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RELAXATION OF SECOND ORDER GEOMETRIC INTEGRALS
AND NON-LOCAL EFFECTS

OMAR ANZA HAFSA AND JEAN-PHILIPPE MANDALLENA

ABSTRACT. We are concerned with the relaxation of second order geometric in-
tegrals, i.e., functionals of the type:
CEMR) 30 Fyw) = [ F(Vula))du(o),
RN

where V?u is the Hessian of u, f : MY™ — [0, +00] is a continuous function,
and p is a finite positive Radon measure on IR™. A relaxation problem of this
type was studied for the first time by Bouchitté and Fragala in [2] where they
pointed out a new phenomenon: the functional relaxzed of F,, has, in general,
a “non-local” representation. Working on a more formal level than in [2], we
develop an alternative method making clear this “strange phenomenon”.

1. MAIN RESULTS

Referring to the next section for any unfamiliar notation or definition, in what
follows we state the main results of the paper.

Let a real number p > 1 and an integer number N > 1, and let u be a finite posi-
tive Radon measure on IRY. We will make the following connectedness assumption
on fi:

(Co) for every u € CX(RN), if V,u =0 p-a.e. then u=0 p-a.e..

Given a continuous function f : IMY™ — [0,4oc], consider the following three
conditions:

(C1) there exists v > 0 such that f(§) > r|¢[P for all & € IMY™;
(C2) there exists R > 0 such that f(£) < R(1+ [£[P) for all £ € MY™;
(C3) for p-a.e. x € RN, the function Ty, (z) 3 € — inf { f(E+&) 1 & € Ny ()}

18 COnver.
Consider also the functional F), : C°(IRY) — [0, +oc] defined by

Fuw) = [ (FPu(@) duo)

where V2u is the Hessian of u. The object of this paper is to provide a formula
representing the W, ”-functional relaxed of F, i.e., F1., : WiP(IRY) — [0,+00]
given by

G1,u(u) :=inf {liminf Fu(upn) : up € C(RY), @, — uin Wl}’p(IRN)} ,

n—-+o0o

where W, P(IRN) is the first order p-Sobolev space as defined in [1, Section 7] (cf.
§2.2 and §2.3). For this, we introduce a second order pu-Sobolev space that we denote
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by Wi’p (IR™) (cf. §2.4 and §2.5), and we prove that the Wﬁ’p -functional relaxed of
F,, ie., §a,: WIP(IRY) — [0, +-00] given by
Fo.u(u) = inf {lim inf Fyy(un) : un € C>®(RM), @, — u in Wﬁvp(IRN)} ,
n—-roo
has an integral representation as follows.

Theorem 1.1. If (Cyp), (Cz) and (C3) hold, then
Satn) = [ inf {F(Vhu(e) +€) € € Noy(o) (o)

for all w € WiP(IRN).

Theorem 1.1 is proved in section 4 by the same method as in [5, 1, 6]. The distin-
guishing feature here is that §1 , has, in general, a “non-local” representation which
can be computed from §3 ,, by using the following result.

Theorem 1.2. If (Cy) and (Cy) hold, then
(1) §1,(u) = inf {gw(v) L0, (v) = u}

for allu € Wﬁ’p(IRN), (where ©, : Wi’p(IRN) — W,}’p(IRN) is the bounded operator
defined in §2.6).
We thus have

Corollary 1.3. If (Cp), (C1), (Ca) and (C3) hold, then
§1,pu(u) = inf {/]RN inf {f(Viv(x) +&): €€ N27M(.’L‘)}d,lj,(ﬂf) :0u(v) = u}

for all w € WiP(IRN).

Note that the “non-local” representation of § , is only due to the fact that ©, is,
in general, not injective. More precisely, the formula representing §1,, in (1) comes
from a more general result which can be stated in the setting of Banach spaces
(cf. Theorem 3.1). Theorem 1.2, which is proved in section 5, is a consequence of
Theorem 3.1.

To complete the paper, in section 6 we show that the same method can be used
to prove Theorems 1.4 and 1.5 below. These theorems are consequences of Theorem
3.2 which is the analogue of Theorem 3.1 for compact operators.

Theorem 1.4. Let 5-F1,, : Wy (IRN) — [0, +00] be defined by

$-81,u(u) := inf {lim inf Fl,(uy) @ up € CC(RN), G, — u in Wﬁ’p(IRN)} :

n—-+00
If (Co) and (Cy) holds and if ©, is compact, then
(2) 5-81.(u) = inf {gm(u) L 0,(v) = u}
for all w € WyP(IRN).

Consider the following p-Poincaré inequality:
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(Cy4) there exists C > 0 such that for every u € C°(RRY),

/ |u(m)‘pdu(aﬁ) < C/ ‘Vuu(x)‘pd,u(x).
RN RN

Note that (C4) implies (Co).

Theorem 1.5. Let §,, : LL(IRY) — [0, +00] be defined by

Su(u) == inf {liminf Flu(up) : up € CC(RN), Gy — u in Lﬁ(]RN)} .

n—-4o00

If (C1) and (Cy) hold and if the injection 1, : Wj’p(]RN) — LE(RY) is compact,
then

(3) Fulw) = inf {Fo,u(0) : (I 0 ©,)(v) = u}
for all u € LL(IRYN).

2. NOTATION AND DEFINITIONS
2.1. General notation. By IMY™ we denote the space of symmetric real N x N
matrices. If z € RY, then || is its Euclidean norm; if & € IMJ™, [¢] is the norm
of & when regarded as a vector in R, For E = R, RY or ]M?\y,m, we write
CX(RYN; E) (C*(RY) if E = IR) for the space of smooth functions from RN to E
with compact support. By L, (IRY; E) (LL(IRY) if E = IR) we denote the Banach

space of measurable functions u : R — E such the norm

il = ([ I Pau))

is finite. When X is a Banach space, by u,, — u (resp. u, — u) in X we mean that
uy, converges to u with respect to the strong (resp. weak) topology of X, and for
F: X —[0,400], dom(F) := {u € X : F(u) < +oo}. Finally, the support of 4 is
defined by
spt(p) == {z € RY : u(B,(x)) > 0 for all p > 0},

where B,(z) denotes the open ball centered at x with radius p.
2.2. Definition of Ny ,(x) and Ty ,(x). Let 91, be the vector subspace of
C>®(IRY;IRY) given by

Ny, = {w € C(RY;RY) : Jv € Ny, such that w = Vo in spt(u)}

with N7, = {v € CC(MRY) : v = 0inspt(u)}. Let Ni, : RN =IRY be the
multifunction defined by

Niy(x) = {w(x) Tw € ’)?1#}.

Then Ny ,(x) is a vector subspace of IRV, called the first order normal space to
at x. The vector subspace T ,(x) given by the equality

N 1
RY =T ,(z) & Ny ()

is said to be the first order tangent space to p at x.
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2.3. Definition of V,u and Wj’p(IRN). Let Py, (z) : RN — Ty ,(z) be the

orthogonal projection on Ty ,(x). The function V,u : IRY — IRY defined as the
orthogonal projection of Vu(z) on Ty ,(x), i.e.,

Vouu(z) = Pyu(z)(Vu(z)), we C>®(RY),

is called the u-gradient of u. In fact,

Vau(z) - ¢,

V,u(z) = argmin
€T, u(z)

for all z € IRY. The closed-valued multifunction N1, being obviously measurable,
we deduce that T4, is also measurable, which implies that the mapping V,u is
measurable, (see, e.g., [4]). By definition, for every (z,£) € RN xIRY, [Py ,(z)(&)| <
€|, and so V,u € LL(RY;IRY) for all u € C(IRY). Clearly, if u = v in spt(u)
then V,u = V,v in spt(x), which means that p-gradient of u is compatible with
the equality p-a.e.. In C2°(IRY), we define an equivalence relation as follows: for all
u,v € CE(IRY), we say that u ~ v if u = v p-a.e., and we denote by D; ,(IRY) the
corresponding quotient space. The first order p-Sobolev space W,}’p (IRN ) is then
defined as the completion of D; ,(IRY) with respect to the following norm:

= ([ JePan) ([ i)

where u = {v € CPMRN) : v = wuin spt(u)} denotes the equivalence class of u
with respect to ~. Since ||V ullp, < |[@]1p, for all @ € Dy ,(IRY) the linear map

Dy, (RY) 50— Vyu € LA (IRY;IRY)

has a unique extension to W,}’p (IRY) which will be still denoted by V ,u.

2.4. Definition of N3 ,(x) and T ,(x). Let 9y, be the vector subspace of
O (IRY; IMY™) given by

No = {w € C(RY; MY™) : Jv € Ny, such that w = V0 in spt(,u)}

with N, == {v € C(RY) : (v, Vo) = (0,0) in spt(u)}. Let N, : RY =M™
be the multifunction defined by

Ny (x) = {w(x) TwE ’)?2#}.

Then Ny ,(x) is a vector subspace of ]M?\},'m, called the second order normal space

to pu at x. The vector subspace T ,(x) given by

sym L
My = Tou(z) & Noy(z)

is said to be the second order tangent space to u at x.
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2.5. Definition of Viu and Wﬁ’p(IRN). Let Py, (z) : RN — Ty,(z) be the
orthogonal projection on T ,(x). The function Viu RN — ]1\/[?\3,”[n defined as the
orthogonal projection of Vu(z) on Ts ,(x), i.e.,
Viu(x) = ngu(x)(VQu(x)), u e C’SO(IRN),

is called the p-Hessian of u. Analysis similar to that in §2.2 shows that for every
u € CER"), Viu € L(RY;IMY™). The only difference being that u = v in
spt(u) does not imply Viu = Viv in spt(p). In fact, Viu = Viv in spt(x) whenever
(u, Vu) = (v, Vo) in spt(u), which leads us to introduce the following equivalence
relation: for all u,v € CX(IRY), we say that u ~ v if (u, Vu) = (v, Vv) p-a.e..
We denote by D3 ,(IR™) the corresponding quotient space. For each u € C°(IRY),

u=un{ve CPIRY): Vv = Vuin spt(x)} denotes the equivalence class of u
with respect to ~.

Proposition 2.1. Under (Cy), the map

1/p
@ D) 3T [l =l + ([ V2@ )

is @ norm on Do, (IRY).

Proof. We only need to show that Vu = 0 p-a.e. whenever ||ul2p, = 0. It is
clear that if [[@]l2p, = 0 then Viu = 0 p-a.e., and so Vu(x) € No,(x) for all
z € spt(p) \ N with p(N) = 0. Fix any « € spt(u) \ N and consider v € Ny, such
that V2v(z) = V2u(x). Thus V(0v/dz;)(z) = V(0u/0z;)(x) with dv/dz; = 0 in
spt(p) for all i € {1,---, N}, hence V(0u/0x;)(x) € Ny (z). It follows that

V. (0u/0x;) = 0 p-a.e..
Since du/dz; € CX(IRY), from (Cp) we deduce that du/dz; = 0 p-a.e., and the

proof is complete. O

The second order p-Sobolev space Wﬁ’p (IRY) is then defined as the completion of
D, (IRY) with respect to the norm defined in (4). Since IViullpu < @
all @ € Dy, (IRY) the linear map

Dy, (RY) 3% — Viu € LE(RY; IMY™)

2,p,u for

has a unique extension to Wﬁ’p (IR™) which will be still denoted by Viu.

2.6. Definition of ©,,. Let O, : Dy, (RY) — W,?(IRV) be defined by
0.() ==
Clearly, ©,, is a linear map which satisfies

1€u @y, < [l

for all u € C°(IRY), and consequently, it has a unique extension to Wi’p (RM)
which will be still denoted by ©,,.

2,p,p
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3. GENERAL THEOREMS FOR NON-LOCAL RELAXATION

Let (X1, |- ]j1) and (Xa, || - ||2) be two Banach spaces, and let ¥ : X9 — X; be a
bounded operator. For i = 1,2, denote by w-cl; the sequential lower semicontinuous
envelope with respect to the weak topology of X;. The following two theorems are
more useful versions of [5, Theorem 3.1].

Theorem 3.1. Let F : X1 — [0,+00] be satisfying the following two conditions:
(Ay) dom(}") C \I!(Xg);
(As) there exist o, 8> 0 such that [F(¥(v))]" + | ¥ (v)||1 > Bllv|2 for allv € X,.
If Xo s reflexive, then

(5) w-cly (F)(u) = inf {w—clg (Fo¥)(v):¥(v) = u}
for allu € X;.

Proof. Fix u € X and denote by F(u) the right-hand side of (5). We have to show
that

inf {limsupf(un) SUup — uin Xl} < F(u) < inf {liminff(un) tUp — U in Xl} .
n—-to0 n—-00

We first prove the upper bound. Without loss of generality we can assume that
u € ¥(Xz). Given any v € U1 ({u}), there exists v, — v in X» such that

lim sup F (¥ (vy,)) < w-cly(F o ¥)(v).
n——+00
As W is bounded, we have ¥(v,) — v in X;. It follows that

inf {limsup]:(un) S Up — U in Xl} < cly(F o ¥)(v)
n—+oo
for all v € U=({u}), and the upper bound follows.

Consider now {up}p>1 C Xj such that uw, — w in X;. There is no loss of
generality in assuming that {F(u,)},>1 is bounded. Thus {u,},>1 C dom(F), and
from (A1) and (As), we see that there exists a bounded sequence {v, }n>1 C X3 such
that U(v,) = u,. As Xo is reflexive, we have v, — v in X» for some v € U=({u}).
Hence,

F(u) < w-clp(F o ¥)(v) < liminf F(¥(vy,)) = liminf F(uy),
n—-+00 n—-+00

and the lower bound follows. O

In the following theorem, s-cl; denotes the sequential lower semicontinuous enve-
lope with respect to the strong topology of X;.

Theorem 3.2. Let F : X; — [0, +00] be satisfying (A1) and (Ag). If Xo is reflexive
and if ¥ is compact, then

s-cly (F)(u) = inf {w—clg (Fo¥)(v):¥(v) = u}
for all u € X;.

Proof. Replace the argument “¥ is bounded” by “W¥ is compact” and “ — - in X7
by “ — - in X;” in the proof of Theorem 3.1. O
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4. PROOF OF THEOREM 1.1
Let Fy,, : C°(IRY) — [0, +00] be defined by

F ,(u) := inf {FM(U) TV E i}
The following proposition makes clear the link between §2 , and Fj ,.

Proposition 4.1. For every u € C®(IRY),

(6)  Fopu(u) =inf {lim inf By, (up) @ up € C°(RN), Gy, — u in Wi’p(IRN)} .

n—-+4oo

Proof. Fix u € Wi’p(IRN), and denote by @2#(’&) the right-side of (6). As F,(v) >
Py, (v) for all v € CX(IRY), it is clear that Fa,(u) > {?27#(“)- Fix any € > 0, and
consider {uy}n>1 € CX(RY) with @, — u in W2P(IRY) such that

A € o
Fo,u(u) + ) Z lﬁgfgg Fy u(un).

To every n > 1, there corresponds v, € C°(IRY) with 7,, = T, such that F (un)+
5 > F,(vy). Hence,

§2,(w) + & > liminf F, (v,)
with T, — u in W2P(IRY), and (6) follows by letting & — 0. 0

4.1. Integral representation of F» ,. For every u C’(?O(]RN),

(7) Fppu(u) = inf fw(z))dp(z)
weH2,u JRN

with Ho, := {w € CX(IRN;IMY™) : v € U such that w = V2v in spt(u) }. More-
over,

Lemma 4.2. Every Ha,, is C(IRY; [0, 1])-decomposable (see definition in §A.3).

Proof. Fix w,w € Ha, and ¢ € C(IRY; [0, 1]). Choose v, € U such that w = V2v
(resp. W = V?9) in spt(u). Then, V(¢v+(1—¢)0) = ¢Vo+(1—¢)Vi+(v—0) Ve and
V2(gv+(1—9¢)0) = ¢Vu+(1—¢)Vo+VopR(Vu—Vi)+(Vo—Vi)@Ve+(v—15) Ve,
and so V(¢v + (1 — ¢)d) = Vu (resp. VZ(¢v+ (1 —¢)d) = ¢pw+ (1 — ¢)w) in spt(u).
As ¢pv + (1 — ¢)0 = w in spt(p), we conclude that pw + (1 — @) € Ha . O

For u € C°(IRY), we let Ag,, : RN =IMJ™ be defined by

Ag(z) := {w(z) : w € Hap )

According to the notation in §2.3, we have Ay g = N ,. Here is the link between
A27u and N27M.
Lemma 4.3. For every u € C°(IRYN) and every x € spt(u),

Ag,u(x) = NQHu(CU) + {Viu(m)}
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Proof. Fix u € CX(IRY) and 2 € spt(u). Given & € Ag,(z), there exists v € T
such that £ = V?v(z), and £ = V?0(z) — Py, (2)(V?v(x)) + Viu(x). Noticing that
V20(z) = Py, (2)(V?0(x)) € Nay(x), we deduce that Ag () C Noy(x)+{Viu(z)}.
Consider now & € Ny, () + {Viu(x)}. As Viu(z) = Py ,(z)(V?u(z)) we have
Py, (2)(§ — V?u(z)) = 0, and so £ — V?u(x) € Ny, (x). Hence, there exists v € Ny,
such that £ = V(v + u)(x), which gives Na () + {Viu(z)} C Agu(z). O

Here is our integral representation for Fy ,,.

Proposition 4.4. If (Cy) holds, then
(®) Fopw) = [ int {£(V3u(@) +6) +€ € Nay(o) p(a)

for all u € C°(RY).

Proof. Fix u € CZ(IRY) and denote by I'y,, : IRV —=IMY™ the p-essential supre-
mum of Ha,, (see definition in §A.2). Taking (7), Lemma 4.2 and (C3) into account,
from Theorem A.2 we obtain

Fo () = /]R inf  f(€) du(z).

N fEngu(m)
Since Ha,, € CP(IRY), Tou(w) = cl{w(z) : w € Hay} p-ae. from Lemma A.1(ii).
Hence I'y o (x) = Nou(x) + {Vﬁu(m)} p-a.e. by Lemma 4.3, and (8) follows. O

4.2. Proof of Theorem 1.1. Since p is finite and (Cz) holds, Vitali’s theorem
shows that the functional

WEPIRY) 3 0 Fop() = [

inf { F(Vu(z) +€) : €€ Ng,u(x)}du(x)

is strongly continuous. By Proposition 4.4, (8) is satisfied for all v € C°(IRY),
and taking Proposition 4.1 into account, we deduce that @27“ > §2,- From (C3) we
see that @2# is convex, which implies that 3’2# is weakly lower semicontinuous. It
follows that @27“ < 82,4, and the proof is complete. O

5. PROOF OF THEOREM 1.2
Let Fy,, : C°(IRY) — [0, +00] be defined by

(9) Fi ,(u) == inf {F#(v) NS ﬂ}

Similarly to Proposition 4.1, we have

Proposition 5.1. For every u € C2(IRY),

F1,u(u) = inf {%ﬁf&fﬂﬂ(“") S Uy € CP(RY), T, — u in Wﬁvl’(]RN)} .
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5.1. Representation of Fy ,. The functional F7, has, in general, a “nonlocal”
representation which can be computed from F; , by using the following result.

Proposition 5.2. For every u € C°(IRY),
(10) Py y(u) = inf { Fyu(v) s v €,

Proof. Fix u € C®(IRY) and denote by FLM(U) the right-hand side of (10). Of

course, F,(v) > Fy,(v) for all v € C°(IRY), and so Fy ,(u) > F1,(u). Given any

v € T, it is clear that if ¢ € T then ¢ € u, hence F,(¢) > Fy ,(u) for all ¢ € ©.

Thus, for every v € u, Fy ,(v) > F1 ,(u), and (10) follows. O
The following lemma is a direct consequence of Proposition 5.2.

Lemma 5.3. Fori=1,2, define F; , : W,i’p(IRN) — [0, +00] by

‘ | F () withv€uifue D;,(IRY)
(11) Fiplu) = { 400  otherwise.
Then:

(i) Fip(u) =inf {Fou(v) : Ou(v) = u} for allu e Wﬁ’p(IRN);

(ii) Fopu=Fiuo0 @“.
5.2. Proof of Theorem 1.2. According to Proposition 5.1, it is easy to see that
for i = 1,2, §; , is the sequential lower semicontinuous envelope with respect to the
weak topology of Wﬁ’p (IRY) of the functional F;,, defined in (11). From (C;) we
deduce that for every u € C®°(RY),

(flw(ﬂ))l/p + HﬂHLp,,u > min {177,1/17}“5“271)7“.

Since dom(Fy ) = ©,(D2,(IRY)) = D1 ,(IRY), (A1) and (As) are satisfied with
X, = WypP(RY), Xy = WHP(RYN), F = F1, and ¥ = ©,. Denote by w-cla,
the sequential lower semicontinuous envelope with respect to the weak topology of
W2PRN). As W2P(IRVN) is reflexive (see §A.1), from Theorem 3.1 we have

(12) Fr(w) = inf {w-clap (Fip 0 ©,)(v) : ©,(v) = u}
for all u € W,P(IRY), and (1) follows by Lemma 5.3(ii). O

6. PROOF OF THEOREMS 1.4 AND 1.5

6.1. Proof of Theorem 1.4. Similarly to Proposition 5.1, we have
$-81,u(u) = inf {limJirnf Fuu(up) : up € CE(MRN), Gy — u in Wl}’p(IRN)}
n—-r+oo

for all u € Wl}’p(]RN), with Fy ,, : CX(IRY) — [0, +00] given by (9). Thus, s-F1,,
is the sequential lower semicontinuous envelope with respect to the strong topology
of WuP(IRN) of the functional Fi,, defined in (11). Analysis similar to that in the
proof of Theorem 1.2 shows that (A;) and (Ay) are satisfied with X; = W, ?(IRY),
Xy = WPP(RN), F = Fi, and U = ©,. As WoP(IRV) is reflexive and O, is
compact, from Theorem 3.2 we deduce that s-§1 ,(u) is equal to the right side of
(12) for all u € WiP(IRY), and (2) follows by Lemma 5.3(ii). O
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6.2. Proof of Theorem 1.5. Again, we have
Fu(u) = inf {Eriliﬁ.lof Fru(un) : up € CO(RY), @, — uin LZ(IRN)}

for all u € Wﬁ’p(IRN), with Fy , : C®(RY) — [0, +00] given by (9). Thus, §, is
the sequential lower semicontinuous envelope with respect to the strong topology of
LY, (RN) of the functional F, : LE,(IRY) — [0, +00] defined by

Folu) = Fi,(v) with v € uif u € Dy, (IRY)
pATS 400  otherwise.

We claim that (A1) and (As) are satisfied with X7 = LL(IRY), X, = Wi’p(IRN),
F =F,and ¥ =1, 0 ©,. Indeed, By (Cy4) there exists C' > 0 such that for every
u € C®(RY) and every i € {1,---, N},

1) [ @)@ Pdu) <C [ Vu0u/0) @) duta).
RN RN
As ylElP < Zf\il &P for all ¢ € RY and some v > 0 (which does not depend on

§), and as [V,u(@)] < [Vu(w)| and [V, (9u/0x:) ()| < [V(Ou/0zi)(z)] < |V2u(z)],
from (13) we have

@) Pduta) = (/NC) [ 9,060 duo)
Using (Cy), we deduce that for every u € C°(IRY),
(fu(ﬂ))l/p T HEHW > min {1, (ry/2PNC) 1p. (r/2p)1/p}Hﬁ

2,p,p

and the claim follows because dom(F,) = (I, 0 ©,)(D2,,(IRY)) = Dy ,(RY).
As I, is compact, so is I, o ©,. Since Wg’p(IRN) is reflexive (see §A.1), from
Theorem 3.2 we obtain

Fu(u) = inf {w—clg,pw(}"u 01,00,)(): (I, 00,)(v)= u}

for all u € Lﬁ(IRN ), where w-cly,,,, denotes the sequential lower semicontinuous
envelope with respect to the weak topology of Wﬁ’p (IRY). Using Proposition 5.2, it
is easily seen that F, o I, 0 ©, = F5, with F» , : Wﬁ’p(IRN) — [0, 400] given by
(11), and (3) follows because Fa,,, = w-cla . (F2,) by Proposition 4.1. O

APPENDIX A. AUXILIARY RESULTS
A.1. Reflexivity of Wﬁ’p (IRYY). Since the linear map

Dy (RN) 5T — (u, Vyu, Viu) € X == LE(RY) x LE(RYN; IRY) x LA (IRN; IMJ™)

is an isometry, it has an extension to Wi’p (IRYN) which is still an isometry. We
denote it by ®. Thus @(Wﬁ’p (RN )) is a closed vector subspace of X. As p > 1, the

product space X is reflexive, and so is @(Wi’p (RN )) It follows that Wi’p (RM) is
reflexive.
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A.2. The p-essential supremum of a set of measurable functions. Denote
by M the class of all closed-valued measurable multifunctions from IR™ to MY,
and set M* := {I' € M :Vz € RY, I'(z) # 0}.

Following Valadier [7, Proposition 14], if 7 C M* is nonempty, then there exists
I' € M* satisfying the following two properties:

e VA e F, A(z) C I'(x) p-a.e,;

e e Mand VA € F, A(x) C T'(x) p-a.e. = I'(x) C I'(x) p-ae..
Note that I' is unique with respect to the equality p-a.e. Valadier called it the
pu-essential upper bound of F.

In this paper, by the p-essential supremum of a set H of measurable functions
from IRY to IMY™, we mean the y-essential upper bound of {{w} : w € H}, where
{w} : RN =IMY™ is defined by {w}(z) = {w(x)}. Thus, if we denote by T the
p-essential supremum of H, we have:

o Vw e H, w(x) € I'(z) pae,;

o I e M and Vw € H, w(z) € I'(z) p-a.e. = I'(x) C I'(z) p-a.e..
The following lemma gives (classical) representations of the u-essential supremum.
For a proof we refer the reader to [3, §2.2].

Lemma A.l. Let T' denote the p-essential supremum of H C LL(IRN;IMY™).
Then:

(i) There ezists a countable subset D C 'H such that I'(z) = c{w(z) : w € D}
p-a.e., where cl denotes the closure in IM3™.

(i) If H c C(RN; IMY™), then T'(z) = cl{w(z) : w € H} p-a.e..

A.3. Interchange of infimum and integral. A set H C L§(IRY; IM3Y™) is said
to be C°(IRY; [0, 1])-decomposable if for all w,w € H and all ¢ € C°(RN;[0,1]),
pw+ (1 —¢)w € H. The following result is a consequence of [1, Theorem 1.1] where
we refer the reader for a proof.

Theorem A.2. Let H C Li,(IRY;IMY™) be a C(RY; [0, 1])-decomposable set. If
(C2) holds, then

wf [ fwl)dut) = [ nf £ dula)

weH JRN RN £€l(z)

with T : IRN:i]l\/[?\},’In given by the p-essential supremum of H.
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