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NONLINEAR ERGODIC THEOREMS FOR NONEXPANSIVE
MAPPINGS IN GENERAL BANACH SPACES

HIROMICHI MIYAKE AND WATARU TAKAHASHI

ABSTRACT. We prove nonlinear ergodic theorems for nonexpansive mappings
and strongly continuous one-parameter semigroups of nonexpansive mappings in
general Banach spaces.

1. INTRODUCTION

Edelstein [6] studied a nonlinear ergodic theorem for nonexpansive mappings on a
compact and convex subset in a strictly convex Banach space: Let C' be a compact
and convex subset of a strictly convex Banach space, let T' be a nonexpansive
mapping of C into itself and let £ € C. Then, for each point x of the closure of
convex hull of the w-limit set w(§) of &, the Cesaro means

n—1
1
Sp(x) = - Z Tk
k=0

converge to a fixed point of T, where the w-limit set w(&) of £ is the set of cluster
points of the sequence {T"¢ :n =1,2,...}.

In 1975, Baillon [3] originally proved the first nonlinear ergodic theorem in the
framework of Hilbert spaces: Let C' be a closed and convex subset of a Hilbert
space and let T be a nonexpansive mapping of C' into itself. If the set F'(T") of fixed
points of 7' is nonempty, then for each z € C, the Cesaro means 1/n ZZ;& Tkx
converge weakly to some y € F(T). In this case, putting y = Px for each z € C,
P is a nonexpansive retraction of C' onto F(T') such that PT'= TP = P and Pz is
contained in the closure of convex hull of {T"z : n =1,2,...} for each x € C. We
call such a retraction “an ergodic retraction”.

In 1981, Takahashi [12, 14] proved the existence of ergodic retractions for
amenable semigroups of nonexpansive mappings on Hilbert spaces. Rodé [10] also
found a sequence of means on a semigroup, generalizing the Cesaro means, and
extended Baillon’s theorem. These results were extended to a uniformly convex
Banach space with a Fréchet differentiable norm in the case of commutative semi-
groups of nonexpansive mappings by Hirano, Kido and Takahashi [8]. Lau, Shioji
and Takahashi [9] generalized Takahashi’s result and Rodé’s result to amenable
semigroups of nonexpansive mappings in the Banach spaces.

Recently, using results of Bruck [4, 5], Atsushiba and Takahashi [2] proved a
nonlinear ergodic theorem for nonexpansive mappings on a compact and convex
subset of a strictly convex Banach space: Let C be a compact and convex subset of
a strictly convex Banach space and let T" be a nonexpansive mapping of C' into itself.
Then, for each x € C, the Cesaro means 1/n ZZ;(I) T* 2 converge to a fixed point of
T. This result was extended to commutative semigroups of nonexpansive mappings
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by Atsushiba, Lau and Takahashi [1]. On the other hand, Suzuki and Takahashi [11]
constructed a nonexpansive mapping of a compact and convex subset C' of a Banach
space into itself such that for some x € C, the Cesaro means 1/n Z;é T*2x converge
to a point of C, but the limit point is not a fixed point of T'.

It is natural to ask whether for a nonexpansive mapping with a compact and
convex subset C of a general Banach space and for each x € C, the Cesaro means
1/n Zz;é T*z converge or not. In this paper, we shall give an affirmative answer
to this problem and also show a nonlinear ergodic theorem for one-parameter semi-
groups of nonexpansive mappings in general Banach spaces.

2. PRELIMINARIES

Throughout this paper, we denote by N and R the set of positive integers and
the set of non-negative real numbers, respectively. We also denote by E a real
Banach space with the topological dual E*. Then, (-,-) denotes the dual pairing
between E and E*. For each x € FE and r > 0, we denote by B(x;r) the open ball
with center z and radius r.

Let C be a closed and convex subset of a Banach space E and let T' be a mapping
of C into itself. Then, T is said to be nonezpansive if | Tx —Ty|| < ||z —y|| for each
z,y € C. We denote by F(T') the set of fixed points of T. Let S = {T'(s) : s € Ry}
be a family of nonexpansive mappings of C into itself. Then, S is said to be a
strongly continuous one-parameter semigroup of nonexpansive mappings on C' if for
each s,t € Ry, T(s)T'(t) = T(st) and for each x € C, the mapping s — T'(s)z is
continuous in the norm topology. We also denote by F'(S) the set of common fixed
points of T'(s), s € Ry.

Let f be a function defined on Ry with values in a Banach space E. Then, f is
said to be (strongly) measurable if f~1(G) is a Lebesque measurable subset of R
for each open subset G of E. A measurable function f is also said to be simple if
the range of f is a finite set. Let F' be a Lebesque measurable subset of R;. For a
simple function s, we define the Bochner integral [, s(o) do of s by

/Fs(a) do = Zm(F/z€ N F)sg,

k=1

where s = s(o) on a Lebesque measurable subset Fj of Ry (k=1,...,n) and m
is the Lebesque measure on R, . A measurable function f is Bochner integrable if
there exists a sequence {s,} of simple functions converging almost everywhere to f
such that

n—oo

lim |f(o) — sp(o)| do=0.
R4
For such a function f, we define the Bochner integral [, f(o) do of f by

/ f(o) do = lim [ s,(0) do.
F

n—oo F

We know that for each Bochner integrable function f and x* € E*,

</Ff(a) da,a:*> = /F(f(a),m*> do
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and

/F #(0) do| < /F 1) do

We also know that a measurable function f is Bochner integrable if and only if || f|]
is Lebesque integrable, that is, fR+ || f(o)|l do < oo. It follows that every strongly
continuous function f defined on R} with values in F is Bochner integrable. For
more details, see Hille and Phillips [7].

3. MAIN RESULTS

First, we prove a nonlinear ergodic theorem, Theorem 1, for nonexpansive map-
pings on a compact and convex subset of a general Banach space. The following
lemma is crucial in the proof of Theorem 1.

Lemma 1. Let C be a compact and convex subset of a Banach space E and let T
be a nonexpansive mapping of C into itself. Then, for each x € C,

171—1 1n—l
- i+h,,  — 7
D B W
=0 =0

Proof. Fix x € C, let € > 0 and let h € N. Since {T"z : i € N} is relatively compact,
there exists a finite subset M of N such that

{T'z:i e N} C U B(T'z;¢/2).
leM

lim sup =0.

"% heN

Then, there exists a k € M such that
|T"z — TFz| < e/2.

So, we have

n—1 n—1

%ZTH% _ %ZTi—i-km

1=0 =0

(3.1)

IN

1 n—1
- Z HTH_hZC _ TH—k:EH
n

i=0

IN

1 n—1
- > T e — Tz
1=0

= |Thae — T*z| < ¢/2.
On the other hand, we have

1 n—1 1 n—1
E i+k E I
=0 =0

1 .
< 2k sup | T’z
n  4eN

and hence
—1 n—1
] 12 . 1 4
lim —E T”kx——g T'z|| = 0.
n—oo || n 4 n 4
=0 1=0

Then, there exists an N € N such that for each n > N,

n—1

l Z Titky — l "Z:l Tix
n n =

=0

(3.2)

<€
2.
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Thus, we have from (3.1) and (3.2) that for each n > N,
1 n—1 1 n—1 1 n—1 1 n—1
- Ti+h - TZ - Ti+h - Ti+k

1 n—1 1 n—1

1 itk + i

- EOT T - E Tz
= 1=0

<S4
-+ - =e.
2

Since € > 0 is arbitrary, we have

n—l
lim su Ty T'x
Jm Z >
This completes the proof. Il

Remark. As in the proof of Lemma 1, we obtain the following lemma:

Lemma 2. Let C be a closed and convex subset of a Banach space E and let T be
a nonezpansive mapping of C into itself such that for each x € C, {T"x : n € N} is
relatively compact. Then, for each x € C,

nfl
- Z T1+h ZZ; Tiy

Theorem 1. Let C be a compact and convex subset of a Banach space E and let
T be a nonexpansive mapping of C into itself. Then, for each x € C,

lim sup

n—1

% Z Ti-‘rhx

1=0
converges uniformly in h € NU {0}.

Proof. Fix x € C and let € > 0. Then, we have from Lemma 1 that there exists an
Ny € N such that for each h € NU {0} and n > Ny,

1 n—1 A 1 n—1 A
(3.3) - E Tithy — = E Tz
n n
=0 i=0

Since C' is compact, there exists a cluster point y of 1/n Z:‘L:_ol T?z. We can choice
an N > Nj such that

(3.4)

1 N-
L3S
=0
So, we have from (3.3) and (3.4) t h t for each h € NU {0},
LN
N Z THJLIL' —y
=0

N-1 N-1

l Tithy — i Z Tix 3
N N
+

%ZTix—y

1=0

+

=0 i=0
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and hence
1 n—1 1 N—-1 1 n—1 N—
- i+ . - l+]
(3.5) s DR DA < nz Z
i=0 =0 i=0 =0
1 N1
<sup|[— » T —y
i>0 szo
€
< —.
-2

Thus, we have from (3.3) and (3.5) that for each n > N,
1 n—1
i
H - Z T'x —y
i=0
= (ol Nl
<15 Z T w2 N Z z|| +
1=0 1=0 7=0

1

=

—1
T’H‘jx —y

n

S|
=z~

o
o

1= Jj=

1n71 1N 11n 1 i
ﬁZTZx Nzn;:ﬂﬂx +3

7=0

IN

~.
[e=]

n—1 n—

. S €
K TV -
T — - ZZ; x| + 5

IN

n—1 n—1

%ZT%— %ZT”%‘

=0 i=0

+e
2

Since € > 0 is arbitrary, 1/n Z?_ol T'x converges to the point y of C. It follows
from Lemma 1 that 1/n) ", ! Tithy converges to y uniformly in A € NU{0}. This
completes the proof. O

Remark. In [11], Suzuki and Takahashi constructed a nonexpansive mapping 7' of
a compact subset C' of a Banach space into itself such that for some x € C, the
Cesaro means 1/n ZZ;& T*x converge, but the limit point is not a fixed point of T'.

Next, we also prove a nonlinear ergodic theorem, Theorem 2, for one-parameter
semigroups of nonexpansive mappings on a compact and convex subset of a general
Banach space. The following lemmas are crucial in the proof of Theorem 2.

Lemma 3. Let C' be a compact and convex subset of a Banach space E and let S =
{T(t):t € Ry} be a strongly continuous one-parameter semigroup of nonexpansive
mappings of C into itself. Then, for each x € C,

1 1
/ T(s+ h)x ds — / T(s)x ds|| = 0.
t Jo tJo

lim sup
t—00 >0
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Proof. Fix x € C, let € > 0 and let h € R;. Since C is compact, there exists a finite
subset M of R, such that

{T(s)x:s€eRL} C U B(T(w)x;€/2).

weM

Then, there exists a k € M such that

IT(h)z — T(k)z| < ¢/2.

So, we have

L[ L[
(3.6) Ht/ T(s+ h)x ds — t/ T(s+k)x ds
0 0

= <1 /Ot(T(s + )z — T(s + k)a) ds, x>

1 t
= sup - / (T(s+h)x —T(s+ k)x,x*) ds
lla*]=1 % J0

1 t
< / IT(s+ h)x —T(s+k)x| ds

< - /HT x—T(k)x| ds

=T (h)z —T(k)z|| <e/2.
On the other hand, since, for each t > k,

Hi/OtT(erk)x ds — 1/OtT(s):c ds

1t 1
= sup </ T(s+k)x ds—/ T(s)x ds,x*>‘
AV t
llz= =1 0 0
I I
= sup / (T'(s+k)x,z") ds—/ (T(s)x,z*) ds
lz=11% Jo tJo
I 1 [k
= sup / (T'(s+t)x,x*) ds—/ (T'(s)x,x™) ds
lz==11t Jo tJo
1 [k I
< sup / (T(s+t)x,z*) ds| + sup / (T(s)z,z*) ds
=11t Jo la=li=11t Jo

1 k
g/ IT(s + D)z ds+/ IT(s)z|| ds
t Jo t Jo

1
< 22k sup [|T(w)z,
13 weRy

we have

=0.

1t 1t
lim H/ T(s+k)x ds — / T(s)x ds
t=eo ||t o t Jo
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Then, there exists a T' € R, such that for each ¢t > T,
1 [ 1 [

(3.7) H/ T(s+ k)x ds — / T(s)x ds
tJo tJo

Thus, we have from (3.6) and (3.7) that for each t > T,

Hi/tT(erh)x ds — 1/OtT(s):c ds

<6
5

0
1 [ L[
< ‘t/T(s—i—h)xds—t/T(s—i-k)xds
0

0
I 1t
+H/ T(s+k)x ds—/ T(s)x ds
t Jo t Jo
2 T2~ ¢

Since € > 0 is arbitrary, we have

1 [ 1 [
/ T(s+ h)x ds — / T(s)x ds
tJo tJo

This completes the proof. O

lim sup = 0.

t—o0 h>0

Remark. As in the proof of Lemma 3, we obtain the following lemma:

Lemma 4. Let C be a closed and convex subset of a Banach space E and let S =
{T(t):t € Ry} be a strongly continuous one-parameter semigroup of nonexpansive
mappings of C into itself such that for each v € C, {T(s)x : s € Ry} is relatively
compact. Then, for each x € C,

I I

/ T(s+h)x ds—/ T(s)x ds
t Jo t Jo

lim sup =0.

t—o0 h>0

Lemma 5. Let C' be a compact and convex subset of a Banach space E and let S =
{T'(t) : t € Ry} be a strongly continuous one-parameter semigroup of nonexpansive
mappings of C' into itself. Fix k € Ry. Then, for eacht >0 and x € C,

n—1

1t 1
t/o T(s+k)x dSZNIL%nZ;T(it/n%—k:)w.

Proof. Since, for each x € C, the function s — T'(s + k)z is strongly continuous,
we have that for each z* € E*, the real-valued function s — (T'(s + k)z,z*) is
continuous. So, we have that for each z* € E*,

<1/Ot T(s+k)x ds,a:*> = 1/Ot<T(s+ k)x,z*) ds

n—1
1
= lim — T (it k *
Jim ZE:O< (it/n+ k)z,z*)

= lim (S, (x), z"),

n—oo
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where S, (z) = 1/n Z:‘L;ol T(it/n + k)x. Since C is compact, there exists a subse-
quence {Sy,(z)} of {S,(x)} converging to a point y of C. Then, we have that for
each z* € B*,

(y,z*) = lim <Snj( , T >— lim (S, (x),z")

J—00 n—oo

_ <1/OtT(s t ke ds,:c*>

and hence y = 1/tf0 s+ k)z ds. So, 1/nY 1= T(it/n + k)z converges to
1/t fo s+ k)x ds. This completes the proof. Il

Theorem 2. Let C be a compact and convex subset of a Banach space E and
let S = {T(t) : t € Ry} be a strongly continuous one-parameter semigroup of
nonexpansive mappings of C into itself. Then, for each x € C,

1 t
/ T(s+ h)x ds
tJo

converges uniformly in h € R4.

Proof. Let € > 0 and let x € C. Then, we have from Lemma 3 that there exists a
Ty € R4 such that for each h € Ry and t > Ty,

t

(3.9) Hl /OtT(s + )z ds — 1/OtT(s):z: ds

Since C'is compact, there exists a cluster point y of 1/t fo s)x ds. We can choice
a T > Ty such that

(3.9) H; /OT T(s)x ds — y” < é

On the other hand, let h € Ry. Since {T'(s)z : s € R} is relatively compact,
there exists a finite subset M of Ry such that

{T'(s)r:seRi} C U B(T(w)z;€/16).
weM

Then, there exists a k € M such that
(3.10) IT(h)x — T(k)x|| < €/16.
Since, from Lemma 5, there exists an N € N such that

N-1

1 [T 1
(3.11) T/o T(s+k)x ds — ¥ ZZ; T(t; +k)x
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where t; = it/N for each i =0,..., N — 1, we have from (3.10) and (3.11) that

N-1

I 1
HT/O T(s+h)a:ds—N;T(ti+h)x

1 (T 1 /7
< ||— -
_HT/ T(s+h)x ds T/o T(s+k)x ds

| Nl
/ s+kxds——ZTt+k)

N—

1%
; (t; +kx—ﬁi_0 T(t; + h)x

T

1
< T |T(s+h)x —T(s+ k)x| ds
0

N-1

1 €
— Tt +k)x—T(t; +h -
+ 7 2 706+ R)e = Tt byl + §

N-1
1 €
</|w o= Ty s+ S [T —T(h)al + &
1=0
= 2|[T(k)z = T(h)e]| + ¢
2¢ € €

S Ts 1

So, we have that for each h € R,

N-1

1 (7 1
T/o T(s—i—h)xds—N;T(ti—i—h)x

(3.12)

Then, we have from (3.8), (3.9) and (3.12) that for each h € Ry,

N-1

1
NZT(ti—i—h)x—y

1Nl 1 T
NZTtl—l-h)m—T/ T(s+ h)z ds

H s—l—hxds—/ s)x ds

+HTA ﬂ)x@—y”
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and hence

(3.13)
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;. N—
/ Z (ti+s)xds—y
=0

‘ 1N1
ét/o NZTtH'SfU—y ds

1=

< sup Z (ti+s)r—y
seRy —0
<e€/2.

Thus, we have from (3.8) and (3.13) that for each ¢t > Tj,

Since € > 0 is arb1trary, 1/t fo
from Lemma 3 that 1/t fo

<

IN

IN

1

L [ 1090 ds o

1 [t 1t =

1 th—l

t/oNgT(ti—i-s)mds—y

1 [t 13
t/OT(s)xds—NZt/T(ti—i-s)wds —i—%

i=0 0
N
-1

t 1 t
/ xds—t/T(ti—ks)xds
0

L[ 1 [ €
sup (|= [ T(s)rds— = [ T(h+s)xds|+ =
heR+ t Jo t Jo 2
g + < €.

completes the proof.
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