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CONTROL PROBLEMS GOVERNED BY FUNCTIONAL
EVOLUTION INCLUSIONS WITH YOUNG MEASURES

C. CASTAING, A. JOFRE, AND A. SALVADORI

ABSTRACT. We study some Bolza-type problems governed by two classes of func-
tional evolution inclusions where the controls are Young measures. In particular,
we present some variational properties of the value function associated to these
control problems, and we show that the lower value function is a viscosity sub-
solution of the associated Hamilton-Jacobi-Bellman equation in these classes of
evolution inclusions.

1. INTRODUCTION AND BACKGROUND

The pioneering works concerning control problems governed by ordinary differ-
ential equations and evolution inclusions with Young measures are developed in
[17], [16]. In the same spirit, we consider in this paper some dynamic control prob-
lems governed by functional evolution inclusions (FEI) [14], [21] where the controls
are Young measures. Hssentially, we present some variational properties of the
value function of these dynamics and we show that the lower value function asso-
ciated to a continuous cost function is a viscosity subsolution of the corresponding
Hamilton-Jacobi-Bellman equation. This shed a new light in the study of the viscos-
ity solutions for the dynamics governed by ordinary differential equations. Here we
also extend a number of results in the literature dealing with undelayded evolution
inclusions and ordinary differential equations.

In the sequel, (€2,S,P) is a probability space, L£([0,1]) is the o-algebra of
Lebesgue-measurable sets in [0, 1]. For any Polish space X, B(X) denotes the Borel
tribe of X and Y(9,S, P; X) denotes the set of Young measures defined on X.
For the sake of completeness, we summarize some useful facts concerning Young
measures. Let X be a Polish space and let C°(X) be the space of all real-valued
bounded continuous functions defined on X. Let M! (X) be the set of all Borel
probability measures on X equipped with the narrow topology. A Young measure
A — M}r(X ) is, by definition, a scalarly measurable mapping from 2 into
ML (X)), that is, for every f € C’(X), the mapping

wi— (f, Aw) /f ) dA

is S-measurable. Let us denote by Y (€2, S, P; X) the space of all Young measures
defined on X. A sequence (A") in Y(Q2, S, P; X) stably converges to a Young measure
A e Y(Q,S, P; X) if the following holds

hm//f ) AN\ (x)] dP(w //f ) dA, ()] dP(w)

for every A € S and for every f € C’(X). Finally, we recall, for the sake of
completeness the following result concerning the fiber product lemma for Young
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measures. See ([17], Theorem 2.3.1). For more on Young measures, see e.g. [2],
[17], [40], [41], and the references therein.

Proposition 1.1. Assume that S and T are Polish spaces. Let (u™) be a sequence
in Y(, S, P;S) and (V™) be a sequence in Y(Q, S, P;T). Assume that

(i) (1) converges in probability to u>° € Y(QQ, S, P;S),

(ii) (V™) stably converges to v>° € Y(Q, S, P;T).

Then (u™ @ v™) stably converges to u*> @ v>°.

For the sake of completeness, let us mention a general result of convergence for
Young measures ([17], Corollary 2.3.2) that we need in the statement of next results.

Proposition 1.2. Assume that S and T are Polish spaces. Let (u™) be sequence of
S-measurable mappings from Q into S such that (u™) converges in probability to a
S-measurable mapping u®> from Q into S and (v"™) be a sequence of S-measurable
mappings from Q into T such that (v™) stably converges to v>° € Y(Q,S,P;T).
Let h : Q@ x S xT — R be a Carathéodory integrand such that the sequence
(h(.,un(.),vn(.)) is uniformly integrable. Then the following result holds

nll_}IIgo A h(w,u"(w),v"(w)) dP(w) = /Q[/T h(w, u®(w),t) dv’(t)] dP(w).

2. FUNCTIONAL EVOLUTION INCLUSIONS GOVERNED BY A NONCONVEX
SWEEPING PROCESS

We consider a multifunction C : [0,1] — E(E = R%) and we assume that
(Hy): For each t € [0,1], C(t) is a nonempty closed subset in R¢ that is p-prox-
regular [23], [37] for some fixed p € [0, x],
(H2): C(t) varies in an absolutely continuous way, that is, there exists an absolutely
continuous function v : [0,1] — R such that

|d(z,C(t)) — d(y, C(s))] < |lx =yl + [v(t) — v(s)|

for all z,y € R% and s,t € [0, 1].
Recall that a nonempty subset S of R? is p-proximal regular [37] or equivalently
p-proximally smooth [23] when every nonzero proximal normal to S can be realized

by a p-ball. This is equivalent to say that for every z € S, and for every 0 # v €
NP(S;z),

v 1
<W,x’ —x) < ;pllfv’ — z||?

for all 2’ € S where NP(S;x) is the proximal normal cone [23], [37] of S at the
point z € S. Actually, NP(S;z) coincides with the Clarke normal cone N(S;z) of
S at the point x € S. We make the convention % = 0 for p = +00. Recall that
for p = 400, the p-proximal regularity of S is equivalent to the convexity of S.
One of the key properties of proximally regular sets S is that for all z; € .S and all
v; € NP(S;x;) with ||vi|] < p (i = 1,2) one has ([37])

(Hypomonotonicity): (v) — v, z1 — x2) > —||z1 — x2||*.

Let r > 0 be a finite delay, Co = Cra([—7, 0]) be the Banach space of all continuous
R¢-valued functions defined on [—r,0] equipped with the norm [|.||o of uniform
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convergence. For any ¢ € [0, 1], let 7(¢) : Cra([—7,t]) — Co defined by (7(t)u)(s) =
u(t + s), for all s € [-r,0] and for all u € Cra([—7,1]).

We summarize first a preliminary result that is a combined effort of the tech-
niques of Theorem 2.1 and Proposition 3.1 in [21] regarding the compactness of the
solutions set for a FEI governed by a nonconvex sweeping process. However this
result needs a careful look because we deal with the uniqueness of solutions and the
compactness of the solutions set for a new class of FEI. Compare with Proposition
3.2 in [19] dealing with convex sweeping process.

Proposition 2.1. Assume that (Hy), (H2) are satisfied and the sets C(t) are com-
pact. Let o € Cra([—7,0]) be given with ¢(0) € C(0) and let g : [0,1] x Co — R be
such that:

(i) for every u € Co,g(.,u) is Lebesque-measurable on [0,1],

(ii) for everyn > 0 there exists a nonnegative Lebesgue-integrable function l,(.)
defined on [0, 1] such that ||g(t,u) — g(t,v)|| < 1,(t)||u —v||o for all t € [0,1]
and for all u,v € Be,(0,m) x Be,(0,7),

(iii) there exist nonnegative Lebesque-integrable functions p(.) and q(.) on [0, 1]
such that ||g(t,w)|| < p(t) + q(t)||u(0)|| for all (t,u) € [0,1] x Co.

Then there exists a unique continuous function u, : [—r,1] — R? such that its
restriction on [ r,0] is equal to ¢ and its restriction to [0, 1] is absolutely continuous,

(i.e uy(t) = ¢(0) + fo Uy (s) ds, for allt € [0,1] with u, € L 2([0,1])) and satisfies

(P,) { Uy (t) € =N (C(t); up(t)) + g(t, 7(t)uy) a.e. t € [0,1],
| up(s) = @(s), Vs € [—r,0];uy(t) € C(t),Vt € [0,1],

with ||ty (t)|] < v(t) for a.e. t €[0,1], where v is a nonnegative Lebesgue-integrable
function which depends only on v, p, q¢ and C[0,1] := Ugo11C(t). Consequently,
if IC denotes the compact set in Cga([—7,0]) with (0) € C(0) for all ¢ € K, then
the solution sets {uy, : ¢ € K} is relatively compact for the topology of uniform
convergence.

Proof. By using Theorem 2.1 and the remark of Lemma 1.3 in [21], it is easily seen
that, for each ¢ € Cra([—r,0]) with ¢(0) € C(0), there is at least one solution u of
the problem (P;) with ||i,(t)|| < ~(t) for a.e. t € [0,1], where v is a nonnegative
Lebesgue-integrable function which depends only on v, p, ¢ and C[0, 1]. In order to
prove the uniqueness, let us assume that = and y are two solutions of (P;). Then
we have, for a.e. t € [0, 1]

g(t, 7(t)x) — a(t) € N(C(t); z(1)),
and
g(t, 7(t)y) — y(t) € N(C(t); y(t)).
|

Put m(t) = ||g(t, 7(t)z)|| + ||g(t, 7(t)y)||, by ([21], Prop. 1.1), we have, for a.e.
t €10,1]

g (t, 7(t)z) — (B[] < [l2@)]] +m(t) < 0(t) +m(t),
and

g (¢, 7()y — gD < [[g@] +m(t) < o(t) +m(t).
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Then for a.e. t € [0,1]

(gt 7(t)x) — (t)) € Nogy(a(t)),

o] +mi(?)
and
s @6 @) = O < b
and similarly
ST o 9 T = 5(0)) € New(u()
and
s 9 7@w) = 901 <

By virtue of the hypomonocity property of the normal cone, we have for a.e. t € [0, 1]
(g(t, 7(t)x) — 2(t) — (9(t, 7(t)y) — 9(t)), x(t) — y(t))

> —p~ ([o(8)] + m(0))||z(t) — y(®)]*.

Let 1 > 0 be such that n > sup,ejo11(||7(t)x|lo+]|7(¢)y[lo). Using Lipschitz property
(7) and integrating on [0, ¢], from the inequality above we derive

2(t) — y(B)|? < 2 / 1(3) [ ()2 — 7()yllol (s) — w(s)]] ds
0
1 / L (9(s)] + mis))la(s) — y(s)]2 ds.

Now we repeat some arguments in ([19], Prop. 2.2). Indeed, as x = y = ¢ on
[—7, 0], by the preceding inequality, we see that

t t
[l = yllf < 2/0 ln(S)Hw—yHgder?/O pH([0(s)] +m(s))lle — yl[3 ds

- / (1(s) + 1 ([6(3)] + m(s))lz — vl ds,
0

where ||.||¢ denotes the norm of C; := Cra([—7,t]) As t — ||z — yl||; is continuous, by
applying Gronwall’s lemma we conclude that

||z —yl|lt =0, Vt € ]0,1].

Hence z = y.
The relative compactness of {u, : ¢ € K} follows because u,(t) € C(t) for all
t € C(t) and ||u,(t)|] < v(t) for all ¢ € KC and for a.e. t € [0, 1]. O

Remark. The growth condition (ii) allows to recover the case when 7 is the zero
mapping that corresponds to undelayed evolution inclusion and the known case
llg(t,uw)|| < m for all (t,u) € [0,1] x Cp for some positive constant m.
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3. FUNCTIONAL EVOLUTION INCLUSION GOVERNED BY A m-ACCRETIVE
OPERATOR

For simplicity, we consider here a functional evolution inclusion in the finite
dimensional space E = R, althought the results given below hold for a reflexive
Banach space such that its strong dual is uniformly convex. See [14] for details.
Recal that a multivalued operator A(t) : E = FE,(t € [0,1]) is m-accretive, if, for
each t € [0,1] and each A > 0, R(Ig + AA(t)) = E, and for each x; € D(A(t)),z2 €
D(A(t)),y1 € A(t)z1,y2 € A(t)x2, we have

() llzr =zl < [[(21 — 22) + AMyr — 52)]
where D(A(t)) :={x € E: A(t)x # 0}. If A(t) is m-accretive, then, for every A > 0,

(77) sllz = HA@®)2|| = |AN(t)2]] < [A(t)zlo = infye ape |lyll, Yo € D(A()),
where JyA(t)r = (Ig + MA(t))lz. We refer to [1], [12], [42] for the theory of
accretive operators We will consider the following assumptions regarding the m-
accretive operator A(t).

(H1) There exist a continuous function p : [0,1] — E and a nondecreasing func-
tion L : [0, 0o[— [0, o[ such that

IIZA@)z — JrA(s)z]| < Alp(t) — p(s)|L(][]]),

for all A €]0,1], for all (t,s) € [0,1] x [0,1], and for all x € E.
(H2) For every s > 0, there exists §(s) > 0 such that

1I3A0)x — 2| < Ad(s),

for all A €]0,1] and for all x € D(A(0)) with ||z|| < s.

(Hs) (a) For every L%([0,1])-mapping u : [0,1] — E satisfying u(t) € D(A(t))
for all ¢ € [0, 1], the multifunction ¢t — A(t)u(t) is Lebesgue-measurable, (b)
for every x € E and for every A > 0, t — (Ig + AA(t)) "'z is Lebesgue-
measurable, (c) there exists g € L%([0,1]) such that ¢t — (Ig + A A(t))"1g(?)
belongs to L%([0,1]) for for all A > 0.

Remarks. 1) Assumption (H;) is similar to that adopted by [12], [25] in the study
of quasi-autonomuous evolution equations. By ([25], Lemma 3.1), (H;) implies that
the sets D(A(t)) are constant, i.e D(A(t)) := D for all ¢t € [0, 1].

2) In view of (jj) (Ha) is satisfied if, 0 € D(A(0)) = D(A(0)) and A(0) satisfies
the following boundedness type condition, namely, for any closed ball B(0,7), the
set {|A(0)z|o : = € D(A(0)) N B(0,n)} is bounded in R. In particular, (Hs) is
satisfied if A(0) : D(A(0)) — E is convex compact-valued upper semicontinuous
multifunction, because the set {A(0)z : z € D(A(0)) N B(0,n)} is compact.

Let us recall and summarize the following existence and uniqueness result ([14],

Theorem 2.4 and Prop. 2.9) which is a variant of Proposition 2.1.

Proposition 3.1. Suppose that A(t) : E = E;t € [0,1], is a closed convex-valued
m-accretive operator and assumptions (Hy), (Hs), (Hs) are satisfied. Let K denotes
the compact set in C([—r,0]) with ©(0) € D for all ¢ € K. Let ¢ € K and let
g:10,1] x Cy — R? be a Carathéodory mapping such that:
(i) there ewits 1 > 0 such that ||g(t,u) — g(t,v)[| < nllu —vlle_,(-r0), for all
t € [0,1] and for all u,v € Cra([—r,0]),
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(ii) there exists K > 0 such that ||g(t,u)|| < K, for all (t,u) € [0,1] X
Cra([—7,0]).

Then there exists a unique continuous function u, : [—r,1] — R? such that its

restriction on [—r, 0] is equal to ¢ and its restriction to [0, 1] is absolutely continuous,

(i.e. uy(t) = ¢(0) —i—f(f Up(s)ds, for all t € [0,1] with i, € Lp,([0,1])) and satisfies

(P.) Uy (t) € —A(t)ug(t) + g(t, T(H)uy) a.e. t €[0,1],
T ug(s) = ¢(s),Vs € [—r,0];u,(t) € D,Vt € [0,1].

Moreover, the solution sets {u, : ¢ € K} is relatively compact for the topology of

uniform convergence and ||uy(t)|| < m, for all ¢ € K and for a.e. t € [0,1], where
m is a positive constant which depends only on K(0), p, L, K.

4. CONTROL PROBLEMS GOVERNED BY A NONCONVEX
SWEEPING PROCESS WITH YOUNG MEASURES

We assume that (S, dg) and (Z,dyz) are two compact metric spaces. Let k(Z) be
the set of all compact subsets of Z, I : [0,1] — k(Z) be a compact valued Lebesgue-
measurable multifunction and M2 (Z) be the set of all probability Radon measures
on Z. It is well-known that M2 (S) (resp. M1 (Z)) is a compact metrizable space
for the o(C(S)’,C(S)) (resp. o(C(Z)',C(Z))) topology. Let us consider a mapping
f:00,1] x Cp x S x Z — E satisfying:

(i) for every t € [0, 1], f(¢,.,.,.) is continuous on Cy x S x Z,
(ii) for every (u,s,z) € Co X S X Z, f(.,u, s, z) is Lebesgue-measurable on [0, 1],

(iii) there is a Lebesgue-integrable function ¢ such that || f(¢, u, s, z)|| < ¢(t), for

all (t,u,s,z)in [0,1] x Cy X S x Z,
(iv) there exists a Lipschitz constant 7 > 0 such that

1f(tu1,s,2) = f(t u2, s, 2)[| < nllur —uallo
for all (t,uq,s,2), (t,u,s,2) €[0,1] x Cp x S x Z.

Let H be a subset of Y(2,S, P;S). We consider the solutions sets of the two
following functional evolution inclusions

Ugp,puc(t) € =N(C(1); uppc(t))
(Tkm,0) § + [ FE T ug e, s, C(t)) pe(ds),
u‘Puu':C(S) = ¢(S)7VS 6 [_T7 0]7
where ¢ € K,u € H, and ¢ belongs to the set St of all original controls, i.e.
Lebesgue-measurable selections of I', and

U (t) € =N(C(t); up,pu(t))
(Tcr) |+ Jrwls FE Tt s 5, 2) e (ds)] vi(dz),
u‘P’H,V(S) - 90(8)7VS S [—7“, 0]7
where ¢ € IC, u € H and v belongs to the set R of relaxed controls, i.e. Lebesgue-
measurable selections of the multifunction

Y(t) = {v e ML(Z): v(D(t)) = 1}.

Taking Proposition 2.1 into account, for each (p, u, () € KxH x O (resp. (¢, p,v) €
IC x H x R), there is a unique continuous solution u, , ¢ (resp. ug ) of (Zxc +,0)



CONTROL PROBLEMS GOVERNED BY FUNCTIONAL EVOLUTION INCLUSIONS 137

(resp. (Zxmr)). Indeed, it is sufficient to observe that, for each (u,v) € H X R,
the function

(t,u) €10,1] x Co — fup(t,u) ;:/ [/ [t u, s, 2)(ds)] v (dz)

r(t) Js
inherits the properties the function g given in Proposition 2.1 and so for each
(o, p,v) € K x H X R the evolution inclusion

a(t) € —N(C(t),u(t)) + fu,(t, 7(t)u),t € [0,1]; u(s) = ¢(s),Vs € [—r,0],

admits a unique continuous solution.

We aim to present a Bolza-type problem for the two above functional evolution
inclusions. In particular, we show the continuous dependence of the solutions u ;.
with respect to the data (p, u, v) € K xH xR and also the compactness with respect
to the topology of uniform convergence of the solutions set {ug ., : (o, pu,v) €
K xH xR}. This allows to study the semicontinuity property of the value function
associated to a given bounded lower semicontinuous (resp. upper semicontinuous)
function [ : E — R, namely

(¢, p,t) — ngfz U (1))

and
(¢, 1, t) = sup l(ug (1))
VER

respectively. See [3], [15], [17], [28], [29], [43], [44] for other related results. The
results we present in this section are essentially a continuation of the work devel-
oped in [16] dealing with an undelayed evolution inclusion governed by nonconvex
sweeping process with one class of relaxed controls (i.e. Young measures). For fur-
ther results on nonconvex sweeping process and related results, see [4], [5], [6] [7],
[8], [9], [10], [11], [20] [21], [22], [27], [38] and the references therein. For sweeping
process, evolution equations and related results, see [12], [20], [15], [18], [19], [25],
30], [31], [32], [33], [34], [35], [39]

Theorem 4.1. Assume that the hypotheses and notations of Proposition 2.1 are
satisfied and H is compact for the convergence in probability, I : [0,1] x E x S X
7Z — R is a L'- bounded Carathéodory integrand, (that is, I(t,.,.,.) is continuous
on E xS x Z, forallt € [0,1] and I(.,x,s,2) is Lebesgue-measurable on [0,1],
for all (z,s,z) € E x S x Z) which satisfies the condition: there is a positive
Lebesgue-integrable function h such that |I(t,x,s,y)| < h(t), for all (t,z,s,z) €
[0,1] X E x S x Z. Let us consider the control problems

1
(Pewo): inf /0[ /S Ity (), 5, C(0)) ae(ds)] i,

(0,1, ELXHXO

and
1
P : inf I(t, v(t), s, d dz)| dt,
Perr) ot 10 0).5.2) mlds)ngo)
where Uy, ¢ (resp.  Upuy) is the wunique solution associated to (e, ()

(resp. (o, p,v)) to the FEI (Ix 1n.0) (resp. (Zxnr). Then one has inf(Piy o) =
min(Px H,Rr)-
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Proof. Claim 1. The graph of the mapping (¢, yt, V) — u,, ,,, defined on the compact
space K X H x R with value in the Banach space Cg([—r,1]) of all continuous
mappings from [—r, 1] into E endowed with the sup norm is compact.

Let (¢™, p",v™) be a sequence in K x H x R. As K is compact in Cg([—r,0]),
we may suppose that (¢™) converges uniformly on [—7,0] to a function > €
Cg([-r,0]). AsH C Y(2, S, P; S) is compact for the convergence in probability, we
may assume that (™) converges in probability to a Young measure u>* € H. As R
is compact for the stable convergence, we may suppose that (v™) stably converges
to a Young measure v>° with v/°(I'(t)) = 1 a.e.. In view of Proposition 2.1, the se-
quence (uyn 4 ¢n) is relatively compact in Cg([—r,1]), hence we may suppose that
(wpn yn yn) converges uniformly on [—r, 1] to a continuous function u> € Cg([—r,1])
with u® = ¢ on [—r,0] and ¢>(0) € C(0), and (tgn yn n) oL, L) converges
to 4> € LL([0,1]). So, for every t € [0,1], (7(t)ugyn yn n) converges to 7(t)u™ in
the Banach space Cy. By Proposition 1.1, we conclude that (9 T(Yugn un yn QuUr V")
stably converges to 0-( )y ® u™ ®@ v>°. Let h € LF([0,1]). As the mapping f is
L'-bounded by (iii), so is the integrand (¢,u,s,z) + (h(t), f(t,u, s, z)) defined on
[0,1] x Cp x S x Z. Let us put

(1) = /Z [ /S St 7 ()t 5, 2 (ds)] vP(d2)], Vi € [0,1],
and
(1) = / [ /S St (60, 5, 2)6°(ds)] 5= (d2)], Vit € [0, 1],

Then, by the very property of the stable convergence (cf. Proposition 1.2), we get
1

1
lim [ (h(t),v"(t)) dt = /0 (h(t),v™(t)) dt.

n—oo 0

Now, using the weak convergence in L} ([0, 1]) of (tin yn n) to 4°° and the preceding
limit, we conclude that the sequence (tign ;n ,n —v™) weakly converges in LL([0,1])
to u —v>°. As ugn ynyn is the solution of the corresponding FEI, we have

(*) 7:L<pn7un7yn (t) — ’Un(t) S —N(C(t), Ugpn pyn pn (t)) a.e. t e [0, 1],

with wugn o n(s) = ¢™(s) for all s € [—r,0]. In view of [38], this inclusion is
equivalent to

() U gy (t) — 0" (t) € =()0[dow ] (upn ynwn (t)) a.e. t € [0,1],

where () = 2¢(t) +9(t) for all ¢ € [0, 1], and 9[d¢ ;)] denotes the subdifferential of
the distance function dg(y) : @ = d(z,C(t)). Since (upn yn n) converges uniformly
to u®(.), by (**) and by virtue of a closure-type lemma in ([13], Theorem VI-4), we
get

*(t) € —w(t)a[dca)](um(t)H/Z[L F7()u™, s, 2)p (ds)] v7°(dz),

with u™(s) = ¢>(s), for all s € [-r,0] and u>(t) € C(t) for all ¢t € [0,1]. So, we
have necessarily u™(.) = ugoo yoo yoo(.), Where ugoo 00 oo is the unique continuous
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solution (Cf. Proposition 2.1) of the FEI
I.I/Lpoo”uoo,l,oo (t) (& —N(C(t), u¢m7#w7yw (t))
(ZIC,H,R) + fr(t) [fs f(t, T(t)“w“,u‘x’,u‘x’» s, 2)puge (ds)] Mfo(dz),
Ugpoo o0 poo () = 9™(s), Vs € [—r,0].
Claim 2. inf(Pxx r) = min(PcyR).

As O is dense in R for the stable topology (see e.g. [14], [17], [21]), it is enough
to show that the mapping

1
U () — /0 [ /Z [ /5 It (1), 5, 2) pe(ds)n(d2)] it

is continuous on I x H x R. This fact follows easily from Claim 1 and the arguments
therein. Indeed let (", u™, ™) be a sequence in K x H x R with ¢" — ¢ € K
in the Banach space Cy, u” — p € H in probability, and v — v € R stably.
Then (uyn yn ) converges uniformly on [—r,1] to a continuous function wuy ,, €
Cg([—r,1]) with ug ., = ¢ on [—r,0], and

[ i) N0 0
+f1‘(t) g F(t,T() g s 5, 2) pe(ds)] v4(dz), a.e. t €[0,1].

The continuity of W follows because (5uvn,u”,u“ ®u"@v™) stably converges to 6u% ur®
p® v and I is a L'-bounded Carathéodory integrand. O

Now we are able to present two variational properties for the value function
associated to a cost function mentioned above. We only deal with the lower semi-
continuous cost with the upper semicontinuous case being analoguous.

Proposition 4.1. Assume that the hypotheses of Theorem 4.1 are satisfied. Let
Ug v be the unique solution of

ag@,u,u(t) € —N(C(); u%u,y(t))
(IIC,H,R) + fF(t) [fS f(tv T(t)u%u,,,, S, Z):U’t(dsﬂ Vt(dz)v
Ug uw(8) = ¢(8),Vs € [-1,0;ug 10 (t) € C(t),Vt € [0,1].
Letl : E — R be a bounded lower semicontinuous function and let V) the value

function
W : (ta ¥, N) = ig;zl(u%uﬂf(t))vv(t? 12 :u) € [07 1] x K x H.

Let (1) be an increasing sequence of bounded Lipshitzean functions defined on E
converging pointwisely to 1, let (') be a sequence in K converging uniformly to ¢,
let (1) be a sequence in H converging in probability to u and let (t') be a sequence
in [0, 1] converging to t, then we have

lim inf V;i (£, ", 1) > Vi(t, @, ).

Proposition 4.2. Assume that the hypotheses of Theorem 4.1 are satisfied. Let
Ug v be the unique solution of

U (t) € =N(C(t); g (1))

(Tknr) S + Jrwls fET@up . s, 2)p(ds) ve(dz),
Up uw(s) = @(s),Vs € [—r,0];up 0 (t) € C(t),VE € [0,1].
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Let h:[0,1]x Ex S x Z — RT be a L'-bounded normal integrand, that is h(t,.,.,.)
is lower semicontinuous on E'x S x Z and h is L([0,1]) x B(E) x S x Z)-measurable
and is dominated by a positive Lebesque-integrable function and let

1
Wito) = inf [ ([ ] Bt tgplt), 5.2 ds)] ().
veR Jo Jre) Js
Let (h%) be an increasing sequence of L'-bounded Carathéodory integrands defined
on [0,1] x E x S x Z such that h = sup, h, let (') be a sequence in K converging
uniformly to o, let (u') be a sequence in H converging in probability to u € H. Then
we have
hmll’lf Whi ((pla /’LZ) > Wh(@v M)a
(2

where for all i,

Wi (', i) i= inf / / / Bt g (1), 5, 2) 2 (ds)] e (d2) .
VER F(t
Proof. We omit the details of the proofs since they are very similar to these of ([17],

Prop.3.1.4-3.1.5). We only observe that the function Ij, where

1
T(r ) = / [ /Z [ /S Bt g (), 5, 2) ()] vi(d2)) .

is lower semicontinuous on the compact space I x H x R since it is the supremum
of the continuous functions I},

1
L (0, ) = /0 [ /Z [ /S Bt (1), 5, 2)pae(d5)] 1 (d2)) .

so that W}, is lower semicontinuous on the compact space K x H. Il

Remarks. The conclusions of Theorem 4.1 and Propositions 4.2-4.3 may fail if
one assumes that H is only compact for the stable topology (instead of the topology
of convergence in probablity) because the fiber product theorem is not valid: the
sequence ((57(,)%,1’””7#,1 ® " ®@v") does not necessarily stably converges to 6, )y~ ®
1 @ v>. See [41] for a counter example.

We shall establish some new properties of the lower value function of a control
problem governed by a nonconvex sweeping process in the particular case when 7
is the zero mapping. Briefly we will deal with an undelayed evolution inclusion
governed by nonconvex sweeping process. Our aim is to produce a viscosity type
solution to this kind of evolution inclusion where the controls are Young measures.
This shed a new light on the classical Hamilton-Jacobi-Bellman equation associated
to ordinary differential equations. For this purpose we will impose some restrictions.
However, the reader will see that these conditions are necessary even for classical
ODE. We will assume that

(K1) f:[0,1] x E xS x Z — E is bounded, say, ||f(t,z,s,2)|| < M, for all

(t,x,s,2) € [0,1] x Ex S x Z, continuous on [0, 1] x E x S x Z and uniformly
Lipschitzean in x € F,
(K2) J : [0,1] x E x S x Z — R is bounded, say, |J(t,z,s,z)]

< N, for all
(t,x,s,2) €[0,1] x E x S x Z, continuous on [0,1] x E x S X Z,
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(K3) C :[0,1] — E is a k-Lipschitzean multifunction with nonempty compact
p-proximal values in F, that is

|d(z, C(t)) — d(y, C(s))] < |lx =yl + Kt — ]

V(z,y € E and V(s,t) € [0, 1],

(K4) Assume further that H and R are the set of all Lebesgue-measurable map-
pings from [0,1] into M’ (S) and M’ (Z) respectively. In particular, H
and R are compact for the stable topology in the space of Young measures
Y([0,1],S) and Y([0,1], Z) respectively.

By virtue of Theorem 1.5 in [21], for each 7 € [0,1] and each x € C(7), for each

p € ‘H and for each v € R, there is a unique absolutely continuous solution wu, ;.
of the evolution inclusion

Ug () € —=N(C(1); Ug (1))
+ [, fs F(t ugpu(t), s, 2)pe(ds)) v (dz), a.e. t e r,1],
ur,,u,,y(T) =T c C(T)

Furthermore, ||tg,,(t)|] < k+ 2M for all (t,z,p,v). See eg. ([21], Prop. 1.1).
Note that 7 € [0,1] denotes here the intermediate time, and there is no risk of
confusion with the mapping 7 given in the above functional evolution inclusions.
Before going further, it is worthy to recall [38] that u, ,, is solution of the above
evolution inclusion iff

UCC,;,LII ) (k+ 2M)8[d0(t](ul‘aﬂ7 ( ))

+ [ f (s tapun(t), s, 2)pa(ds)] ve(dz), a.e. t € [r,1],

U (t) € C(1),VE € [1,1],

Uz (T) =z € C(7).

The following is a dynamic programming principle theorem is similar to Theorem
3.2.1 in [17], using the fiber product lemma for Young measures (see Proposition
1.1 or [17], Theorem 2.3.1).

Theorem 4.2. Assume that (K1), (K2),(K3),(Ky) are satisfied. Let us consider
the lower value function

Uy(r,2) = sup in { / / / (bt (), 5, 2) () ()] ),
veR HEH
where ug ., is the unique trajectory solution of
Uy (£) € =N (C(8); U (1))

+ [, s F(t uepuu(t), s, 2)pe(ds)] ve(dz), a.e. t e [r,1],
uac,u,u( ) =T c C( )

Then for any o €]0,1] with T+ 0 < 1,

Uj(1,z) = sup inf {/ / J (g (1), 5, 2) e (ds) v (ds)] dt

I/ERH’EH
+ U (T 4 0, Uz (T +0))},

where
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Uit +0,uppu(t+0)) =
sup inf / / / (Up.5 (1), 5, 2) Bo(ds) v (ds)] dt,
yeRBEH Jrto
where vy g denotes the trajectory solution of the above dynamic associated to the
controls (8,7) € H x R with intial condition vy g (T + 0) = ug (T + 0).

We will use a technical result which extends Lemma 2.7 in [16].

Lemma 4.1. Assume that (K1), (K2), (K3), (K4) are satisfied. Let (to, xo) € [0, 1] x
C(to). Assume that Ay : [0,1] x E x ML(S) x ML (Z) — R is a continuous
integrand and Ay : [0,1] X E x MY (Z) — R is an upper semicontinuous integrand
such that, for any bounded subset B of E, A2’[o,1]xBxM1+(Z) is bounded, and assume

that A := A1 + Ao satisfies the following condition

inf sup  A(tg,xo, p,v) < —n < 0 for some 7 > 0.
peEML(S) yeml ()

Then there is i € ML (S) and o > 0 such that

to+o
sup [ At sy (), 1)t < —rn)2
VER Jtg

where uz, 7., denotes the unique trajectory solution of
{ Uy i (1) € =N (C(t); tag v (t) + [ [ [t a7, (1), 2)[i(ds)] ve(dz)
Uz v (to) = o € C(to),
associated with the controls (i, v) € ML (S) x R.
Proof. By hypothesis,

inf sup  A(tg, xo, pu,v) < —m < 0,
peML(S) veml ()

that is,

inf sup  [A1(to, zo, 1, v) + Ao (to, o, v)] < —n < 0.
H€M+(S) I/GMl ( )

As the function A is continuous, the function

p—  sup  Aq(to,xo,p,v)
VEM}F(Z)

is continuous on M (S), so is the function

p—  sup [Aq(to, o, p, v) + Aa(to, o, V)]
VGMﬁr(Z)

= sup Ai(to,wo,p,v)+ sup  Aa(to,zo,V).
veMl (2) veMl (2)

Hence there exists @ € M1 (S) such that

sup  A(to,xo, i, v) = inf sup  A(to, xo, p, V).
veMl (2) peML(S) veml ()
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As the function (¢,z) — SUD,e 1 (2) Ay (t,x,7i,v) is continuous and the function
(t,z) — SUD,e M (2) Ao(t, x,v) is upper semicontinuous, there is ¢ > 0 such that

sup A(tv z, [, V) < _77/2)
VEM}F(Z)

for 0 <t —tp < and ||z — zo|| < (. For all v € R, we recall the estimate (see also
the proof of Theorem 4.1)

||tz ()| < k+2M  a.e.
Thus for o > 0 such that o(k +2M) < ¢, we get

Huwo,ﬁﬂ/(t) - u:voﬁﬂ/(t@m <,

for all t € [to,to + o] and for all v € R. Hence the functions
A(t, Uz (t), i, v¢) bounded and Lebesgue-measurable on [tg,tg + o]. Then by
integrating

to+o to+o
/ Aty gy (), 11, v)dt < / [ sup  A(t,ugy 0 (t), 7 v)]dt
to to veMl(2)

< —on/2 <0,
for all ¥ € R and the result follows. O

Theorem 4.3. (Ezistence of viscosity solution)
Assume that (K1), (K2),(K3),(Ky4) are satisfied. Let us consider the lower value
function

Uj(r,z) := sup inf { / /[/S J(t ug 0 (t), s, 2) pe(ds)]ve(dz)] dt}.

veR HEH

Let us consider the upper Hamiltonian

H*Y(t,z,y) = inf sup  {(y, F(t, 2, p,v)) + J(t, z, 1)},
peML(S) yeml (z)

where

Ptz o) - //ftmsz) (ds)]w(d=),
Tt 2, o) = /Z [ /S J(t, 3, 5, 2)u(ds)v(dz),

and the perturbed Hamiltonian
H(t,a,y) = H*(t,2,y) + 0" (y, —(k + 2M)0[dc ) ().
Then Uy is a viscosity subsolution of the perturbed Hamilton-Jacobi-Bellman equa-
tion
Ui(t,z) + HY (t,2, VU(t,2)) + 8" (VU(t, 2), = (k + 2M)0[dc(p) (2)) = 0,

that is, if for any ¢ € C*([0,1] x E) for which U; — ¢ reaches a local mazimum at
(to,x0) € Graph C, then

Oy

E(to, z0) + H™ (to, z0, Vip(to, 70))
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+0"(Vp(to, wo), —(k + 2M)0[dc(ty)) (20)) = 0.

Proof. We will make use of some arguments developed in [26], [24], [16], [17]. As-
sume by contradiction that there exists a ¢ € C!([0,1] x E) and a point (¢o,zo) in
the graph of C' for which

0
%(to,xo) + H™ (to, 0, Veo(to, 20))

+ 0" (Vep(to, zo), —(k + 2M)8[dc(t0)](x0)) < -7,
for some 1 > 0. Applying Lemma 4.1 to A := Ay + Ao, with

[

A =J+ Ve, )+ 5

and
Malt,2) = 8 (Vip(t, 2), —(k + 2M)0lde (@), ¥(t,2) € [0,1] x F,
provides i € M! (S) and ¢ > 0 such that

to+o

sup{ [ | /Z [ /S T(t, iy 7 (), 5, 2)E(ds) vy (d2)] dt

VER Jtg

to+o
+ / [ /Z [ /S (Vo (t, g (), £t g 1 (), 5, 2))E(dS) (=) dit

to+o
4 / 5 (ot thz 1 (8)), — (k -+ 2M)0d s o (1t 3. (1)) )t
0
to+o a(p
+/ Lt Uy 1. (t))dlt
St )
< —on/2.
Thus

to+o
(431) swp g ([ LU 0t 1), 2 s ) e

to+o
T / [ /Z [ /S (Vo (t, tz o (D), (g o (1), 5, 2)) e (d3)] i (d2)]

to+o
+/ 3" (Vep(ts g pu (1)), =(k + 2M) B d(t)) (W i (1)) )l

to

to+o ©
+/ ZE (b gy o (1))l
[ St ettt

S _077/27
where ug, ., is the trajectory solution associated with the control (u,v) € H x R
of
Ugg,pu,0(t) € =N (C(t); gy (t))
+ [ 21 £t uag uw(t), 5, 2)pe(ds)] vi(dz), ae. t € [0,1],
Uz v (to) = w0 € Clto).
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From Theorem 4.2 (of dynamic programming) (see e.g [17], Theorem 3.2.1) we
deduce
to+o

(432)  Ustto.a) =sup int ([ LU Tttt 01, ()]

+ Uj(to + 0, Ugg pup(to + )}
Since Uj — ¢ has a local maximum at (tg,x¢), so for o small enough
(4.3.3) Uj(to, z0)—p(to, zo)
> Uj(to + 0, Uz pu(to +0)) — @(to + 0, gy pp(to + 0)).

From (4.3.2) and (4.3.3) we get
to+o

(4.3.4) sup inf { [/Z[/S J(t, g (t), s, 2) e (ds)] ve(dz))dt

veR HEH to
+o(to + 0, tgg u(to + 0)) — p(to, x0)} 2 0.
As ¢ is C! and Uz, 1S the trajectory solution of our dynamic

(4.3.5)  (to + 0, Uy pu(to + o)) — ¢(to, zo)

to+o )
- / (Vg (1)) o (1))

to

to+o 890
+ /t 57 (b g o (1)

0

to+o
< / [ /Z [ /S (Vo (t, g (1) £t g o (£), 5, 2) e (ds) s (d2)] it

to+o
+ / 5" (Vep(t; thag i (1)), —(k + 2M)0[dop)) (g 0 (1)) di

to

to+o 8@
+ /t a(t’ ufﬂo#,u(t)) dt.

0
Using the estimate (4.3.5) and coming back to (4.3.4), we have a contradiction to

(4.3.1). Therefore we must have

0
aff(to,xo) + H* (to, w0, Vip(to, z0))

+ 5*(th(t0, .TQ), —(k + 2M)8[dc(t0)](xo)) > 0.
O

5. CONTROL PROBLEMS GOVERNED BY AN m-ACCRETIVE OPERATOR WITH
YOUNG MEASURES

In this section the control spaces of Young measures are the same as given in
section 4. Let us consider now a closed convex valued m-accretive operator A(t) :
E = E (t € [0,1]) satisfying the hypotheses (Hy) (H2) (Hs) of Proposition 3.4 and
a compact set K in C([—r,0]) with ¢(0) € D for all ¢ € K where D := D(A(t)) for
all ¢ € [0,1]. Let us consider a mapping g : [0,1] x Cp x S x Z — E satisfying:
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(i) for every t € [0,1], g(¢, ., .,.) is continuous on Cy X S X Z,

(ii) for every (u,s,z) € Cop X S x Z,g(.,u, s, z) is Lebesgue-measurable on [0, 1],
(iii) there is a constant ¢ > 0 such that ||g(t,u,s,2)|| < ¢ for all (t,u,s,z) in
[0,1] x Cyp x S x Z,

(iv) there exists a Lipschitz constant 7 > 0 such that

g (t; ur, 8, 2) = g(t, uz, 8, 2)[| < nllur — usllo

V(t,u1, s, 2), (t,ug,s,2) € [0,1] x Cy x S X Z.
Let H be a subset of Young measures J([0, 1],.5). We consider the solutions sets of
the two following functional evolution inclusions

U (t) € —A(t)ug puc(t) + [og(t, T(E)up g, s, C(t)) pe(ds),
o) { el € sl L Js ottt (e, SO0

where ¢ € KC,u € H, and ¢ belongs to the set St of all original controls, i.e.
Lebesgue-measurable selections of I', and

U () € —A(t)Up i (t)
(jK7H,R) + fI‘(t) [fS g(t, T(t)ugo,/mu s, 2) e (ds)] vy (dZL,
ucp,,u,,u(s) = 90(3),VS S [—7", 0]7 ucp,,u,g(t) € D,Vt € [0, 1],

where ¢ € K,u € H and v € R Taking Proposition 3.1 into account, for each
(p, 10, ¢) € K x H x O (resp. (p,p,v) € K xH x R), there is a unique continuous
solution uy . ¢ to (Jic,H,0) (resp. Uy up to (JkH,r)- Indeed, it is enough to observe
that, for each (u,v) € H x R, the function

(t,u) €10,1] x Co — guu(t,u) = /F

o /S oty u, 5, 2)pue(ds)] m(dz)

inherits the properties of the function g given in this proposition, so that for each
(p,p,v) € K x H x R, there is a unique solution u . of the functional evolution
inclusion

w(t) € —A@)u(t) + gup(t, 7(t)u), t € [0,1]; u(s) = ¢(s),Vs € [—r,0].

Now let us consider a Bolza-type problem for the above functional evolution inclu-
sion and discuss the continuous dependence of the solutions u, ,,,, with respect to
the data (¢, u,v) € K x H x R and the compactness (with respect to the topology
of uniform convergence) of the solutions set {u, .. : (¢, p,v) € K x H x R}. This
will allow to obtain the semicontinuity property of the value function associated
to a given bounded lower semicontinuous (resp. upper semicontinuous) function
l: EF — R, namely

(o, pyt) — inf g 0 (t))
and

(@, pst) = sup l(ug (1))
VER

respectively and even for the case of when the cost function is an integral functional
in the same way as in Proposition 4.2.



CONTROL PROBLEMS GOVERNED BY FUNCTIONAL EVOLUTION INCLUSIONS 147

Theorem 5.1. Assume that H is compact for the convergence in probability, I :
[0,1]x ExSxZ — R is a L*- bounded Carathéodory integrand, (that is, I(t,.,.,.) is
continuous on Ex S x Z, for allt € [0,1] and I(.,x,s, z) is Lebesgue-measurable on
[0,1], for all (z,s,z) € E xS x Z) which satisfies the condition: there is a positive
Lebesgue integrable function h such that |I(t,x,s,y)| < h(t) for all (t,z,s,z) €
[0,1] x E'x S x Z. Let us consider the control problems

1
(Pewo): ot /0[ /S It g (), 5, C(1)) pe(ds)) dt

(o) ELXHXO

and

1
P . i f I t7 v 3 ] d d dt
o) imt LT 0,2 plugas)]
where Ug ¢ (Tesp. U u) i the wunique solution associated to (e, i, )
(resp. (@, p,v)) to the FEI (Jxn,0) (resp. (Jkn,r). Then one has inf(Px 1,0) =
min(P;QH,R).

Proof. Claim 1. The mapping (¢, i, v) — ug,, defined on the compact space
K x H x R with value in the Banach space Cg([—r,1]) of all continuous mappings
from [—r, 1] into E endowed with the sup norm has a compact graph.

Let (¢™, p",v™) be a sequence in K x H x R. As K is compact in Cg([—r,0]),
we may suppose that (¢™) converges uniformly on [—r,0] to a function > €
Cg([-r,0]). AsH C Y(2, S, P;S) is compact for the convergence in probability, we
may assume that (u™) converges in probability to a Young measure u>® € H. As R
is compact for the stable convergence, we may suppose that (v™) stably converges
to a Young measure v*>° with v°(I'(t)) = 1 a.e.. In view of Proposition 3.1, the
sequence (ugn nn) is relatively compact in Cg([—r,1]), so we may suppose that
(ugn yn ) converges uniformly on [—r, 1] to a continuous function u*> € Cg([—r,1])
with 4™ = > on [—7,0], and (tgun 4n,n) o(L?, L?) converges to 4> € L% ([0,1]).
So, for every t € [0,1], (7(t)upn yn ) converges to 7(t)u> in the Banach space Cy.
By Proposition 1.1, we conclude that (6-(yun n,» ® p" @ ") stably converges to
Or(yuce @ U @ v, Let h € L2([0,1]). As the mapping g is bounded by (iii), the
integrand (,u, s, z) — (h(t), g(t,u, s, z)) defined on [0, 1] xCy x S x Z is L'-bounded.
Let us set

o (1) = /Z [ /S Gt (D)t 5, 2) 8 (d3)] v (d2)], Vit € [0, 1]
and
020 = [ altrOu= s 2 @] (@) Vi e .1

Then, by the very property of the stable convergence (cf. Proposition 1.2), we get
1

1
im [ (h(t), 0" () dt = /0 (h(1), () dt.

n—0o0 0

Now, using the weak L% ([0, 1])-convergence of (yn, 4, ,) to ©°° and the preceding
limit, we conclude that the sequence (tipn n ,n —v™) weakly L%([0, 1])-converges to
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yie o]

U — v, As ugn yn 0 is the solution of the corresponding FEI, we have

(*) ﬂ¢n7un7,/n (t) — ’Un(t) S —A(t)ugon#n,,/n (t) a.e. t e [O, 1],

with ugn yn,n = @™ on [—r,0]. Since (upn ynn) converges uniformly to u™, by
virtue of a closure-type lemma in ([14], Lemma 2.3) we conclude that

u>(t) —A(t)um(t)+/[Lg(t,T(t)um78,z)u?(d8)] v (dz),

z
with u® = ¢> on [—r,0]. So, by virtue of the uniqueness of the solution of our
FEI (cf. Proposition 3.1), we have u®(.) = ugoo yo0 yoo(.), Where ugoo 00 oo is the
unique continuous solution of the FEI

(Tx.R) { T s e ) i
T + fr(t) [fs g(t, T(t)ucp”,uoo,u“’? s, 2) e (ds)] uge(dz).

Claim 2. inf(Pg yr) = min(PcxR)-
As O is dense in R for the stable topology (see e.g. [14], [17], [21]), it is sufficient
to show that the mapping

1
() — /O [ /Z [ /S 10, g (1), 5, 2)) pe(ds)]e(d2)] dt
is continuous on K x H x R. This fact easily follows from Claim 1 and the arguments
therein. Indeed let (™, u™, v™) be a sequence in K x ‘H x R with ¢ — ¢ € K in
the Banach space Cp, p — p € ‘H in probability, and v"* — v € R stably. Then
Ugn yn yn converges uniformly on [—r, 1] to a continuous function u ., € Cg([—7,1])
with u, = ¢ on [—r,0], and

{ Ui,y (t) € =AU, (1)
+fr(t)[fs 9t T(O)ug ., 5, 2)pe(ds)] vi(dz), ae. t€]0,1].

The continuity of ¥ follows because (5%,1’“,17”,1 @u"®@v") stably converges to 6y, , ,®

p® v and Jis a L'-bounded Carathéodory integrand. O

Let us consider now a viscosity variant of Theorem 4.3 concerning our second dy-
namic model. For simplicity, we will assume that A(t) : E — ck(E)U{0} (¢t € [0,1])
is a convex compact-valued m-accretive operator with closed domain D(A) satisfy-
ing the assumption (H;) of Proposition 3.1 and such that A : [0,1] x D(A) — ck(E)
is upper semicontinuous. It is obvious that (Hs), (Hs)(a), (H3)(b) are satisfied. In-
deed, (H2) is satisfied by using property (jj) for m-accretive operators and the upper
semicontinuity assumption of A. (Hs)(a) is obvious: for any Lebesgue-measurable
mapping u : [0,1] — D(A), the multifunction t — A(t)u(t) is Lebesgue-measurable
because A : [0,1] x D(A) — ck(FE) is upper semicontinuous. Let g : [0,1] — E be a
Lebesgue-measurable mapping and A > 0. Then the graph Gr(hy) of the mapping
hy it (Ig + AA(t))"tg(t) is given by

Gr(hy) ={(t,y) € [0,1] x D(A) : g(t) € y + AA(t)y}
={(t,y) € [0,1] x D(A) : d(g(t),y + AA(t,y)) = 0}
={(t,y) € [0,1] x D(A) : inf [|g(#) — (y + Aon(t,y))|| = O}
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where (0,,) is a countable dense B([0, 1]) ® B(D(A))-measurable selections of A (see
e.g. ([13], Theorem II1.9). Since each function (¢,y) € [0,1] x E — ||g(t) — (y +
Aon(t,y))| is L([0, 1])®@B(E)-measurable, the graph of hy belongs to £([0, 1])@B(E).
Furthermore, for any continuous function v : [0,1] x E — E, the function G :
(t,y,x) — 0*(v(t,y), A(t)x) is upper semicontinuous on [0,1] x E x D(A) (e.g.
A(t) = Ofy where f : [0,1] x E — R is a convex continuous integrand and 0f;
denotes the subdifferential of the convex continuous function f;). Further, in this
special case, (Hz)(c) is superfluous because the upper semicontinuity assumption
on A allows to apply the classical closure type lemma in ([13], Theorem VI-4) in
the proofs of existence results (see [14], Theorem 2.4 for details) and the continuous
dependence of the solution u, ,, with respect to the data (¢,p,v) € K x H xR
given in Theorem 5.1. If A(¢) is constant, (H;) is superfluous.

We will assume that

(L1) g:1]0,1] x B x S x Z — E is bounded, continuous, uniformly Lipschitzian
in z € E and the family (g(., ., s, 2))(s,:)esx 7z 18 equicontinuous,

(Lg) J : [0,1] x E x S x Z — R is a bounded, continuous, and the family
(J(5 58, 2))(s,2)eSx z 18 equicontinuous.

(L3) H and R are the set of all Lebesgue-measurable mappings from [0, 1] into
ML(S) and M!(Z) respectively. In particular, H and R are compact
for the stable topology in the space of Young measures )([0,1],S) and
Y([0,1], Z) respectively.

The preceding considerations allow to obtain a variant of Theorem 4.3.

Theorem 5.2. Assume that (L1), (L2) (L3) are satisfied and A(t) : E — ck(E)U{0}
(t €10,1]) is a convex compact-valued m-accretive operator with closed domain D(A)
satisfying (Hy) of Proposition 3.1 and such that A : [0,1] x D(A) — ck(E) is upper
semicontinuous. Let us consider the lower value function

1
Uj(r,x) = sup inf { [/Z[/S J(t, ug o (t), s, 2) pe(ds)]ve(ds)] dt},

veRKEH "7

where ug ., is the unique trajectory solution of

Uz (t) € —A(t)ug (1)
—{—fZ[ng(t, Ug v (t), 8, 2) e (ds)] ve(dz), a.e. € [r,1],
Uz (T) = 2 € D(A).

Let us consider the upper Hamiltonian defined on [0,1] x D(A) x E by
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H*(tzy)= inf  swp {( /Z [/S olt, 2, 5, 2)ue(ds) vr(d2))

peML(S) veml (z)

_|_/Z[/S J(t,z, 8, 2) e (ds)|re(dz)}.

Then Uy is a viscosity subsolution of the perturbed Hamilton-Jacobi-Bellman equa-
tion Uy(t, )+ H* (t,x, VU (t,z))+6*(VU(t,x)), —A(t)x) = 0, that is, if for any ¢ €
CY([0,1] x E) for which Uj — ¢ reaches a local mazimum at (to, o) € [0,1] x D(A),
then

a*(to,mo) + HY (to, 20, V(to, 20)) + 6*(V(to, x0), —A(to)zo) > 0.

In particular, if A is single-valued, then Uy is a viscosity solution of the above
perturbed Hamilton-Jacobi-Bellman equation.

Oy
t

Proof. 1t is similar to the proof of Theorem 4.3 and Theorem 3.2.1 in [17] using
the DP principle ([17], Theorem 3.2.1). Equicontinuity assumptions on .J and g are
necessary to prove that Uy is a viscosity solution of the associated HJB equation,
in the particular case when A is single-valued, by applying Lemma 3.2.2(b) in [17].
For shortness, we omit the details.

Il
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