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REGULARIZATION AND RESOLUTION OF MONOTONE
VARIATIONAL INEQUALITIES WITH OPERATORS GIVEN BY
HYPOMONOTONE APPROXIMATIONS

YAKOV ALBER, DAN BUTNARIU, AND IRINA RYAZANTSEVA

ABSTRACT. We study the stability in reflexive, smooth and strictly convex Ba-
nach spaces of the classical Tikhonov-Browder operator regularization method
for monotone variational inequalities with data perturbations. We prove that
this regularization method is stable even if the perturbed data contain operators
which fail to be monotone, but are strongly hypomonotone. We use this stability
result in order to prove convergence in smooth uniformly convex spaces of an
iterative algorithm for approximating solutions of monotone variational inequali-
ties. The algorithm we analyze involves in computations the perturbed data only
and it converges even if the perturbed operators are not necessarily monotone,
but strongly hypomonotone.

1. INTRODUCTION

Let X be a reflexive, smooth, strictly convex Banach space, let X* be the dual
space of X and let A : X — 2% be a monotone operator which is demiclosed and
convex valued on the interior of its domain. Recall that the operator A is called
demiclosed if its graph,

Graph A := {(z,§) € X x X* : £ € Ax},

is sequentially closed in X x X* when X is provided with the strong topology and
X* is provided with the weak™* topology.

Let © be a nonempty, closed, convex subset of Int (Dom A) and let p € X*. We
consider the variational inequality

(1) (Az — 1,y —x) > 0, Vy € QL.

By a solution of the variational inequality (1) we mean a vector x* € Q such that,
for some &£* € Ax*, we have

(2) (€ =,y —a") >0, Yy € Q.

We denote by S(A,, Q) the set of solutions of (1). We assume that the problem
data A, ¢ and Q are given by sequences of approximations { A}, {1/1’“} keN and
{Q}1.cn » Tespectively.

The problem of finding a solution of (1) may be ill-posed in the sense that either
S(A,1,Q) is not a singleton and/or small perturbations of the problem data lead
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to relatively large perturbations of the solution set. In such situations, solving
variational inequalities

3) (Aa =t y—a) 20, vy e

instead of (1) makes little sense because the variational inequality (3) may have
no solutions or the problem of finding solutions of (3) can be as ill-posed as the
original problem and its solutions may be far from the set S(A,,2). The aim of
this paper is two folds. First we study the stability of a regularization method for
situations in which the variational inequality (1) is ill-posed. Second, we use the
stability properties of that regularization method in order to establish convergence
of an iterative algorithm for finding solutions of the variational inequality (1) by
using in computations the approximative data only.

The regularization method we consider in this paper goes back to Tikhonov [53]
and Browder [20]. Its underlying idea is to associate to the variational inequality
(1) the perturbed regularized variational inequalities

(4) <(Ak+akt])33_¢kay—l‘> >0, YyeQ,

where J is the normalized duality mapping and {ag},cy is a sequence of posi-
tive real numbers (regularization parameters) such that limy . ap = 0. It is well
known that, under various conditions concerning the original and the approximative
data, each variational inequality (4) has a unique solution z* and that the sequence
{mk} wen converges weakly, and sometimes strongly, to a solution of (1) — see [2],
4, 18], 9], [13], [16], [20], [29], [30], [31], [32], [33], [34], [35], [36], [37], [38], [49),
[53], [54]. In all these works it is presumed that the approximating operators Ay
preserve the basic continuity and monotonicity features of the operator A involved
in the original variational inequality (1). In this paper we consider the situation in
which, by contrast to A, the operators Ap may fail to be monotone, although they
are required to satisfy a less demanding property which we call ”strong hypomono-
tonicity” in what follows. Precisely, we study the above described regularization
method under the following assumptions on the approximative data:

(A1) For each k € N, we have that ; C Int (Dom Ay), the operator Aj is
demiclosed on 2 and, for any x € 4, the set Apx is convex.

(A2) For each k € N, there exists a number hy > 0 such that Ay is strongly
hi-hypomonotone on i, that is, for any x,y € Q, the following inequality holds

() (Agz — Apy,x —y) = =y, (|l = lly])*;

(A3) There exist a sequence of positive real numbers {a4 }; oy » and the sequences
of nonnegative real numbers {0y}, cn, {wWk}pey and {7k}, » and there exist three
bounded on bounded sets functions a,b : X — Ry and ¢ : X* — Ry such that
limg oo ap = 0, hy < oy, for all k € N,

(6) lim Op +wi + 71+ hy,

k—o0 (073

b(x)

(7) lim sup——% < oo,

=0,
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and such that, for each k € N, the following proximity requirements are satisfied:
(A3-1) Y% € X* and ||y — ¢, < &;
(A3-2) For any z € €, there exists zF € Q such that

(8) Ha: — 2* ‘ < a(z)wg,

and such that, for all ( € Ax, we have

(9) dist. (¢, Arz") < ¢(¢)m;
(A3-3) For any v* € (, there exists v €  such that

(10) HU’“—UH < b(v*)wp.

Assumption (A1) is commonly used in the study of the stability of the regular-
ization method we discuss here. If the operators A; are maximal monotone, as they
are often presumed to be, and if ; C Int (Dom Ay), then the other requirements
of (A1) are automatically satisfied. The strong hypomonotonicity, defined by (5)
in assumption (A2), is a strenghtened form of the hypomonotonicity concept used
by Rockafellar [47] (see also [46, p. 548]). Its importance in our context stems from
the fact that if Ay are strongly hg-hypomonotone with hy < g, then the operators
Ay + ayJ are strictly monotone and coercive — see Lemma 2.1 below. Assumption
(A3) is a weaker version of the often used requirement (see, for instance, [13], [10],
[11]) that Dom A; = Dom A for all £ € N and the operators Aj converge to A
uniformly on bounded subsets of Dom A and with respect to the Hausdorff metric
topology on the family of closed convex nonempty subsets of X*. Similar conditions
have been previously used in [4] and [8]. It implies a form of graphical convergence
to A+ Ngq of the operators Ay + Ng, as shown in [7, Section 2].

We prove (see Theorem 2.1 below) that the assumptions (A1)-(A3) are suffi-
cient to ensure well definedness, as well as convergence, of the sequence {a:k} pen o
a solution of the original variational inequality (1). Using this fact, we establish in
Theorem 4.1 convergence of an iterative algorithm for finding solutions of the varia-
tional inequality (1). The algorithm we consider here (see Section 4) is the product
of analyzing and refining a series of procedures for solving equations and variational
inequalities due to Alber [1], Polyak [41], Bakushinskii and Polyak [17], Bruck [21],
[22], Bakushinskii [15], Reich [42], [43], Vainikko [55], Ryazantseva [48], [49], [50],
[51], Alber and Reich [14], Alber, Kartsatos and Litsyn [10], and Alber and Nashed
[11]. It has the important feature that it involves in computations the approxima-
tive data only. The information on the original data needed for the application of
the algorithm is exclusively qualitative (knowledge of the monotonicity and demi-
closedness of A and of the existence of solutions to (1)). Convergence of variants of
this algorithm was proved before for monotone operators A in uniformly convex
and uniformly smooth Banach spaces whose moduli of uniform convexity were sub-
jected to some restrictive requirement and under proximity assumptions somewhat
stronger than those we make in this paper (compare with [10, Theorem 1] and [11,
Theorem 3.3]). We prove that the algorithm we propose in Section 4 converges in
any smooth uniformly convex Banach space and, by contrast to previously studied
variants, our convergence result does not require monotonicity of Ag, but strong hy-
pomonotonicity — see Theorem 4.1. Assumptions (A1)-(A3) by themselves are not
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sufficient for ensuring convergence of our algorithm. In addition to these conditions
we had to impose conditions (A4) and (A5). Condition (A4) is a uniform bound-
edness on bounded sets requirement for the operators Aj. Condition (A5) requires
that the step size parameters ¢ involved in the algorithm be chosen in a manner
which is compatible with the geometric structure of the underlaying space X. To
see that conditions (A1)-(Ab), taken together, are non-contradictory one can verify
that the operators defined in [8, Section 2.7] satisfy all these requirements.

The stability and convergence results (Theorems 2.1 and 4.1) proved in this pa-
per were made possible by several newly established properties of the strongly h-
hypomonotone operators (see Lemmas 2.1, 2.2 and 2.3) and by the improved ”prox-
imity theorem” (see Theorem 3.1) which may be of interest by themselves. In the
context, the concept of epi-quasi-inverse of a real function, introduced and studied
by Penot and Volle [40], proved to be very useful.

It was noted above that the main novelty in Theorems 2.1 and 4.1 is relax-
ing the assumption, made in all previous works we are aware of concerning the
Tikhonov-Browder regularization method and the algorithmic scheme (79), that
the approximative operators A; should be monotone. Relaxing that assumption
as a precondition for the implementation of the regularization method and of the
algorithm discussed here is significant because, even if the data of a variational
inequality are given by precise closed formulae, in practical computations of solu-
tions random perturbations of data are inherent. The fact is that, in computations,
we work with approximations of the data which change from an iteration to the
other. Due to the random character of the data perturbations, there is no guaran-
tee that the perturbed operators Ay involved in the computational process preserve
the monotonicity of A. Theorem 4.1 is a certificate of robustness of the algorithm
(79) under data perturbations and, specially, under alteration of the monotonicity
of the operators. In informal terms, Theorem 4.1 essentially says that, in spite of
the data perturbations which may alter monotonicity, the algorithm still produces
strong approximations of solutions of the variational inequality, provided that the
perturbations are kept between some boundaries (see condition (A3)) and that the
variation of the 'noise’ N = A — Ay between close points is relatively small (see
(A2)), that is,

(N — Ny, —y) < by (||l = [lyll)? -
Classes of differential equations and optimization problems which can be equiva-
lently written in the form of the variational inequality (1) and, then, can be solved
by the algorithm we discuss here because their data, given by approximations, inher-

ently satisfy the requirements of our results, are presented in a forthcoming report
by Y. Alber and I. Ryazantseva.

2. OPERATOR REGULARIZATION OF VARIATIONAL INEQUALITIES

Let X be a reflexive, smooth, strictly convex Banach space and let A : X — 2%~
be a monotone operator which is demiclosed and convex valued on the interior of
its domain. Suppose that € be a nonempty, closed, convex subset of Int (Dom A)
and let ¢ € X*. In this section we prove that, in these circumstances, the Tichonov-
Browder regularization method is stable, that is, the following result holds:
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Theorem 2.1. Consider the variational inequality (1) whose data A, ¢ and Q are
given by sequences of approzimations { Ay} {¢k}k€N and {Q } ey > Tespectively.
(i) If conditions (A1) and (A2) are satisfied, and if hy, < oy for all k € N, then,
for each k € N, the variational inequality (4) has a unique solution z".
(ii) If conditions (A1)-(A3) are satisfied, then the variational inequality (1) has

solutions if and only if the sequence {xk}keN 1s bounded. In this case, the sequence

{xk}keN converges weakly to the minimal norm solution of (1). If, in addition
to the previous requirements, the space X has the Kadeé-Klee property, then the
sequence {xk’}keN converges strongly.

The proof of this result consists of a sequence of lemmas presented below. We
start our proof by establishing the following technical result:

Lemma 2.1. If the operator B : X — 2X" is strongly h-hypomonotone on the
nonempty subset A of Dom B and if a € (h,00), then the operator B+ «.J is strictly
monotone on A. In these circumstances, the operator B + aJ is also coercive on A
in the sense that, if z € A, then

. AP+ adyF iyt - 2)
lim B
k—o0 [l

= OO,
for any sequence {(yk, (k)}keN with y* € A, ¢* € By® for all k € N and such that
k
y* ]| = oo
Proof. If z,y € A, then
(11) (B+aJ)x—(B+aJ)y,x—y)
= (Bx — By,z —y) + a(Jz — Jy,z —y)
—h([lz]l = lly)* + o (Jz = Jy,x - y)
—h ([l]l = llyl)* + e (|2l = lyI)? -

Suppose that x # y. If ||z|| = ||y|| , then the first inequality in (11) implies that

v

Y

(B+ad)z—(B+ad)y,z—y) > a(Joz—Jy,z—y) >0,

where the strict inequality results from the strict monotonicity of J. If ||z|| # ||y]| ,
then the last inequality in (11) implies that

(12) (B+al)z— (B+ad)y,x—y) > (a—h) (=] — [yl)* >0
because a > h. Hence, B 4 aJ is strictly monotone.
In order to prove that B + aJ is coercive, fix z € A and & € Bz. Suppose that
y € A and ¢ € By. Then we have that
((+ady,y—z =((+ay—§—alzy—2z)
+{+adz,y—2)
> (h—a) ([lyll - 1)
— g+ ozl [ly — =,
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where the inequality is results from (12). This implies that, whenever y* # 0 and
¢* € By*, we have

(CF + adyF yh - 2) k < 2] >2
> (h — 1—
P > (h =) o] (1= 5

(=l
— e+ adz|, <1 + .
"]

Letting £ — oo in this inequality, the coercivity condition results. O

The following lemma shows that maximal monotone extensions of a demiclosed,
convex valued, monotone operator B may differ at points of the boundary of Dom B
only. This does not mean that such an operator B is necessarily maximal monotone.
For instance, the operator B : R —2R given by B(z) = —1if -1 <z < 0, B(0) =
[-1,1], B(z) =1if 0 <z <1, and B(z) = @ if || > 1 is monotone, demiclosed
and convex valued on its domain Dom B = [—1,1]. However, B is not maximal
monotone since the operator B : R —2® defined by B(z) = B(z) if |z| # 1 and
B(—1) = (—o00, —1], B(1) = [1,+00) is a maximal monotone extension of B.

Lemma 2.2. Let B : X — 2X" be a monotone demiclosed operator. If x €

Int (Dom B) and if Bx is convex, then for any mazimal monotone extension B
of B we have Bx = Bz.

Proof. The operator B is monotone and, therefore, it is locally bounded at z. Con-
sequently, if {xk}keN is a sequence in X such that limy_,.c 2* = x, and if {Ck}keN

is a sequence such that ¢*¥ € Ba* for all k € N, then {Ck}keN is bounded. Since

X* is reflexive, it results that {Ck } kEN has weak accumulation points. From the
demiclosedness of B it follows that any such weak accumulation point belongs to
Bzx. Denote by Rx the closed convex hull of the set of weak accumulation points
of all sequences {Ck} N 88 described above. The set Bz is convex. Due to the
demiclosedness of B, the set Bz is weakly closed and, therefore, closed. Hence,
we have that Rz C Bz. Let B be a maximal monotone extension of B. Obviously,
Rx C Bz C Bz. We claim that the inclusion Rz O Bz holds too. Suppose by
contradiction that this is not the case. Then, there exists n € Bz such that n ¢ Rux.
According to the strong separation theorem (see, for instance, [27, p. 64]), there
exists a vector u € X such that

(13) (¢ —n,u) <0, V(e Rx.

Let {tr} ey be a sequence of positive real numbers converging to zero such that,
for any k € N, we have that 2 := z + t,u € Dom B. For each k € N let n* be an
arbitrary element of Bz¥. The sequence {nk } keN is bounded because limy_,o, z* = x
and B is locally bounded at x. Thus, there exists a subsequence {771"C } kN of {nk} kN
which converges weakly to some 77 in X*. Clearly, 7 € Rx. By the monotonicity of
B we have
<ni’“ —n, 2% — x> >0, VkeN.
Hence,
(n"* —n,u) >0, VkeN.

Letting here k — oo we obtain that (7 — n,u) > 0 and this contradicts (13). O
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Observe that, under the assumptions of Theorem 2.1(7), the operators Ay are
demiclosed, strongly hp-hypomonotone and convex valued on the closed, convex,
nonempty subset . of Int (Dom Ay) . Therefore, application of the following lemma
completes the proof of Theorem 2.1(3).

Lemma 2.3. Suppose that the operator B : X — 2X" is demiclosed, convex valued
and strongly h-hypomonotone on the nonempty, closed, convexr set A contained in
Int (Dom B) and that « € (h,o0). Then the variational inequality

has a unique solution.

Proof. According to Lemma 2.1, the operator B + «.J is strictly monotone on A.
The following standard argument shows that, since B 4 «.J is strictly monotone on
A, the variational inequality (14) can not have more than one solution. Suppose by
contradiction that z, 2’ € A are different solutions of (14). Then, for some v € Ba/,
we have

<v—|—onm’ —1/),y—m'> >0, Vy € A.
In particular, we have

<U +aJz' — Y, — x’> > 0.

Similarly, for some ¢ € Bx we have

((+aJe—y,a’ —x) >0

Summing up the two inequalities we deduce that
((¢+adJz)— (v+ada'),a’ —x) > 0.

Since the operator B + «.J is monotone, this implies
((¢+aJz) — (v+aJz'),z—2") =0.

The operator B+a.J is strictly monotone and, consequently, the last equality cannot
hold unless z = 2/, hence, a contradiction.

We are going to prove now that the variational inequality (14) has at least one
solution. To this end, observe that the solution set of (14) and the solution set of
the inclusion

(15) b e (B+aJ+ Ny)z,

where N stands for the normal cone operator of the set A, coincide. The operator
B + «J is demiclosed on A C Int (Dom B) = Int (Dom B + aJ) . Clearly, B + a.J is
also convex valued on A because B is so. Let B be a maximal monotone extension of
B. Then B + a.J is a maximal monotone extension of B + a.J. According to Lemma
2.2, we have that (B + aJ)z = (B + aJ) x for all z € A. Hence, the inclusion (15)
is equivalent to the inclusion

(16) ve (B+al+Ny)w

where the operator B 4+ aJ + N, is maximal monotone. As shown above, the
operator B + a.J is coercive on A. This implies that B + a.J + N, is coercive too.
Hence, Corollary 32.27 in [56] applies to the inclusion (16) and it shows that this
inclusion has solution. Clearly, that implies that the equivalent inclusion (15) has
solution and, consequently, the variational inequality (14) has solution too. Il
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From now and until the end of this section, we assume that the variational in-
equality (1) has solutions and that conditions (A1)-(A3) are satisfied. By the
already proved Theorem 2.1(7), under these conditions, the variational inequality
(4) has a unique solution z*. The following lemma is a first step in the proof of
Theorem 2.1(i7).

Lemma 2.4. If the variational inequality (1) has at least one solution, then the
sequence {xk}keN 18 bounded.

k

Proof. Since x* is a solution of (4), there exists a vector £&¥ € Apz* such that

(17) <§’“ +agpJat — ok x — xk> >0, Vae Q.

Let z* be a solution of (1) and let £* € Ax™ be such that (2) is satisfied. According
to condition (A3) there exists v* € Q, and (¥ € Ajv* such that

(18) ‘ - vk) < a(z*)wg,
and
(19) e = ¢ < meten.

Also, for some w* € Q, we have that

(20) Hmk —wk ‘ < b(xF)wp,.

Taking = = v* in (17) and y = w* in (2) and adding the resulting inequalities we
obtain

<§* — 1, wk — JJ*> + <§k + o Jak — pF P — xk> > 0.
This implies that
0< ag <Jxkjvk _$k> _ <§k _ck gk _Uk> i <Ck R _$k>
+<f*—¢,vk—xk+wk—x*>+<w—¢k,vk—mk>.
Note that
<Jmk,$k — vk> = <J:ck,xk — J:*> + <J$k,$* — vk>

2
2 [ ==

x*—ka

k|2 k . .
> | = [l |t + oty

where the last inequality follows from (18). From the strong hi-hypomonotonicity
of Ay, combined with the fact that £F € Aiz*F and ¢* € Apv*F we deduce that

2
(=) sm o

The last three relations combined give

[ —
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- -t
+<§* —w,vk—xk+wk—x*>+<¢—wk,vk—mk>
By (19) and (20) we deduce that
(1) o [ = o 11+ ato )

2
< hy ||zF = oF + 1e(EF <Hv —z* x —a:k)

+<§*—¢,Uk—$k+w —x*>+<¢—wk,v —a:k>

2
<t [t = o+ mre(e) (ate ) + ") + o)

ot =) + o =4,

vk—x

k
)
e =l (ale) + b)) w + 6 (o + ol + ]

Suppose, by contradiction, that the sequence {xk}keN is unbounded. Then, for

some unbounded subsequence of {xk} kN ? still denoted {xk} kN and for k € N
sufficiently large, we deduce from (21) that

e+ ala)wn O N
22 P R §%< 2

Tk C(f*) ( * * k
+ — a(x” )wg + ||z +HIL‘ H)
o @ ]

* zk w
+m—w(()+“l);

lz*|* 2]

+%<ﬁ#%+mﬁ il )

Taking lim sup on both sides of (22), observing that the sequence {vk} keN is
bounded and using (7), we obtain a contradiction.

|

+ g =l ([[oF - =*

< hg ka — kaQ + 7c(§") (a( )

Lemma 2.4 shows that, if the variational inequality (1) has a solution, then
the sequence {:pk} keN is bounded. Since the space X is reflexive, if the sequence
{xk} wen is bounded, then it has weakly convergent subsequences. Therefore, the
following lemma shows that the variational inequality (1) has solutions if and only
if the sequence {xk} pen 18 bounded.

Lemma 2.5. If the sequence {xk}keN is bounded, then any weak accumulation point

of the sequence {:Uk}keN is a solution of (1).
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Proof. Let {:L‘Zk} kN be a weakly convergent subsequence of the sequence {:Ek} kEN
and let T be the weak limit of this subsequence. According to (20), for each k € N,
there exists w € € such that ||z —w'| < b(2%)w;,, where b is bounded on
bounded sets and the sequence {wj, };n converges to zero (cf. (6)). Hence, the
sequences {xik}keN and {wik}keN have the same weak limit Z. Since {wik}k‘GN is
a sequence in € and € is weakly closed as being closed and convex, it follows that
z € Q. Taking into account that € C Int (Dom Ag) one can apply the version of
Minty’s lemma presented in [9, Lemma 2.3] and deduce that for any k& € N, for any
y € Q, and for any ¢* € A,y we have

(23) <s0k+aka—¢k,y—w"”> > 0.

Let z be an arbitrary vector in {2 and let ¢ € Az. By assumption (A3-2), there exists
a sequence {Zk}keN in X and a sequence {Ck}keN in X* such that limj_, 2" = 2,

limy_oo C¥ = ¢, 2% € Qp and (¥ € Aj2" for all k € N. According to (23), we have
<Ck + apJ 2k — gk 2k — xk> >0,

for all £ € N. Replacing k by i in this inequality and letting £ — oo we obtain

<C_w7z_j> ZO
Since the last inequality holds for any z € Q and ( € Az, application of the Minty
type lemma from [9, Lemma 2.3] implies that Z is a solution of (1). O

Suppose from now on that the variational inequality (1) has at least one solution
and, hence, that the sequence {xk} ken 18 bounded. Note that the Minty type lemma
quoted above also implies that the solutions set S(A4,,2) is convex and closed.
Since S(A, 1, Q) is nonempty, it follows that S(A, ¥, Q) has a unique minimal norm
element.

Lemma 2.6. The sequence {xk}keN converges weakly to the minimal norm element

of S(A, ¢, Q). If the space has the Kadec-Klee property, then {:):
strongly.

k
}kEN converges

Proof. By Lemma 2.3, since S(A,v,() is nonempty, the sequence {xk}k =

bounded. We show that the unique weak accumulation point of {x is ex-
actly the minimal norm element of the set S(4,,2). Let {z"} keN

convergent subsequence of the sequence {xk} keN and let = be its weak limit. By

“}
keN
be a weakly

Lemma 2.5, z € S(A,,Q). Clearly, if £ = 0, then z is the minimal norm solu-
tion of (1). Suppose that  # 0. Then, by taking a subsequence if necessary, we
may assume without loss of generality that % # 0 for all k¥ € N. Now, replace
k by i in (21), divide by Hx“@H o, the resulting inequality and take lim sup on
both sides. In this way one obtains that, for any z* € S(A,, ), we have that
limsupy, o, ||#%|| < ||z*| and, consequently,

(24) ||| < liminf Hac““H < limsup Hmz’“H < ||=*| .
k—o0 k—o00

Hence, Z is the minimal norm element of S(A,, ) in this case too.
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Suppose now that the space X has the Kade¢-Klee property. In this situation,
for proving that the sequence {xk} pen converges strongly, it is sufficient to show

that the sequence { ka H } ey converges to [|Z| . We distinguish again two situations.

Suppose that = 0, but limsup;_, ., ka H = g > 0. Then there exists a subsequence
{x“@} kN of the sequence {l’k} pen consisting of non-null vectors and such that
limy_ o0 Hl‘lkH = q. For this subsequence formula (24) still holds and it also holds

true when x* = Z because the vector x* involved there is an arbitrary element of
S(A, 1, Q). Hence, we get

0<q= lim [ja"[| < 2] =0,

= 0 and this implies
limj .o ||#¥|| = 0 = ||Z|. If  # 0, then all but possibly finitely many terms of

that is, a contradiction. Consequently, limsup;_, ., Ha:kH

the sequence {:c are not zero. Hence, there exists a positive integer kg such

keN
that, for any k > ko, one can divide (21) by kaH ay. Taking lim sup as k — oo on
both sides of the resulting inequality one deduces

|Z|| < liminf ‘ ka < limsup Ha:kH < |l=*],
k—o0 k—o0

for any z* € S(A, 1, Q). Writing the previous inequality for 2* = z we deduce that

limg_ 00 HazkH = ||Z|| in this case too. O

3. A ProxmMITY THEOREM

In this section we prove a preliminary result which is needed in the build up
of the algorithm for solving variational inequalities we are going to present in the
next section. This result is a development of a series of previous similar theorems
known as “proximity lemmas”. Our proximity theorem is a generalization and
improvement of the proximity lemmas due to Alber, Kartsatos and Litsyn [10] and
to Alber and Nashed [11]. It improves upon these results in the sense that our
proximity theorem applies to operators which are not necessarily monotone. Also,
by contrast with the proximity lemmas mentioned above, which are proved under
restrictive conditions on the moduli of convexity and smoothness of the underlying
space X, our proximity theorem only requires that the space X is uniformly convex,
that is, the modulus of convexity of X, 6x : R — [0, +-00] given by!

Ox(t) = inf {1 =gl +yl: llall = Iyl =1, [l —yll > t},

is positive for any ¢ > 0. In that follows we assume that the space X is uniformly
convex.
Let gx : R — [0, +00] be the function defined by

ox(t)
(25) axy={ 7y H120

0 ift=0.
This function is nondecreasing (cf. [26, Proposition 3]), vanishes when ¢ < 0 and is

positive whenever ¢ > 0 because X is uniformly convex. From now on, we assume

1We make here the ususal assumtion that inf @ = +oo and sup @ = —o0.
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that gx : R — [0, 4+00] is a nondecreasing function which vanishes on (—o0, 0] and
such that

(26) 0<gx(t) <gx(t), Vt>0.

Clearly, one can choose gx = gx. The relevance of choosing a function gx other than
gx is related with the possibility of using lower evaluations of dx instead of dx itself
which may be hard to precisely compute. This aspect will became clear in the next
section. To the function gx we associate its epi-quasi-inverse gg( : R — [—o0, +o0]
given by (cf. [40, p. 126])

(27) ggf(s) =sup{t € R:gx(t) <s}.

Clearly, the function gg( is nondecreasing too. If the restriction of gx to [0,2] is

invertible, then gg((s) = g5 (s) for any s € gx([0,2]) (cf. [40]).

In order to state our proximity theorem, let T; : X — 2X" be an operator, let
¢’ € X* and let A; be a nonempty subset of Dom T}, where i € {1,2}. Suppose
that, for some positive real numbers o and 3, the variational inequalities

(28) <(T1+04J)x—<,01,y—$> >0, Vye Ay
and
(29) <(T2+ﬁj)$—g02,y—$> 207 VyEAQ,

have solutions z® and z?, respectively. Then there exist £ € Tiz® and £° € Tha?
such that

(30) (% +adz™ —ply—a%) >0, Vy € Ay
and
(31) <§B +/3Jxﬂ - 902,y — xﬁ> >0, Vy € As.

With these notations we state the following result which gives an evaluation of
the distance between z® and z°. In the statement we use a constant L which occurs
in Figiel’s paper [26, Proposition 10]. It is a lower bound for the speed of variation
of the function px(t)/t?, where px(t) is the modulus of smoothness of the space X.
It follows from [52] and [5] that L € (1,1.7).

Theorem 3.1 (The Proximity Theorem). Suppose that the space X is uniformly
convex and the operator Ty is strongly h-hypomonotone. Let a, b, ¢, §, T and w be
nonnegative real numbers such that

(32) le' = ¢*|l, <0
and the following conditions hold:
(i) There exists T € Ao such that

(33) |z¢ — 29| < aw and dist, (€Y, Thz™) < ér;
(ii) There exists T € Ay is such that

(34) Hxﬁ — a‘cﬂH < bw.
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If
(35) MZmaX{HmO‘H, xﬁH} and My Zmax{HfaH*, §*BH },
then

— ) h
I e e
where

(37) Ky = 2max{1, M}, Ky =2LMK,, K;=2LKj, max{é, 1},

and

(38) K3 = max {1,4L(K, + K5)},

with

(39) Ky = (M + ||@"]|, + aM)b+ (3M; + ||¢°|, + ¢ + BM )a,
(40) Ks = (wa+2M)?,

and L s the Figiel constant.

Proof. The inequality (36) clearly holds when 2% = x? . In that follows we assume
that 2% # 2. Condition (i) implies that there exists £* € T2 such that

(41) ¢ — &, < e
Denote
D= <§°‘—|—aJmO‘—g01 —gﬁ—ﬂJxﬂ+g02,x°‘—a:5>.
Then
(42) D:oz<J:r°‘—J:Eﬁ,a:a—:nﬁ>—|—(a—ﬁ)<,]wﬁ :L‘O‘—:rﬁ>

+ §“—§a,xa—x5>+<§a—€5,xa—£a>

—|—<£_O‘—§ﬁ,i‘o‘—xﬁ>—<g01—<,02,:1:a—1‘5>.

The strong h-hypomonotonicity of T» implies that

@ (- > (e )
According to [13, Lemma 2.1] we have that
(44) <Jx°‘ — JzP z — x5> > (20) Yoy (W) ,

where L > 0 is the Figiel constant and
C:= 2max{1, =%, ’xﬁH} .

Combining (41), (42), (43) and (44) and taking into account (32) and (33), we
obtain that

x® — f
(45) D > a(2L0) 'y (HO”>




36 YAKOV ALBER, DAN BUTNARIU, AND IRINA RYAZANTSEVA

e B
=0 =t e -] (121~ [+7])
> a(20) 'ox (Hx& ; xﬁ”)

== Bl e — 7] = re o 7]

_ 2
ol ealle e e

Note that, by (41) and (35), we have
s A e A

<jé —e|l, + gl + €], < 7e+20n.

Similarly, by (33) and (35), we obtain that
1290 < [J2% = 2% + [|2%]] < wa + M.

Therefore, inequality (45) leads to

|l — 27

(46) D> a(2L) 'ox ( &

) —wa(2My + 1¢)

—(M]a—ﬁ\—i-Té—&-d)‘

% — xﬁH — hKs5,
where K3 is given by (40). Observe that, according to (30), we have that
(47) <§°‘+aJx°‘—g01,x°‘—:Lﬁ>:<§O‘+0¢Jx°‘—g01,x°‘—:iﬁ>

+ <§a +aJz® — ot 7P — x5>

< <£°‘ + aJz® — ot 7P — xﬁ>.
Thus, by taking into account (47), (35) and (34), we obtain
(48) (e +ate® =2 —a”) < (¢ o], + ale?]) |27 - 27

< (My + [|@']|, + aM) wb.

Analogously, using (31), we deduce that

(49) <£6+6Jxﬂ—¢2,xﬁ—xa> < (My+ H<p2H*—|—ﬁM) wa.
From (42), (48) and (49) taken together, we obtain that
(50) D <w (M + ¢, + aM) b+ (M + ||?||, + BM)a] .

Denote by K¢ be the quantity occurring in (50) between square brackets. By (39)
we have
Ky = Kg+ (2M1 —i—TE)C_Z.
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Then, according to (46) and (50), we obtain that

(51) wK4+K5h+(M\a—5]+TE+5)’xa

a _ .6
a(20) 1oy (Hx Kom H)a

where K| is given by (37). Dividing this inequality by H:no‘ —aP H > (0 we deduce
that

_xﬁH

wK4 + K5h

(52) [en — 7]

+M|a—pB|+T1c+0

= —xﬁu) Ko

a(2LKy)™

el
o(2LKo)™ ( _xﬁH>
(=)

_ B
a(4LKo)719X (W) )

where gx is the function defined by (25) and gy is the nondecreasing function
satisfying (26). Note that, according to (27), if u,v € R, then

lz — 27|

a(4LKo) 'gx

(53) u> gx(v) = g_%((u) > .
Thus, using (52), we obtain that
ALKgwKy4 + Ksh — 0
(54) ’$a—fb’ﬁH§Kog§( QLRa s +K1|a ﬁ'-FKQTjL ;
R (| e

where K7 and Ky are given by (37). Now we distinguish the following complemen-
tary situations.

Case 1: Suppose that

z® — 1P +h -0 +0
Jl=® = =7) e HSg&(VWQ +K1|aa ’—’_KQTOz .

In this case, we have that

+h - 46
g&( wih | gl ﬁ|+K27)
« (6% «

+h - +6
Sggg <K3 u +K1|a el +K2T )

(6 [0 (6

because ggc is nondecreasing and K3 > 1 (see (38)). Thus, combining the last two

inequalities, we deduce (36).
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Case 2: Suppose that

a_ .8 _
(55) Hx x H>g§(< w+h+Kl|a m—i—KgT;—é).

Ky « «

Recall (see, for instance, [28, Theorem 2.7.8]) that, since X is a uniformly convex
Banach space, for any Hilbert space H we have that

t2
5x(t) < 5H(t) < Z, Vit € [0,2].

2
Lt R el |
4 Ko =X Ko ’

because Ko > 2M > ||z® — 27|| as follows from (35) and (37). This implies that

T et IR L AW |
4 K, - Ko = IX Ko ‘

Observe that, by (27), if u,v € R, then

(57) u > g&(v) = gx(u) >v.

Consequently,

From (55) and (57) we deduce that

a _ .8 _
QX<M>Z /w+h+Kl|a ﬁ]+K27+6> /w+h'
Ky o o o o

This and (56) combined imply

on‘—xﬁH w+h
(58) T >4”T'

Taking into account (38), (58), the fact that ggf is nondecreasing and the inequality
(54), we deduce that

-1
w+h w-+h o — T+0
Kog | Ks— <4\/ - > e Al aﬁ|+K2 -

h K —
w + 0 +K1|04 Bl

[z — 20| a

+ Ky

T4+9
> Kogk [4L (K4 + Ks) - ]

> Kog& |:4LK4(A)+K5h Ky +K1‘Oé—ﬂ’ +K2T;-(5:|

a (e

2|

:):a—xﬁH

and this implies (36). O
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4. AN ITERATIVE ALGORITHM FOR SOLVING VARIATIONAL INEQUALITIES

In this section we present an iterative algorithm for approximating solutions of
the variational inequality (1), presuming that such a solution exists. All over this
section we assume that the space X is smooth and uniformly convex and that the
assumptions (A1)-(A3), as well as the following assumption, are satisfied:

(A4) There exists a continuous nondecreasing function ® : [0,00) — R such that,
for any k € N, we have that

(59) x € Q and ¢ € Agx = |||, < D(||=]).

In order to describe our algorithm in a consistent manner, we need some notations
and preparations. Note that, since the space X is uniformly convex, it is also
strictly convex and has the Kadec¢-Klee property. This guarantees applicability of
Theorem 2.1(i7) in this space. Since the variational inequality (1) is presumed to
have solutions, Theorem 2.1 guarantees that the sequence {mk} kEN of solutions of
the variational inequalities (4) exists and converges strongly to the minimal norm
solution of (1). Second, recall that each operator Ay is strongly hx-hypomonotone
(by condition (A2)). Consider the variational inequalities

(60) (A+apJ)r =,y —x) >0, Yy € Q.

According to Lemma 2.3 (which is applicable to (60) because A is monotone and,
therefore, strongly 0-hypomonotone), the variational inequality (60) has a unique
solution which we denote by «* in what follows. Applying Theorem 2.1(i4) to the
particular situation when A, = A, Q; = Q and ¢¥* = ¢ for all k € N, we deduce
that the sequence {uk}keN converges to the same solution as {$k}k€N, that is, to
the minimal norm solution Z of (1). Since both sequences {z*} ey and {u*} keN
are bounded (as being convergent), there exists a positive real number M such that

)

(61) MZmax{Huk

H}. wen

For each k € N, let ¢¥ € Ajz* be such that (17) holds. According to (A4), we
have that Hg’“H* < @(HmkH), for all k£ € N. Since ® is bounded on bounded sets, it

results that the sequence {fk} ren is bounded. Let ¢* € AuF be such that
(62) <Ck+0<kJuk—w,y—uk> >0, Vye.

Since {uk}keN is a sequence in Int (Dom A) which converges to € © C Int (Dom A)
and A is locally bounded at  (as being monotone), it results that {Ck} keN |

bounded too. Consequently, there exists a positive real number M; such that

gkz

S

Y
*

(63) M, Zmax{HCk

} Vk € N.

Finally, observe that, according to (A3-1), the sequence {wk} pen 18 convergent.
Therefore, there exists a positive number My such that

. VkeN.

*

(64) My > o
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The functions a, b and ¢ being those involved in condition (A3), we denote

(65) a:=sup{a(z):||z|| < M},
(66) b:=sup{b(z): |z < M},
(67) ¢:=sup{c(Q) : [[Cll, < M},

where M and M; are numbers satisfying (61) and (63), respectively. Clearly, a, b
and ¢ are finite because of the boundedness on bounded sets of a, b and c¢. In what
follows, we denote by Ky, K1, K2 and K3 the numbers defined by (37) and (38)
where, instead of K4 and K5 given by (39) and, respectively, (40), we take

(68) Ky = (My + My + 6+ aM)b+ (3My + Ms + 7¢ + aM)a,
(69) Ks := (M + @a)* + M2,

with @&, , 7, @ being positive upper bounds of the sequences {or}ien > 10k} ren s
{7k rens {wWk}ren > Tespectively (such upper bounds exists because, by (A3), these
sequences are convergent).

Let gx be the nonnegative, nondecreasing function which satisfies (26) and van-
ishes on (—o00,0) and let gg( be its epi-quasi-inverse defined by (27). For each k € N,
we denote

+ 9 +h
(70) Gr == Kog <K2Tkk + K3 wkk) ;
L af
(71) G == Kog'y <K1|ak — O‘k“‘) :
o,

where the numbers Ky, ..., K3 are those defined above (with K4 and K5 given by
(68) and (69)). Let px+ : [0,00) — [0, 00) be the modulus of smoothness of the dual
space X*, i.e., the function which, according to a theorem of J. Lindenstrauss (see
[28, Theorem 2.7.5]), is given by

(72) px- () = sup {t; —bx(s) s €0, 2]} .

Since the space X is uniformly convex, its dual X™* is uniformly smooth, that is,
lim; g+ t~tpx+(t) = 0. We assume that the problem data and the geometry of the
space X in which our variational inequality (1) is set are interconnected in the sense
of the following condition:

(A5) The sequence of regularization parameters {ay},.y has the property that

there exists a bounded sequence of positive real numbers {4}, such that agep, < 1
for all k£ € N,

(73) Z arey, =00 and lim (aker) ™" [px+(ek) + G + G + Gi] = 0.
k=0

Condition (A5) represents the rule of choosing the step size parameters in the
algorithm described below when the sequences involved in (A3) are a priori given.
Implementation of this rule requires evaluations of px+ as well as of gg(. In some

spaces such evaluations are readily available. That is the case of the spaces which
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are p-convex for some p > 1 as, for instance, the Lebesgue spaces, the Sobolev
spaces, the Orlicz spaces (cf. [12, p. 613]). Recall that the space X is called p-
convex if there exists a positive real number ¢ such that dx (t) > étP for all ¢ > 0. If
X is p-convex for some p > 1, then, according to (72), we obtain that

t
px+(t) < sup{; —csPise [0,2]} = ct9,

where ¢ is a positive constant and ¢ = p/(p — 1). In this case, one can define
gx(t) = ctP~Lift > 0, and gx (t) = 0, otherwise. This implies that gg((t) = (cht) /p
for any ¢ > 0.
To any closed convex nonempty subset A of X we associate the operator I'y :

X* — A given by

Cp& :=argmin{W (&, u) : u € A},
where, for any £ € X* and for any u € X, the function W : X* x X — R is defined
by

2 2

W (& u) = [lull” —2(& u) + €15 -
As shown in [5, p. 31], where this operator was introduced and studied, T'y is well
defined. The algorithm for finding solutions of variational inequalities we present

below requires computing values of I'y (see (79)) for various nonempty convex closed
sets A. In this respect, recall (see [5]) that

(74) F'hn=Tpr0J)oJ" = PyolJ",

where J* is the normalized duality mapping of X* and P, denotes the Bregman
projection onto the set A with respect to the function 6(z) := |lz||*. It results
from (74) that, if the values of J* are computable (as happens in many usual
Banach spaces as, for instance, in Lebesgue spaces LP, in Sobolev spaces W"P),
then computing values of I'y amounts to determining values of Py. If A is a closed
hyperplane or a closed half-space, then values of Py can be determined by formulae
established in [6] and [23]. If A is an arbitrary nonempty closed convex subset of
X, then values of Py can be calculated using the algorithms presented in [18].

With these facts in mind, we proceed to the description of the iterative procedure
we propose for solving the monotone variational inequality (1).

THE ALGORITHM

Step 0 (Initialization).

(a) Fix three numbers M, M; and My such that conditions (61), (63) and (64),
respectively, are satisfied, let Ry be a positive real number such that /Ry > 2M
and put

(75) K := M + \/Ry.
(b) Define the functions pu, s, 7 : [0,00) — R and Y : [0,00) X N — R by
(76) p(t) = max {®(t) + at + Mo, 1},
x#(t) = E(®(t) + Ma) + (& + 1)t,

r(t) = Vp2(t) + #2(1),
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Y(t, k) :=2 [QLT‘Q(t)pX* (47"(t)_1,u(t)€k) + erhy (t2 + M2)
+ (ekpa(t) +t 4+ M) (Gy, + Grp1 + Gi)]

where & and £ are upper bounds of the sequences {ay } oy and {ex } ¢y , respectively.
(c) Let ng € N be a nonnegative integer such that for any k£ > ng we have

(77) T(K, k) S R()Oéke’fk,

put p(0) = ng and choose 2° € Q) such that

(78) VRo—M > |2

Step 1 (Iteration).
Given k € N and 2* € Qp(k), put p(k +1) = no + k + 1, choose ke Ap(k)zk and
compute

(79) A =To, [Jzk ~ Ep(k) (Xk + (i) J 2" = T/Jp(k)ﬂ :

Step 2 (Loop).
Let k — k 4+ 1 and go to Step 1.

The following result describes the convergence behavior of our algorithm.

Theorem 4.1. If the variational inequality (1) has at least one solution and if the
assumptions (A1)-(A5) are satisfied, then the sequence {Zk}keN generated by the
algorithm described above is well defined and is strongly convergent to the minimal
norm solution of (1).

The proof of this theorem is presented below as a succession of lemmas. The basic
idea of the proof is to show that the sequence {zk}k N generated by the algorithm

and the sequence {xk} kN ? whose existence and convergence is ensured by Theorem

2.1(4i), have the same limit. One should observe that the algorithm does not require

computing the sequence {:vk } Len » but only to have an evaluation of an upper bound

of the sequence {H:L'kH} peny - Once such an evaluation is established, one can use
Lemma 4.2 below in order to estimate the number M required by the algorithm
because, as follows from Lemma 4.1, the sequence {G}}, .y occurring in (83) is
convergent and, hence, bounded. In order to estimate the number M; required by
the algorithm one should note that, by virtue of (A4), the number ®(M) is an
upper bound of the sequence {kau*}keN, where &* is defined by (17). This fact
and (A3-2) allow for determining M;. These remarks show that implementation of
the algorithm does not require computations with the original problem data, but
involves computations with the approximative data only.

Now, we start our proof of Theorem 4.1 by establishing well definedness of the
algorithm. Note first that, if the number p(0) = ng is well defined, then the vector
20 e Qp(0), which is required at (78), exists since at least 2P0 satisfies that condition

because vVRy — M > M > H:UP(O)H. The following result implies that the number
no required in Step 0 of the algorithm (see (77)) exists and, hence, the algorithm is
well defined.
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Lemma 4.1. The sequence {;}cn defined by
(80) W = (oer) " T (K, k),
where K is the real number given by (75), converges to zero.
Proof. According to (76) we have
%’yk = 2(ak8k)_1LF2px* (4F_1/16k) + erhk (K2 + M2)
+ (o) (exit+ K + M) (G + Grga + Gi)
where
(81) 7 =r(K)and g = p(K).

By (73), the last term of this sum converges to zero as k — oo. According to
(A5), the sequence {aep 1 is bounded from above by 1. Therefore, we have that
erphy < a;lhk. Since, by (6), the sequence {a;lhk}keN converges to zero, we deduce
that the second term of the sum converges to zero as k — oco. It remains to show
that

(82) lim (ager) ' px- (477 fieg) = 0.

To this end, observe that, according to (76), we have that 7~ ' < 1. Since the
function px- is nondecreasing (cf. [28, Lemma 2.7.4]) we deduce that
px+ (47 fie) < Px~ (4ep)
QLEE T akEr

Applying twice Lemma 8 in [26] we deduce

* 4 * 2
pac (ek) gy 4oy Pxe £k)
Okl QkEk
< 16(1+ep) (1 + Jop) 208,
The last two inequalities and (73) imply (82). O

We are going to use Theorem 3.1 in order to obtain an evaluation of the distance
between the vectors z* and u*.

Lemma 4.2. For any k € N, we have that
(83) ka — ukH < Gj.

Proof. We apply Theorem 3.1 to the variational inequalities (60) and (4) by taking
Ty =A Ty = A, o' =1, > =9¢F, w=uwy, 7 =73, and § = 6. Condition (A3-3)
ensures that hypothesis (i7) of Theorem 3.1 is valid in this case. By conditions
(A3-1) and (A3-2) we deduce that hypothesis (i) of Theorem 3.1 is also satisfied.
Thus, we deduce the following particular version of (36) with a = 8 = ay:

Tk + O wk—i-hk)

+ K3

84 H ko ’fH<K t | Kk
( ) z Ut =~ Logx 2 o an

where the numbers K7, ..., K5 are defined by (37)-(40) with o, w, 7 and ¢ as above.
By direct comparison one can see that the numbers K4 and K5, defined by (68) and
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(69), are at least equal to their homonymous numbers defined by (39) and (40) in
our current circumstances. This implies that the corresponding values of Ky, K,
K5 and K3 obtained when K4 and K3 are given by (68) and (69) are at least equal
to those of their homonymous counterparts obtained when K4 and K5 are given by
(39) and (40). Since the function gg( in nondecreasing, it follows that by replacing
on the right hand side of (84) the numbers K; by their larger counterparts, the
inequality still stands and this is exactly (83). O

The following lemma is a consequence of Theorem 3.1 and of Lemma 4.2. It is
the key result for our proof of convergence of the sequences {zk}k cn generated by
the algorithm described above.

Lemma 4.3. For each k € N, we have that

(85) W (J2RH 2P0y < (1 — Ep(k)ap(k))W(Jzk,:cp(k)) + T(sz

Proof. Denote

(86) wh = J2F — Ep(k) (xk + ozp(k).]zk — 1/1p(k)> ,

() o= () o= ().

and note that, according to (79), we have

(87) A =g k.

p(k+1)w

Observe that, whenever u € X, the function W (-, ) is convex and (Gateaux) differ-
entiable at any point of X* because the space X* is smooth (since X is uniformly
convex). Moreover, for any ( € X* and for any u € X, we have that

(W (,w) (Q) = 2(J7¢ — u),

where J* = J~! is the normalized duality mapping of the space X* (cf. [5, Lemma
6.1]). Therefore, we obtain that

(88) W (J2F, 2PEHD) — W (wh, 2PFHD)
/
> (73— o, [a )] ()
=2 <Jzk — WP, Tk — l‘p(k+1)> .

Applying [5, Property 6h] and taking into account (87) and the fact that zP(+1) ¢
Qp(k+1) We obtain that

(89) W (w”, 28 < W (wh, 2PFH0).
Combining this and (88) we deduce that
(90) W (T2, aPEFD) g7 (Jok+t gp(ktl))

> 2 <Jzk — P, Jrwh — $p(k+1)>.
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For any ¢ € X*, the function W ((,-) is also convex and differentiable and we have
(cf. [5, Lemma 6.1]) that

(91) (W(C, )] (u) = 2(Ju — Q).
Thus, we deduce that
W (J2F, 2Py — W (J2F, zPE+1)

> < [W(Jzk, )}’ (xp(k+1)), l,p(k) _ I‘p(k+1)>

—9 <pr(k+1) O xp(k+1)> ’
Adding this and inequality (90) one gets
W(Jzk,a:p(k)) _ W(Jzk+17$p(k+1))
>9 <Jzk — b k- xp(k:+1)>
19 < JaPEHD) ok gpe) _ xp(k+1>> _

Thus, we have

W(Jzk+1,$p(k+1)) < W(Jzk, xp(k))

By consequence, we obtain

(92) W (JZEH1 2P0y < W ( g2k, 2P ()

2 Jap) gk pptett) _ zp(k:)>
+2 Uk + Vi + Zg) .

where

(93) U, = <wk—Jzk,J*wk—zk>,

Vi : <wk — JzF 2F —xp(k)>,

Zy = <wk — J2F Pk xp(k+1)> .

Recall (see [5, Theorem 7.5]) that, if ¢, ¢’ € X* and R > \/é (Hlei + Hf"Hi), then
we have that
(94) <§-l _ 5//’ J*g/ _ J*£”> S QLRQIOX* (4R_1 Hgl _ EJIH*) )

where px+ is the modulus of smoothness of X*. Let ¥ = Jz* and observe that
28 = J*(J2*) = J*9*. Note that, according to (76) and (A4), we have that

o], = 140+ v (e

k
)
o [ 2
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<(1+a) szH ) <<1>(Hz’“H) + M2> < 3.
Thus, we deduce that
2 2 2
Y O R YA I R

> \/5 (k|12 + 12#1) = \/5 (Ileo*[12 + [194]12)-

because of (76). Then, by (94), we obtain that

(95) U, = <wk _ 9k, Tk — J*19’“>

< 2Lripx- (47‘,;1 Hwk — JZF

)

= gty || X + g T2 — 4

Note that, by (86), we have

’
*

(96) Hwk —J2"

*

where, according to (59),

X*||, < @(||z*]|)- Thus, we deduce that

k
<= ([ )
< (] [ 18) = s
where pu, is given by (86). This and (95) imply
(98) Uy < 2Lripx+ (4rp e pr)) -

Now we are going to estimate Vj,. Observe that, since 2P(¥) is a solution of (4)
with p(k) instead of k, there exists ¢P(*) € Ap(k):cp(k) such that

(97) Hwk —J2k 2"

+ pr(k)

. + ap(k)

*

(99) <¢>p(k) + ap(k)pr(k) — PRy — xp(k)> >0, Yye€Quum.
According to (86) and (99), we have
(100) Vi = —€pi) <sz + ap(k)Jzk — pR) Sk _ xp(k)>

— —ep) [<x’“ _ PR ok mp(k)>

+ ) <Jzk — JaP®) ok xp(k)>

i <¢p<k> + oy JaP®) — k) ok ;chf)ﬂ

< —ep) KXk _ )k xp<k>>

+ap (k) <Jzk — JaPk) R mp(k)ﬂ .

The operator A, is strongly hy,x)-hypomonotone on {2y, and this implies

(¢ =050 > (-
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Using (91) and the convexity of W (Jz¥, ), we deduce that
W(Jzk,xp(k)) —W(JZ* 2F) <2 <Jzk — JaP®) ok :L'p(k)> ,
where W (Jz¥, 2¥) = 0. Thus, by (100), we get
100 Vi< gty ([ - [

For evaluating Zj we take into account that

PR _ p(k+1) H

2 ¢
o p(k)zap(k) W(Jzk, xp(k))

Zy, <

‘wk — JzF

*

< e prw) _ xp(kﬂ)” ,
where the last inequality follows from (97). Consequently,
(102) Tk < Epiy i (mek) ) H 1 Hup<k+1> _ xp(k+1>”

I Hupac) _ PR H) _

Applying Lemma 4.2 successively, first for p(k) instead of k& and next for p(k + 1)
instead of k, we obtain

(103) Ha:p(k) — o ® H + Hup(’f“)  gplktD) H < Gy + Cois1)-
Consider the variational inequalities
(A4 apgy )z —1h,y —x) >0, Yy € Q,
and
((A+ apgerny )z — b,y —x) >0, Vy € Q,

which have the solutions uP?*) and wP*k+1) respectively. These variational inequali-
ties satisfy the requirements of Theorem 3.1 when a, b, ¢, h, §, 7 and w are all zero.
Therefore, application of Theorem 3.1 in this particular case, leads to the inequality

(104) Hupuc) _up<k+1>H < Kodk [ 1) |2p0) — et |
Cp(k)

which, in conjunction with (103), implies

(105) a7 ® = a2t < Gy + Gy + G-
So, from (102) and (105), we get

(106) Zy. < epy e (CGpir) + Gy + G »

where G, is defined by (71). Combining (92), (93), (98), (101) and (106) we
deduce that

(107)  W(JAT PEEDY < W (2R 2P By — e W (T 2K, 2PR))
12 <pr(k+1) gk, gpel) $p(k)>

+ 2 [QLT]%/))(* (4T;€_1€p(k)ﬂk)
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+ gy (] - [])°
+ep(y i (Gpery + Gpei1) + Gpry)] -
Note that

PSS

JaPU+1) _ pok pp(kt1) _ xp<k>>

IN

Hjxp(k;-‘rl) _ Jzk‘
< (o] o

— (||ap®+D ] L[5 [ aptE+D) — ppk)
(=] + 1D H

ZP(E1) _ (k)
)| |

P _ op(k) H

) mekﬂ) _ ”“’p(k)H
< (M+ P
= (M+ szH) (G + Gpterr) + Gy,

where the last two inequalities result from (61) and (105), respectively. This and
(107) imply

(108) W (JFH1, Pkl
< W (J2F, zPR)y — sp(k)ap(k)W(Jzk,xp(k))
+ 2 [QLT',%,O)(* (4rk_lﬂl€5p(k))

et (4] - [0
+ (eptyin + M + | ) (Gpry + Gprty + Goar)] -
According to (61) we have that
(#1142
Consequently, we deduce that

Zlc

2Lripx (4 1)) + Eptey Pt ( - pr(k)H)g
* <€p<k>#k +M+ szH) (Gp) + Gprn) + Cpr))
< 2Lrpx- (475 mrgp() + Ep0ipe) (H'zkHQ * M2>

+ (epwytan + M+ ||2H]]) Gy + Goiarn) + Goiry)
= 3T(||2*]] . p(k))-
This and (108) implies (85). O

The following result ensures boundedness of the sequence {zk} keN generated by
the algorithm.
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Lemma 4.4. For any k € N we have that
|
where Ry and K are defined in Step 0 of the algorithm (see (75)).
Proof. Tt is sufficient to show that

(109) W (JzF, 2Py < Ry, Vk e N.

Indeed, if (109) is true, then we have

(I
where the first inequality follows from the definition of W. This implies
] < Vo o] 0=

We prove (109) by induction upon k. If £ = 0, then (109) holds because, according
o (78), we have that

W (I20,270) < ([]2°)] + [« H) (ﬁ—M+M)2:RO.

Now, assume that (109) holds for some nonnegative integer k. Suppose by contra-
diction that

(110) W (JZFH1 2Py S Ry
Then, according to (77), we deduce that
W(J2k+1,xp(k+1)) > R() Z T (K,p(k)) (ap(k)Ep(k))

because p(k) = k+ng > ng. As noted above, the assumption that (109) holds for k
implies that szH < K. The function Y (-,p(k)), defined at (76), is nondecreasing.
Thus, we have

<K and W(J2* 2?®)) < Ry,

2
|- e < w0 <

-1

W (T4 2P0 > 1 (K, p(k)) (e pie)

-1
=T ([[5] 2 (apmyzpo)

This and Lemma 4.3 imply that

(1 — ap(k)gp( ))W(JZkJrl :Ep(kJrl))

< W(Jzk+1 2P k+1 (H >

< (1 — Ep(k) (k))W(JZ 2Pk ))
According to (A5), we have that 0 < epy)apur) < 1. Hence, we obtain that

W (J2RH 2P0y < W g2k 2Py < Ry,

and this contradicts (110). O

The following result completes the proof of Theorem 4.1. Recall that, as already
shown in Section 2, in the current circumstances, the solution set S(A,,Q) is
convex and has a minimal norm element.
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Lemma 4.5. The sequence {zk}keN generated by the algorithm converges strongly
to the minimal norm solution of the variational inequality (1).

Proof. Lemma 4.4 ensures that the sequence of nonnegative real numbers
{W(Jzk, 2P (k) }keN is bounded. Lemma 4.3 and Lemma 4.4 show that the numbers

Mo = W (JzF, 2P(F)) satisfy the inequality
Aot < A — apyepy e + T (K, p(k))
where, according to (A5) and Lemma 4.1, we have
: : -1
Jimag ey = 0 = lim T (K, p(k)) (apmepm) -

These allow us to apply Lemma 1 in [3] in order to deduce that

(111) lim W (JzF, 2P®)) = 0.
k—o00
The space X being uniformly convex and smooth, the function 6(z) = ||z||* is

uniformly convex on bounded sets and differentiable. According to [24, Proposition
4.2], in these circumstances, the modulus of total convexity of the function 6(z) on

the set E consisting of all the terms of the bounded sequence {zk} N denoted
vy (E,-), has vy (E,t) > 0 when ¢ > 0, and also satisfies
Vg (E, sz - $p(k)H) <W(J2F,2P®) vk e N.
This and (111) imply that
lim vy (E, sz — xp(k)H> =0.
k—o0
This cannot hold unless limg_ sz - x’p(k)H = 0 because the function vy(FE,-) is

(strictly) increasing on [0,00) — cf. [25, Lemma 2.4]. By Theorem 2.1(ii), the
sequence {mp(k)} pen converges strongly to the minimal norm solution of the varia-

tional inequality (1). Consequently, the sequence {zk} ey Das the same limit and
the proof is complete. O
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