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EQUILIBRIUM PROGRAMMING IN HILBERT SPACES

PATRICK L. COMBETTES AND SEVER A. HIRSTOAGA

ABSTRACT. Several methods for solving systems of equilibrium problems in
Hilbert spaces — and for finding best approximations thereof — are presented
and their convergence properties are established. The proposed methods include
proximal-like block-iterative algorithms for general systems, as well as regular-
ization and splitting algorithms for single equilibrium problems. The problem
of constructing approximate equilibria in the case of inconsistent systems is also
considered.

1. INTRODUCTION

Let H be a real Hilbert space, let K be a nonempty closed convex subset of H,
and let (F});c; be a countable family of bifunctions from K2 to R. We address the
broad class of problems whose basic formulation reduces to solving the system of
equilibrium problems

(1.1) find z € K such that (Vie I)(Vy € K) Fi(z,y) > 0.

In the case of a single equilibrium, i.e., I is a singleton, the formulation (1.1) was
shown in [5, 24] to cover monotone inclusion problems, saddle point problems, vari-
ational inequality problems, minimization problems, Nash equilibria in noncooper-
ative games, vector equilibrium problems, as well as certain fixed point problems
(see also [15]). The above formulation extends this formalism to systems of such
problems, covering in particular various forms of feasibility problems [2, 11]. We
shall also address the problem of finding a best approximation to a point a € 'H
from the solutions to (1.1), namely

(1.2) project a onto S = ﬂ Si,
il
where (VieI) S;={z€ K| (Vy€ K) Fi(z,y) >0}.
Our main objective is to devise algorithms for solving (1.1) and (1.2) and to ana-

lyze their asymptotic behavior under the standing assumption that the bifunctions
(F})icr all satisfy the following set of standard properties.

Condition 1.1. The bifunction F': K? — R is such that:
(i) (Vx € K) F(x,z) =0.
(ii) (Y(z,y) € K?) F(x,y) + F(y,z) <0.
(iii) For every x € K, F(z,-): K — R is lower semicontinuous and convex.
(iv) (V(z,y,2) € K3) @JFF((l — &)z +ez,y) < F(z,y).
P,

While some methods have been proposed to solve (1.1) in this context in the case

of a single bifunction (see [22, 23] and, in the case of Euclidean spaces, [13, 17, 20]),

we are not aware of any result for systems of equilibrium problems. In addition,
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there does not seem to be any iterative algorithm in the literature to solve (1.2),
even in the case of a single bifunction. Our analysis will also bring to light new
connections between equilibrium programming and standard optimization methods.

The remainder of the paper is organized as follows. In section 2, we define our
notation and provide technical facts that will be used in subsequent sections. In
section 3, we establish convergence results for parallel, proximal-like, block-iterative
methods to solve (1.1) and (1.2). In the case of a single equilibrium problem, an
alternative approach to (1.2) based on regularization ideas is presented in section 4.
In section 5, we address problems with a single bifunction which can be split into
two components, and devise forward-backward-like algorithms for solving them. In
section 6, these results are applied to the problem of finding approximate solutions
to (1.1) and (1.2) in the inconsistent case, i.e., when S = @.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notation. Throughout the paper N denotes the set of nonnegative integers
and H is a real Hilbert space with scalar product (- | -), norm ||-||, and distance d. K
is a fixed nonempty closed convex subset of H and Id denotes the identity operator
on H. The expressions x,, — =z and x,, — x denote respectively the weak and
strong convergence to x of a sequence (x,)ney in H, and W (z, )pen its set of weak
cluster points. The class of all proper, lower semicontinuous, convex functions from
H to |—o0, +0o0] is denoted by I'g(H). Now let C' be a subset of H. Then int C' is
the interior of C, d¢ its distance function, and (¢ its indicator function, which takes
the value 0 on C' and 400 on its complement. If C' is nonempty, closed, and convex,
then Po denotes the projection operator onto C. Finally, FixT = {z € H | Tz = x}
denotes the set of fixed points of an operator T: H — H.

2.2. Set-valued operators. Let A: H — 2™ be a set-valued operator. The sets
domA={zxeH| Az # O} and gr A = {(z,u) € H? | u € Az} are the domain and
the graph of A, respectively. The inverse A~! of A is the set-valued operator with
graph {(u,z) € H? | u € Az}. The resolvent of A is J4 = (Id+A)~! and its Yosida

approximation of index 7 € ]0, 400 is
Id—-J
(2.1) Y= ——4
Y

Moreover, A is monotone if
(2.2) (V(z,u) € gr A)(V(y,v) €grd) (z—y |u—v) >0,

and maximal monotone if, furthermore, gr A is not properly contained in the graph
of any monotone operator B: H — 2M. If A is monotone, then J4 is single-valued
on dom Jy; in addition, if A is maximal monotone, then dom.Js = H (see [1,
section 3.5] for details).

Lemma 2.1. Let A: H — 2" be a mazimal monotone operator and let y € ]0, +oo].
Then

1
(23) J(’YA) = Id +m (J(»Y+1)A - Id) .



EQUILIBRIUM PROGRAMMING IN HILBERT SPACES 119

Proof. Let (x,y) € H2. Then

-1
(2.4) y:J(»yA)x<:>y: <77+11d_f1y‘]7‘4> x
& (v+ 1Dy —vz=Jyay
Sye(y+1y—yr+yA((y+ 1)y — )
sz—yeA((y+ 1)y —z)
sa—((v+Dy—rz) e (y+DA((y + 1)y — yx)

& (v+ Dy — vz = Jy41)a
1
@y:l’ﬁ-ﬁ(tj(,y_;'_l)Aﬂf—l'). O
The subdifferential of a proper function f: H — ]—o0,+0o0] is the set-valued
operator
(2.5) of i H— 2"z — {fueH|(VyeH) (y—z|u)+ f(z) < fly)}

The normal cone operator of a nonempty closed convex set C C ‘H is Ng = i If
f €To(H), then df is maximal monotone and

(2.6) prox; = Jyy

is Moreau’s proximity operator [21]; moreover, the Moreau envelope of index v €
10, +o00[ of f is the function 7f: z — minyey f(y) + %Hm — |

Lemma 2.2. Let f € T'g(H) and vy € ]0,+o0[. Then

1
(2.7) prOX(fo) =1d +ﬁ (prox(7+1)f - Id) .

Proof. Since [21, Proposition 7.d] implies that O(7f) = Y(8f), it suffices to set
A =0f in Lemma 2.1. O

2.3. Nonlinear operators.

Definition 2.3. Let T: H — 'H be a single-valued operator with dom7T = H.
Then T

i) belongs to the class ¥ [3] if (V(z,y) € Hx FixT) (y—Tx |z —Tz) < 0;
(ii) is nonezpansive if (V(z,y) € H?) | Tz — Ty < ||z — y||;

(iii) is firmly nonexpansive if (V(z,y) € H?) [Tz — Ty||*> < (Tx — Ty |z — y);
(iv) is a-averaged for some « € ]0,1[if T' = (1 — o) Id +aR for some nonexpan-

sive operator R: dom R = 'H — H [8]. The class of a-averaged operators
on H is denoted by A(a).

The following relationships exist between these types of operators (see, e.g., [3,
Proposition 2.3] and [12, Lemma 2.1)):

T €% <« Tisfirmly nonexpansive < Id—T is firmly nonexpansive

(2.8) y T

T is nonexpansive T € A(3).
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Lemma 2.4. [11, Proposition 2.4] Let (T;)icr be a finite family of operators in ¥
such that C = (\;c; FixT; # @ and let (w;)ier be real numbers in ]0,1] such that
Y icrwi = 1. Define
Selfe=al?
(29) (Ve eH) L(r,(Thier, @iier) =  [>oseswilie — al? ’
1, otherwise,

and

(210) T:H—-H:z— z+ () (ZwlTﬂ: - :U) ,
el
where 0 < \(z) < L(a:, (T})ier, (wi)ig).
Then:
(i) For allx € H, L(:B, (T3)ier, (wi)ig) is a well defined number in [1,+0o0].
(i) FixT = C.
(iii) T € T.
2.4. Convergence of two T-class algorithms.

Algorithm 2.5. Given ¢ €]0,1] and z¢ € H, a sequence (Z,)nen is constructed
inductively as follows: for every n € N, select T,, € T and set x,,11 = zp + (2 —
e)(Thxn — xn).

Theorem 2.6. Let (x,)nen be an arbitrary orbit of Algorithm 2.5 and let C be a
nonempty closed convex subset of H such that C' C (), oy FixTy,. Then:
(i) (zn)nen is bounded.
(i) Dpen lont1 — @nll® < 400 and 3o, oy [Tnwn — 2n|® < +00.
(iii) (2n)nen converges weakly to a point in C if and only if W(xy)nen C C.

Proof. For C = (N, oy Fix Ty, this is precisely [3, Theorem 2.9]. However, in view of
[3, Proposition 2.1], the results remain true as stated above. Il

The second algorithm, which goes back to [16] (see also [10]), concerns the best
approximation of the point a in (1.2).

Algorithm 2.7.

Step 0. Set n =0 and zg = a.

Step 1. Select T}, € <.

Step 2. Set m, = (x0 — Zn | Tn — Tnn)s pin = |0 — n |, vn = [l2n — Trwa|l?, and
Pn = finVn — T2.

Step 3. If p, =0 and 7, < 0, then stop; otherwise set

(2.11)

TnlEna lf Pn = 0 and T Z 07
Tni1 = 2o+ (L +mn/v)(Than — xn), if pp >0 and vy > pu;

v, .
Tp 4+ —(mp (20 — 20) + pn(Trn — ), if pn >0 and m,vp < py.

n
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Step 4. Set n =n+ 1 and go to Step 1.

As shown in [3, Proposition 3.4(v)], the above algorithm does generate an infinite
sequence (Z,)nen for any starting point xg € H provided that (1, oy Fix T}, # O.

Theorem 2.8. Let (x,)nen be an arbitrary orbit of Algorithm 2.7 and let C be a
nonempty closed convex subset of H such that C' C (), oy FixT;,. Then:

(i) (xn)nen is bounded.
(i) Y en 121 — znl? < +oo and X, oy [[Than — za|* < 4o00.
(iii) (zn)nen converges strongly to the projection of a onto C if and only if

m(xn)nEN C C.

Proof. For C = (N, oy FixT;,, this is precisely [3, Theorem 3.5(ii)&(v)&(iv)]. How-
ever, an inspection of the proofs of [3, section 3] shows that the assertions remain
true as stated above. O

2.5. Convergence of compositions of averaged operators.
Algorithm 2.9. Fix 2o € ‘H and, for every n € N, set
(2~12) Tyl = Tn + Ay (Tl,n (T2,n33n + 62,77,) +e1n— xn)7

where T ,, € A(ai1n) and To , € A(ag,y,), with (o pn, a2,n) € 10, 1[2, (E1,n,€20n) € H2,
and A\, €]0,1].

In the above iteration, e, and ez, model errors induced by the inexact evalua-
tion of the operators 71, and 75 ., respectively.

Theorem 2.10. [12, Theorem 6.3] Suppose that the following conditions are satis-
fied.
(i) G =Npen Fix (T1 7 Ton) # 0.
(ii) im A, > 0, imay, < 1, and limag, < 1.
(iii) For every subsequence (xk, )nen of an orbit (xy)nen generated by Algo-
rithm 2.9, we have

(Ve € G) S 1(1d ~Ty0) o + (Id ~To,0)al|? < +oc

neN
(Vo € G) Y (1d =Ty p)zn — (Id —Topn)z|* < +o00
(2.13) neN = z€G.
Z|’T17NT2771$71 — xp||? < +oo
neN
TE, — &

(iv) 2onen lernll < 400 and 32, oy lle2nll < +o0.
Then every orbit of Algorithm 2.9 converges weakly to a point in G.
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2.6. Resolvents of bifunctions. The following notion appears implicitly in [5].

Definition 2.11. The resolvent of a bifunction F': K2 — R is the set-valued oper-
ator

(214) JprH 282 {zeK|(VWeK) Fz,y)+{(z—x |y—=2) >0}

Lemma 2.12. Suppose that F: K? — R satisfies Condition 1.1 and let
(2.15) Sp={zeK|(VyeK) F(z,y) > 0}.
Then:

i) domJp ="H.

(ii) JF is single-valued and firmly nonexpansive.
(iii) Fix Jp = Sp.

(iv) Sp is closed and conve.

Proof. (i): [5, Corollary 1] asserts that for every z € H there exists a point z € K
such that

(2.16) Vye K) F(z,y)+(z—z |y—2z)>0.

(ii): This statement is implicitly given in [5, p. 135], we provide the details for
completeness. Fix (z,2') € H? and let z € Jpz, 2 € Jpa'. Then F(z,2) >
(x—z |2 —z) and F(7,2) > (¢/ —2' | z—2'). Therefore, by Condition 1.1(ii),
0> F(z,2)+ F(,2) > ((x —2') — (2= 2') | Z/ — z), hence

(2.17) (z—a' |z-2")> |z — 2|

In particular, for x = 2/, we obtain z = 2/, which implies that Jg is single-valued.
In turn, we derive from (2.17) that Jp is firmly nonexpansive. (iii): Take z € K.
Thenz € FixJp v =Jpr e Vye K) F(z,y)+(xr—z |y—z) > 0& (Vy € K)
F(z,y) >0 < x € Sp. (iv): Follows from (iii), (ii), and (2.8) since the fixed point
set of a nonexpansive operator is closed and convex [14, Proposition 1.5.3]. O

Lemma 2.13. Suppose that F: K? — R satisfies Condition 1.1. Let (z,)nen be a
sequence in H and (yp)nen a sequence in 0, +oo[. Define

(2.18) (VneN) z, =Jy, rxn and u, = (Tn — 2n)/Vn,

and suppose that

(2.19) Zp, = and up — u.

Then x € K and (Vy € K) F(z,y)+ (u |z —y) > 0.

Proof. 1t follows from Lemma 2.12(i)&(ii) that the sequence (2 )nen is well defined
and from (2.14) that it lies in K, which is weakly closed. Therefore z € K. On the
other hand, it follows from Condition 1.1(iii) that F'(y,-) is weak lower semicon-

tinuous for every y € K. Therefore, we derive from Condition 1.1(ii), (2.18), and
(2.14) that

(2.20) (Vy € K) F(y,x) <lim F(y, z,) < lim —F(zp,y)

§h7m<un |Zn_y>:<u‘x_y>,
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where the last equality follows from (2.19) and the sequential continuity of (- | -) on
Hoong x Hveak Now fix y € K and define, for every € € ]0,1], 2. = (1 — &)z + ey.
Then, for every ¢ € |0, 1], z. € K by convexity of K and, in turn, Condition 1.1(i),
Condition 1.1(iii), and (2.20) yield
(2.21) 0= F(ze, )

< (1 —-¢)F(ze,x) +eF(ze,y)

<1 -¢){ulz—z)+eF(2,y)

25(1 _‘5) <U |l'—y> +€F($an)a
whence F(zc,y) > (1 —¢)(u |y —z). In view of Condition 1.1(iv), we conclude
that F(z,y) > lim+F(xa,y) > (u |y —x). O

e—0

Next, we recall an important technical fact that will be required subsequently.

Lemma 2.14. [5, Lemma 1] Let C and Cy be two nonempty convexr subsets of H
such that C is weakly compact. Let the function ®: Cp x Co — R be concave and
upper semicontinuous in the first argument, and convex in the second argument.
Assume furthermore that

(2.22) (Vy € C2) max ®(u,y) > 0.
ueCq

Then

(2.23) (Fu e Cr)(Vy € Cy) @(u,y) > 0.

We complete this section with concrete examples of resolvents of bifunctions.

Lemma 2.15. Let A: H — 2" be a mazimal monotone operator, let f € T'o(H),
let C C'H be a nonempty closed convex set, and let u € 10, 400].

(i) Suppose that K C intdom A and set

(2.24) (V(w,y) € K*) F(x,y) = max (u |y —x).
Then F' satisfies Condition 1.1 and Jp = Ja4 Ny -
(ii) Set
(2.25) K=H and (V(z,y)€H?) F(z,y) = ("Az |y —x).

Then F satisfies Condition 1.1 and Jp = 1d +ﬁ (J(u+1)A — Id).
(i) Set
(2.26) K=H and (V(z,y) € H?) F(z,y) = (x — prox, ;& |y —x) /p.

Then F satisfies Condition 1.1 and Jp = 1d +ﬁ(prox(#+l)f —1d).
(iv) Set

(2.27) K=H and (V(z,y)€H?) F(z,y)=(x— Pox |y —2z)/p.
Then F' satisfies Condition 1.1 and Jp =1d —l—ﬁ(Pc —1d).
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(v) Suppose that K C dom f and set

(2.28) (V(z,y) € K?) F(x,y) = f(y) - f(a).
Then F satisfies Condition 1.1 and Jp = prox;y,, .

Proof. (i): By [25, Theorem 2.28], A is locally bounded on int dom A. Therefore, it
follows from [1, Proposition 3.5.6.1] that the sets (Az)zex are weakly compact and
that, for every (z,y) € K?, the weakly continuous function (- |y — x) achieves its
maximum over Axz. Hence, F'is well defined. In addition, F' satisfies Condition 1.1:
Indeed, item (i) there is obvious, item (ii) follows at once from the monotonicity of
A, and item (iii) from the fact that F'(x,-) is the supremum of the family of lower
semicontinuous convex functions ((u |- — z))yc .. Finally, to establish item (iv) in
Condition 1.1, let us observe that our assumptions imply that A [intdom 4 1s & weak-
usco operator [25, section 7]. Hence, it follows from [4, Théoreme VI.3.2] that, for
every y € K, F(-,y) is upper semicontinuous and, therefore, that Condition 1.1(iv)
holds. Now take z and z in H. Then Lemma 2.12(ii) and (2.14) yield

z=Jpreze€ K and (Vye€ K) max(y—z|u+z—x)20
ucAz

(2.29) zeK and (BueAd)(VyeK) (y—zlut+z—2x)>0
& (Jue Az) v —z—u € Ngz
Srez+Az+ Ngz
& z=(Id+A+ Ng) 'z
(2.30) & 2= JALNg T,
where we have used Lemma 2.14 (with C; = Az, Cy = K, and ®(u,y) =
(y—z|u+z—u1)) to get (2.29). (ii): *A is a single-valued maximal monotone

operator with domain H [1, Theorem 3.5.9]. Using this operator in (2.24) yields
(2.25), and it follows from (i) that Jp = J( Hays which proves the assertion via

Lemma 2.1. (iii): Set A = df in (ii) and use (2.1) and (2.6). (iv): Set f = (¢ in
(iii). (v): It is easily verified that F' satisfies Condition 1.1. Now take z and z in
H. Then it follows from (2.14), (2.28), and (2.5) that
(2.31) z=Jpresze K and (VWeK) (y—z|x—2)+ f(2) < f(y)
S (WyeH) (y—zlz—2)+f(z) +ux(z) < fly) +exly)
Sr—2z€0(f+uk)(2)
& Z = PproXsy, . g

Remark 2.16. In all of the above examples, the function F'(-,y) is actually upper
semicontinuous for every y € K.

3. BLOCK-ITERATIVE ALGORITHMS

The main objective of this section is to apply Theorem 2.6 and Theorem 2.8 with
a suitable choice of the sequence (T},)nen to solve (1.1) and (1.2). It is recalled that
(F})icr is a countable (finite or countably infinite) family of bifunctions from K? to
R which all satisfy Condition 1.1. We shall use the following construction, in which
the operator L is defined by (2.9).
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Procedure 3.1. Fix 0 € ]0,1[. At every iteration n € N, z,, is available and T, is
constructed according to the following steps.

0 O +#1I, C I, I, finite.

O (VieI,) vin €]0,+00].

O (Vi€ In) win €[0,1], 3 ;e win =1, and

H']’Yj,nij” - x”” = max H'] inFiTn — J;nH
i€ln

(3jel,) {

w]',n > 4.

0 (Yo € H) Mu(x) € [6, L(2, (Jy, \F)iert (Win)ier+)], where Y = {i € I, |
Win > 0}.
OT,:H—-H:x—xz+ \(2) (Zieﬁ{ Windy; T — x)

Condition 3.2.
(i) The set S in (1.2) is nonempty.
(ii) (Th)nen is constructed as in Procedure 3.1.
(iii) There exist strictly positive integers (M;);er such that
TL—‘,—MZ—I
(3.1) (V(i,n)eIxN) ie ] I
k=n

(iv) For every i € I and every strictly increasing sequence (pp)nen in N such
that i € (,en Ip,» infren Vip, > 0.

Theorem 3.3. Suppose that Condition 3.2 is satisfied. Then:

(i) Ewvery orbit of Algorithm 2.5 converges weakly to a solution to (1.1).
(ii) Ewvery orbit of Algorithm 2.7 converges strongly to the unique solution to
(1.2).

Proof. We are going to show that the two assertions follow from Theorem 2.6 and
Theorem 2.8 with C' = S. We first observe that Lemma 2.12(iv) guarantees that
the sets (S;)ier in (1.2) are closed and convex. Accordingly, it follows from Con-
dition 3.2(i) that S is nonempty, closed, and convex. Problem (1.2) therefore pos-
sesses a unique solution. Moreover, for all n € N, the weights (w; )+ are real
numbers in ]0, 1] such that 3, ;+ win = 1. On the other hand, it follows from
Lemma 2.12(i)&(ii) and (2.8) that

(3.2) (YneN)(Vie l,) Jy,.F €T
Therefore, Lemma 2.4(iii) yields
(3.3) (VneN) T, € .

Furthermore, we derive from (1.2), Lemma 2.12(iii), and Lemma 2.4(ii) that

(3.4) (VneN) §=(\Sc () FixJy,,r =FixT,.

el ie[jl'
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Therefore S C (), ey Fix Ty, Now let i be an index in I, let (z,)nen be a sequence
generated by either algorithm, and let x € 20(zp)nen, say zx, — . Then, in view
of Theorem 2.6(iii) and Theorem 2.8(iii), it is enough to show that = € S, i.e.,

(3.5) re€K and (Yye K) Fi(x,y)>0.

Theorem 2.6(ii) and Theorem 2.8(ii) assert that Y., .y [|Znt1 — Znl|* < +oc and
> nen 1 Tnzn — 2p||? < +o0o0. Now fix z € S and set 8 = sup,cy [|[2n — z||. Then
B < 400 by Theorem 2.6(i) and Theorem 2.8(i). On the other hand, we derive from
(3.2), (3.4), and Definition 2.3(i) that

(3.6) (Yn e N)(Vj € 1) ||y, k70 — zn|? < (2 — 2y | JyynFyn — T ) -

Thus, it follows from Procedure 3.10, (3.6), the Cauchy-Schwarz inequality, and
Procedure 3.10&0 that

2
(3.7 (VneN) 55%3})( 1y, 0 — @a|* < Z Wi || Ty T — |
" j€ln

< <Z — X, E U—)jynJ’yjynijTL - x?’b>

J€ln

<pB § wj,nJ'yj,nijn — In
jeLT

S ﬁ)\n(g(xn) Z Windy;nFjTn = Tn
jeLy
= Bl Than — zn| /6.
Therefore, since Ty,x,, — x, — 0, we obtain
(3.8) ?g}f Sy, o Tn — T — 0.
After passing to a subsequence of (z, Jnen if necessary, we assume that, for every

n € N, kpy1 > kp+ M;. Then Condition 3.2(iii) asserts that there exists a sequence
(Pn)nen in N such that

3.9 VneN) k, <p,<kn+M—-1<kyt1<ppy1 and 1€1l,,.
P

However, x,, — xj, — 0since Y., [|Znt1 — 2n]|* < 400 and

kn+M;—2
(3.10) (Vn €N) [lap,—ar, | < Y Nowp—al < VMi—1 > o —
P [>Fn

Hence, x,, — . On the other hand, we derive from (3.8) and (3.9) that
(3.11) 2p, — Tp, — 0, where (VneN) z, =J, Fzp,.
In turn, we obtain

(3.12) Zp, — .
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Now set, for every n € N, up,, = (zp,, —2p,)/YVip,- Then (3.11) and Condition 3.2(iv)
imply that

(3.13) up, — 0.

n

Altogether, it follows from (3.12), (3.13), and Lemma 2.13 that (3.5) is satisfied. O
Remark 3.4.

e By considering the special cases described in Lemma 2.15, one can recover
from Theorem 3.3 various convergence results for block-iterative methods
involving resolvents of maximal monotone operators, proximity operators,
or projection operators (see [3] and [11] and the references therein). For
instance, suppose that I = {1,...,m} and that (S;);cr is a family of closed
convex sets in H with associated projection operators (F;);c;. Now fix
£ €]0,1], define i: N — I: n — (nmodulom) + 1, and set

(3.14) K =M and (Vi € I)(¥(z,y) € H?) Fi(z,y) = (x — Px |y—z) /(1 —¢).

Then it follows from Lemma 2.15(iv) that, for every ¢ € I, F; satisfies
Condition 1.1 and Jp, = Id +(P; —Id)/(2 — ¢). Now set

(3.15) (Vn e N) A\, =1, I, = {i(n)}, and i), = 1.

Then Theorem 3.3(i) states that, if S = [;c; S # O, the sequence pro-
duced by the cyclic projections method

(3.16) ro € H and (Vn €N) z,41 = Py

converges weakly to a point in S. This classical result is due to Bregman
[6, Theorem 1].

e It follows from the analysis of [11] that the conclusion of Theorem 3.3(i)
remains true if certain errors are present in evaluation of the resolvents in
Procedure 3.1.

In the case when the family (F;);c; consists of a single bifunction F', Problem
(1.1) reduces to

(3.17) find z € K such that (Yy € K) F(z,y) > 0.

Moreover, we have L = 1 and, for A, = 1/(2 — ¢) in Procedure 3.1, the iteration
described by Algorithm 2.5 assumes the form

(3.18) zo € K and (VneN) z,41 = J,,rz,, where 7, € ]0,4+00].

Theorem 3.3(i) states that every sequence (z,)nen so constructed converges weakly
to a solution to (3.17) provided that inf,envy, > 0 (see also [13, 20, 22, 23] for
related results). This statement can be refined as follows.

Theorem 3.5. Suppose that F': K? — R satisfies Condition 1.1 and that the set S
of solutions to (3.17) is nonempty. Let (x,)nen be an arbitrary sequence generated
by (3.18), where Y., V2 = +00. Then (zn)nen converges weakly to a point in S,
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Proof. Let n € N. Tt follows from (3.18) and (2.14) that

(3 19) 0< rYnF(anrl» -Tn+2) + <$n+1 — Tn ‘ Tn+2 — $n+1>
0< "Yn—i-lF(xn—i—Q’ xn—i—l) + <xn+2 — Tp+1 ’ Ln+1 — xn+2> .

Now set z, = Jy, pan and uy, = (Tn, — 2n) /7. Then (3.19) yields

(Un+1 | Znt1 — Tny2) < F(Tpt2, Tnit)

and it therefore follows from Condition 1.1(ii) that

(3.21) (Un = Uny1 | Tnte — Tpy1) < F(py1, Tngo) + F(Tng2, Trg) < 0.

Consequently, we have (up4+1 — un | uny1) < 0 and, by Cauchy-Schwarz, ||u,41|| <
||un||. Therefore

(3.22) ([[un])nen converges.

Let us now apply Theorem 2.6 with (75 )nen = (J4,F)nen. We first obtain from
Theorem 2.6(ii) that Y, .y V2 [lunll® = 3 hen 120 — @all* < +o0. Since Y, 72 =
+00, it follows that lim ||u,|| = 0 and, consequently, (3.22) yields u, — 0. Now
suppose that xp, — x. Then, in view of Theorem 2.6(iii), it remains to show that
x € S. As seen above,

(3.23) ug, — 0.
On the other hand, since z, — z,, — 0, we have
(3.24) 2k, — .

Combining (3.23), (3.24), and Lemma 2.13, we conclude that z solves (3.17). O

Remark 3.6. Consider the setting of Lemma 2.15(i) with K = H. Then, for every
n €N, J,, r = (Id+v,4) ! reduces to the usual resolvent of v, A and Theorem 3.5
therefore corresponds to [7, Proposition 8] (see also [8, Theorem 2.6(a)]).

4. A REGULARIZATION METHOD

In this section, we suppose that the family (F;);c; consists of a single bifunction
F. Then the problem (1.2) of finding the best approximation to the point a becomes

(4.1) project aonto S = {z € K | (Vy € K) F(z,y) >0}.
We now describe an alternative to Theorem 3.3(ii) to solve this problem.

Algorithm 4.1.

Step 0. Set n =0 and z¢ = a.

Step 1. Let ay, € ]0,1[, v, € 0, +00[, and e, € H.
Step 2. Set xp4+1 = aza+ (1 — an)(J%F:En + en).
Step 3. Set n =n + 1 and go to Step 1.

We shall study this iterative scheme in the context described below.

Condition 4.2.
(i) The set S in (4.1) is nonempty.



EQUILIBRIUM PROGRAMMING IN HILBERT SPACES 129

(ii) ap — 0and )y an = +00.
(i) 75 — oo
(1) e llenll < +oc.

Theorem 4.3. Suppose that F: K> — R satisfies Condition 1.1 and that Condi-
tion 4.2 is satisfied. Then every orbit of Algorithm 4.1 converges strongly to the
unique solution to (4.1).

Proof. In view of Lemma 2.12(iv) and Condition 4.2(i), Problem (4.1) does possess
a unique solution. Now let (z,,)nen be an orbit of Algorithm 4.1 and set

(4.2) (VneN) z, =J,, rx, and u, = (Tn — 2n)/n-

It follows from Lemma 2.12(i)—(iii), and (2.8) that

(4.3) (Vo € S)(Vn e N) |20 — 2| = |y, ren — Sy pa| < [lon — .
Therefore

(44) (Vz e S)(VneN) [zps — 2] < anlla— 2] + (1 = an)(llzn — 2] + [lenll)
< anlla—z| + (1 = an)|zn — zf| + [len]-

Since zg = a, we obtain by induction

n
(45) (Vz € S)(¥n €N) flons — all < la—all + 3 el
k=0
Hence, it follows from Condition 4.2(iv) that (x,)nen is bounded and, in turn, from

(4.3) that (zp,)nen is bounded. Consequently, (z, — 2y )nen is bounded and we derive
from (4.2) and Condition 4.2(iii) that

(4.6) Up — 0.
Now let (2, )nen be a subsequence of (zy,)nen such that
(4.7) (a — Psa | 2z, — Psa) — lim (a — Psa | z, — Psa),

and such that (2, )nen converges weakly to some point z € H. Then it follows from
(4.6) and Lemma 2.13 that z € S. We therefore deduce from Lemma 2.12(iv) and
the standard characterization of projections onto convex sets that

(4.8) (a — Psa | z, — Psa) — (a — Psa | z — Psa) < 0.
Therefore, (4.7) and Condition 4.2(iv) imply that

(4.9) lim (@ — Psa | z, + e, — Psa) < 0.

Next, we observe that

(4.10)

(Vn € N) ||zpy1 — Psal|? = ||an(a — Psa) + (1 — o) (2n +€n — Psa)||2
= aplla — Psal® + (1 — an)?||20 + e — Psal|?
+ 2a,(1 — ay) {a — Psa | zn, + €, — Psa)
2
< aplla — Psal® + (1 — an)(llzn — Psall + [lexl)
+ 2a,(1 — ap) (a — Psa | z, + e, — Psa) .
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Now let us fix € € ]0,+o00[. We infer from Condition 4.2(ii)&(iv) and (4.9) the
existence of an index g € N such that, for every n > ¢,

(411) anlla— Psal® <e, Y el <e, and (a— Psa |2, + ey — Psa) <e.
k>q
Thus, it follows from (4.10), (4.11), and (4.3) that, for every n > ¢,
|Tnt1 — PSCLH2 < Bape+ (1 - an)(Hzn - PSCLH2 + ﬁl\enll)

(4.12) < 3Bane + (1 — ay)||lzn — Psall* + Blleall,

where 3 = sup,ey (|len]| + 2[|zn — Psal|) < +oo. Hence, we obtain by induction
that, for every n > g,

n

s = Psal? < 3(1—T[(1—an))e

k=q
(4.13) + (10 = a0)llwq = Psal®+ 8 llexll
k=q k=q

However, it follows from Condition 4.2(ii) that [[;_ (1 — ax) — 0 [19, Theo-
rem 3.7.7]. Therefore, (4.13), Condition 4.2(iv), and (4.11) yield

(4.14) lim ||z, — Psal® <32+ 8 _ [lexll <e(3+8),
k>q
and hence we conclude that |z, — Psal?* — 0. O

Remark 4.4. Consider the setting of Lemma 2.15(i) with K = H. Then, for ev-
ety n € N, J, p = (Id+v,A)~! and Theorem 4.3 therefore corresponds to [18,
Theorem 1].

5. SPLITTING

In this section, we return to the single equilibrium problem (3.17) in instances
when the bifunction F' can be broken up into the sum of two terms, say

(5.1) F: (z,y)— Fo(z,y) + (Bx |y —z), where Fy: K* - R and B: H — H.
In this scenario, (3.17) becomes
(5.2) find x € K such that (Vy € K) Fy(x,y) + (Bx |y —x) > 0.

Our objective is to devise a splitting algorithm in which the bifunction Fjy and
the operator B are employed in separate steps at each iteration. It is assumed
throughout this section that

(5.3) Fy: K? — R satisfies Condition 1.1
and that
(5.4) BB is firmly nonexpansive on dom B = H, for some (3 € |0, +oo[.

Moreover, we denote by G the set of solutions to (5.2), i.e.,

(5.5) G={zeK|(VyeK) Fy(z,y) + (Bx |y —z) > 0}.
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Remark 5.1. The bifunction F' defined in (5.1) satisfies Condition 1.1. Indeed, by
(5.4), B is continuous and monotone on H, hence maximal monotone [1, Propo-
sition 3.5.7]. Thus, it follows from Lemma 2.15(i) that the bifunction (z,y) —
(Bx |y — x) satisfies Condition 1.1. In view of (5.3), so does the sum F' in (5.1).
Proposition 5.2. Let v € ]0,20[ and set Sp,p = {z € K | Bz =0 and (Vy € K)
Fy(z,y) > 0}. Then:

(i) G = Fix Jyg, (1d —B).

(ii) Jym (Id —yB) is nonezpansive.
(iii) G is closed and convex.
(iv) Suppose that Sp, p # O. Then G = Sg, B.

Proof. Note that, by (5.3) and Lemma 2.12(i), dom Jyp, = H. (i): Let z € H.
Then, in view of (2.14) and Lemma 2.12(ii),

(5.6) zeGerxeK and (Yye K) Fy(z,y)+(Bx |y—z) >0
s reK and (Yy € K) vFo(z,y) + (x — (x —yBzx) |y —x) >0
&z = Jyg (m - 'yBa:).
(ii): It follows from (5.4) and (2.8) that 8B € A(3) and hence from [12, Lemma 2.3]
that Id —yB € A(gj). On the other hand, (5.3), Lemma 2.12(ii) and (2.8) yield

Jym, € A(%). Hence Jyg, and Id —yB are nonexpansive and so is their composition.
(iii): The assertion follows from (ii), (i), and [14, Proposition 1.5.3]. Alternatively,
this claim follows from Remark 5.1 and Lemma 2.12(iv). (iv): Set T} = Jyp, and
Ty = Id —yB. Then, on the one hand, (i) yields FixT1T> = G and, on the other
hand, Lemma 2.12(iii) yields FixT} N FixT> = Sg, p. Now, as seen above, the
operators T and Ty are averaged. Therefore it follows from [8, Lemma 2.1] that
FixT1 NFix Ty # @ = FixTy N Fix Ty = Fix T1T5, which completes the proof. [

We now describe a splitting algorithm and analyze its convergence.

Algorithm 5.3.

Step 0. Fix zg € H and set n = 0.

Step 1. Take A\, €]0,1], v, €]0,20], a, € H, and b, € H.

Step 2. Set Tpi1 = xpn + Ay <J Fo (l’n — Yn(Bxy, + bn)) +a, — xn>
Step 3. Set n =n + 1 and go to Step 1.

Theorem 5.4. Suppose that the following conditions are satisfied:
(i) G # Q. o
(ii) im A, > 0 and 0 < lim~, <lim~, < 20.
(iii) > enllanl| < 400 and Y, o ||ball < +oo.
Then every orbit of Algorithm 5.3 converges weakly to a point in G.
Proof. Let (x,)nen be an arbitrary orbit of Algorithm 5.3. Set
(5.7) (V\neN) T, =Jy,r and T, =Id—y,B.

Then the update rule at Step 2 of Algorithm 5.3 assumes the form given in (2.12)
and, moreover, it follows from (5.3), Lemma 2.12(i)&(ii) and (2.8) that (T}, )nen
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lies in A(3). Likewise, it follows from (5.4) and (2.8) that 3B € A(3) and hence
from [12, Lemma 2.3] that (Vn € N) Tb, € A(35). Thus, Algorithm 5.3 is a
special case of Algorithm 2.9 with oy, = 1/2, g = 1/(26), e1n = an, and
€2,n = —Ynbn. We shall show that all the conditions of Theorem 2.10 are satisfied.
First, Proposition 5.2(i) yields

(5.8) G = () Fix (TynTon).-

neN
Hence, item (i) in Theorem 2.10 is implied by (i) above. Moreover, items (ii) and
(iv) in Theorem 2.10 are implied by (ii) and (iii) above. Let us now verify item
(iii) in Theorem 2.10. To this end, let us fix a suborbit (z, Jnen of Algorithm 5.3,
r € G, and set

(5.9) (VneN) z, = Jy, r(rn — WmBry) and u, = xnr; “n_ Bz,,.
In view of (5.7) and (ii), (2.13) holds if

u, — —Bx
(5.10) Ban — Be 2 €G.

Zn — Ty — 0

T, — 2

n

Since B is continuous and monotone on H, it is maximal monotone [1, Proposi-
tion 3.5.7]. Therefore gr B is sequentially weakly-strongly closed in H? [1, Propo-
sition 3.5.6.2], and the conditions z, — 2z and Bxy, — Bz imply Bx = Bz.
Consequently, the condition z, — z,, — 0 yields

(5.11) 2k, — 2z and ug, — —Bz.

It therefore follows from (5.9) and Lemma 2.13 that

(5.12) ze K and (Vye K) Fy(z,y)+(Bz |y—2) >0,

i.e., z € G. Therefore, the conclusion follows from Theorem 2.10. O

Remark 5.5. We point out some connections between Theorem 5.4 and existing
results.
e In the special case when v, =+, A\, =1, a, =0, and b,, = 0, Theorem 5.4
follows from [23, Theorem 1].
e Asin Lemma 2.15(i), let A: H — 27 be a maximal monotone operator such
that K C intdom A and set Fy: K2 — R: (z,y) — maxyeas (u |y — ).
Then

x € H solves (5.2) &z € K and (Vy € K) max(ujLBx ly—x)>0
ucAxT

(5.13) SreKand (Jue Az)(Vye K) (u+Bzx |ly—z) >0
< (Ju e Az) —u— Bx € Nz
(5.14) & 0€ Az + Bx + Nk,

where we have used Lemma 2.14 to get (5.13). Thus, (5.2) coincides with
the problem of finding a zero of A+ B+ Ng. In particular, if K = H, then
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JynFy = Jyna by Lemma 2.15(i) and therefore Algorithm 5.3 produces the
forward-backward iteration

(5.15) Tpal = Tn + A\ <J%A (zn — Y (Ban +bn)) + an — a:n>,

for finding a zero of A+ B. In this context, for A, =1, a,, =0, and b, = 0,
Theorem 5.4 corresponds to [26, Proposition 1(c)].

We now turn to the problem of finding the best approximation to a point a € H
from G.

Theorem 5.6. Let € € |0, 1] and v € ]0,20[, and let (x,)nen be an arbitrary orbit
of Algorithm 2.7 generated with
(5.16) (Vn € N) T, =Id+\, (Jym (Id —yB) —1d ), where € < A, < 1/2.
Then:

(i) If G # O, (xp)nen converges strongly to Pga.

(i) If G =0, ||zy| — +oo.

Proof. In  view of Proposition 5.2(i)&(ii), the assertions follow from
[3, Corollary 6.6(ii)]. O

6. INCONSISTENT PROBLEMS

We now consider problems (1.1) and (1.2) with finitely many sets, say I =
{0,...,m}. In this section we aim at solving these problems when the assump-
tion S # ) is relaxed. We shall use the following notion, which was introduced in
[23].

Definition 6.1. The Yosida approzimation of index p € ]0,4o00| of a bifunction
F: K% — Ris the set-valued operator *F': H? — 2%: (z,y) — (z — Jopz |y — ) /p.

In the present context, (1.1) becomes
(6.1) find z € K such that (Vi€ {0,...,m})(Vy € K) F;(z,y) > 0.

We recall that its set of solutions is denoted by S, while each F; satisfies Condi-
tion 1.1. Now, let us fix (p;)i<i<m in ]0,+o0o[. When (6.1) has no solution, it can
be approximated by the problem

m
(6.2) find = € K such that (Vy € K) Fy(z,y)+ Y “Fi(z,y) >0,

i=1
in which the bifunctions (F;)i<i<m have been replaced by their Yosida approxima-
tions, which are single-valued operators by Lemma 2.12(ii). This approximation

is justified by item (iii) below. We henceforth denote by G the set of solutions to
(6.2).

Proposition 6.2. Let vy € 0,2/, pi")[. Then:

(i) G =Fix J“/FO (Id + Y Z:’il(‘jpz‘Fi - Id)/pi) :
(ii) G is closed and conver.
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(iii) Suppose that S # @. Then G = S.
Proof. Problem (6.2) is a special case of Problem (5.2)—(5.4) with

2211 1/pi

Indeed, set (Vi € {1,...,m}) w; = 3/p;. Then > " w; = 1. Moreover, it fol-
lows from Lemma 2.12(ii) and (2.8) that the operators (Id —J,,F,)1<i<m are firmly
nonexpansive. Therefore, their convex combination fB = Y /" w;(Id—J,, ) is
also firmly nonexpansive. Hence (5.3) and (5.4) hold and we can apply Proposi-
tion 5.2(i)&(iii) to obtain at once (i) and (ii). To show (iii), we first observe that
Lemma 2.12(iii) asserts that

" Id—J, g 1
6.3 B = — % and =
(6.3) ; P

(6.4) S=8SpnN ﬂFixJ .F, where Sp, = {z € K| (Vy € K) Fy(z,y) > 0}.
i=1

Now suppose that S # @. Then (%, FixJ,, 5, # O and it therefore follows from

(2.8) and Lemma 2.4(ii) with A = 1 that Fix >, w;J,, 5, = (i~ Fix J,, 5. Conse-

quently, it results from (6.3) that

m m
(6.5) (Vze€H) Br=0 & zeFix) wiyp =[|FixJ,nm,

i=1 i=1
and we deduce from (6.4) that S coincides with the set Sg, p introduced in Propo-
sition 5.2. Hence Sp, p # @ and Proposition 5.2(iv) yields G = Sp, g = S. O

Specializing Algorithm 5.3 and Theorem 5.4 to (6.3), we obtain the following
result.

Algorithm 6.3.

Step 0. Fix zg € H and set n = 0.
Step 1. Take A\, €10,1], 7, € ]0,2/(2;11 p?l)[, an € H, and (b; )1<i<m € H™.

Step 2. Set xp41 = Tp+ Ay (J W Fo (:L‘n—l—% Z?;l(inFixniji,n—:nn)/pi) —I—an—xn)
Step 3. Set n =n + 1 and go to Step 1.

Corollary 6.4. Suppose that the following conditions are satisfied.
(i) G # Q.
(ii) lim A, > 0 and 0 < lim~y, < Tm~y, <2/, 0 Y.
(iil) > pen lanll < +oo and maxicicm Y-y [1binll < 400
Then every orbit of Algorithm 6.3 converges weakly to a point in G.

Likewise, a direct reformulation of Theorem 5.6 for the scenario (6.3) yields a
sequence that converges strongly to the best approximation to a point a € ‘H from
the solutions to (6.2).

Remark 6.5. Let (S;)1<i<m be a family of closed convex sets in H with associated
projection operators (P;)i1<i<m, and let (p;)1<i<m be numbers in [1, +oo[ such that
> 1/pi =1. Now set
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(6.6) K=H, Fp =0, and

(Vi € {1y..com})(¥(a,y) € H2) Fila,y) = (d4(y) — a2, (2)) /2.
Then (6.1) corresponds to the basic convex feasibility problem of finding a point in
S =%, S; and the bifunctions (F})1<i<m satisfy Condition 1.1 by Lemma 2.15(v).

Now let (Vi € {1,....,m}) fi = pd% /2 = Uryg . Then it follows from
Lemma 2.15(v) and Lemma 2.2 that

(6.7) (Vi€ {1,...,m}) Jpr = prox; — Id+p‘/ii (P~ 1d).

Thus, we deduce from Proposition 6.2(i) that the set of solutions to (6.2) is G =
Fix 3", Jpr/pi- Now set (Vi € {1,...,m}) w; = 1/(pi +1). Then z € G &
Yot wi(r— Pix) =04 VYT wid (z) = 0. Hence, G = Argmin )" | w;d% . On
the other hand, Corollary 6.4 with \,, = 1, a,, = 0, and b;,, = 0 asserts that, if
G # O and if (y,)nen € ]O,Q[N satisfies 0 < lim~, < lim~y, < 2, every sequence
(2 )nen generated by the iteration

(6.8) 2o €M and (Vn€N) Tpi1 =+ D wi( Pty — 7p)
=1

converges weakly to a point in G. This framework was considered in [9] to deal with
inconsistent signal feasibility problems.
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