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ABSTRACT. In this paper, some e-optimality results are extended to vector op-
timization problems with inequality, equality and abstract constraints via exact
penalty functions. Subsequently, these results are utilized to derive KKT-type
optimality conditions for e-Pareto solutions of a multiobjective fractional pro-
gramming problem without any constraint qualification.

1. INTRODUCTION

During the past few decades much attention has been paid to develop optimality
conditions for approximate solutions of vector optimization problems under various
assumptions. This is because of the fact that in most practical cases mathematical
models formulated for real life problems are not the precise copies of the original
problems. Moreover, as observed by Loridan [8], the exact optimal solution of nei-
ther the scalar nor one of the vector optimization problem are necessarily attained.
Hence, it is interesting to have a theoretical analysis of approximate solutions.

Numerous research articles have appeared in this direction. For more details, see,
Hiriart-Urruty [4], Liu [5], Loridan [7,8], Strodiot et al. [9], Yokoyama [10,11], and
references cited therein.

In this paper, following the techniques of Hamel [3], Liu and Yokoyama [6] and
Yokoyama and Shiraishi [12], we derive optimality conditions for e-Pareto solutions
of a nondifferentiable locally Lipschitz multiobjective fractional programming prob-
lem without any constraint qualification. The problem considered in the present
paper involves inequality, equality and abstract constraints.

The organization of the paper is as follows. In Section 2, we give the preliminary
terminologies. In Section 3, we use a vector exact penalty function to establish
e-optimality criteria for the multiobjective optimization problem by estimating the
sizes of penalty parameters in terms of e-optimal solutions of the dual problem.
In Section 4, the results of Section 3 along with Ekeland’s variational principle [2]
are utilized to derive Karush-Kuhn-Tucker type conditions for e-Pareto optimality
of locally Lipschitz multiobjective fractional programming problems without any
constraint qualification.
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2. PRELIMINARIES

Consider the following vector minimization problem

(P) Minimize ¢(z) = (¢1(x),. .., dp(x))
subjectto z €S
where S = {x € R" : hj(z) = 0,1 <5 <m qr(z) =0,1 < r Sk
of feasible solutions of (P), ¢; (1 < 155
and C' is a closed subset of R”.
We associate p-scalar problems (F;), 1 < i < p with (P) as
(Py) Minimize ¢;(z)
subjectto x € S.

C'} is the set
k)R - R

E
S
IA
<
IA
2
<

3
=
A

For each i = 1,...,p, the dual problem (D;) associated with the i-th problem
(P;) is given by

(Dy) Maximize w;(A, p, v)
where A = (A1, A2, ..., Am) €ER™, = (u1, po, ..., ) €RF, v €R and
wi(A, u,v) = inf Li(z, A\, p,v),
zeR?

L) =  B@F 225 hi() +Zﬂrqr )+ vdo(z), EAZ 0,020

—00, otherwise .
To transform the problem (P) into an unconstrained problem, we use a vector exact
penalty function defined by

0_('%'7 pa 87 77) = (0_1('7;7 pa 87 77)7 R 7O—p(x7 pv 87 77))

where

oi(T, p,8,m) = di(z —|—pZmaX (0, h —l—sZmax ar(z), —qr(z)) + nde(),
7=1
= inf —
dofw) = i |1z — o]

and p, s,n are positive reals.
Throughout the paper, we assume that the set S # ¢.
L

Also, for any &£ € RY, ||€]1 = Z |€:| and the duality gap between the problems (P;)
t=1
and (D;) is denoted by 7y, i.e.,

ri = inf qbl('l')_ Sup ’UJ,L'()\,/,L,I/), 1 §Z§p
ves (opiv) ERHEAT

Further, let € = (e1,€2,...,€p) > 0 be the permissible vector perturbation. We now
define e-approximate solutions.

Definition 2.1. = € S is called an e-Pareto solution of (P) if there exists no x € S
such that ¢;(z) < ¢;(z) —¢; for any i = 1,...,p with at least one strict inequality.
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Definition 2.2. (A, fi,7) € R™™*1 is called an e;-optimal solution of (D;) if it
satisfies w; (A, fi,7) 2 sup (wi( A, p,v)) — &
(A pp) ERMFEFL

Definition 2.3. For p,s,n7 > 0, T € R™ is called an e-Pareto solution of the uncon-
strained problem (UP),
(UP) Minimize o(z,p,s,n) = (o1(x, p,s,m),...,0p(z, p,5,1M))
if there exists no z € R™ such that
oi(z,p,s,m) < 0i(Z,p,5,1m) —

for any ¢ = 1,...,p with at least one strict inequality.

3. CHARACTERIZATION OF &-PARETO SOLUTION

In this section, we characterize e-Pareto solutions of (P) by estimating the size
of penalty parameters p, s,7n in terms of e-optimal solutions of (D).

The following proposition gives a necessary condition to obtain an e-Pareto so-
lution of (P).

Proposition 3.1. Let z be an e-Pareto solution of (P) and let

_ i . 71- B »
po = 102X [Nloc, 50 = max [Illec, 10 = roax |7,

where (N\', i, 7%) is an e;-optimal solution of (D;), 1 < i < p. Then, for any
i

(p,s,m) = (po,S0,M0), T is a (B+3¢e)-Pareto solutwn 0f (UP) where 8 = (B1,...,0p)
and B; = inf max ¢;(x) — sup wi(A, V) .

ves 1zizp (M) ERMRH1
Proof. We prove the result by contradiction. Let there exist (p,s,n) = (po, So,70)
such that 7 is not a (5 + 3¢)-Pareto solution of (UP). Then there exists & € R™ such
that

oi(Z,p,5,m) = 0i(T, p,5,m) — (Bi + 3¢4)

for any ¢ = 1,...,p with at least one strict inequality.

Since € S, we have
(3.1) ¢i(T) — & 2 0i(Z, p, 5,m) + (Bi + 2¢4)
for any ¢ = 1,...,p with at least one strict inequality.

Now, we can estimate as follows.

oi(#, p,s,m) = ¢i(& +pZmaxoh +s2maqu ,—¢r(£)) + ndo(2)

7=1
= ¢z-(:%)+pozmaX(0,hj(i‘))+502maX(qr(i°) —¢r(2)) + nodo (%)
j=1 r=1
k
=) +Z\>\’|maX(0 hy(@)) + ) |y max(q, (&), —a,(&))
7=1 r=1

+ |7’ |de(2)
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> ¢i(#)+ ) Nih +Zurqr ) + P'do(#)

which on using (3.1) yields

0i(T) — & 2 Gil®) + Y Nihy(@ +Zw )+ P () + B + 2,
=1

for any i = 1,...,p with at least one strict inequality.
Thus, we have

6i(%) — & 2 inf ¢i(x)+zx\;-h +Zurqr )+ Plde(x) | + B + 2e

=w;(\, i, 7") + Bi + 2¢;

= sup wZ(A7M7V>_EZ+ﬂz+2EZ
(At ERmHE+1

\Y

By the choice of §;, we get

i(T) — & 2 ;22 1rr<1a<>; di(x) + &

2 inf max ¢;(z) + min g
€S 15i<p 15i<p

I
=
E,

max ¢;(x)+¢e9, €9 = min g >0
zeS 15i<p l( ) ’ 1Zisp !

1\

max ¢i(z) for some T €.
15i<p

Hence, for some Z € S,

$i(Z) — € = ¢i()
for any ¢ = 1,...,p with at least one strict inequality. This contradicts that Z is an
e-Pareto solution of (P). Hence we get the result.

The next theorem, giving another necessary condition for e-Pareto solutions of

(P), will be used as a principle tool in obtaining the main results in the sequel.

Theorem 3.1. Let T be an e-Pareto solution of (P) and po, so,no be as same as in
Proposition 3.1. Then for any (p,s,n) = (po,so, o), there exits u € RP such that
u >0 and

p
(3.2) lo(x,p,s,m) —lla+ (’y + 251) 2 |lo(z,p,8,m) —Glla for any z € R"
i=1
where
lylla = max w;ly;| for yeRP
1< <

_ ’ A Rm+k+1 Z
v p(;gglrgag > Zsup{w (A, ) [ (A, v) € } 20,

o; < ¢i(x) — 1 for any a:e]R”, 1<i<p.
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Proof. Let (p,s,n) 2 (po, S0,m0). Define @ = (11, ...,1u,) € RP as
ﬂi:(ai(fvp75777)—5i)_1, 1§Z§p

Then, we have u; = (¢;(Z) — ;)1 > 0.
We now prove the result by contradiction. Suppose relation (3.2) does not hold.
Then, there exists y € R™ such that

p
HU(y,p,s,n) - 5—Hﬂ < Ho—(fapasan) _5—Hﬂ - <7+Z<€z) .
=1

The rest of the proof runs on similar lines as in the proof of [11, Theorem 3.1].
A contradiction will be obtained by using Proposition 3.1. U

4. €-OPTIMALITY CONDITIONS

In this section, we consider the following multiobjective fractional programming
problem

e (00

subject to x € S
where
S={zxeR":hj(x)=0,1=j<m;q(x)=0,1=r=<k;zeC}

is a feasible set of (FP), and for 1 £ i< p, 1 <5< m, 1< r <k, the functions
fi»9ishj,qr : R® — R are locally Lipschitz, f;, —g; are bounded from below on R"
and g;(z) > 0 for any = € S. The set C is taken to be a closed subset of R".
Minimization is taken in terms of obtaining e-Pareto solutions of (FP) defined as
follows:

Definition 4.1. € S is called an e-Pareto solution of (FP) if there is no x € S

such that
fi(z) < 1i(z) .
g9i(z) = gi(2)
for any i = 1,...,p with at least one strict inequality.
Using parametric approach, we transform the problem (FP) into the multi-

objective program (MP),, with parameter v € RP,

(MP),,  Minimize  (f(z) —vg(z)) = (f1(z) —v191(2), ..., fp(x) — vpgp(x))
subject to z € S.

Following lemma relates the e-Pareto solutions of (FP) and (MP),.

Lemma 4.1. £ € S is an e-Pareto solution of (FP) if and only if there ezists

(T
v € RP, with v; = fzg_; —&i, 1 £ 4 < p, such that T is an &-Pareto solution of
gi(T

(MP)y where € = eg(z) = (e191(Z), . .., €pgp(Z)) > 0.
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Proof. Let T € S be an e-Pareto solution of (FP). Then there is no z € S such that
file)  fil@)
gi(x) = 9i(7)
for any ¢ = 1,...,p with at least one strict inequality. Thus, there is no z € S such
that

fi(x) —v; gi(x) =0
for any ¢ = 1,...,p with at least one strict inequality. Using the definition of v, we
get that there is no x € S such that

fi(x) = v; gi(x) = fi(Z) — v; 9i(Z) — &
for any ¢+ = 1,...,p with at least one strict inequality. Hence, T is an &-Pareto

solution of (MP)z. The converse also follows on similar lines. U

For fixed v € RP, the exact penalty function associated with the problem (MP),
is defined as

9($a P 3777) = (91(35,,0, 577’)7 s gp(xapa ‘9777))’

0i(w, p,s,m) = fi(z) — vigi(x) + PZ max(0, h;(x))
j=1

+5Y  max(g(z), —q-(x)) + nde(x), 1 i < p.

We now establish Karush-Kuhn-Tucker (KKT) necessary optimality conditions
for e-Pareto solutions of (FP).

Theorem 4.1. Let T be an e-Pareto solution of (FP). Then there exists an x,. € R™
such that ||z, — || £ 1 and there exist \ € RP, p € R, s ¢ R¥, 7 € R, € R such
that

k
OGZ)\a i — 0:gi)(xr) —i—pzah T, —i—Zsraq?« zr) + 7B+ ndc(z,),

j=1 r=1
jm)gﬁ,lgjgm,
—Ve<qla) £Ve 157 <k,
do(zr) £ /e,

p
Ai20,1Si<p, p>0,7>0,7>0, ) A=1
i=1

where B* is a unit ball in R™.

Proof. Since ¥ is an e-Pareto solution of (FP), hence by Lemma 4.1, there exists

5.), T = fi(z)

U= (V1,...,Up), U; = —
(MP)y where &; = €;9;(Z).

—¢&; 1 <4 < p such that T is an &-Pareto solution of
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It follows from Theorem 3.1, that there exist pg > 0, so > 0, n9 > 0, v = 0 such
that for all (p,s,n) = (po, S0, M0), there exists u = (4y, ..., up) > 0 satisfying

p
He(xapv‘%n) - é”ﬂ + (7 + Z€_Z> 2 Hg(a_:upv‘g?n) - éHﬂ for any r € R"
=1
where 6 = (01, ...,0,) with
0; < fi(x) — vigi(z) — 1, 1sisp

and
P
v=|p inf max (f;(x) — v;9:(x)) — sup inf L;(z, \, u,v) | .
<xeslgi§p( (£) = Bi(e) =3 sup ik Lz o)

From this setting, we get

(4.3) 112%); u; | filz) — vgi(x) + p;max(o, hj(x))

k p
+s Z max(qr(z), —¢-(x)) + ndc(x) — §¢> + (’y + Z 5})
r=1

=1

Z u; | fi(Z) — vigi(T 0, hj(z
= rax i | fi(7) vg($%+p;;HwX( i(7))

k
+s Z max(qr(z), —qr(z)) + ndc(z) — 0,-) for any z € R™.
r=1

Set, for z € R",

P(x) = 112%}; u; | fi(x) — vgi(z) + p;max(o, hj(x))

k
+s Z max(q,(x), —gr(x)) + ndc(x) — gz)
r=1

and 7 =~+Y "% & >0.
Then, ¢ : R — R is a locally Lipschitz function. From (4.1), we have 1 is
bounded from below and

v(x)+ 7 2 Y(T) for any z € R".
Thus, Z is a T-optimal solution of the following unconstrained optimization problem

inimize P(z)
By Ekeland’s variational principle [2], there exists an 2. € R™ such that the following
relations hold
(i) Y(zr) < ¢Y(x) + 7 for any = € R™,
(ii) |z —z-|| = 1,
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(iii) Y(zr) S Y(z) + 7]|]r — 2| for any = € R™.

From condition (iii) it follows that z, is an optimal solution of the problem

Minimize ¢(x) + 7|z — z,| .
zeR”

Also, the function ¥(-) + 7|| - —x,|| is locally Lipschitz. By Clarke’s necessary
optimality conditions [1],

0€ () +ll-—al)(zr)

where 0 denotes the Clarke’s generalized subgradient.
The above relation yields that

(4.4) 0 € 9¥(z,) + 7B*

where B* = {y € R" : ||ly|| = 1} is a unit ball in R™.
Now, we have

N (xr) = 81@?51) u; | fi(-) —vigi(-) + pZmaX(O, hj(+))
Sis =

k
+s ) max(gr(-), —¢r () + nde () — @)) (zr)

p m
- Z it | O(fi — vigi)(z7) + PZ Ohj(zr)
i=1

=1

k
+s Z Br0qy(z7) + Uac(fUT))

r=1

P
where 0; 20,1Zi<p, Y ;=18 €R 1<r<k
i=1
Set a;; = N\ 20,1 <4< pand at least one \; > 0. Then

O(zr) € N | O(fi — vigi)(r) +p > Ohy(ar)
i=1

J=1

k
+s ) Br0gr(27) + nadc(x7)>

r=1

P p m
CY NO(fi —vigi) () +p Y N > Ohj(ar)
i—1 =1 =1

D k D
+ s Z A Z Br0gr () + 1 Z Nidde(zr) .
i=1  r=1 i=1
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Since A; = 0 with at least one strict inequality, hence, without loss of generality, we

can take Z A; = 1. Therefore
i=1

p

m k
3¢($7) c Z oy a(fz - 171'9@')(337) + pz 8h]($7-) + Z SraQr‘(mr) + ’I’/adc(l'-,-)

i=1 j=1 r=1

where s, = s/, € R. Substituting in (4.2), we get

0e Z)\ A(fi — vigi)(xr) +pzah (z;) —i—Zsraq,« (x7) + 7B* + nddc(z;)
j=1 r=1

P P
where )\izo,zx\izl,p>0, sr € R, 1§r§k,7’=’y+2§i, g; = €;9;(Z) and

=1 i—1
. fi(@)
" gi(@)

We now prove the complementarity conditions. ~ B
Let v € RP be fixed. Setting max ;i (0i(zr, p,5,m)—6;) = @i, (6i, (x+,p,5,m)—0i,)
1SisSp

f il fi v:igi(x) — 0;
i min (f(2) ~ tig(a) — 0)

g Uiy (f’Ll (wT) — iy 9iy (mT) - 9_11)

§ Uiy (f'bl (mT) = Vi1 9iy (xT) +p Z maX(O, hj (xT))
j=1

k
+ SZ | g (r) | +ndo(2r) — 63)
r=1

= fgixp ui(fi(zr) — vigi(xr) + Pj; max(0, hy (z7))

k

+s) L ar(er) | +nde(er) —65)
r=1

= Y(zr)
< inf ¢(z) 4+ 7 (from (i))

zeR™

= f ax u;(0; - é
aclen]Rn lIgigxpul( 2(1‘7p,5777) Z) +7

So, we have

m k
Uiy (PZ max(0, hj(z7)) + s Z | @r(x7) | +ndc(zr))
j=1 r=1

S nf ggoﬁi(@i(% ps,m) = 0;) — Jnf fglgp wi(fi(x) — vigi(z) — 0;) + 7,
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that is,

m k

pZmaX(O, hj(z7)) + SZ | ar(27) | +ndc(z7)

j=1 r=1

< (i 7.(0- _ A — ; in . F. 5. _h. .

= (xlean" 12?59 u;(0;(x, p, 5,m) — 0;) xlen]l{” élilgp i (fi(x) — vigi(w) — 0;) + 1) /Ui, -

From (4.1), max w;(0;(z, p,5,m) — 0;) is bounded from below. Since f; = F; and
1SisSp

0> —g; = G; for some F;, G;, we have

fi(z) = vigi(x) = fi(x) — fi(Z)gi(x)/9:(T) + €igi(w)
2 Fit+ | fi(®)/9:(%) | Gi + 0.

So, rénil @i (fi(x) — v;gi(x) — 6;) is bounded from below.
1sisp

m k
Then, we have Zmax(O,hj(xT)) — 0if p — +o0, Z | ¢-(z7) |— 0if s — 400
J:l r=1
and do(xz;) — 0 if n — 4o00.
Thus, there exist p(e), s(e) and 7n(e) such that hj(z,) < /e (1 £ j < m),

(€
Ve g(z) £ Ve (1 Sr k) and do(z,) < /e O

CONCLUDING REMARKS

If the functions involved in the fractional programming problem (FP) are assumed
to be differentiable and the set C' is taken to be a convex set then the necessary
optimality condition of Theorem 4.1 reduces to

P m k
D NV(fi = vig) (@) +p Y Vhi(x) + Y sV (w) +&|| S 7
=1

j=1 r=1

for some £ € N¢(x;), the normal cone to C' at x.
Thus, starting from any initial point, we can generate a sequence in the neigh-
bourhood of the e-optimal solution of (FP) at which the above stated optimality
p

condition holds for some (), p,s,&) = 0, Z A; = 1. The solution thus obtained is
i=1

correct up to 7-precision. The importance of this information can be judged from
the fact that in most practical situations, the algorithms designed to solve nonlin-
ear programming problems solve them only up to a given precision level. Moreover,
unlike the paper of Liu and Yokoyama [6], we have not placed any convexity re-
striction on the functions involved in the problem. The functions are required to be
locally Lipschitz only. Further, optimality conditions obtained in this paper yield
additional information about the solution behaviour in its neighbourhood.

The above observations obviously indicate that the results of this research work
are more general than the similar results established in earlier research articles.
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