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ABSTRACT. The authors have showed some properties of scalarizing functions for
set-valued maps. Fan’s inequality for set-valued maps are proved by using those
properties. In this paper, we present new inherited properties which are obtained
generalized convexity and cone-semicontinuity assumptions for set-valued maps.
By applying those new properties to Fan’s inequality for set-valued maps, we
prove existence theorems for generalized vector equilibrium problems.

1. INTRODUCTION

This paper is concerned with a generalization of an existence theorem for the
generalized vector equilibrium problem in [1], in which Ansari and Yao proved an
existence result by using Fan-Browder type fixed point theorem. It is relative to a
vector-valued Fan’s inequality for set-valued maps in [4, 5].

In this paper, we consider the following two kinds of generalized vector equilib-
rium problems:

(1.1) find z € K such that F(z,y) ¢ —int C(z) for every y € K
and
(1.2) find z € K such that F(Z,y) N (—int C(Z)) =0 for every y € K

where E and Y are two topological vector spaces, K is a nonempty convex subset
of B, F: K x K — 2 is a multifunction, C' : K — 2¥ is a multifunction such that
for each x € K, C(z) is a closed convex cone with int C'(z) # . We show existence
theorems of these problems by using Fan’s inequality. Our proofs of Theorems 3.1
and 3.2 are quite different from that in [1] and in the proofs we use a result of
Georgiev and Tanaka [4, Theorem 2.3] which follows from a two-function result of
Simons [11, Theorem 1.2].

By applying the two-function result for special scalarizing functions possessing
quasiconvexity and semicontinuity, we establish the proofs of the main theorems.
For such a reason, it is necessary for those scalarizing functions to have such con-
vexity and semicontinuity. It is, therefore, important and useful to study what
kind of scalarizing functions can inherit properties of such kind of convexity and
semicontinuity from multifunctions.

To shows some results on the inherited properties, we consider certain general-
izations and modifications of convexity and semicontinuity for multifunctions in a
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topological vector space with respect to a cone preorder in the target space, which
have motivated by [6, 7] and studied in [4] for generalizing the classical Fan’s inequal-
ity. Convexity and semicontinuity for multifunctions are inherited by the following
scalarizing functions;

(1.3) inf{hc(z,y; k) |y € F(z)}
and
(1.4) sup{hc(z,y; k) |y € F(x)}

where ho(z,y; k) = inf{t|y € tk — C(z)}, F : E — 2Y is a multifunction, C(z) a
closed convex cone with int C'(x) # 0,  and y are vectors in two topological vector
spaces E and Y, respectively, and k € int C'(x). Note that ho(x,-; k) is positively
homogeneous and subadditive for every fixed z € F and k € int C(x), and that
ho(x,y; k) <0 for y € —C(z), remark that —hc(z, —y; k) = sup{t|y € tk + C(z)}.
This function he(z, y; k) has been treated in some papers. Essentially, ho(x, y; k) is
equivalent to the smallest strictly monotonic function defined by Luc [8]. For each
y €Y, he(z,y; k) - k corresponds the minimum vector of upper bounds of y with
respect to the cone C(x) restricted to the direction k. Similarly, —hc(z, —y; k) - k
corresponds the maximum vector of lower bounds of y with respect to the cone C(x)
restricted to the direction k.

2. INHERITED PROPERTIES FOR SET-VALUED MAPS

Further let F and Y be topological vector spaces and F and C : E — 2Y two
multifunctions. Denote B(x) = co ((int C(x)) N (2S5 \ S)) (which plays a role of base
for int C'(x) without uniqueness), where S is a neighborhood of 0 in Y. We observe
the following four types of scalarizing functions:

VE(xik) == sup ho(z,ysk),  e(vik) == inf ho(z,y;k);

yEF () yeF(z)
—oo (ask) = sup —ho(x,—yik),  —o5 (v k) = inf —ho(z, —y; k).
yEF (z) yEF ()

The first and fourth functions have symmetric properties and then results for
the fourth function —@D&F (x; k) can be easily proved by those for the first function
Y& (25 k). Similarly, the results for the third function —cpaF (z; k) can be deduced
by those for the second function % (z; k). By using these four functions we measure
each image of multifunction F' with respect to its 4-tuple of scalars, which can be
regarded as standpoints for the evaluation of the image. To avoid confusion for
properties of convexity, we consider the constant case of C'(x) = C' (a convex cone)
and B(z) = B (a convex set), and ho(x,y; k) = he(y; k) := inf{t |y € tk — C}.

To begin with, we recall some kinds of convexity for multifunctions.

Definition 2.1. A multifunction F' : E — 2" is called C-quasiconvez, if the set
{r e E|F(z)N(a—C)#0} is convex (or empty) for every a € Y. If —F is
C-quasiconvex, then F is said to be C'-quasiconcave, which is equivalent to a (—C')-
quasiconvex mapping.

Remark 2.1. The above definition is exactly that of Ferro type (—1)-quasiconvex
mapping in [7, Definition 3.5].
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Definition 2.2. A multifunction F' : E — 2Y is called (in the sense of [7, Defini-
tion 3.7])

(a) type-(iii) C-naturally quasiconvez if for every two points x1,x9 € E and
every A € (0,1), there exists u € [0, 1] such that

pF(z1) + (1 — p)F(z2) C F(Ax1 + (1 — Nx2) + C;

(b) type-(v) C-naturally quasiconvez, if for every two points x1,ze € E and
every A € (0, 1), there exists p € [0, 1] such that

F(Ax1 4+ (1 = Nzg) C pF (1) + (1 — p)F(z2) — C.
If —F is type-(iii) [resp., type-(v)] C-naturally quasiconvex, then F' is said to be

type-(iii) [resp., type-(v)] C-naturally quasiconcave, which is equivalent to a type-(iii)
[resp., type-(v)] (—C)-naturally quasiconvex mapping.

However, there is no relationship between those for types (iii) and (v) in general.

Proposition 2.1 (See [7, Theorem 3.1)). For a multifunction F : E — 2Y, type-(iii)
C-naturally quasiconvexity implies C-quasiconvexity.
Proposition 2.2. For each x € E and a multifunction F : E — 2V,

(i) Y& (x;k) is conver with respect to variable k € int C;
(ii) pE(z;k) is convex with respect to variable k € int C if F(x) is a convex set.

Proof. We first note that ho is convex with respect to two variables y € Y and
k € int C. To begin with, we shall prove the assertion (i). Let = € E be given. For
every ki,ky € int C and A € [0, 1],

VE(x; Mer + (1= Nko) == sup ho(y; Mk + (1 — N)ks)

yEF ()
< sup (Mho(ys ki) + (1= A) he(y; k2))
yEF ()
<X sup ho(y;ki) +(1—XA) sup ho(y; k)
yEF (x) yeF ()

= MG (@ k) + (1= A pE(z; ka),

which shows that & (z; k) is convex with respect to variable k € int C.

Next, we shall prove the assertion (ii). Let z € E be given. Assume that F(z) is
a convex set. By the definition of gog, for every € > 0 and k1, ko € int C' there exist
y; € F(x) such that for each 1 = 1,2,

ho(yis ki) < oh(x; k) + €.
For every A € [0, 1], since F(x) is a convex set, Ay; + (1 — N)ys € F(z). Then
PE (3 M1 + (1= Aka) := dnf holy; M+ (1= Nke)
< ho(Ayr 4 (1= Aya; Ay + (1 — A)ka)
< Aho(yri ki) + (1= A) ho(yzi k2)
< Ape(zs ki) +€) + (L= M) (9 (xs k2) +€)
= ApC(zs k) + (1= A) g (ake) +e.
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Since € > 0 is arbitrarily small, we obtain
e (23 Ak + (1= Nk2) < Mg (@i k1) + (1= ) f (a3 k),
which shows that ¢k (z; k) is convex with respect to variable k € int C. g
Now, we show some inherited properties of convexity for multifunctions.

Lemma 2.1 (See [9, Theorem 2.6)]). If the multifunction F : E — 2Y is type-(v)
C-naturally quasiconvez, then the function ¥kt (z; k) = sup {hc(y; k) |y € F(x)} is
quasiconvex with respect to variable x where k € int C.

Lemma 2.2. If F: E — 2" is type-(v) C-naturally quasiconvez, then

a . F .
— inf k) = inf he(y: k
Y (o) k{gBi/Jc(w, ) égBy:gl()x) c(y; k)

1S qUasiConvex.

Proof. By the definition of ¥, for every e > 0 and x1,z2 € E there exist k; € B
such that for each i = 1,2,

Ve (ki) < F (1) + ¢
and
bé (@i ki) < 7 (w2) + €.
For every A € [0,1], since B is convex, Ak + (1 — A)k2 € B. Then

O (Azy + (1= Nx) = inf VG Az + (1= Ao k)
< PEz + (1 = N)wo; My + (1 — Nko)
< MYEAa1 + (1 — N)wos ki)

+ (1 =N YEOz + (1 — Nz ko) (by (i) of Prop. 2.2)
< max{EAxy + (1 = Nags k1), vEx1 + (1 — N)ao; k2)}
< max{max{¥¢: (x1; k1), V¢ (22 k1) },

max {5 (z1; ko), vE (22;k2)}}  (by Lemma 2.1)
< max{y¥ (z1), " (z2)} +e.
Since € > 0 is arbitrarily small, we obtain
Y (Azy + (1= Naz) < max{y” (21), ¥ (22)},
which shows that ¢! is quasiconvex. Il

Lemma 2.3 (See [9, Theorem 2.5]). If the multifunction F : E — 2V is C-
quasiconvez, then the function ok (x;k) = inf {hc(y;k) |y € F(z)} is quasiconvex
with respect to variable x where k € int C.
Lemma 2.4. If [ : E — 2 is convex-valued and C-quasiconvez, then
F . F . .
= inf k) = inf inf ho(y;k
o @)= fofecleik) = juf, Il ho(y:k)

1S quasiconver.
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Proof. Since F is convex-valued, by (ii) of Proposition 2.2, ¢£(z; k) is convex with
respect to variable k € B. By Lemma 2.3, ¢k (z; k) is quasiconvex with respect to
variable x where k € B. From these properties, we can verify that ¢ is quasiconvex
in the same way as the proof of Lemma 2.2. O

Remark 2.2. When we replace F' by —F in Lemmas 2.2, 2.4, it leads to the quasicon-
cavity of scalarizing functions —¢~ and —¢~F. By Proposition 2.1 and Lemma 2.4,
if F: B — 2Y is convex-valued and type-(iii) C-naturally quasiconvex, then ! is
quasiconvex.

Next we show some inherited properties from some kinds of semicontinuity. We
introduce two types of cone-semicontinuity for multifunctions, which are regarded
as extensions of the ordinary lower semicontinuity for real-valued functions; see [6].

Definition 2.3. Let & € E. A multifunction F is called C(Z)-upper semicontinuous

at xo, if for every y € C(2) U (—C(&)) satistfying with F(z¢) C y + int C(Z), there
exists an open U 3 z¢ such that F(z) C y + int C(&) for every x € U.

Definition 2.4. Let £ € E. A multifunction F' is called C(2)-lower semicontinuous
at g, if for every open V such that F(xg) NV # (), there exists an open U > x
such that F(z) N (V 4 int C(&)) # 0 for every z € U.

Remark 2.3. In the two definitions above, the notions for single-valued functions
are equivalent to the ordinary notion of lower semicontinuity of real-valued ones,
whenever Y = R and C(x) = [0, 00). Usual upper semicontinuous multifunction is
also (cone-) upper semicontinuous. When the cone C(Z) consists only of the zero of
the space, the notion in Definition 2.4 coincides with that of lower semicontinuous
multifunction. Moreover, it is equivalent to the cone-lower semicontinuity defined
in [6], based on the fact that V +int C(2) = V + C(2); see [13, Theorem 2.2].

Proposition 2.3 (See [10, Proposition 2]). Assume that there exists a compact
subset D C'Y satisfying (i) A C cone D where cone D := {Az|\ > 0,z € D} and (ii)
D C int C(zg) for some xg € E. If W(-) :=Y \ {int C(-)} has a closed graph, then
there exists an open set U 3 xg such that A C C(x) for every x € U. In particular
C is lower semicontinuous.

Lemma 2.5. Suppose that W : E — 2Y defined as W(x) = Y \ int C(x) has a
closed graph. If F is (—C(x))-upper semicontinuous at x for each x € E and there
exists a compact-valued multifunction D : E — 2Y such that for each zo € E, (i)
D(zp) C int C(x0) and (ii) for every t € R, k € B(xzo) and x € E satisfying with
tk — F(z) C int C(xg), tk — F(z) C cone D(xg). Then

oF(z):= inf sup ho(z,y k

(=) keB(z) yeF(x) ( )

is upper semicontinuous. If the mapping C is constant-valued, then Y is upper
semicontinuous without assumptions on D above.

Proof. Let ¢ > 0 and zo € E be given. In the case ¢ (z9) = oo, it is clear that
Y is upper semicontinuous at zg. So we assume % (zg) # co. By the definition of
P! there exists ko € B(xg) such that

sup  ho(o, y; ko) < o (wo) +e.
yeF (20)
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Since Supye p(z,) ho (o, y; ko) = inf{t| F'(xo) C tho — C(z0)}, we can take
inf{t| F(zo) C thy — C(z0)} < to < ¥ (x0) + €.

Therefore
F(SL‘Q) C tokg — int C(.To)

Since F'is (—C(x0))-upper semicontinuous at xo, there exists an open U; 3 zg such
that

F(z) C toko — int C(zp) for every x € Uj.
Therefore
toko — F(Uy) C int C(x).
Hence, from the assumption, there exists a compact D(xg) such that
D(zp) C int C(z0)
and
toko — F(Uy) C cone D(xy).
By Proposition 2.3, there exists an open Us 3 xg such that
toko — F'(Uy) C C(x) for every x € Us.

Hence, for tg < t' < ¥ (20) + ¢, there exists an open Us := U; N Us (U3 3 xg) such
that
F(x) C ko —intC(x) and ko € B(x) for every x € Us.

Then
(@)= inf suplhc(e,yik)|y € F(2)}

< sup{hc(z,y; ko) |y € F(x)}

< sup{hc(x,y; ko) |y € t'ko — C(z)}

= sup{hc(z,t'ko — c; ko) | c € C(x)}

= he(x, t'ko; ko) + sup{hc(z, —c; ko) | c € C(z)}

<t

< ¢F(wo) + .
The proof of the second statement (when C' is constant-valued) is similar, however
in this case there is no need to use Proposition 2.3. Il

Lemma 2.6. Suppose that W : E — 2Y defined as W(x) = Y \ intC(z) has
a closed graph. If F is (—C(x))-lower semicontinuous for each x € E and there
exists a compact-valued multifunction D : E — 2Y such that for each zo € E, (i)
D(zo) C int C(xg) and (ii) for everyt < t* € R, k € B(zo), v € E and y € F(x0)
satisfying with F(x) N [y + tk — int C(x0)] # 0, F(z) N [y + t*k — cone D(xq)] # 0.

Then
F . .
x):= inf inf he(z,y;k
¢ (z) canf ) dnf oz, y; k)
is upper semicontinuous. If the mapping C is constant-valued, then o is upper
semicontinuous without assumptions on D above.
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Proof. Let ¢ > 0 and 9 € E be given. In the case pf'(zg) = —o0, we can easy

verify that there exists an open U € g such that ¢! (z) = —oo for every z € U.
Therefore, in this case it is clear that ¢! is upper semicontinuous at zg. So we
assume o' (xg) # —oo. By the definition of ¢f', for ' (zg) < to < pf(zg) + ¢,
there exists ko € B(zg) (ko € int C(zg)) and 29 € F(x) such that

toko — 2o € int C(z0).
By Proposition 2.3, there exists an open U; 3 xg such that
toko — 20 € int C(x) and kg € intC(x) for every x € Uj.
Therefore
(2.1) ho(z, zo; ko) < tg for every z € Uj.
Let 0 < v < % By (—C(x0))-lower semicontinuity of F', there exists an open
Uy C Uy (U2 3 xp) such that
F(x)N (20 +vko — int C(x0)) # 0 for every z € Us.
Since zg+vko —int C(xg) C 20+ 2vko —int C(xg), from the assumption, there exists
a compact D(zp) such that
D(zp) C int C(z0)
and
G(x) := F(z) N (20 + 2vko — cone D(z)) # 0 for every x € Us.
Therefore
0 # G(Us) C 29 + 2vko — cone D(xg).
So we have
20 + 2vko — G(Uz) C cone D(zp).
By Proposition 2.3, there exists an open Us 3 xg such that
20 + 2vko — G(U2) C int C(x) for every x € Us.
Hence, there exists an open Uy := Us N Us (Uy 3 x) such that
0 # G(Us) C 2o + 27vko —int C(x) and ko € intC(x) for every x € Uy.
This implies
F(z)N (20 + 2vko —int C(z)) # 0 for every x € Uy.
Take x € Uy, y, € F(x) N (20 + 27ko — int C(x)). Therefore y, = zo + 2vko + ¢»
where ¢, € —int C'(x). Then, we obtain
o (z0) + e > to

> he(x, z0; ko) (by (2.1))

= ho(x, Yz — 2vko — cu; ko) b subadditivi

> oo, ho) = hee. kv ) — e o) (e i)

> he(@, yz; ko) — 2

> ¢"'(z) —e.
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Hence

o (20) + 26 > ' (z) for every z € Uy.
The proof of the second statement (when C' is constant-valued) is similar, however
in this case there is no need to use Proposition 2.3. g

Remark 2.4. When we replace F' by —F in the two lemmas above, it leads to the

lower semicontinuity of scalarizing functions —¢~ and —¢~F.

3. EXISTENCE RESULTS

Firstly, we introduce our main tool, which is presented in [4, Theorem 2.3], for
proving the main results in this paper.

Lemma 3.1 (See [4, Theorem 2.3]). Let X be a nonempty compact convexr subset
of a topological vector space, a : X x X — R lower semicontinuous in its second
variable, b : X x X — R quasiconvex in its second variable, and

z,y € X and a(z,y) >0=b(y,z) <O0.
If inf e x b(x,z) > 0, then there exists z € X such that a(x,z) <0 for every z € X.

Now we present two existence results for generalized vector equilibrium problems.

Theorem 3.1. Let K be a nonempty convex subset of a topological vector space E,
Y a topological vector space. Let F : K x K — 2Y be a multifunction. Assume that

(i) C: K — 2Y is a multifunction such that for every x € K, C(z) is a closed
convex cone in'Y with int C(z) # 0;

(i) W : K — 2 is a multifunction defined as W (x) =Y \ (—int C(z)), and the
graph of W is closed in K X Y ;

(iii) for every x,y € K, F(-,y) is (—C(x))-upper semicontinuous at z;

(iv) there exists a multifunction G : K x K — 2¥ such that
(a) for everyz € K, G(z,z) ¢ —int C(z),
(b) for every x,y € K, F(x,y) C —int C(z) implies G(z,y) C —int C(z),
(¢) G(z,-) is type-(v) C(x)-naturally quasiconvex on K for every x € K,
(d) G(z,y) is compact, if G(z,y) C —int C(zx);

(v) there exists a nonempty compact convexr subset P of K such that for every
x € K\ P, there exists y € P with F(x,y) C —int C(z);

(vi) there exists a compact-valued multifunction D : K — 2Y such that for each
zg € K,
(a) D(zo) C int C(xo),
(b) for everyt € R, k € B(zg) and x,y € K satisfying with tk — F(z,y) C

int C(zo), tk — F(z,y) C cone D(xg).
Then, the solutions set
S={x€ K|F(z,y) ¢ —int C(x), for every y € K}
is a nonempty and compact subset of P.

Proof. Put

— — inf h k), b = inf h k).
a(z,y) kelg(y)zesggw) c(y, 2 k), b(z,y) kég(m)zeﬁﬁy) c(z, 2z k)
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It is easy to check that

a(x,y) >0 if and only if F(y,z) C —int C(y)
by using condition (vi), and also

b(y,xz) <0 if and only if G(y,z) C —int C(y)

by using (d) of the condition (iv), and then a(z,z) < 0 and b(z,z) > 0.

Denote
(3.1) Sy ={r e P|F(z,y) ¢ —intC(x)} ={z € P|a(y,z) <0}.
Since a(y, ) is lower semicontinuous (by Lemma 2.5), the set S, is closed. Let Yj
be a finite subset of K. Denote by Z the closed convex hull of Yy U P. Obviously
7 is compact and convex. Lemmas 2.2, 2.5 and (b) of the condition (iv) show that
the conditions of Lemma 3.1 are satisfied.

Now we apply Lemma 3.1 and obtain a point z € Z such that a(y,z) < 0 for
every y € Z, which means

(3.2) F(z,y) ¢ —int C(z) for every y € Z.
The conditions (v) and (3.2) imply that z € P. Relation (3.1) implies that

N{S, |y € Yo} £0.

So we proved that the family {S, |y € K} has finite intersection property. Since P
is compact,

N{Sy |y € K} #0,
which means that there exists xg € K such that

F(xo,y) ¢ —int C(zp) for every y € K.

So we proved that S is nonempty, and since S is a closed subset of P, the proof is
completed. O

Remark 3.1. The above theorem is a generalization of the theorem that it is replaced
F and G in [4, Theorem 4.1] by —F and —G, respectively. The main difference
between our result and [4, Theorem 4.1] is (c) of the condition (iv), which is more
generalized with respect to convexity.

Theorem 3.2. Let K be a nonempty convex subset of a topological vector space E,
Y a topological vector space. Let F: K x K — 2Y be a multifunction. Assume that

(i) C: K — 2Y is a multifunction such that for every x € K, C(z) is a closed
convez cone in'Y with int C(x) # (;

(i) W : K — 2 is a multifunction defined as W(z) =Y \ (—int C(x)), and the
graph of W is closed in K x Y

(iii) for every x,y € K, F(-,y) is (—C(x))-lower semicontinuous at x;

(iv) there exists a multifunction G : K x K — 2¥ such that
(a) for every x € K, G(z,x) N (—int C(x)) = 0,
(b) for every z,y € K, F(z,y) N (—=intC(z)) # 0 implies G(xz,y) N

(—int C(x)) £ 0,

(¢) G(z,-) is C(z)-quasiconver on K for every x € K,
(d) G is convex-valued;
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(v) there exists a nonempty compact convex subset P of K such that for every
x € K\ P, there exists y € P with F(z,y) N (—int C(z)) # 0;
(vi) there exists a compact-valued multifunction D : K — 2Y such that for each
T € K,
(a) D(zo) C int C(xo),
(b) for everyt <t* € R, k € B(xy), z,y € K and z € F(xo,y) satisfying
with F(x,y)N[z+tk—int C(zg)] # 0, F(x,y)N[z+t*k—cone D(zo)] # 0.

Then, the solutions set

S={x e K|F(z,y)N(—int C(z)) = 0, for every y € K}
is a nonempty and compact subset of P.
Proof. Put

.= — inf inf A k). b .= inf inf h k).
a(z,y) LT L cly,z k), b(z,y) wail ) i c(z,z k)

It is easy to check that
a(z,y) >0 if and only if F(y,z)N (—intC(y)) # 0,

b(y,z) <0 if and only if G(y,z) N (—int C(y)) # 0,

a(z,z) <0, b(z,z)>0.

Lemmas 2.4, 2.6 and (b) of the condition (iv) show that the conditions of
Lemma 3.1 are satisfied. Further the proof is the same as that of Theorem 3.1,
but in this case S, := {z € P|F(z,y) N (—int C(z)) = 0}. O

Remark 3.2. The above theorem is an improvement of the theorem that it is replaced
F and G in [4, Theorem 4.2] by —F and —G, respectively. The main difference
between our result and [4, Theorem 4.2] is the condition (vi), which is more relaxed
with respect to compactness assumption of the images of F' in the condition (iii) of
[4, Theorem 4.2]. However, (d) of the condition (iv) is added in comparison with
[4, Theorem 4.2], because we want to use Lemma 2.4 in the proof directly.

4. CONCLUSIONS

We have established new inherited properties of convexity for set-valued maps.
By using one of those new inherited properties and applying to set-valued Fan’s
inequality in [4, 5], we have generalized the existence theorem in [1]. We have
also presented an existence theorem for a different type of the generalized vector
equilibrium problem in [1].
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