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ON A CLASS OF INFINITE HORIZON OPTIMAL CONTROL
PROBLEMS WITH PERIODIC COST FUNCTIONS

ARIE LEIZAROWITZ AND ALEXANDER J. ZASLAVSKI

ABSTRACT. In this paper we study discrete time and continuous time infinite
horizon optimal control problems with periodic cost functions. For these problems
we obtain the reduction to finite cost and the representation formula, and the
existence of optimal solutions on infinite horizon.

1. INTRODUCTION

The study of optimal control problems defined on infinite intervals has recently
been a rapidly growing area of research. These problems arise in engineering [1, 19,
20], in models of economic growth [3, 5, 9, 10, 13-15], in infinite discrete models
of solid-state physics related to dislocations in one-dimensional crystals [2, 16] and
in the theory of thermodynamical equilibrium for materials [4, 8, 11, 12, 17, 18].
In this paper we study discrete time and continuous time optimal control problems
with periodic cost functions. Such problems arise, for example, in the analysis of
infinite discrete models for crystals [2, 16].

We consider the infinite horizon problem of minimizing the expression
Zf\; 61U($i,xi+1) as N grows to infinity where {z;}°, is a sequence in the Eu-
clidean n-dimensional space R™ and v is a lower semicontinuous function defined on
R™ x R™. This provides a convenient setting for the study of various optimization
problems, e.g., continuous time control systems which are represented by ordinary
differential equations whose cost integrand contains a discounting factor [6], the
infinite-horizon deterministic control problem of minimizing fOT L(z(t), 7' (t))dt as
T — oo [7], the analysis of a long slender bar of a polymeric material under tension
[4, 8, 11], the analysis of an infinite discrete model for crystals which undergo phase
transitions [2, 16] and models of economic dynamics [9, 10, 13, 14]. Here we extend
the results of [6] obtained for a function v defined on a set K x K where K is a
compact subset of R™. In our paper v is defined on R™ x R™ and is periodic.

The paper is organized as follows. The extentions of the results of [6] are obtained
in Section 2. In Section 3 we consider variational problems with integrands which
are periodic with respect to a state variable. In Section 4 we study the infinite
horizon problem of minimizing the expression ZZJ\; 61 vi(i, xiy1) as N grows to
infinity where {z;}7°, is a sequence in the Euclidean n-dimensional space R" and
{vi}2, is a sequence of lower semicontinuous periodic functions defined on R™ x R".
In Section 5 we present our main application which is devoted to continuous time
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periodic control systems. We establish that under certain conditions such infinite
horizon systems have overtaking optimal solutions.

2. AUTONOMOUS DISCRETE-TIME PERIODIC CONTROL SYSTEMS
Let R™ be the Euclidean n-dimensional space,
|z| = max{|z;|: i=1,...,n} for all x = (z1,...,2,) € R"

and let Z be the set of all integers. Assume that v : R" x R® — R! is a lower semi-
continous function (i.e. v(limg_ o (2, yx)) < liminfx o v(xg, yx)) which satisfy the
following assumptions:

(2.1)

sup{v(z,y): z,y € R", 0<z; <land0<y;—z; <lfori=1,...,n} =a < oo,

(2.2) inf{v(z,y) : z,y € R"} =b> —o0,

(2.3) v(x +m,y 4+ m) =v(z,y) for each z,y € R" and each m € Z",
there exists a number I' > 0 such that
(2.4) inf{v(z,y) : z,y € R" and |z —y| > T} > a.

We will prove the following result which is an extention of Theorem 3.1 of [6]
established for a function v : K x K — R! where K is a compact subset of R™.

Theorem 2.1. There exists a constant p such that:
(1) For every sequence {z}5°, C R" and every integer N > 0 the inequality

N
> [o(zizip) —pl > b—a
=0

holds.
o0

(2) For every sequence {z;}°, C R™ the sequence {Zfio [v(zi, zit1) — M]}N . is
either bounded or it diverges to infinity. -

(3) For every initial value zy there is a sequence {z;}2, with z§ = zo which
satisfies
N
S fo(zt 2t4) —

1=0

<4(a—10)

for all integers N > 0.

We preface the proof of the theorem by auxiliary lemmas.
Define

N—oo

N-1
(2.5) p = inf {limian_l Z v(2i, zig1) © {zi}i2 C R”} .
i=0

For any natural number N set

N—1
(2.6) A(N) = inf {Nl Z v(zi, 2i01) {2} C R and 2y — 29 € Z”} ,
=0
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(2.7) p(N) = mf{ -1 Z v(zi, 2zi01) : {2}, C Rn} .

Remark 2.1. Let N be a natural number and let {2}, C R" satisfy 2y —zp € Z™.
We can associate with {2;})¥, a sequence {y;}2, C R" such that

yi =25, t=0,..., N,
YirjN = Yi + j(zn — 20) for all integers ¢,j > 0.
Remark 2.1 and relations (2.2), (2.3), (2.5), (2.6) and (2.7) imply that

(2.8) p(N)<pu<AN), N=1,2,...

Set

A={(x+myy+m): x=(x1,...,2n), Y= (Yy1,...,yn) € R" satisfy
0<z;<1,0<y;—x;<1lfori=1,...,nand m € Z"}.

Lemma 2.2. N(A(N) — p(N)) < a —b for all natural numbers N.

Proof. Let N be a natural number and {z;}}¥,; C R". Evidently there is a sequence
{yz}zzo C R™ such that

yi=2,1=0,....N—1, yv —yo € Z" and (yN—layN) € A.
By (2.1)-(2.3) and (2.6)

N-1 N-1
< Z v(Yi, Y1) < Z v(2i, zi+1) — b+ a.
i=0 i=0

Since this inequality holds for an arbitrary sequence {z;}X, C R™, this completes
the proof of the lemma. O

Lemma 2.3. Let {z;}3°, C R™ and let q be a natural number such that |zg—zq—1| >
I'. Assume that a sequence {y;};°, C R™ satisfies

yi=zi, 1 =0,...,¢—1, (Yg—1,Yq) € A, yi—2;i = yg— 2 € Z" for all integers i > q.
Then v(zi, ziv1) > v(Yi, Yi+1) for all integers ¢ > 0.
The validity of Lemma 2.3 follows from relations (2.1), (2.3) and (2.4).

Proof of Theorem 2.1. Let {z;}2, C R" and N be a natural number. There exists
a sequence {y;}Y, C R™ such that

yi=2z%,1=0,...,N—1, (yn—1,yn) € A and yny —yo € Z".
It follows from (2.1), (2.2), (2.3), (2.6) and (2.8) that
N-1 N—1
ZU(Zi,Zi+1) > Zv(yi,yi+1)+b—a2 NAN)+b—a>Npu+b—a.
i=0 =0

Assertion 1 of Theorem 2.1 is established.
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Assertion 2 follows from Assertion 1. Let us prove Assertion 3. It is sufficient to
establish the existence of a sequence {z;}3°, C R" such that

N

Z[U(Ziyzi+1) —

=0

< 2(a —b) for all integers N > 0.

We can assume without loss of generality that I' > 2. Let N be a natural number.
Lemma 2.3 implies that there is a sequence {z¥}¥, C R" such that

2N — 2N <T,i=0...,N—1, z) —2N € Z", |z)'| <1

)

and
N-1
U Zi z—l—l N)‘( )
=0
By Lemma 2.2 and (2.8)
N-1
2.9 v(zN, 2N <a—b N=1,2,....
i s Ri+1) T M
i=0

Clearly there exists a strictly increasing sequence of natural numbers {N; }511 such

that for every integer ¢ > 0
zfvjﬁyieR"asjﬁoo.

Fix a natural number N. For all large natural numbers j it follows from Assertion
1 and (2.9) that

NjN)

iRt /”L]Sa_b7

[o(
> [ 50) — ) = —a+b,

[w(z; 7, 21) — ] < 2(a — D).

This relation implies that

[v(yi, yit1) — p] < 2(a =),

I
=)

i
which completes the proof of the theorem. O

The next result is an extension of Proposition 5.1 of [6], which is concerned with
obtained for a function v : K x K — R' where K is a compact subset of R".

Theorem 2.2. Let v be a continuous function. We define
(2.10) m(x) = inf {hmlnf Z v(zi, zig1) — ] 2 {zi}igo C R", 20 = x},

(2.11) 0(z,y) = v(z,y) — p+7(y) — n(x)
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for each x,y € R*. Then m : R — R! and # : R* x R® — R are continuous
functions,
(2.12) w(x+m)=mn(z), 0(x+m,y+m)="0(x,y)
for each x,y € R" and each m € Z",
the function 0 is nonnegative and
E(z)={y e R": 6(z,y) =0}
is nonempty for any x € R™.
Proof. We can assume without loss of generality that I' > 2. For z € R™ we set
Az) ={{zi};20 CR": 2o =x and |21 — 20| < T}
It is easy to verify that relation (2.12) holds and
m(x) <wv(z,y) —p+n(y) for all z,y € R"™.

Thus 6 is nonnegative. Lemma 2.3 implies that

N-1
7(x) = inf {l}\l;ﬂ inf [V(zi, zig1) — p] = {zi}igp € A(ZL')} , x € R".
— 00
i=0
This relation and the uniform continuity of v on bounded subsets of R™ x R"™ imply
the continuity of the function .

It only remains to prove that E(x) # () for every x € R™. Suppose to the contrary
that for some z € R™ we have E(x) = (. There is a sequence {z;}5°,; C R" such
that 0(z,x;) — inf{0(x,y): y € R"} as i — oo.

Let i be a natural number. If |z; —z| > I" we choose y; € R" such that (z,y;) € A
and y; —x; € Z". If |z; — x| < T we set y; = z;. Relations (2.1), (2.3) and (2.4)
imply that

O(x,y;) <O(x,x;), i=1,2,....
Now it is easy to verify that there exists € R™ such that
O(x,z) = inf{l(x,y): ye R"} =46 > 0.

There is a sequence {z;}2°; C R" such that zp = z and

N-1
lgn inf Y [v(zi,zi01) — p] < w(x) + 2718
T o
We have
m(x) + 2715 > 0(x,21) + 7(x) — 7(21)]
N
—i—l}\l;ninf [(zi, zi41) — p] > [0 + 7(x) — 7(21)] + 7(21).
i=1

We obtained a contradiction, hence FE(z) # ) for all x € R". The theorem is
proved. O
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3. VARIATIONAL PROBLEMS WITH PERIODIC INTEGRANDS

Let L : R™ x R"® — R! be a bounded below Borel function which is bounded on
any compact subset of R%". We assume that

(3.1) L(z +m,v) = L(z,v) for all z,v € R" and all m € Z"
and that there exist positive numbers ¢y, co such that
(3.2) L(z,y) > c1]y| for all z,y € R™ such that |y| > ca.

A trajectory is an absolutely continuous function z : A — R™ where A is either
[a,b] C R! or [a,00).

We will establish the following result which extends Theorem 4.1 of [7], estab-
lished for integrands L : K x R® — R!, where K is a compact subset of R", which
satisfy a Lipschitzian condition with respect to the state variable.

Theorem 3.1. There exist numbers M (L) > 0 and u(L) such that:
(1) For any trajectory z : [0,00) — R"™ and any number T > 0

T
/0 (L(=(0), (1)) — (D))t > —M(L).

(2) For any trajectory z : [0,00) — R™ the function

T
7 [ L0, 0) - p(Ddr, T € (0,0
0

is either bounded or diverges to infinity as T — oo.
(3) For any zp € R™ there exists a trajectory z : [0,00) — R™ such that z(0) = z
and for any T > 0

T
/0 (L(=(t), £/(t)) — p(L)]dt| < M(L).

We preface the proof of Theorem 3.1 by several preliminary propositions. Set
(3.3) dr, = inf{L(z,y) : =,y € R"}.
For z,y € K we set

u(z,y)
1
= inf {/ L(2(t),2'(t))dt : 2:]0,1] — R" is a trajectory, z(0) = z, 2(1) = y} .
0
It is easy to verify that
(3.4) inf{u(z,y): =,y € R"} > dy,
the function u : R” x R — R! is bounded on any compact subset of R?" and that
(3.5) u(x +m,y+m) =u(zr,y) for all x,y € R" and all m € Z".
Lemma 3.1. For any positive number K there exists a number I' > 0 such that

u(z,y) > K for all x,y € R" satisfying |x —y| > T.



INFINITE HORIZON OPTIMAL CONTROL PROBLEMS 77

Proof. Let K be a positive number. Choose a positive number I' such that
(3.6) T > e+ ¢ (K +sup{|L(z,y)| : z,y € R", |y| < c2}).

Let z,y € R" satisfy |z —y| > T" and let z : [0,1] — R™ be a trajectory satisfying
2(0) =z, z(1) = y. Set

F, = {t S [O, 1] : ’ZI(ZL/)| < CQ}, Fy = [0, 1] \ Fy.
By (3.2) and (3.6)

1
/ L(=(t), 2/ (£))dt = / L(=(t), 2/ (1))dt — sup{|L(E.n)| : &n € B™, n] < ea},
0 Fs

1
D<oyl < / 1 (0)|dt < o +/ 1 (0)|dt < o +/ T L= (8), ()t <
0 )

>

1
<ertop! [ [ 260,20+ sz e r ol < cQ}] ,

1
/ L(z(t), 2/ (1))dt > K.
0
Hence u(z,y) > K and the lemma is proved. O
For z,y € R™ we define

v(z,y) = liminf wu(¢,
(2,9) minf (&n)

where &, € R™. Evidently v : R® x R® — R! is bounded from below, lower
semicontinuous function which is bounded on any compact subset of R?". Relation
(3.5) implies that

v(x +m,y+m) =v(z,y) for all x,y € R" and all m € Z".
Set

b=inf{v(z,y): =,y € R"},
a = sup{v(x,y) T = (mla--‘ axn)a Y= (yla" ayn) € Rna
0<z;<1,0<y;—x;<1fori=1,...,n},

N-1
jo= inf{lim iélofN*1 Z; v(zi, zip1) {2}, C R},

By Lemma 3.1 there exists a positive number I' such that
inf{v(z,y): z,y e R", |zt —y|>T}>a+1.
It is easy to see that Theorem 2.1 is valid with v, u, a, b.
Lemma 3.2. Let x,y € R" and € € (0,1/2). Then there exists v € (0,¢) and a
trajectory z : [0,1 + ] — R™ such that

14+
20) =3, 2(1+4) =y, /O L(x(t), 2 (0)dt < v(x,y) + €.
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Proof. Set

(3.7) K =sup{|L(z,v)|: z,v € R", Jv|] < 16}.
Choose 7 € (0, €) such that

(3.8) vK < ¢€/8.

It is easy to see that there are x1,y; € R™ such that

(3.9) |z — a1 <87, ly — il <9/8,

u(z,y1) < v(x,y) + /8.
There exists a trajectory zp : [0,1] — R™ such that

1
(310) 20 =1, 2(1) =, [ Llaalt), ()t < vlaiy) + 5
0
Define a trajectory z : [0,1 + ] — R™ such that
2(t) =z + 2y t(xy — 2), t €[0,7/2],
z(t) = 20(t —/2), t € [v/2,1+ /2],
)=y + 27 (=1 =/2)(y — ), t € [L+7/2,1+7).
Clearly the trajectory z is well defined and satisfies z(0) = z, z(14++) = y. By (3.7)
and (3.9)
[L(2(t),2'(t))| < K, t € (0,7/2)
and
L(2(t),2'(t) <A, t € (1+7/2,147).
These relations together with (3.8) and (3.10) imply the validity of the lemma. [

Proof of Theorem 3.1. Set
w(L) = i, M(L) = 5(a— b) + |dg| + || + 1.
Note that Theorem 2.1 is valid with v, g, a,b. Let z : [0,00) — R™ be a trajectory.
By Theorem 2.1
N N-1

/ [L(2(t), 2 (t))—p|dt > [v(z(7), 2(i+1))—p] > b—a for all natural numbers N.

0 =0
Let T be a positive number. There is an integer N > 0 such that N <T < N + 1.
In view of (3.3)

T T
(3.11) / (L(=(0), /(1)) — pldt > / L(=(t), £/(t)) — pldt +b—a

N
2b—a—|d|—|ul.
Thus Assertion 1 of Theorem 3.1 is proved.

Assertion 2 follows from Assertion 1. We will prove Assertion 3. Let zy € R".
By Theorem 2.1 there exists a sequence {x;}2, C R" such that zp = 29 and

N

Z[U(Iuwiﬂ) —

=0

(3.12) < 4(a —b) for all integers N > 0.




INFINITE HORIZON OPTIMAL CONTROL PROBLEMS 79

Set

=271+ u)i=1,2,....
By induction using Lemma 3.2 we construct a sequence of numbers v; € (0,¢;),
i=1,2... and a trajectory z : [0,00) — R" such that for all integers N > 0

BN+1
z2(BN) = znN, / L(z(t),2'(t)dt <v(xn,TNni1) + enit,

where Gy =0, By = Zf\; 17 + N for all natural numbers N. By these relations and
by relation (3.12) for N =1,2,...
BN N-1
| 0. 0) =t < by + 3 o) + i
i=0
N— N
<D i) —pl = p(By = N)+ > e
i=0 i=1
N
<dla—b)+ (1+p)d e <4(a—b)+1.
i=1
Let T be a positive number. Choose a natural number N such that gy > T + 1.
Then by relation (3.11) which holds for any trajectory

T BN
| Lo 20) - it = [ (L0, 0) - s
0 0

—_

BN
— [ IR0, 2(0) ~ plde < 40 = 0)+ 14 (0= b+ |du] + ) < M(D)
T
The proof of the theorem is complete. O

For x € R™ we set

T
m(x) = inf {liminf/o [L(2(t),2'(t)) — p(L)]dt :

T—o00
z:]0,00) — R" is a trajectory and z(0) = x}
By Theorem 3.1 the function 7 : R* — R' is bounded,
|m(x)| < M(L) for each x € R",

m(x +m) = w(z) for each z € R" and each m € Z".

Let § be a positive number. A trajectory s : [0,00) — R"™ is called d-weakly
optimal [6] if there exists a strictly increasing sequence of positive numbers {7;}3°,
such that T; — oo as i — oo and that for any trajectory z : [0,00) — R™ satisfying
2(0) = s(0) the relation

T;
A L(s(t), /() — L(=(t), 2'(0)))dt <

holds for all large .
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Proposition 3.1. For any x € R™ and any § > 0 there exists a 6-weakly optimal
trajectory s : [0,00) — R™ satisfying s(0) = x.

Proof. There is a trajectory s : [0,00) — R" such that s(0) = x and

T
lim inf /0 L(s(8), 8'(8)) — p(L)]dt < m(x) + 6/4.

T—o00

To complete the proof we should only note that there exists a strictly increasing
sequence of positive numbers {7;}9°, such that T; — oo and
T;
lim [L(s(t),s'(t) — p(L)]dt < w(x) + /2. O
1—00 0

Proposition 3.2. 7 : R" — R! is a Lipschitzian function.

Proof. Set

K =sup{|L(z,v)| : z,v € R" and |v| < 16}.
Let z,y € R™ satisfy 0 < |z —y| < 1 and let 2(+) : [0,00) — R™ be a trajectory such
that z(0) = y. We define a trajectory z : [0,00) — R"™ by

a(t) =z +tlr -y y — @), t € [0.]z —yl],
a1t + o —yl) = 2(1), ¢ € [0,00).
Evidently z; is well defined and

T
() < lim inf /0 [L(21(8), 2(8)) — p(L)]dt

T—o0

|z—y|
- /0 "L (1), 24 (1)) — u(L))de+

T
—Himinf/o [L(2(t),2'(t)) — u(L)]dt

T—o0

T—o0

S L0007 (8) — (D)t + |z — (D] + K).
This relation holds foroany trajectory z : [0,00) — R"™ satisfying z(0) = y. Hence
m(x) < 7 (y) + [ — yl(|u(L)] +9).
This completes the proof of the proposition. O
4. DISCRETE TIME NONAUTONOMOUS PROBLEMS

Let v; : R® x R" — R'U{cc},i=0,1,2,... be asequence of functions such that
for each integer ¢« > 0 the following conditions hold:

(4.1) a; = sup{vi(x,y) : = (x1,...,2n), ¥y = (Y1,--.,yn) € R",
0<z;<1,0<y;—z;<1lforallj=1,...,n} < oo,

(4.2) bi = inf{v;(x,y): z,y € R"} > —o0,

(4.3) vi(x +m,y +m) = v;(z,y) for each z,y € R" and each m € Z",
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there exists a number I'; > 0 such that

(4.4) inf{v;(z,y): z,y € R" and |z —y| > T} > a;.
We assume that

(4.5) a=sup{a;: i=0,1,...} < oo,

(4.6) b=inf{b;: i=0,1,...} > —o0.

We may assume without loss of generality that

(4.7) I'; > 2 for all integers ¢ > 0.

For x € R™ and a natural number N we set

N-1
S(z,N) = inf { Z vi(2i, zip1) {2} C R, 20 = az} .

i=0

Also we set

(4.8) A={(z,y) e R"XR": z=(x1,...,Zn), Y= Y1,---,Yn),

0<y;—ax;<lfori=1,...,n}.
Relations (4.1), (4.3) and (4.4) imply the following lemma.

Lemma 4.1. Let {z;}°, C R" and let q be a natural number for which |zg—zq—1| >
Iy—1. We define a sequence {y;}5°, C R" by

yi=2i,1=0,...,¢—1, yg — 24 € Z", (Yg-1,Yq) € A,
Yi = 2 +Yg — 2q for all integers i > q.
Then vi(zi, ziv1) = 0i(Yisyiv1), 1 =0,1,....

Theorem 4.1. Letv;, i =0,1,... be a sequence of lower semicontinuous functions.
Then for any x € R"™ there exists a sequence {x;}5°, C R" such that

Trog =, |$i_$i+l|§1_‘ia ZZO,]_,

i

vi(xi, xiy1) < S(z,N)+any — by, N=1,2,....

Il
o

i
Proof. Let x € K. Lemma 4.1 implies that for any natural number N there is a
sequence {zN}Y , C R™ such that

zéV:a:, |Zﬁr1—zzN| <Iy,i1=0,...,N —1,
N-1
Z’Ui(ZZN,Zﬁ_l) :S(:U>N)
i=0

Let m, N be natural numbers such that m < N. Clearly there is a sequence
{z}¥, C R™ such that

. N
Ri =% 5 1 :07"'7m7 Em+1 — Fma1 € Zna (zmazm—l-l) € Aa

N N .
2i =2; +Zmi1 — Zpap, t=m+1,..., N.
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In view of (4.1), (4.2), (4.8) and (4.3)

N—
Z vilz, zi1) — vie, 2] = S(a,m)
=0

m—1
Uz 1 , 1+1 +Um(2mvzm+1) v (an\i>znj\17+1)7
=0
m—1
(4.9) D iz, 2N0) < S(z,m) + am — bm
=0

for each pair of natural numbers m, N satisfying m < IN. There exists a strictly
increasing sequence of natural numbers {N}}2° | such that ZZN k

any integer ¢ > 0. Relation (4.9) implies that

— x; as k — oo for

m—1

Z vi(zi, xip1) < S(x,m) + ap — by, m=1,2,....
=0

The theorem is proved. g
Theorem 4.1 inplies the following result.

Theorem 4.2. Letv;, 1 =0,1,... be a sequence of lower semicontinuous functions
and a;—b; — 0 asi — oo0. Then for any x € R™ there exists a sequence {z;}5°, C R"
such that

ro =2, |aci—:ri+1\ SFi, i:O,l,...,
N-1
S(z,N) — Z vi(xi, xip1) — 0 as N — oo.
i=0

Theorem 4.3. Let a; —b; — 0 as i — oo. Then for every x € R™ for every e > 0
there exists a sequence {y;}52, C R" such that

Yo = T, ‘yZ_yZ-‘rl‘ SFM 7':0717
and that

N-—1
Z Vi yzayz—H ) < S(x7N) +e
=0

for all sufficient large N .

Proof. Let x € R" and € > 0. Set ¢; = 27" 3¢, i = 1,2,.... Lemma 4.1 implies that
for any natural number N there exists a sequence {2V }¥,; C R" such that z{’ = z,
(4.10) |2 — 2| <Ty, i=0,...,N -1,
and that

N-1
(4.11) vi(2N, 2N 1) < S(x,N) + en.

=0
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Let m, N be natural numbers satisfying m < N. There exists a sequence
{zi(m, N)} ¥, such that

Zl(m N)_Z ,1=0,...,m, (Zm(m )7Zm+1(m>N))€A7
Zm+1(m7 N) - Zm+1 € Znu Zi(m7 N) - Z’LN = Zm-i—l(mu N) - Zr]r\{Jrl’
t=m+1,...,N.

(4.11), (4.8), (4.2), (4.3) and (4.1) imply that

N—
Z Z; a H—l (Zi(m, N)a zi—l-l(mv N))]
1=0

m—1
> vi(2N, 2N 1) = S(x,m) — €m + b — Vi (2 (M, N), zm1(m, N))
=0
m—1
> vi(z l , z+1 — S(z,m) — €n — am + by
=0
(4.12) > by — am — €m,
m—1
(4.13) vi(2, 2N 1) < S(x,m) + €m + en + am — by,
1=0

for each pair of natural numbers m, NV satisfying m < N. Choose a strictly increas-
ing sequence of nonnegative integers {N;}:°, such that No =0, N;y1 — N; > 10 for
all integers ¢ > 0 and that

o0

(4.14) > (an, —by,) < €/8.

i=1
It is easy to see that there exists a sequence {y;}7°, C R" such that

Ny -
Yo =, Yi = z; 17 ZZl)"'le

and that for all natural numbers k

Ni+1
(yNknyk—i—l) € A, YNpi1 — N;]:Jrl € Zn
Ni+1 Np+1 .
y—Z k +yNk+1_ZN:+17l:Nk+1,...7Nk+1.

We will show that {y;}5°, is the required sequence.
By induction we will prove that for all integers k > 2 the following relation holds:

Np—1
(4.15) Z [Wi(Yi, yie1) — vi(2] ", 25)] Z (en; +an; — by;)-
=0 j=1
We verify that (4.15) holds for k = 2. It is easy to see that
No—1
> [0iWisyir1) — vilzi(N1, Na), 241 (N1, N2))| < on, (Ung, yng41) — by
i=0

S aNl - le
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and this relation together with (4.12) implies (4.15) for £ = 2. Assume now that
relation (4.15) holds for some integer k > 2. By (4.12)
Npp1—1
Z [vs iy gir1) — vz 2]
=0
Npp1—1
= [vi(yi> yi+1) — vi(2i(Ni, Nit1), Zi1 (Ni, Nig1))]

=0

Nig1—1
Neqi N
+ [0i(2i(Nky Nig1), zig1 (N, Nig1)) — 03z, " 205
i=0
Ni—1
N N
<O Wilyi vir1) — vilz*, 2] + o (U UN+1) — b, any, — b, + e,

x> O

-1 k
< 2(en; +an; — bn;) + 2an, — 2bn, +en, < Z en; +an; —by;).
Jj=1 7=1
Thus relation (4.15) holds for every integer k > 2. Let j > Na be an integer. There
is an integer k > 2 such that Ny < j < Njy;. Then in view of (4.13)-(4.15)

j—

—_

N N, .
vi(z 2T < S(2, ) + € ey, +a; = by,

=0
j—1
N,
[0i (Yi Yit1) — Uz(ZNkH» Zi+k1+1)]
i=0
Njp1—1 N N k
= [vi(Wir1, yier) =iz 2] < D 2ew, +an; — biy),
i=0 =1

o

7—1
sz Yir Yit1) < 22(€Ni +an, —bn,) + S(z, j)
1=0

+ej +enyy, + a5 — b < S(x,j) +3e/4+a; —b;.
This completes the proof of the theorem. O

5. PERIODIC OPTIMAL CONTROL PROBLEMS

T
w) = /0 fol(8), u(t), t)dt,

(5.1) Y = f(z,u)
where z(t) € R", u(t) € Qforallt € [0,T], Q C R™ is closed and fo : R" xQx [0, o0)
and f: R"™ x  — R™ are continuous functions. The admissible controls are all the
measurable functions u(t) for which the constraints u(t) € Q and z(t) € R™ are
satisfied (where z and u are related as in (5.1)).

We consider a system
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We assume the following:
(1)
fz+qu) = f(zu)
for all z € R™, u € Q2 and each ¢ € Z" and
fo(z + g u,t) = fo(z,u,t)

forall z€ R", ue, g€ Z" and all t € [0, 00).

(2) For any bounded set E C Q the function fy is bounded on the set R" x E X
[0,00) and the function f is bounded on the set R™ x E.

(3) For any bounded set £ C Q the function fy(z,u,t) — 0 as ¢ — oo uniformly
on R" x E (for any € > 0 there t. > 0 such that

| fo(z,u,t)] <eforeach z € R", uw € E and each t € [t¢, c0).
(4) There exist a number dy > 0 and a bounded function
b0+ [0,00) = [0,00)
such that ¢o(t) — 0 as t — oo and that
fo(z,u,t) > —dogo(t) for each z € R", u € Q and each t € [0, 00).

(5) There exists a number d; > 0 such that for each x = (z1,...,2,), y =
(y1,...,yn) € R" satisfying

there is an admissible control u(t), 0 < ¢ < 1 with a corresponding trajectory z(t),
t € [0,1] such that

2(0) ==z, z(1) =y, |u®)] <d;, 0<t<1.
(6) For any number T' > 0 there exist ap > 0, S7 > 0 such that
ar|f(z,u)| < fo(z,u,t) for all z € R", t € [0,T]
and each u € ) satisfying |u| > fr.
For x € R", T > 0 we set

T
o(x,T) = inf {/0 fo(z(t),u(t), t)dt :

2 = f(z,u), 2(t) € R", u(t) € Q, t € [0,7T], 2(0) = x}

By Assumptions 1, 2, 4 and 5 the number o(z,T) is well defined.

For xz,y € R", T > 0 denote by H(z,y,T) the set of all pairs of functions
(2(t),u(t)), t € [T, T + 1] such that
2= f(z,u), 2(t) € R", u(t) € Qforallt € [I,T + 1] and 2(T) =z, 2(T + 1) =y,
and set

T+1
vp(x,y) = inf {/ fo(z(t),u(t), t)dt : (z,u) € H(:U,y,T)} if H(xz,y,T) # 0,

T
otherwise vp(x,y) = oo.
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For any integer ¢ > 0 set
a; = Sup{vi(x7y) P = (xlv"',xn)v y= (yla"'vyn) € Rna
0<z;<1,0<y;—xz;<1foreachi=1,...,n},
b; = inf{v;(x,y): =,y € R"}.
By the assumptions we made

(5.2) by > —o0, a; <00, 1 =0,1,...
(5.3)
vi(x + ¢,y + q) = vi(x,y) for each x,y € R" each ¢ € Z" and each i =0,1,...,
(5.4) sup{a; : i1 =0,1,...} < o0,
(5.5) inf{b; : i=0,1,...} > —o0,
(5.6) a; — 0, b — 0 as i — oo.

Lemma 5.1. For any integer ¢ > 0 there exists a number I'; > 0 such that for each
x,y € R" satisfying |x — y| > T'; the relation v;(z,y) > a; holds.
Proof. Let i € {0,1,...}. By Assumption 6
(5.7) aip1]f(z,u)] < fo(z,u,t)
for each z € R", each t € [0,7 + 1] and each u € Q satisfying |u| > Bi+1

where ;11 > 0, ;01 > 0. In view of Assumption 2 there exists a number v > 0
such that

(5.8) |f(z,u)| <~ for each z € R" and each u € Q satisfying |u| < Bit1.
Choose a number I'; > 0 for which
(5.9) T >+ (cig1) Hlail +sup{|eo(t)] = t € [i,3 4+ 1]}](|do| + 1).

Let x,y € R" satisfy |x —y| > T'; and let (2(¢),u(t))(i <t <i+1) € H(z,y,i). We
have

1+1 i+1
L<le-yl< [ 1FOd= [ IfG. )

Set
Ei={teli,i+1]: |ul®)| < Bit1}, B2 =[i,i+1]\ E1.
Relation (5.8) implies that

(5.10) I < \f(Z(t),U(t))\dtﬂL/ [f(z(8),u(®) < [ [f(2(), u®)] 4+
Ey Es E>
On the other hand by (5.7), Assumption 4, (5.10) and (5.9)

i+1
/+ fO(Z(t)vu(t)vt)dt: © fO(Z(t)vu(t)’t)dt+ e fO(Z(t)vu(t)vt)dt

> [E il f(2(t), u()|dt — sup{léo(t)| = ¢ € [iri+ 1]}do

> ais1 (T — ) — sup{léo(t)] = ¢ € [ii +1]}do| > a.
This completes the proof of the lemma. O
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Lemma 5.2. For any x € R"
sup{lo(z,T) — o(z,4)|: T €[i,i+1]} =0 asi— oo
(here i > 0 is an integer).

Proof. Let x € R™, i > 0 be an integer and let T" € (7,7 + 1]. Let furthermore, u(t),
t € [0, T] be an admissible control with a corresponding trajectory z(t), t € [0,T]
such that z(0) = z. By Assumption 4

T i
/O fO(z(t)’u(t)vt)dt > /0 fO(Z(t)vu(t)vt)dt_Sup{|¢0<t)‘ tte [i7i+ 1]}‘d0‘

> o(x,i) —sup{|po(t)| : t € [i,i+ 1]}|do].
This relation implies that
(5.11) o(x,T) —o(x,i) > —sup{|po(t)| : t € [i,i+ 1]}|dp|.

Let now wu(t), t € [0,i] be an admissible control with a corresponding trajectory
z(t), t € [0,4] such that z(0) = x. In view of Assumptions 1 and 5 there exists an
admissible control ui(t), t € [0,7] with a corresponding trajectory z1(t), t € [0, 7]
such that ui(t) = u(t), z1(t) = 2(¢), t € [0,4] and that |uy(t)| < di, for all t € [i,T].
We have

) T
/ fo(z(t),u(t),t)dt > / fo(zl(t),ul(t),t)dt—
0 0

—sup{fo(y,h,7): y€ R", heQ, |h| <dy, T € [i,00)}
> o(x,T) —sup{|fo(y,h,7)|: y€ R, heQ, |h| <dy, T € [i,00)}.

This relation implies that
(5.12)
o(xz,i) —o(x,T) > —sup{|fo(y,h,7)| : y€ R", h€Q, |h| <dy, T € [i,00)}.

Now the validity of the lemma follows from relations (5.11), (5.12) which hold for
every i € {0,1,...,} and every T € (i,7 + 1], and from Assumptions 3 and 4. O

It is easy to verify that for x € R", N € {0,1,...}

N-1
(5.13) o(x,N) = inf { Z vi(xi, zig1) » {o} Yy C R,z = ar} .

=0

Theorem 5.1. For any x € R"™ and any € > 0 there exists an admissible control
u(t), t € [0,00) with a corresponding trajectory z(t), t € [0,00) such that z(0) =y
and that

T
/ Fo(2(8), ult), )t < o(2,T) + €
0
for all sufficient large T'.

Proof. By relations (5.2)-(5.6) and Lemma 5.1, Theorem 4.3 is valid for the functions
v;, 1 =0,1,.... Let x € R" and let € be a positive number.
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By Theorem 4.3 and relation (5.13) there exists a sequence {y;}2, C R" such
that yo = = and that for large integers N the following relation holds:
N—1

Z vi(Yi, Yiv1) < oz, N) +€/4.

i=0
Evidently there exists an admissible control u(t), t € [0,00) with a corresponding
trajectory z(t), t € [0,00) such that for any integer i > 0

= Yi, / fO ) )dt < UZ(?JM Yitr1) + 27 e,

It is easy to see that for large integers N

(5.14) / Fol2(), u(t), )t < oz, N) + €/2.

Let N > 0 be an integer and let 7' € [N, N +1). It follows from (5.14), Assumption
4 and Lemma 5.2 that for large integers IV

/ Fol2(8), u(t), )t — (2, T) — €/2 =

N+1
:/0 Folz(t), u(t), t)dt — o(x, N +1) — /2

N+1
to(a, N +1) - o(a,T) —/ Jo(=(0), u(t), t)dt
T
N+1
o(x,N+1)—o(z,T) — / fo(z(t),u(t), t)dt < p1 + po,
T

where

H1 = 28up{|0(x,N) - O-(va)| T E [N7N+ 1]}
and

po = sup{|po(7)| : 7 € [N, N + 1]}|do].

But pq, e — 0 as N — oo, which completes the proof of the theorem. O

The following is our main result which extends Theorem 6.2 of [6] to the case
of periodic integrands. In particular, it asserts the existence of overtaking optimal
solutions which we define as follows.

We say that a pair (z*,u*), where u*(-) is an admissible control on [0, c0) with
a corresponding trajectory z*(-), is overtaking optimal if for any € > 0 there exists
T. > 0 such that

/Tfo(z*(t, dt</ fo(z ), t)dt + €

for each T' > T, and each admissible pair (z,u) on the interval [0,7] satisfying
z(0) = z*(0).

Note that in the definition above T, depends only on €. In the usual definition
of an overtaking optimal trajectory used in the literature (see [3]) the pair (z,u)
is defined on the interval [0,00) and T, depends on € and (z,u). Here we can use
the strong version of the overtaking optimality criterion because of assumption 3).
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It should be mentioned that Theorem 6.2 of [6] asserts the existence of overtaking
optimal solutions in the usual sense for optimal control problems with state variables
belonging to a compact subset of R and with an integrand fo(z,u,t) = ¥(t)g(z,u).

Theorem 5.2. Assume that for every integer i > 0 the function vi(x,y) is well
defined (namely the minimum is attained by a certain admissible control) and is
lower semicontinuous on R™ x R"™. Then for every x € R™ there exists an admissible
control u(t) with a corresponding trajectoy z(t), t € [0,00) such that z(0) = z and

tlgxolo[/ folz ), t)dt — oz, T)| = 0.

In particular, this admissible pair (z,u) is overtaking optimal.

Proof. Let x € R™. By relations (5.2)-(5.6) and Lemma 5.1, Theorem 4.2 is valid
for the functions v;, i = 0,1,...,. In view of Theorem 4.2 and relation (5.13) there
exists a sequence {y;}5°, C R" such that yo = = and that

N-1

Z 0 (Yi, Yiy1) —o(z, N) — 0 as N — oo.
i=0

Evidently there exists an admissible control u(t), ¢t € [0,00) with a corresponding
trajectory z(t), t € [0,00) such that for each integer ¢ > 0 z(i) = y; and

/ fO ) )dt—vz(yzvlerl)

Then
(5.15) / fo(z ),t)dt —o(x,N) — 0 as N — oo.

(here N is a natural number).
Let N > 0 be an integer and T' € [N, N + 1). By Assumption 4, Lemma 5.2 and
relation (5.15)

N+1
/ fo(z ),t) —o(x,T) = /0 fo(z(t),u(t), t)dt —o(z, N + 1)

N+1

+o(z,N+1)—o(z,T) — / fo(z(t),u(t), t)dt

T

N+1
< / Fol=(8), u(®), £)dt — o(w, N +1) < pn + iz,
0

where
i = 2sup{lo(2,7) — oz, N)| : 7€ [N,N +1]}

and
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p2 = sup{|go(t)| : t € [N, N +1]}|do| — 0 as N — oo

and we have p; + g2 — 0 as N — 0. This completes the proof of the theorem. [
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