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WEAK CONVERGENCE THEOREMS BY CESARO MEANS FOR
NONEXPANSIVE MAPPINGS AND
INVERSE-STRONGLY-MONOTONE MAPPINGS

HIDEAKI IIDUKA AND WATARU TAKAHASHI

ABSTRACT. In this paper, we introduce an iterative scheme by Cesdro means
for finding a common element of the set of fixed points of a nonexpansive map-
ping and the set of solutions of the variational inequality for an inverse-strongly-
monotone mapping in a Hilbert space. Then we show that the sequence con-
verges weakly to a common element of two sets. Using this result, we obtain the
well-known nonlinear ergodic theorem which was proved by Baillon. Further we
consider the problem of finding a common fixed point of a nonexpansive mapping
and a strictly pseudocontractive mapping and so on.

1. INTRODUCTION

Let C be a closed convex subset of a real Hilbert space H and let Po be the
metric projection of H onto C. A mapping S of C into itself is called nonexpansive
if

1Sz — Syl < [l —yll
for all z,y € C. We denote by F(S) the set of fixed points of S. In 1975, Baillon
[1] proved the first nonlinear ergodic theorem: Define

n

1
1.1 Zn = — Sk=1y

(1) Y
for every n = 1,2,... and « € C and suppose F(S) # (). Then the sequence {z,}
generated by (1.1) converges weakly to some element of F'(S).

A mapping A of C into H is called monotone if for all x,y € C, (x—y, Az — Ay) >
0. We denote by VI(C, A)" the set of solutions u € C such that (v — u, Av) > 0 for
all v € C. For finding an element of VI(C, A)’, Bruck [3] introduced the following

iterative scheme: x,4; = Po(x, — A\yAx,) and

n
A
(1.2) P— w
D k=1
for every n = 1,2,..., where 21 = = € C and {\,} is a sequence of positive real

numbers such that Y02 ; A, = 0o and Y oo [[AyAz,[|? < co. He showed that the
sequence {z,} generated by (1.2) converges weakly to some element of VI(C, A)'.
The variational inequality problem is to find a u € C such that

(v—wu,Au) >0
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for all v € C. The set of solutions of the variational inequality is denoted by
VI(C,A). A mapping A of C into H is called inverse-strongly-monotone if there
exists a positive real number « such that

(x —y, Az — Ay) > o Az — Ay|]?

for all z,y € C; see [4] and [8]. For such a case, A is called a-inverse-strongly-
monotone. For finding an element of F(S) N VI(C, A), Takahashi and Toyoda [16]
introduced the following iterative scheme:

(1.3) Tnt1 = nZn + (1 — ap)SPo(x, — ApAxy,)

for every n = 1,2,..., where z; = x € C, {a,} is a sequence in (0,1) and {\,}
is a sequence in (0,2«). They showed that the sequence {z,} generated by (1.3)
converges weakly to some element of F'(S)NVI(C,A).

In this paper, motivated by (1.1) and (1.3), we introduce an iterative scheme
by Cesdaro means for finding a common element of the set of fixed points of a
nonexpansive mapping and the set of solutions of the variational inequality for an
inverse-strongly-monotone mapping in a Hilbert space. Then we show that the
sequence converges weakly to a common element of two sets. Using this result, we
obtain the well-known nonlinear ergodic theorem which was proved by Baillon [1].
Further we consider the problem of finding a common fixed point of a nonexpansive
mapping and a strictly pseudocontractive mapping and so on.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, and let
C be a closed convex subset of H. We write x,, — z to indicate that the sequence
{zn} converges weakly to z. x,, — = implies that {z,} converges strongly to .
For every point x € H, there exists a unique nearest point in C, denoted by Pcz,
such that ||z — Pox| < ||z —y|| for all y € C. P is called the metric projection of
H onto C'. We know that Pg is a nonexpansive mapping of H onto C. It is also
known that P satisfies

(2.1) (x —y, Pox — Pey) > ||Pox — Poyl?

for every x,y € H. Moreover, Pox is characterized by the properties: Pox € C' and
(x — Pox, Pox —y) > 0 for all y € C. In the context of the variational inequality
problem, this implies that

(2.2) u€VI(C,A) <= u= Po(u— \Au)

for all A > 0, where A is a monotone mapping of C' into H. It is also known that
H satisfies Opial’s condition [10], i.e., for any sequence {x,} with z, — =z, the
inequality

liminf ||z, — z| < liminf ||z, — y||

n—oo n—oo

holds for every y € H with y # x.
If A is an a-inverse-strongly-monotone mapping of C' into H, then it is obvious
that A is 1/a-Lipschitz continuous. We also have that for all z,y € C' and A > 0,

I(Z = Ad)z — (I = AA)yl* = ||(z — y) = A(Az — Ay)|]*
= ||z =yl — 2X\(z — y, Az — Ay) + N*|| Az — Ay||?
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(2.3) < lz = ylI* + AA — 20) | Az — Ay]|*.

So, if A < 2a, then I — AA is a nonexpansive mapping of C into H.

A set-valued mapping T : H — 2 is called monotone if for all z,y € H, f € Tx
and g € Ty imply (z —y, f —g) > 0. A monotone mapping T : H — 2 is mazimal
if the graph G(T') of T' is not properly contained in the graph of any other monotone
mapping. It is known that a monotone mapping 7' is maximal if and only if for
(z,f) e Hx H, (x —y,f —g) >0 for every (y,g9) € G(T') implies f € Txz. Let A
be an inverse-strongly-monotone mapping of C' into H and let Ncov be the normal
cone to C at v € C, i.e., Nov={w € H : (v —u,w) > 0,Vu € C}, and define

| Av+ New, veC,
Tv= { 0, vé¢C.
Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A); see Theorem
3 of [12].
3. WEAK CONVERGENCE THEOREM

In this section, we prove a weak convergence theorem for nonexpansive mappings
and inverse-strongly-monotone mappings in a Hilbert space.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space H. Let A be
an a-inverse-strongly-monotone mapping of C into H and let S be a nonexrpansive
mapping of C into itself such that F(S)NVI(C,A) # 0. Let {z,} be a sequence
generated by

x1=x € C,
Tnt1 = SPo(xy — A\yAxy,),

1 n
Zn — ﬁ Z Tk
k=1
for every n = 1,2,..., where {\,} is chosen so that A, € [a,b] for some a,b with

0<a<b<22a. Then {z,} converges weakly to z € F(S)NVI(C,A).

Proof. Put y, = Po(x, — ApAxy,) for every n =1,2,.... Let u € F(S)NVI(C,A).
Since I — A\, A is nonexpansive and v = Po(u — A\, Au) from (2.2), we have

lyn — ull = |Po(zn — AnAzn) — Po(u — AnAu)|
< |[(zn, — ApAzy) — (u— A\ Au)]|
(3.1) < lzn — ul
for every n =1,2,.... From (2.2) and (2.3), we also have
I — wl® = | Poln — AnAzn) — Po(u — AnAu)|?
< (@ — MpAzy) — (4 — M Au)]?
< lwn = ull? + An(An = 20)[| Az, — Au?
< ||zn — ul]® + a(b — 2a)|| Az, — Aul|?
for every n =1,2,.... So, we have

lwn 1 — ul® = | Syn — ul?
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<y — ull® < [|n — ull* + a(b — 20)[| Az, — Aul?
(3.2) < lan — ul?

Therefore, there exists lim,,—,o ||z, — u||. Hence {z,}, {y,} and {z,} are bounded.
Since

—a(b - 2a)|| Az, — Aul® < ||z — ul® ~ [[zas1 — ull?,
we obtain ||Ax, — Au|| — 0. From (2.1), we have
lyn = ull® = | Pe(2n — AnAzn) — Po(u — M Au)|?
< ((zn — MAzy) — (u— AAu), yp — u)
= S — M Aza) — (1= A AW + [l —
— (@n = AnAzn) = (u = AnAu) = (yn — w)lI*}

1
< glllen - ull> + lyn — ull® = [1(zn = yn) — An(Azs — Au)|*}

= Sz — wll® + llgn — ull® = 7 — g
+ 22 (Tr — Yn, Ay — Au) — N2 || Az, — Aul|?}

and hence

lyn = ull® < 2 — ull® = llzn — yall?

+ 22X (T — Yn, Ay, — Au) — N2 || Az, — Aul?.

So, we have

zns1 = ull* < yn — ul®

<l —ull? = |zn — yal®
+ 20 (Tn — Yn, Ay — Au) — N2 || Az, — Aul|?
and hence
120 = yall? < llen = ull? = lzner = ull* + 2200 20 — yn, Azy — Au).

So, we obtain ||z, — yn| — 0.
As {z,} is bounded, we have that a subsequence {zy,} of {2} converges weakly
to z. We show z € F(S)NVI(C,A). Let us first show z € VI(C, A). Let

| Av+ New, veCl,
To= { 0, v¢C.
Then T is maximal monotone. Let (v,w) € G(T). Since w € Tv = Av + Ngv, we
have w — Av € Ngv. From x; € C, we have
(v =z, w— Av) > 0.

On the other hand, from y;, = Po(zr — Ay Axy), we have (v—yg, yr — (2 — ApAxg)) >

0 and hence
(0- B 4 ) >0
Ak
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Therefore, we have

(v =z, w) > (v — xg, Av)

> (v — x, Av) — <v — Yk, yk}\kxk + A$k>
= (v —ap, Av — Axg) + ((v — z) — (v — yx), Awg)
_<v_yk’yk_$k>
Ak

> (yy — i, Azg) — <v — Yk,

llyr — |
> <— | Azl — o e — ||

L
(D)

for every k = 1,2,..., where K = sup{||Azy|| : k € N} and L = sup{|lyx —v|| : k €
N}. Hence we have

( )z | — K L 15” | |
V= Zp, W —-K——]- — x|
ny = a nkil Yk k

Taking n = n;, from ||z, — yn| — 0, we have (v — z,w) > 0 as i — oo. Since T
is maximal monotone, we obtain z € T710 and hence z € VI(C, A). Let us show
z€ F(S). Let ue VI(C, A). From (3.1), we have

@k — Sull < flyk — ull < [Jog — ull

for every k =1,2,.... For u € VI(C, A), we have
0 < [lzg — ufl? = lagr1 — Sull?
= ||z — Sul|® + 2(xx — Su, Su — u)
+ 15w = ul® = [leg 1 — Sul®
for every k =1,2,.... Then
1
0< E(H:E — Sul? = [|zny1 — Sul]?) + 2(zn — Su, Su — u) + ||Su — ul*.

Taking n = n;, we have, as i — o0,

0 < 2(z — Su, Su —u) + ||Su — ul|?.
Putting u = z, we obtain 0 < —||Sz — z|? and hence z € F(S). This implies
ze€ F(S)NVI(C,A).

Put up = Pris)nvic,a)Tn- Let u € F(S)NVI(C, A). From (3.2), we have
|Zn4m — “||2 < ||Tntm-1— u”2
< N#ntm—g —ull® < < lwn — ulf?

for every n,m = 1,2,.... Then we have

[Znm — un]? < [z — un®.
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Since Untm = Pr(s)nvi(c,a)Tnt+m, we have

Jonsm = “ 5| > e = sl
So, we have
[tntm = wnll® = | (tntm — Znam) + (@ntm — un)|I?
= 2t = Tl + 2 — P = 4z — |
< 2@ pm = unl? = 20| Zntm — g
< 2lzn — unl® = 2)|Tn4m — Unsml?
for every n,m = 1,2,.... Therefore, {||x,, — u,||} is nonincreasing and hence there

exists limy, o0 |2 — upl|. So, {uy} is a Cauchy sequence. Since F(S)NVI(C, A) is
closed, {u,} converges strongly to w € F(S)NVI(C, A).

Finally, we show z = w. Since uy = Pp(s)nvi(c,a)Tk and z € F(S)NVI(C, A),
we have

(z — up,up — 1) >0
for every £k =1,2,.... So, we have
(z —w,z —ug) = (2 — up, T — ug) + (up — W, Tp — ug)
< lug — wll|zr — ugll < MJug, — w]|

for every k =1,2,..., where M = sup{|zy — ug|| : k € N}. Hence we have

n

1 M
<z—w,zn — EZuk> < ;Zﬂuk —w|l.
k=1 k=1

Taking n = n;, from ||u, — w|| — 0, we obtain (z — w,z —w) < 0 as i — oo and
hence z = w. Therefore, we obtain z,, — z. Il

4. APPLICATIONS

In this section, we prove some weak convergence theorems in a Hilbert space by
using Theorem 3.1. We first prove a nonlinear ergodic theorem which was obtained
by Baillon [1].

Theorem 4.1. Let C' be a closed convex subset of a real Hilbert space H and let
S be a nonexpansive mapping of C into itself such that F(S) # 0. Let {z,} be a
sequence generated by

r1=x € C,
1 n

k—1

Zn = — ST

for everyn =1,2,.... Then {z,} converges weakly to z € F(S).
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Proof. In Theorem 3.1, put Ax = 0 for all x € C. Then A is inverse-strongly-
monotone. We have C = VI(C, A) and

Tnt1 = SPo(xn — A\pAxy)
= Sz, = S"x.
So, by Theorem 3.1, we obtain the desired result. O
Let C be a closed convex subset of a real Hilbert space H. Then a mapping

T:C — C is called strictly pseudocontractive if there exists p with 0 < p < 1 such
that

|ITa = Tyl* < o —ylI* +pl|(I = T)z — (I - T)y|?

for all x,y € C; see [11]. Put A =1 —T. Then A is (1 — p)/2-inverse-strongly-
monotone; for the proof, see [16]. Using Theorem 3.1, we consider the problem of
finding a common fixed point of a nonexpansive mapping and a strictly pseudocon-
tractive mapping.

Theorem 4.2. Let C be a closed convex subset of a real Hilbert space H. Let T be
a p-strictly pseudocontractive mapping of C into itself and let S be a nonexrpansive
mapping of C into itself such that F(S)NF(T) # 0. Let {z,} be a sequence generated

by
r1=x € C,
Tyl = S((1 = \p)zp + ATxy),

1 n
Zn = E Z$k
k=1
for every n = 1,2,..., where {\,} is chosen so that X\, € [a,b] for some a,b with

0<a<b<l—p. Then {z,} converges weakly to z € F(S)N F(T).
Proof. Put A =1 —T. Then A is (1 — p)/2-inverse-strongly-monotone. We have
F(T)=VI(C,A) and
Tnt1 = SPo(xn — A\pAxy)

= SPo(xy — AT —T)xp)

=S((1 = M\)zn + \Txy).
So, by Theorem 3.1, we obtain the desired result. U

Using Theorem 3.1, we also have the following:

Theorem 4.3. Let H be a real Hilbert space. Let A be an a-inverse-strongly-
monotone mapping of H into itself and let S be a nonexpansive mapping of H into
itself such that F(S)N A710 # 0. Let {2,} be a sequence generated by

r1=x € H,

Tpt1 = S(xn — MAxy),

1
Zn = — g Ty
n
k=1

for every n = 1,2,..., where {\,} is chosen so that X\, € [a,b] for some a,b with
0<a<b<2a. Then {z,} converges weakly to z € F(S)N A~10.
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Proof. We have A=10 = VI(H, A). So, putting Py = I, by Theorem 3.1, we obtain
the desired result. O

Remark. If A is strongly monotone and Lipschitz continuous, then A is inverse-
strongly-monotone. See Yamada [17] for the case when S is a nonexpansive map-
ping of a Hilbert space H into itself and A is a strongly monotone and Lipschitz
continuous mapping of H into itself.

Let f be a continuously Fréchet differentiable convex functional on H and let
V f be the gradient of f. If V[ is 1/a-Lipschitz continuous, then Vf is a-inverse-
strongly-monotone; see [2]. Using Theorem 3.1, we have the following;:

Theorem 4.4. Let C' be a closed convex subset of a real Hilbert space H. Let f
be a continuously Fréchet differentiable convez functional on H and let V f be the
gradient of f such that C N (Vf)710 # 0. Suppose V f is 1/a-Lipschitz continuous.
Let {z,} be a sequence generated by

r1=x € H,
Tptl = PC(xn - Anvf(wn))7

1 n
Zn = — E Ty
n
k=1

for every n = 1,2,..., where {\,} is chosen so that A, € [a,b] for some a,b with
0<a<b<2a. Then {z,} converges weakly to z € C' N (Vf)~10.

Proof. We know from [2] that V f is an a-inverse-strongly-monotone mapping and
(Vf)~10=VI(H,Vf). We also have C = F(P¢). So, putting Py = I, by Theorem
3.1, we obtain the desired result. Il
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