A0 Py, 6,/

Journal of Nonlinear and Convex Analysis ’é YOkdlam P"”'Shﬂfs
Volume 7, Number 2, 2006, 189-198 Aol /SSN 1880-5221__ONLINE JOURNAL

Yokn/

MOND-WEIR TYPE MIXED SYMMETRIC FIRST AND SECOND
ORDER DUALITY IN NON-DIFFERENTIABLE
MATHEMATICAL PROGRAMMING

S. K. MISHRA, S. Y. WANG, AND K. K. LAI

ABSTRACT. In this paper, we have formulated first order as well as second order
Mond-Weir type mixed symmetric dual problems for a class of non-differentiable
nonlinear mathematical programming problems with multiple arguments. We
have established weak duality theorems for each pair of problems under gener-
alized pseudo-convexity and second order generalized pseudo-convexity assump-
tions. Several known results including Hou and Yang [Journal of Mathematical
Analysis and Applications 255 (2001) 491], Mishra [European Journal of Op-
erational Research 127 (2000) 507] and Mond and Schechter [Bulletin of the
Australian Mathematical Society 53 (1996) 177] as well as others are obtained as
special cases.

1. INTRODUCTION

Dorn [4] introduced symmetric duality in nonlinear programming by defining a
program and its dual to be symmetric if the dual of the dual is the original problem.
The symmetric duality for scalar programming has been studied extensively in the
literature, one can refer to Dantzig et al. [3], Mishra [12-14], Mond [17], and Nanda
and Das [19].

Mond and Schechter [18] studied non-differentiable symmetric duality for a class
of optimization problems in which the objective functions consists of support func-
tions. Following Mond and Schechter [18], Chen [2], Hou and Yang [8], and Yang
et al. [22], studied symmetric duality for such problems.

Very recently, Yang et al. [23] presented a mixed symmetric dual formulation for
a non-differentiable nonlinear programming problem. However, the models given
by Yang et al. [23] do not allow the further weakening of generalized convexity
assumptions on a part of the objective functions.

In this paper, we introduce two models of mixed symmetric duality for a class of
non-differentiable multi-objective programming problems with multiple arguments.
The first model is Mond-Weir type mixed symmetric dual model for a class of non-
differentiable mathematical programming problems and the second model is second
order case of the first model. Mixed symmetric duality for this model has not been
given so far by any other author. The advantage of the first model over the model
given by Yang et al. [23] is that it allows further weakening of convexity on the
functions involved. Furthermore, Mangasarian [10, p. 609] and Mond [17, p. 493]
have indicated possible computational advantages of the second order duals over
the first order duals. We establish weak duality theorems for these two models
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under generalized pseudo-convexity and generalized second order pseudo-convexity
assumptions and discuss several special cases of these models. The results of Hou
and Yang [3], Mishra [12-14], Mond and Schechter [18], Nanda and Das [19], as well
as Yang et al. [23] are particular cases of the results obtained in the present paper.

2. PRELIMINARIES

Let f (z,y) be real valued twice-differentiable function defined onR™ x R™. Let
V.f (z,y) and V,f (Z,y) denote the partial derivatives of f (x,y) with respect to
x and yat (Z,7). The symbolsVyy, f (Z,9),Vya f (Z,7) and Vy, f (Z,y) are defined
similarly.

Let Cbe a compact convex set inR"™. The support function of Cis defined by

s(x\C):max{xTy:yEC}.

A support function, being convex and everywhere finite, has a sub-differential [20],
that is, there exists z € R” such that

S(IC) = s(2]C) + 2T (y—a), Wy € C.
The sub-differential of s (z |C') is given by
Os(z|C) = {ZGCZZTIZS(l"C)}.
For any set D C R",the normal cone to Dat a point z € Dis defined by
Np(z)={yeR":y" (z—x) <0, Vz€ D}.

It is obvious that for a compact convex set C,y € N¢ (z) if and only if s (y|C') =
xTy, or equivalently, x € 9s (y|C).
The following definitions will be needed in the sequel:

Definition 1. Let X C R". A functional F' : X x X x R” — R is said to be
sublinear with respect to its third argument if for any x,y € X

(A) F(z,y;a1 + a2) < F(2,y;a1) + F (2, y; a2) for any ay, a2 € R™;

(B) F (z,y;aa) = aF (z,y;a) for any o € Ry and a € R™.
Definition 2. Let X C R",)Y C R™ and F': X XY X R” — R be sublinear with

respect to its third argument. f(-,y) is said to be F-conver at & € X, for fixed
y ey, if

fey) = f(@y) 2 F2, 5V f(T,y), Ve € X.
Definition 3. Let X C R",)Y C R™ and F': X xY X R® — R be sublinear with

respect to its third argument. f(x,-) is said to be F-concave at y € Y for fixed
r € X, if

fx,9) = f(z,y) > F(y,5:-Vyf (2,9)),Vy €Y.

Definition 4. Let X C R",Y C R™ and F : X XY x R®™ — R be sublinear with
respect to its third argument. f(-,y) is said to be F-pseudoconver at z € X, for
fixed y €Y, if

F 2,2V f(2,y) 2 0= f(z,y) > f(Z,y) Vo € X.
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Definition 5. Let X C R",)Y C R™ and F': X xY X R® — R be sublinear with
respect to its third argument. f(z,-) is said to be F-pseudoconcave at y € Y, for
fixed x € X, if

F(y,0;,-Vyf(z,9)) >0= f(2,9) > f(z,y),Vy €Y.

Definition 6. Let X C R™",)Y C R™ and F': X XY x R” — R be sublinear with
respect to its third argument. f(-,y) is said to be second order-conver at & € X,
with respect to p € R", for fixed y € Y, if

[z, y)— f(Z,y)+ %pTme (Z,y)p > F(2,2; Vo f (Z,y) + Vo f (T,y)p) , V2 € X.

fis said to be second order F'—concave at ¥ € X,with respect to p € R", for fixed
y €Y, if —f is second order F-convex at & € X, with respect to p € R™.

Definition 7. Let X C R",Y C R™ and F : X XY x R®™ — R be sublinear with
respect to its third argument. f (z,-) is said to be second order F'-pseudo-convex at
Z € X, with respect to p € R", for fixed y €Y if

F(2,Z;Vaf (Z,y) + Vo f (T,y)p) >0

_ 1 _
= f(@y) 2 f(@y) + 50" Vauf (7,9)p, V2 € X.
f is said to be second order F'-pseudo-concave at T € X, with respect to p €
R™ for fixed y € Y, if —f is second order F-pseudo-conver at & € X, with respect
top € R".

Remark 1. (i) The second order F—pseudo-convexity reduces to the F'—pseudo-
convexity introduced by Hanson and Mond [7] when p = 0.

(ii) For F (z,%;a) = n(x,z)" a, wheren : X x X — R", the second orderF'—
convexity reduces to the second order invexity introduced by Hanson [6], and second
order F'—pseudo-convexity reduces to the second order pseudo-invexity introduced
by Yang [21].

(iii) For F (z,%;a) = n(z,Z)" a, and p = O,wheren : X x X — R", the second
order F'—convexity reduces to the invexity introduced by Hanson [5], and second
order F'—pseudo-convexity reduces to the pseudo-invexity introduced by Kaul and
Kaur [9].

3. MOND-WEIR TYPE MIXED FIRST AND SECOND ORDER SYMMETRIC DUALITY

In this section, we state two Mond-Weir type mixed symmetric dual pairs and
establish duality theorems under generalized convexity assumptions. The advantage
of these models are that they allow further weakening of the convexity assumptions
and the advantage of the second order dual may be used to give a tighter lower
bound than the first order dual for the value of the primal objective function, one
can see Mishra [11].
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First order model.

Primal problem (NMP)

Min £ (1) 49 (a.92) + 5 (o1 |C1) + 5 (a2[C2) — (41)" 1 — ()" 2
subject to (xl,xQ,yl,yQ,zl,ZQ) € Rl x RI2l x Rl « RIE:| « RIFK1l « RIFK:|

(1) Vi f(zhy') -2 <o,

(2) V29 (x2,y2) — 22 <0,

(3) W) [V f (2'9") = 2'] >0,
(4) (1)) [Vy29 (e%97) - 2%] >0,
(5) 1 e D' 2* € D

Dual Problem (NMD)
Max f (ul,vl) +g (uz,UQ) — s (vl ‘Dl) — s (v2 ‘DQ) + (ul)Tw1 + (uZ)Tw2
subject to (ul,u2,vl,v2,w1,w2) e Rl x RI2l x RIEK1l « RIF:| « RIM x RI2I

(6) Vo f (uh,oh) +w' >0,
(7) Vg (U, 0%) +w® > 0,
8) ()" [Var f (u',0!) +w'] <0,
(9) (u2)T (V29 (u?,0?) +w?] <0,
(10) w! e ¢, and w? € C?,

where C? is a compact and convex subsets of RI/1l and C? is a compact and convex
subsets of RI2, similarly, D' is a compact and convex subsets of RE1il and D? is a
compact and convex subsets of RI¥2|

The following model is Mond-Weir type second order mized symmetric dual model
for a class of non-differentiable mathematical programming problems:

Second order Model.
Primal Problem (SNP)
Min f ( y')+yg ( y3) + s (z
-5 (¢! ) I AC ) '3

subject to

(931,3:2, yt 2, 2t 22,p1,p2) e RI"ilx RI2lx pIF1l« RIF2l« RIF1« RIF21 5« RIE I RIK:

1\0 +5(22[C?) = (y1)" 2 = (1) 22
)V 20 (22, 42) p°

(v

if(@hy') =2+ Vg f (20,0 p']
29 (2%,y%) = 2% + V2,29 (2%, 57) p°]
[V, ( y') -z +vy1y1f(x7y)

[Vipg (%,5%) = 2 + Vg (2%,97) p°] 20,
2! € D!, and 22 € D?,

)" v

(11) v,
(12) v
(13) ()"
(14) )
(15)
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Dual Problem (SND)
Max f (uljvl) +g (u2,v2) -5 (vl ‘Dl) -5 (v2 ‘D2) + (ul)Twl + (u2)Tw2

—5(¢")" Ve (u'0") ¢ = 5 (¢)" Vyzeg (v 0?) ¢
subject to

(ul, w2, 0t v wh w?, ¢t ¢%) € RV x RV RIKtL RIR2l i RN RIJ2 5 RITIE S RIV2
(16) (Vi f (uhv!) +w! + Vi f (uhv') ¢'] >0,

(17) [Vazg (u?,0%) +w? + V2,20 (u?,0%) ¢°] 20,

(18) (W) [Vor f (uh,0!) 4wt + Vyrg f (ul,01) ¢'] <0,

(19) (u2)" [Va2g (u2,02) + 0 + V2,0 (u2,0%) ¢?] <0,

(20) w' € C', and w? € C?,

where C? is a compact and convex subsets of RI/1l and C? is a compact and convex
subsets of Rz, similarly, D' is a compact and convex subsets of RIKil and D? is a
compact and convex subsets of R¥2!,

4. MIXED DUALITY THEOREMS

In this section, we establish duality theorems for the pair of problems (NMP)
and (NMD) as well as (SNP) and (SND) under the F-pseudo-convexity and second
order F-pseudo-convexity assumptions.

Theorem 1 (Weak duality). Let (x 22yt 2, 2 2 ) be feasible for (NMP) and
(ul,u2,v1,v2,w1,w2) be feasible for (NMD). Suppose that f(, ) + Tt s
Fy-pseudo-convex for fized v', f (a;l, ) — T2l is Fy-pseudo-concave for fized x',
2.y = T2

g (-, y2) + Tw? is G1—pseudo-convex for fired v and g (y 1s Ga-pseudo-

concave for fized 2, and the following conditions are satisfied:

(i) £ (z' ut; Vo f (uf,oh) +wt) + (ul)T( Varf (ut,o!) +wh) >0;
(i) G1 (2%, u% Vyag (u,0%) +w?) + ()" (V, 9(2 v?) +w?) = 0;
(i) Fo (y' o5V f (ahyt) — 28 + (v 1)T( f (=t y) - )<0 and

V) T

(iv) G2 (y% 0% Vieg (2%, 5%) = 2%) + (47) " (Vyeg (2%,97) = 2%) <
Then, inf (NMP) > sup (NMD).
1

Proof. Suppose (3; 22yl y? 2Y 2 ) be feasible for (NMP) and (u u?, vt 02wl w2)

be feasible for (NMD). By the dual constraint (6), we have V1 f (u',v ) +w! >0,
and by condition (i), we get
Fy (2 s Vo f (uh o) +w') > - (ul)T (Vo f (ut,0!) +w'] >0
(using (8)). Then by Fj-pseudo-convexity of f (',vl) + - Tw', we get
(21) f (ml,vl) + (ml)Twl >f (ul,vl) + (ul)Twl.

Similarly, by using the constraint (1), condition (iii) and constraint (3), we get

By (' vV f (ahy!) = 21) < = (") [V f (a'9") —v'] <0,
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Then by Fs-pseudo-concavity of f (:L'l, ) — T2 we get

(22) f (a;l,vl) — (vl)Tzl <f (a:l,yl) — (yl)Tzl.
Now rearranging (21) and (22), we get

fh ') + (:181)Tw1 - (yl)Tz1 > f (ut,0') + (ul)Tw1 — (vl)Tzl.
Using (Ul)Tzl <s (vl }Dl) and (:cl)Twl <s (:1:1 ‘C’l), we have
(23) f (ml,yl) +s (xl ‘Cl) — (yl)Tzl >f (ul,vl) —s (Ul ‘Dl) + (ul)Twl.
Similarly, using constraints (7), condition (ii), constraint (9) and Gi-pseudo-
convexity of the function g (-, y*)+-7w? and constraint (2), condition (iv), constraint
(4) and Go-pseudo-concavity of g (yQ, ) —.T%2 and using (mz)Tw2 <s (:L'Q ’CQ) and
(vz)T 22 <s (v2 ‘DZ), finally rearranging the resultants, we get

(24) g (xQ,yQ) +s (1)2 ‘02) — (yQ)Tz2 >y (u2,v2) —s (v2 ‘Dz) + (uQ)Tw2.
Finally, from (23) and (24), we have
Faha) + (50) 45 (a1 |O1) + (5 |C2) - (1) =1 = (07) 2
> f (uhv') + g (uiv?) — s (v' DY) — s (0 |D?) + (ul)Twl + (u?)” w?
That is, inf (NMP) > sup (NMD). O
The weak duality for the pair (SNP) and (SND) is established in the following
theorem.
Theorem 2 (Weak duality). Let (xl,xz,yl,y2,zl,z2,p1,p2) be feasible for (SNP)
and (ul,u2,vl,v2,w1,w2,q1,q2) be feasible for (NMD). Suppose there exist sub-
linear functionals Iy, Fy, G1 and Go satisfying:
(i) Fy (xl,ul;vxlf (ul,vl) +w! + Valalf (ul,vl ql)
+ (ul)T (Vx1f (ul,vl) +w + Vi, f (ul,vl) ql) > 0;
(ii) Gy (ZE2, u?; V29 (uQ, U2) +w? + V2,20 (uz, U2) q2)
+ (u2)T (szg (uz, 02) +w? + V2,29 (u2, ’1)2) q2) > 0;

(iii) Fy (yl, vl Vo f (xl, yl) — 2+ Vi f (xl,yl) pl)

()" (Vo f (2'y") =2+ Vo f (hy') p') < 0;
and

(iv) Ga (y2,0%; V29 (22,47) — 22 + V2,29 (22, ) p*)

+ (yQ)T (Vyzg (1'2, yQ) — 22+ V2429 (1'2, y2) p2) <0.
Furthermore, assume that f (-, 1)1) +-Tw! is second order Fi-pseudo-convez for fized
v, f (ml, ) — T2l is second order Fy-pseudo-concave for fizved x*, g (-, y2) + Ty?
T,2

is second order G1-pseudo-convex for fized v* and g (yz, ) — s second order

G-pseudo-concave for fized x2, with respect to ¢*,p', ¢>and p?, respectively. Then,
inf (SNP) > sup (SND).
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Proof. Suppose (x1,$2,y1,y2,zl,ZQ,pl,pz) be feasible for (SNP) and (u u?, vl v,

w', w?, ¢*,¢*) be feasible for (NMD). By the dual constraint (16), we have
[Vx1f(u1,v1) +w' + V$1x1f(u1,vl)q1] > 0, and by condition (i), we get

Fy (xl’ul; vxlf (Ulavl) + wl + vx1x1f (ul,vl) ql)
- (ul)T (vwlf (ul,vl) +wh + Vgt f (ul,vl) ql) >0,
) T,,1

(using (18)). Then by second order F;—pseudo-convexity of f ( +-fw', we get

T T 1 T
(25) f (') + (21) wh = f (who!) 4+ (uh) wh =5 (@) Vo f (' 0h) o
Similarly, by using the constraint (11), condition (iii) and constraint (13), we get

B (y' oV f (o' y') = 2" + Vi f (2 9") p')
<- (yl) (Vouf (@' y') =y + Vo f(2',y")p'] <0.
(

Then by second order Fy—pseudo-concavity of f (!, ) , we get

(26) f (2t 0) = () 2 < (hyt) = (oY) 2 = () Ty f (2t y!) P

Now rearranging (25) and (26), we get

Pt ) 0t ) 0 s )
> f (ul,vl) + (ul)Tw1 — (vl)Tzl - % (ql)TVzlxlf (ul,vl) q.

Using (Ul)Tzl < s( 1 }Dl) and ( ) w! < s (:1:1 ‘C’l), we have

@7) () + 5@ [00) - () 2 - L @) Tyd (20 P
Zf(u17vl)_s(vl|D1) + (u ) _%(ql) Vx1x1f(u1,vl)q1.

Similarly, using constraints (17), condition (ii), constraint (19) and second order G-
pseudo-convexity of the function g (+,y?) +-Tw? and constraint (12), condition (iv),
constraint (14) and second order Ga-pseudo-concavity of g (y2, ) — T2
(:L‘Q)T w? < s (;U2 ‘02) and (v2)T 22 <s (02 ‘DZ), finally rearranging the resultants,
we get

and using

1
(28) g (2*9?) +5(2*[C7) = (") 2 = 5 (") Vyaeg (e.07) p°
>gq (u2,112) — s (v2 }D2) + (uQ)Tw2 - % (qQ)Tszwzg (’LLQ,’L)Q) Q.
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Finally, from (27) and (28), we have
F ) g (?) +5 (@ |C) +5 (2 [C7) — (1) 2~ (1)
5O Vg f )P 5 0P Vi (07) 22
> f(uho!) g (u20%) s (o1 [DY) = s (D7) + () Tt 4 (o)

- % (ql)T Vg f (ul,vl) q' — % (qQ)Tszzzg (u2,v2) Q.
That is, inf (SNP) > sup (SND) . O

NMP). Suppose that the Hessian matriz V2, f (xl,y') is positive definite and
xr

Vo f — zl > 0; and V§29 (?,?) is positive definite and V29 — zZ2 > 0; or

Vilf (ﬁ, ?) is negative definite and V1 f — z! < 0; and szg (p, ?) 18 negative

definite and V29 — z2 < 0. If the generalized convezity hypotheses and conditions

for (NMD).

Proof. The proof of this theorem can be established on the lines of the proof of
strong duality Theorem 4 given in [18] in light of the above Theorem 1. U

tion for (SNP) such that
vylf (ﬁv E) + vylylf (ﬁa E) F 7& ;a
and V,2g <?,?) + V2,29 (ﬁ, ?)P # 22. Suppose that the Hessian matriz
. _\T _
Vi f (a:l,y1> is positive definite and (p1> [V, f—2 > 0; and Vfﬂg <w2,y2)
_\T _
is positive definite and <p2> (V29— 2] > 0; or V2, f (ml, y1> is negative definite
_\T _
and <p1> [Vaf—=2 < 0; and V§Qg <w2,y2) is negative definite and
_\T
<p2) [Vyzg — 22] < 0. If the generalized convexity hypotheses and conditions (i)—
lution for (SND).

Proof. The proof of this theorem can be established on the lines of the proof of strong
duality Theorem 3.2 given by Hou and Yang [8] in light of the above Theorem 2. [

5. SPECIAL CASES

In this section, we consider some special cases of our problems (NMP) and (NMD)
as well as (SNP) and (SND) by choosing particular forms of the compact sets
involved in the problems.
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If C! = C? = D! = D? = {0} ,then (NMP) and (NMD) reduce to the pair of
problems studied in Chandra et al. [1].

If |Jo| = 0,|K3| = 0, then (NMP) and (NMD) reduce to the pair of problems
(P1) and (D1) of Mond and Schechter [18].

If |Jo| = 0,|K3| = 0, then the second order dual pairs (SNP) and (SND) reduce
to the pair of problems studied by Hou and Yang [8].

If |Jo] = 0,|K3| = 0, and C!' = C? = D! = D? = {0} ,then (SNP) and (SND)
become pair of problems (MP) and (MD) studied by Mishra [13].

6. CONCLUSION

The results discussed in this paper can be extended to the higher order case
as well as to other generalized convexity assumptions. These results can also be
extended to the case of multi-objective problems. These results can be extended
to the case of continuous-time problems as well. In light of the results established
by Mishra and Rueda [15], the results of this paper can further be extended to the
case of complex spaces also.
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