zl

Also A®) is hemicontinuous so there exists 6 > 0 such that

(18) |<A(p)(w+t(y—x))—A(p)x,zﬂ<§ Vi 0<t<d.
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Choose § = min(1,4'), then by (17), (18) we have for all ¢ € [0, §)
[(B(z + t(y — x)) — Bz, 2)|
= |(B(z +t(y —2)) — AP (z + t(y — z))
+ AP (g +t(y —x)) — APz + AP g — By 2)|
<||B(z + t(y — z)) — AP (@ + t(y — ))|l] |
+ (AP (2 4+ t(y — 2)) — APz, 2)| + | APz — Ba||2||

- e
3|2 3|z
Hence B is hemicontinuous. Also B is monotone, so 1 holds. We check 2. Let S

be a bounded subset of D(A). Then A™ — B uniformly on S and there exists a
positive integer m such that

€
Il + 3 + gyllzll =«

(19) |A™Mz — Bz| <1 VzeS Vn>m.
Since Az is bounded on bounded subsets of D(A), there exists M > 0 such that
(20) Az <M Vazeb.

By (19) and (20), B is bounded on bounded subset of D(A).

We check 3. By 3 of Definition 3, for each n there exists x,, € Xy such that
Az, = (A+ A(”))mn > 0. Since X is a bounded set, (x,) has a weakly convergent
subsequence, say (xn, ), converging to zg € Xo. Since A" = A + A™) is monotone,
for all z € D(A),y € Az,

(0= (y+ Bx),z0 —z) = lim (0 — (y+ A™z), z,, —2z) > 0.

Thus (A+ B)xg 2 0 since A+ B is maximal monotone, by Proposition 5. For 4, let
x € D(A) and let (A + B)°x = y° + Bz, for some y° € Az. In view of Proposition
3 it suffices to show that there exists z € df(x) such that (z, (A + B)°z) > 0. Also
for each n, A+ A = A" € A' = for all z € Of(z), (z, (A + A™)°z) > 0. This
implies, by 4 of Proposition 3, for each 3° + Az € A"z there exists z, € df(z)
such that
(zn,y° + AWz) > 0.

Since zy, € 0f(x) and 0f(x) is bounded, (z,) has a weakly convergent subsequence,
say (zn,), converging to z € df(z). Thus

(z,(A+ B)°x) = klim (g, y° + AP z) > 0.
— 00
Hence, A+ B € A' and (A',d) is a complete metric space. O

We show the significance of the condition that X is bounded. Here we give an
example of A, f and X satisfying A(4.1) to A(4.5) except that Xy is unbounded,
and show that (A!,d) is not a complete metric space. Let H = R, define A: R — R
as Ax = 0 for every x € R. Let f : R — R be any convex continuous monotone
decreasing function satisfying f(z) = 0 Vz € [0,00). We assume Xy = [0,00).
Let B : R — R be a continuous monotone increasing function such that Bx — 0
as * — 0o. Let A™ : R — R be given as A™ = B + %I. Then A + A" ¢ A,
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A+ A™ — A4+ Basn — oo, but A+ B ¢ A! as there does not exist any = € R
such that (A+ B)z = 0.

Theorem 2. Assume A(4.1) to A(4.5) and let Of be bounded on bounded subsets
of D(A). Then A'\ F' is a o-porous subset of the complete metric space (Al,d).

Proof. For each positive integer n, we recall D,, = {x € D(A) : ||z|| < n, f(z) >
min(f) + 1}, and define

Q,={A'=A+ A cA: inf (z,(4")%2) =0}.
zEDp
z€0f(x)

Then
U Qn=Aa"\ 7"
n=1

Therefore, it suffices to show that, for each positive integer n, {1, is a porous subset
of A'. Let n be given. So we need to show there exists r, > 0 and « € (0, 1) such
that for each r € (0, 7o) and for each A' € Q,, there exists A} € A" satisfying

(21) B(Al,ar) € B(A',r)\ Q,

where B(A}/, ar) and B(A!,r) are closed balls of the metric space (A!,d). Since f
is bounded on bounded subsets of D(A) choose M,, > 1 such that

(22) |zl < M,, Vzedf(x),xe€ D(A), |z] <n.
Let
(23) [ Xoll = sup{||z|| : € Xo}.

Let S =>2°, & and choose a € (0,1) such that

21
(L=a)(S+ [ Xoll+1)~"

(24) 2" oM, <
n

Let 7o = 1 and r € (0, o] be given. Let

B (1—a)r
(25) LaETCEN P AN

Clearly, v € (0,1). Let A' = A+ A’ € Q, be given. By 3 of Definition 3, there
exists xg € Xy such that

(26) (A+ Azo 2 0.
Define A, : D(A) — H as

Alx = Az + y(x — x9), or A}y = A"+ (I — ).

We define A,ly = A+ A, and show that A,ly € Al'. Clearly, Al is a single valued

hemicontinuous monotone operator on D(A), and is bounded on bounded subsets
of D(A). Also, (26) gives Alzg = (A+ Al)zg = (A+ A" +~(I — x0))zo 3 0. Thus
Al satisfies 1-3 of Definition 3. Now we check 4 of Definition 3. Let z € D(A)
and (A%)"x =y, + Az + y(z — x0) for y, € Az. Since A' € AL, (2, (AY)°z) >
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0V a2z e D(A) and Vz € df(x) which in turn implies, by Proposition 3, there exists
z € Of(x) such that

(2,97 + A'z) 2 0
Hence
(z,(A))°x) = {2,y + Az +y(z — 20)) = (2,7(x — w0)) > 0.

Hence, by Proposition 3, 4 of Definition 3 holds and A% € Al. To show (21), we
need to show that

(A) B(A%,,ozr) C B(Al,r), and

(B) B(A#, ar) N, = 0.
To see (A), let B! = A + B’ be an arbitrary element of B(A#,ozr). Let us first
estimate the distance between A' and A%. For each 7, i > 1 we have

di(A}WAl) =sup{[|[Alz — A'z| : ||z]| < i, x € D(A)}
= sup{[|y(z — zo)|| : [lz]| <, w € D(A)} < (i + [[zol)-

Therefore,
201 di(AL AN 1
1 gl 1 < 1 1 gl
)= 3 i <3 fal 0
< 3" A+ lloll) = 7(S + o)

(1 —a)r(S + [lzol) :
= S X+ 1) Y usine (25)
(1—a)r
2
So using the above estimate we get

(by using (23)).

d(B', A') < d(B', A}) + d(AL, AY) < ar + (1_20‘)7" <r,

which establishes (A).

To establish (B), let B! = A + B’ be an arbitrary element of B(A%,ar). Let
& € Dy be given. We show there exists z € df(x) such that (z, (B')°z) > L.
Let (BY)°z = ' + B’z for y € Az. Since y + A’z € A'z and Al € A!, by 4 of
Proposition 3, there exists z € df(x) such that

(27) (z,y/ + A'z) >0

We can write

(28) (2, (BYx) = (2, (BY)w — (yf + AL2) + {2,y + Aa).
Now

(29) (2,9 + Alz) = (2,9 + A'w +y(z — 20))

(2
> (z,7(x — x0)) Dby (27)
> (f(x) = f(z0))
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v

Zi
n

Also
(30) [[(BY°x — (y + ALz)|| = || ALz — B'z|
<sup{||[ALz — B'z| : |z]| <n,z € D(A)} = dn(A}/,Bl).

Since

1 dn(A},BY)
271+ dy (AL, BY)
noting 2"ar < 1 by (24) and (25), since M,, > 1, we get

<d(Al,B") < or,

2"ar
1 do(AL, BYYy < S ——.
(31) (45 )_1—2”a7‘
Combining (30) and (31) gives
2nar
9 Bl 0 — (o + A’ <=
(32) (B2~ (f + )| < o
Using (22) and (32) we get
2nar
Bl 0, / A/ < Mni
(33) e (B2 — (& + )| < My
Substituting (29) and (33) in (28) yields
2nar vy
BYr) > —M,——2" 7
(2 (B)’@) 2 1—2”ar+n
> —2M,2"ar + 7 (as 2"ar < % by (24), (25))
n
i °
——+ — (by (24), (25
> T by (20), (25))
-
=5 > 0.

Hence, by Proposition 4, there exists h,, > 0 such that
(z,(BY°x) > h, VYae& D, Vzecdf(x).
Hence B! ¢ (,,, which establishes (B). O

Remark 5. Note that, in the definition of Lyapounov function, the assumption that
there exists 9 € A71{0} such that f(x¢) = min(f) has two different roles to play.
In Theorem 1 we use A71{0} # () but f need not be minimized (see Remark 2).
Theorem 2 can be proved assuming f is minimized but not necessarily in A=*{0}.
In fact we can assume A~'{0} = () and can redefine the class A' by dropping the
condition 3 in Definition 3, and then Theorem 2 holds true for this class A! too.
Since we wish to use Theorem 1 and Theorem 2 together, we need to assume that
for each of the semigroups generated by the maximal monotone operators in the
class A', there is an equilibrium point zy such that f is minimized at this z.

Another class A? of bounded perturbations of A can be defined by replacing 4
of Definition 3 by a condition that Va € D(A), Vz € 9f(z), (z,A'z) > 0. That
means A2 = {A+ A" : A’ € A"} where A’ € A" satisfies 1-3 of Definition 3 and
Vaz € D(A), Vz € 0f(x), (z,A’x) > 0. Correspondingly we can define the subset
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F2of A2 as F2={A+ A : A’ € F"} where F” is the subset of A” consisting of
A’ such that for each positive integer n there exist a positive number h,, > 0 such
that (2, A'z) > h, Vax € D,, and Vz € 9f(x).

Remark 6. Note that if f satisfies A(4.5) then A? C A! and the conclusions of
Proposition 6 and Theorem 2 hold for A% and F?2.

Remark 7. Proposition 8 for A2 holds true even without assumption A(4.5). Also
without A(4.5), A” is a convex cone and A" \ F” forms a face of the convex cone,
which means if A’ € A", A” € F" then AA' + (1 — \)A” € F" for all X € [0,1).

Remark 8. Under the conditions of Theorem 2, we have (1) holding for all semi-
groups generated by operators in a very large subset of A!, and for all z in K by
Remark 1 after Theorem 1.

Thus, a convex continuous Lyapounov function for a semigroup converges gener-
ically along the trajectories of the semigroups generated by a class of bounded
perturbations of the semigroup generator.

Remark 9. Let us assume Az = 0 Vo € H and denote A' by A, and F! by
Frm-. One can see that Ay, is the collection of single valued everywhere defined
hemicontinuous monotone bounded operators such that f is Lyapounov for all the
semigroups generated by V € Ap,,. By Theorem 2, Fj,,, is a very large subset of
Apm and (1) holds for all the semigroups generated by operators in this very large
subset. Thus a convex continuous Lyapounov function f for a semigroup generated
by single valued everywhere defined hemicontinuous monotone bounded operator
on a Hilbert space H converges generically along the trajectories of the semigroups
in App,.

Remark 10. The results of [17] are not directly comparable with the results of this
paper, although there are common approaches in these two papers. We do not
give the details of a comparison here. If f satisfies A(4.2) then using our notation
and assumptions, the set A given by Reich and Zaslavski [17] is the set of all the
vector fields V' : H — H such that V is bounded on bounded subsets of H and
(2,Vx) >0 Vo e H and Vz € df(z). One can see that the metric p in [17] is the
same as our metric d and Ay, is a closed subset of the complete metric space (A, d).
By Remark 9, [17] Theorem 2.2 holds true for Ap,,. Also V € Ap,, ensures the
existence of u : [0,7] — H such that u/(¢t) = =V (u(t)) a.e. ¢t € [0,T]. Moreover
[17] Theorem 3.2 holds for App,.

The paper [17] has a point of view in which one wishes to minimize the convex
function f, and finds that one can do so by using a very large subset of the vector
fields for which f is a Lyapounov function. In this paper, however, we have started
with the traditional viewpoint of wishing to study stability of an equilibrium point
of a semigroup {S(¢)}+>0, using a Lyapounov function, then proceeding to consider
convergence of f(S(t)z) as a question of interest in its own right. However, the
viewpoint of [17] is appropriate for this paper too.

Remark 11. We would like to draw attention to the monotone operator A}Y in the
proof of Theorem 2. Note that A,ly = A+ A +~(I — x0) is a strongly maximal
monotone operator. We recall that B is a strongly monotone operator if there
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exists ¥ > 0 such that for all (z;,v;) € B, i = 1,2, (1 — 2, y1 — y2) > v||z1 — 222
Let {S%(t)}tzo be the semigroup generated by Al. By [5] Theorem 3.9, for each
r e K, S%(t):z — 1z and hence f(S}/(t)x) — f(xg) = min(f) as t — oco. One can
easily show that the subset A’ of A! containing all strongly monotone operators is a
dense subset of the complete metric space (A, d) and for each semigroup {S*(¢)}+>0
generated by the operators in Al we rather have a stronger result than (1), that is,
for each # € K, S'(t)r — x and hence f(S*(t)z) — f(zo) = min(f) as t — oo.
We found difficulties that did not allow us to show that A! is a very large subset of
AL,

5.1. Not So Generic Convergence. We wish to understand the significance of
A(4.3) and in this subsection we drop A(4.3), the assumption that D(A) is convex.
We define A; and F; as a replacement for A' and F'. We obtain some results
which are weaker than those of Theorem 2. We show the density of F; in A;.

Definition 5. Let A, Xy and f satisfy A(4.1) and A(4.2). Let A; be the set of
perturbations of A which can be written as A = A+ V; where V; : H — H satisfy
the following:

(1) V4 is a single valued, everywhere defined, hemicontinuous, monotone oper-

ator,

(2) V4 is bounded on bounded subsets of H,

(3) (A+V1)xg 3 0 for some zp (depending upon Vi) in Xy, and

(4) for each x € D(A), and Vz € 0f(z), (2, (A+ V1)°z) > 0.

Definition 6. Let F; be the set of perturbations A1 = A + V7 in A; such that
for each positive integer n there exist a positive number h, > 0 such that for each
x € Dy and Vz € 0f(x),

(z, (A+WV1)°x) > hy,.

Recall that the definition of A! needs assumption A(4.3). Therefore, A; C A!
and F; C F1l if A satisfies A(4.3).

Proposition 9. f is Lyapounov for each semigroup {S*(t)}+>0 generated by the
operators in Ay and regularly Lyapounov for each semigroup {S*(t)}+>0 generated
by the operators in JF1.

Proof. Omitted. O
Proposition 10. If A and f satisfy A(4.4) and A(4.5) then (Ai1,d) is a metric

space and Fi is a dense subset of (Ay,d) where
> i dn(A17A2)
" 2n° 1 + dn(Al, Ag)

for Ay = A+ Vi and Ay = A+ Va in Ay, and for each integer n, d,(A;, Ag) is
defined as

d(Aq, Ag) =

dy(Ay, Ag) = sup{||Viz — Vaa|| : |l2l] <, @ € D(A)}.

Proof. In view of Proposition 7 and A(4.4), note that if A; € A; can be represented
as Ay = A+ Vi and A; = A+ Vs then Viz = Vaox for all x € D(A). It is easy to see
that (Aj,d) is a metric space. To see F7 is a dense subset of (A1,d) let A1 = A+V,
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where V] satisfies 1-4 of Definition 5, be any arbitrary element of (A1, d). Let € > 0

be given and let S = 3%, &. Let 29 € Xo be such that (A + Vi)zo > 0. For

7:W>OdeﬁneVW:HﬁHaS
Vi = Viz 4+ v(z — x9),
and
Ay =A+V,.
Then clearly 1-3 of Definition 5 hold for V,. Let x € D(A) be given and let
ASx = yy + Viz + y(x — 0) for some y, € Az. Since A € A; and A(4.5) holds, by
4 of Proposition 3, there exists z € df(z) such that
(z,yy + Vi) > 0,
implying
(2, A%) > {2,(z — 20)) 2 0.
Therefore, by Proposition 3, for each z € 0f(x)
(2, AJx) > 0.
Hence A, € A;. Also for each positive integer n and for all x € D,, we have
(2, AJx) = (z,7(z — 20))
> y(f(x) = f(zo))
i

> —=>0.
n

Therefore, by Proposition 4, there exists h,, > 0 such that Vz € 0f(z),
(2, ASz) > hi.

Therefore A, € F1. Now let us estimate the distance between A; and A,. For each
7 > 1 we have

di(A1, Ay) = sup{[y(z — zo)| « [zl <4, x € D(A)} < ~(i + [lzol])-

Therefore,

> 1 di(Al,A,y) > 1
d(Ai, A,) E 5T+ di (A, Ay) = g 2de(A1,A,Y)

< Zl'”“* o ll) = 4(S + loll)

22
i=1
€
=" ing the val f
CEEYE (S + ||zo||) (using the value of 7 )
< €.
Hence F is a dense subset of (Aj, d). O

Note that each element of 4; is a maximal monotone operator by [5], Corollary
2.5 and Corollary 2.7.

Remark 12. Under the conditions of Proposition 10, we have (1) holding for all the
semigroups generated by operators in a dense subset of Ay, and for all x in D(A).
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Remark 13. There are two main difficulties in obtaining a complete metric space of
bounded perturbations of A, namely,

(a) the sum of two maximal monotone operators may not be a maximal mono-
tone operator, and

(b) the limit of maximal monotone operators may not be a maximal monotone
operator.

The assumption A(4.3) helps us to overcome these difficulties as in Proposition
5 we obtain rather a strong result, that the sum A + A’ is a maximal monotone
operator, although A’ is not a maximal monotone operator. The properties of A’
are further helpful in defining the class A! and showing in Proposition 8 that (A*, d)
is a complete metric space. By dropping A(4.3) and defining a new class A; instead
of A' we overcame (a). Since an extension of a single valued monotone operator
may not be a single valued maximal monotone operator, we could not show that
(A1, d) is a complete metric space.
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