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A NUMERICALLY STABLE METHOD FOR CONVEX OPTIMAL
CONTROL PROBLEMS

VADIM AZHMYAKOV

ABSTRACT. This paper is concerned with linear and finite-difference approxi-
mations for a class of convex optimal control problems with state constraints.
We consider control systems governed by ordinary differential equations. For
constructive solving the convex optimal control problems we propose a numer-
ical method derived from the proximal-point algorithm. We study convergence
properties of the obtained method and show that it can be used to compute
approximate optimal controls.

1. INTRODUCTION

Linearization and discrete approximation techniques have been long time recog-
nized as a powerful tool for solving optimal control problems (see e.g., [10, 11, 12,
22, 31, 25]. Discrete approximations can be applied directly to the problem at hand
or to auxiliary problems used in the solution procedure. The numerical methods for
optimal control problems with constraints (with the exception of the works [14] and
[25]) are either the methods based on the full discretizations (parametrization of
state and control variables), or they are function space algorithms. The first group
of methods assumed a priori discretization of system equations. The second group
of methods is, in fact, theoretical work on the convergence of algorithms which have
never been implemented. The major drawback of some numerical schemes from the
first group is the lack of the corresponding convergence analysis. This is especially
true in regard to the multiple shooting and collocation methods (see e.g., [8, 29]).

There is a number of results scattered in the literature on discrete approximations
that are very often closely related, although apparently independent. Note that the
complete convergence analysis for a class of numerical methods for optimal control
problems with state constraints is presented in [25].

The gradient algorithms [23] can also be applied to optimal control problems with
constraints if the problem is discretized a priori and the discretization for states
coincides with that for controls. If the second condition does not hold then the
optimal control problem can have redundant constraints and as a result the rate of
convergence of numerical methods can deteriorate [25]. There are many variants of
gradient algorithms depending on whether the problem is a priori discretized in time,
and on the optimization solver used. A gradient-based method evaluates gradients of
the objective functional. The calculation of second order derivatives of the objective
functional can be avoided by applying an SQP (Sequential Quadratic Programming)
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type optimization algorithm in which these derivatives are approximated by quasi-
Newton formulas. The application of SQP type methods to optimal control is
comprehensively discussed in [20, 9].

Computational methods based on the Bellman Optimality Principle were among
the first proposed for optimal control problems [4, 7]. These methods are especially
attractive when an optimal control problem is discretized a priori and the discrete
version of the Bellman equation is used to solve it. Application of necessary condi-
tions of optimal control theory, specifically of the Pontryagin Maximum Principle,
yields a boundary-value problem with ordinary differential equations. Clearly, the
necessary optimality conditions and the corresponding boundary-value problems
play an important role in optimal control computations (see e.g., [28, 6]). An opti-
mal control problem with state constraints can also be solved by using some modern
numerical algorithms of nonlinear programming. For example, the implementation
of the interior point method is presented in [34]. The application of the trust-region
method to optimal control is discussed in [16, 21].

In this paper we are going to analyze the convergent (numerically stable) a priori
discretizations of optimal control problems with inequalities state constraints. We
consider the optimal control problems under some convexity assumptions. The dis-
cretization of optimization problems is an approximation procedure whose accuracy,
as it is typical in numerical analysis, depends on the regularity properties of the
solutions. In this paper we mainly focus our attention on the application of a reg-
ularization method, namely, on the application of a proximal-based method to the
discrete approximations of optimal control problems. We are particulary interested
in studying the convergence of these discrete approximations. We consider the first
order Riemann-Euler approximations [10, 11, 12]. Some alternative discretization
procedures are described in [33]. The application of the proximal-based regulariza-
tion method makes it possible to obtain the convergence results also in the case of
relatively easy discretization schemes, namely, for Riemann-Euler approximations.
Clearly, the same method can be combined with other discretization procedures.

The proximal-based methods are useful tools for solving convex (see e.g., [1, 19])
and nonconvex (see e.g., [15, 18]) optimization problems. The first application of
the proximal-point method to optimal control problems is presented in [5]. A great
amount of works is devoted to the classical variant of the proximal point method
and its various modifications. One can find a fairly complete review of the main
results in [18, 30].

The rest of the paper is organized as follows. In Section 2 we formulate the op-
tiomal control problem and consider the corresponding discretizations. Section 3
contains the relevant technical results. In Section 4 we study convergence proper-
ties of some approximation schemes for the abstract convex optimization problems
in Hilbert spaces. In Section 5 we apply the results for the convex optimization
problems to the optimal control problems with constraints. Section 6 is devoted to
computational aspects of the proposed proximal-based algorithm.
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2. STATEMENT OF THE PROBLEM

Consider the following optimal control problems with inequalities constraints

minimize J(z(), u(-)) = / ot 2(0), u(t))dt
subject to @(t) = f(t,m(t)?u(t)) a.e. on t € [0,1], z(0) = xo,
(1) u(t) € U a.e. on t € [0,1],
hy(e(1)) <0V € 1,
q(t,z(t)) <0Vt e|0,1],
where fp:[0,1] x R” x R™ — R is a continuously differentiable function,
F:00,1] xR"xR™ = R", hj:R"—=Rforjel, ¢:[0,1]] xR" =R

and xg € R" is a fixed initial state. By I we denote a finite set of index values. The
control set
Ui={ueR™ : b <u; <V, i=1,...,m},

where bi_,bﬂr,i = 1,...,m are constants, is a compact and convex subset of R™.
We assume that the functions h;(-), j € I and ¢(¢,-), t € [0,1] are continuously
differentiable. The ensuing analysis is restricted to a proper convex on R" x R™
function fo(¢,-,-), t € [0,1]. The admissible controls u : [0,1] — R™ are square
integrable functions in time. Let
U= {v(-) € L2,([0,1]) : v(t) €U ae. on [0,1]}

be the set of admissible control functions. We introduce the following hypothesis:

(i) f(t,-,-) is differentiable,

(ii) f, fx, fu are continuous and there exists a constant S < oo such that

1 fa(t, 2z, u)[| < S
for all (t,z,u) € [0,1] x R" x U.
Then for each u(-) € U the following initial value problem

(2) z(t) = f(t,z(t),u(t)) a.e. on t € [0,1], x(0) = xg

has a unique solution (see e.g., [25]). Given an admissible control function the
solution to the initial value problem (2) is an absolutely continuous function z :
[0,1] — R”". It is denoted by z"(-). We assume that the problem (1) has an
optimal solution. The class of optimal control problems of the type (1) is broadly
representative [12, 17, 25].

In parallel with (2) we examine the corresponding linearized control system

(3) y(t) = fo(t, (1), ut))y(t) + fult,z"(t), u(t))d(t), y(0) =0,

where u(-) € U, d(-) € L2,([0,1]). For each u(-) € U and d(-) € L2,([0, 1]) the initial
value problem (3) has a unique solution [25]. The solution to (3), which depends
on u(-) €U and d(-) € L.2,([0, 1]), is written y*4(-). Evidently,

yid(t) = /0 D(t,8) fuls, z"(s),u(s))d(s)ds a.e. t € [0,1],
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where ®(-,s) is the fundamental solution matrix prescribed by the initial value
problem

gtq)(t s) = fo(t,x"(t),u(t))®(t,s) a.e. t € [0,1], ®(s,s) =FE, s€|0,1].

It is common knowledge that an optimal control problem involving ordinary dif-
ferential equations can be formulated in various ways as an optimization problem
in a suitable function space (see e.g., [12, 17]). The original problem (1) can be
expressed as an infinite-dimensional optimization problem
minimize J(u(-))
subject to u(-) € U,
hi(u(-) <0Vj €1,

q(u(-))(t) <0Vt € [0,1],

(4)

with the aid of the functions J : L2 ([0,1]) — R, h; : L2,([0,1]) — R for j € I and
3:12,(0, 1)) — €([0, 1)):
- 1
J(u()) = I () = [ foltsa (0. ute)at,
0
S(u()) == hy(a(1) V) € T,
(u()(t) = q(t, (1)) ¥t € [0, 1.

Fix u(-) € U and consider the linearized optimal control problem as an optimization
problem over the set U — u(-)

h
q

minimize J(d(-))
5) subject to d(-) € U — u(+),
hy(u(-)) + (Vhs(u(),d(-)) <0 Vj € I,
q(u(-))(t) + (Vq(u(-))(#),d(-)) <0Vt € [0,1],
where
1
J(d()) = Ty (), ul) +d()) = ; Folt,y™(t), u(t) + d(t))dt,

(Vhj(u(-)),d(-)) = (hy)a(a"(1))y™ (1) for j € I,
(Va(u(-))(8),d(-)) := gu(t, 2" (t))y"(t) for t € [0,1].

Note that the objective functional J(d(-)) in (5) is nonlinear. Since the function
fo(t,-,-), t € [0,1] is convex and the differential equation (3) is linear, J(d(-)) is
convex. The introduced convex-linear optimization problem (5) provided a basis for
numerical solving the original problem (1). This problem can be solved by using
some minimization algorithms (e.g., by applying a first order method [23]). For
example, the implementation of the method of feasible directions is presented in
[25].
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Using a discretization of (5) (see e.g., [22]), we obtain a finite-dimensional mini-
mization problem. Let N be a sufficiently large positive integer number and

Gy :={to=0,t1,....ty =1}
be a (possible nonequidistant) partition of [0, 1] with

max |t — e < .
0§k§N—l|k+1 Kl < &w

We assume that limy_,o Eny = 0. Define Atgyq :=tg1 —tg, k=0,..., N — 1 and
consider the following finite-dimensional optimization problem

minimize J(dy(-))

subject to dy(-) € Uy — un(-),

hy(un () + (VA (un (), dn(-) 0 V) € 1,

G(un () () + (VG(un (-))(#), dn(-)) <0Vt € 0,1,

(6)

where

N-1
J(dn(-)) == Z folte, yn (), u* + d¥) Aty yq,
k=0

Uy = {un () € (GN) con(t) e U},
YN (tk+1) = yn(t )+Atk+1(fm(tk,m“(tk%uk)yfv(tkH

+ fulte, z*(t), u*)d*), yn(to) =0,

and
N—

,_.

N—

Pe(t)u”, uF = u(ty), dy(t pi(t)dr, d* = d(ty,),
k=0 k=0

1 ift € [tg, trpa,
c [07 1]7 k= 0717N_ 1 ) ¢k(t) = {0 otherwise

>—‘

Clearly, uF € U and uF 4+ dF € U. In effect, we deal with the finite-dimensional
Hilbert space L&Y (Gy) of the piecewise constant control functions upn(-). The
scalar product and the norm in the space L2 (G n) are defined as follows

N-1
<uN(')7UN(')>]L?nN(GN) = Z <ukavk>Rma
k=0
HUN(')HL%»LN(GN) = (<UN(')7UN( )>]L2N GN 1/2 Z Huk‘|2 1/2

The space L3N (G) is in one-to-one correspondence with the Euclidean space R™V.
The Hilbert space IL2,([0,1]) and the set U are replaced by the finite-dimensional
Hilbert space L2 (G ~) and by Uy, respectively. Evidently, we have a restriction
of the function J(-) on ]L?nN(GN).

The discrete minimization problem (6) approximates the continuous-time prob-
lem (5). We mainly focus our attention on the application of a proximal-based
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method to the convex-linear optimization problem (5) and on the convergence of
the corresponding discrete approximation schemes (6). For this purpose we exam-
ine approximations for an abstract convex optimization problem in Hilbert space.
At first, we establish the convergence properties of these approximations. We next
apply the results for the abstract optimization problem to problem (5).

3. PROXIMAL POINT METHOD FOR CONVEX OPTIMIZATION

This section contains some preliminary results. Let Z be a real Hilbert space.
Consider the following problem of convex minimization

(7)

where Q C Z is a bounded, convex, closed set, f : Z — R is a proper convex
functional and R := R|J{oco}. In addition to these assumptions we suppose that
f(-) is bounded on @ + eB. Here B is the open unit ball of Z and ¢ > 0. Clearly,
@+ eB Cint domf :={z€ Z ‘ f(z) < o0}

The existence of an optimal solution of the convex minimizing problem (7) is
guaranteed. Since f(-) is bounded on @ + €B, it follows that f(-) is a continuous on
@ + €B functional (see e.g., [17]). That is, f(-) is lower semicontinuous. The proper
convex, lower semicontinuous functional f(-) attains its minimum on the bounded,
convex, closed set @ [13]. Thus (7) has an optimal solution z°* € Q.

Note that a convex function on a convex subset of an infinite dimensional topo-
logical vector space does not need to be continuous on the interior of its domain. For
instance, any discontinuous linear functional on an infinite dimensional topological
vector space provides such an example.

Let F' be the set of optimal solutions of (7). The next result is an immediate
consequence of the boundedness hypothesis.

minimize f(z)

subject to z € Q,

Lemma 1. The functional f(-) is Lipschitz on Q.
Proof. See [26], Theorem 10.4. O
We introduce the proximal mapping
Prau: @ — Argmin.cg[f(=) + 311z = alP, x>0, a€ Z
and define the classical proximal point method [27, 18]
i~ Prax(za);
2eQ,i=0,1,..,

where {x;} is a given sequence with 0 < x; < C' < co. Thus the original problem
of convex minimization is replaced by a sequence of the auxiliary problems

F(2) + 51l = 24| * — min,
ze@, 1=0,1,..

with strong convex objective functionals. Evidently, for constructive solving the
given problem of convex minimization the proximal point method must be combined
with some numerical procedures for the auxiliary problems.
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Suppose that the approximation {zél}, i =0,1,... satisfies the estimate

[e.9]
HZZ?_ B ,Pf,roi(zél)H < €, Zi < 0,
i=0 !
for all 4 = 0,1,... . Under these conditions the sequence {zél} converges in the

weak topology to a point zP' € F [18]. Besides, {z;}, i = 0,1, ... is a minimizing
sequence. In specific cases we have the strong convergence of the corresponding
minimizing sequences (see e.g., [27, 3, 2]).

4. CONVEX APPROXIMATIONS

This section is devoted to constructing some approximation schemes for the con-
vex problems of the type (7). Let {Zxn}, N € N be a sequence of subspaces of Z
such that

Z D ... QZN+1 °>Zn,..,2 721, NeN.
The norm || - ||z, of the subspace Zy is induced by the norm || - ||z of the Hilbert
space Z. In parallel with (7) we consider the sequence of the minimization problems
. minimize f(z)
(8) subject to z € Qn,
where {Qn}, Qv C Zn is a sequence of bounded, convex, closed subsets of Zy.
We assume that

QQ---QQN+12QN7'”72Q1 ) NeN

and int@Qn # 0. In fact we deal with some restrictions of the function f(-) on Zy,
however, we use the same notation f(-). Denote
Pt .— inf oPLN . — inf .
f inf f(2), f nf f(2)

We shall use the familiar concept.

Definition 1. The sequence of problems (8) is called an approximating sequence
for (7) if
lim fN,opt — fopt'

N—o0

Let z%’t € @n be an optimal solution of (8). The following theorem is an exten-
sion of the convergence results of Vasil’ev [32].

Theorem 1. Assume that for all z°Pt € F there exists a mapping

Py:Z—Zn, NeN
such that f(Py(zP)) — f(2°P!) < vn, where imy_ooyn = 0. Then (8) is an
approximating sequence for problem (7).

Proof. The sequence { f (z?\?t) — f(2°PH)} is a monotonically decreasing and bounded
below sequence. This means that {f(2%") — f(2°"!)} is a convergent sequence.

Moreover, f(2%") — f(2%P!) > 0 and

= f(PN () = f(P) = f(=") = F(z7) = 0.
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We conclude that
0= lim yy > lim f(z%)t) — f(z°PH > 0.
N—oo N—oo
In other words, (8) is an approximating sequence for (7). Il

Let P oy ien (3N) = (Prou.ky © - © Proy.ky)(28), n € N. Using the classical

n
proximal point method, we define the sequence of approximations
21 € Ql)

(9) ZN+1 = vaQN+17KN+1(P]CL,QN,KN(ZN)%
o>K>Ky|K>0 neN, N=1,2,..,

where K, K are constants and

PfaQN+17KN+1 (P}L',QN,KN (ZN)) = ArgminZEQN+1 [f(Z)+

Ky

+ 5 HZ—P?,QN,KN(ZN)HQZNHL ZN € QN.

We now examine some properties of the introduced sequence of approximations (9).

Lemma 2. Let {zn} be the sequence generated by the method (9). Then the fol-
lowing inequality

2
Kni1

(10) l2n+1 = PFon.rn N2y < \/ (f(zn) = flzn41))s

holds.

Proof. By definition of Pt g .xx (),

. Ky
P au i () 1= Axgmin,cg, [£(2) + 2V |z = a3, ]

Hence

Flen) = 7o) + S o = ol 2 F(Prau s (aw)+
Ky

+ TIIPf,QMKN(ZN) — vl = F(Pron.in (28)) = F(Pronkx (28)+
Ky

+ 5 I1Praw rn (2n) = Praw s (2n)lZy 2 F(PF o ry (23))+
Ky

+ 9 HPJ%,QMKN(ZN) - ,PnyNyKN(ZN)HQZN > ...z f(,P?,QN,KN(ZN)) >

Ky
> f(PRE ki (28)) + THP%%V,KN(ZN) — Pl onson 282y -

The sequence { Ky} is a monotonically decreasing sequence Ky | K. Since

inf [£()+ 501z~ allg,, ) >t [f()+ X

2
— S
ZEQN ZEQN+1 2 < Oé||Z]\]+1:|’ « QN?
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we conclude

Ky
f(PJCLiQ_iv,KN (ZN)) + 7”7)?7—5;,1(1\7 (ZN) B P.?:QNvKN (ZN)||ZZN+1 2

Ky
2 flanr) + —5—llevi1 = Proy (2| 2y = F(ENg1)-

We have

Kyt

F(en) 2 flav) + =5 llavin = Pl (212 -

It follows that

Kyt
f(zn) = fen+1) = 2+ llent1 = P outen G5y, =0

and
2 n
vt (f(zn) = flan+1) > llan+1 = Pion kn BN 2y s -
Thus the inequality (10) holds. O

Using the uniform convexity of the function

Ky
f() + TH ’ _aHZNer o € QN7

one can obtain the following estimate [2]

lons1 = Phowsen M)z s < ﬁf{THm(zN) ~Fena).

By Lemma 1, the function f(-) is Lipschitz on . Denote by L the corresponding
Lipschitz constant. We see that

2L

l2n41 = Pfgy,rn (2N 2y 0 < \/KN+1

l2n = 2n41llzy s -

Our next result presents a convergence property of the introduced sequence of
approximations (9).

Theorem 2. Let {zn} be the sequence generated by the method (9). Assume that
for all z°Pt € F there exists a mapping Py : Z — Zn, N € N such that

F(Pn () = (") <y, lim yy =0.
N—o0
Then impy o0 limy, oo f(2n) = fP and

N—o00 n—00
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Proof. From the minimizing properties of Py gy xy(-) and Pr oy, Ky, (1) we de-
duce

F(PFqn.ren(28)) = F(Pf gy iy (28)+

Ky
+ THP?,QN,KN(ZN) - P?,QN,KN@N)HQZN > f(P?EV,KN(ZN))‘*‘

Ky
+ IPFEN ke (BN) = Pl ky )2y >
Kny1
> flent1) + lznt1 = P aw.in G Zn sy = flanin)-

Using the convergence properties of the classical proximal point method, we obtain
limy oo [ (P g .xcn (38)) — F(z¥H] = 0. Hence

Tim |f(zv1) = £ = 0.

By Theorem 1, we have limpy_, f(z%’t) = foP'. Since f(zny11) > fP!, we conclude
that limy_ oo lim, oo f(2n+1) = fP!. By Lemma 2,

2
Kny1

l2nt1 = P o ron (N 2y n < \/ (f(zn) = f(2n41))-

It follows that lmpy_ o0 limy, oo ||2n41 — P?,QN,KN(ZN)HZ = 0, as claimed. Thus
the assertions of the theorem are proved. Il

The sequence of solutions of the auxiliary problems

Ky .
F&) + =52 = Phoy sy (2wl ,, — min,

subject to z € Qn+1,

is a minimizing sequence for the initial problem (7) subject to the condition that
n — o0.

Corollary 1. Let {zn} be the sequence generated by the method (9). Assume that
for all z°P* € F there exists a mapping Py : Z — Zn, N € N such that

F(Pn(2P)) = f(z7) < yw, lim gy = 0.
N—oo
Then there exists a sequence of numbers {n;}, n; € N such that

. . _ opt —
Jim lim 2y = 2y llz = 0.

Proof. Using the convergence properties of the classical proximal point method, we
establish the convergence in the weak topology of the sequence

{n}s &n = ,P}L,QNJ{N(ZN)
to an optimal solution z?\ft of (8). Evidently, there exists a subsequence

{fnz}7 §n; 1= P?QN,KN(ZN), n; € N
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such that lim,, o ||73}“QN Ky (BN) — zjo\fftHZ = 0. By Lemma 2,

2
Kni1

lznvt1 = Prioy xn B2y < \/ (f(zn) = flzn+41))-

Theorem 2 implies that

lim lim ||zy41 — PZbN’KN(ZN)HZ =0.

N —o00 nj—00

Then by using the triangle inequality we see that

. . t
Jim lim [Jzne -2y l]z = 0.

The corollary is proved. O

5. DISCRETIZATIONS OF THE OPTIMAL CONTROL PROBLEM

Let us apply the convex approximations given above to the optimal control prob-
lem (5). We describe an algorithm for numerical solving the optimization prob-
lem (5) and a convergence result associated with it. Our algorithm is based on
the proximal-like method (9). We will consider the first order method for solving
the auxiliary problems but similar results can also be obtained for a second order
scheme. Note that the convex-linear minimization problem (5) has a solution (see
Section 3).

Let d°P'(-) be an optimal solution of (5). We introduce the sequence of spaces

L2([0,1]) 2 ... D LZN T (Gy) D LEY(Gy) 2 ... D L3N Gy),

and the sequence of sets U D ... D Uny1 2 Uy 2 ... O U, N € N such that
Uy :=UNLZY (Gn). Let us consider the mapping

Py :1L2,([0,1]) = LAY (Gy), N €N

defined as follows

1 tet+1
PA(@'()) = (@, s d¥ T, @ = o [ @,
Atk+1 tk

k=0,..,N—1.

We now establish an important fact: the value Py (d°P(-)) belongs to the set Uy —
un(-) for all N € N.

Lemma 3. For every N € N and for every solution d°P'(-) of problem (5),
Py (d°P'(4)) € Un — un(-).

Proof. We have u(-) € U (see Introduction). Evidently, u(t) + d°’*(t) € U. Since U
is convex and closed, it follows [32] that

1 lkt1
(u(t) + / dP(t)ydt) e U, k=0,...,N — 1
Atgir Jy,

and

1 tet1
(u(ty) + / dP'(t)dt) € U, k=0,..,N — 1.
Atk+1 tk
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Moreover, uy/(-) + Py (dP'(-)) € LN (Gx). Hence
(un () + Py(d())) € LN (Gr) (U = Un.
We conclude that Py (d°P!(+)) € Un — un(+). The proof is finished. O
Fix N € N, un(-) € Uy and consider the set Uy — un(-) and the mapping
Pynoar(dP(0), M =1,2,....

Let Gnyar i= {to = 0,t1,...,t N+ = 1} be the corresponding partition of [0, 1]. We
assume that Gy C Gy

Lemma 4. For every N € N and for every solution d°P(-) of problem (5),
Prya(d'(-)) € Unyar —un(-), M =1,2,....
Proof. The lemma can be proved in the same way as Lemma 3. Il

For fixed N € N, uy(-) and chosen dy(-) € Un — un(-) we introduce the discrete
approximations of the type (8) for problem (5)

minimize J(dn4az(-))

subject to dyyar() € Unsar — un(-),

hyj(un () + (Vhj(un (), dnae() <0 V) € 1,

qun (1)) + (Va(un () (@), dva () < 0V € [0,1],

M=1.2,..,
where
) N+M-1
Jdnin() = D folte yvinr (t), un (t) + dn g ar(tr)) Atgsr,
k=0

YN+M (tet1) = yneamr(te) + Atgpr (fo (b, Y (), un (tr) ) yn4a (tr)+
+ fulte, "N (t), un(tr))dnrr (tr)), ynrr(to) =0, E=0,1,..,N +M — 1.

By 2"V (-) we denote here the solution to the initial value problem (2) for un(-).
The proximal-like algorithm in this case is:

(11 dn+m () = PjLuN+M—UN(')aKN+M (Pl vt —un (oo a2 (AN+11-1()))
neN, co>K>Knyipy | K>0 M=1,2...,
where

P ity s ar—tun (. K v sn1 (733’141\,+M71,UN(_)JKNM/F1 (dnim-1(+))) =
BN )
(Anar—1 (DI 20

= Argmind(')EUNJrM—UN(') [j(d(>) +

n
JUNtv—1—un (), KNyar—1

]
Using the method (11), we obtain a sequence of discrete approximations
{dnem ()}, M =1,2,....

The following theorem establishes the convergence properties of these finite-
dimensional approximations.

(GNym)
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Theorem 3. Let {dnynr(-)} be the sequence generated by the method (11). Then
lim lim J(dyiar(-)) = J(dPH())

and

lim lim ||dyyam(-) —P%

Moo i Tty snt—1—un (Ko sar—s AN+ =1 (D2, qo,17) = 0-

Proof. The objective functional

J(d()) = /0 folt, g4 (), u(t) + d(t))dt

is proper convex (with respect to d(-)). We establish that the objective functional
J(d(-)) is bounded on

U —u() + eBre (o,1)),
where B2 (j0,1]) is the open unit ball of L2,([0,1]) and € > 0.
We have introduced the following hypothesis (see Introduction):
(i) f(t,-,-) is differentiable,
(ii) f, fz, fu are continuous and there exists a constant S < oo such that

I fult,z,w)|| < S VY (t,2,u) € [0,1] x R” x U.

That is, the unique solution y*<(-) of (3) is bounded. More precisely, there exists a
constant ¢ > 0 such that

1y ()loe < elld(-)]oos

where d(-) € U — u(-) (see e.g., [25]). Since the set U — u(-) is bounded, it follows
that y*? is bounded and y*%(t) belongs to a compact set A C R". The continuous
function fy is bounded on the compact set [0, 1] x A X U. This implies the bounded-
ness of the functional J(d(-)) on U — u(-) + €By2 (j0,1))- By Lemma 1, the functional

J(d(-)) is a Lipschitz-continuous on U — u(-) functional. The sets
U—-u(-), Un —un(-), N € Nand Unin —un(s), M =1,2,...
are bounded, convex and closed subsets of
Ly ([0,1]), LM (Gw) and LV (G vyn),

respectively. Thus all assumption of Section 3 and Section 4 are satisfied.

By Lemma 4, the value of the introduced mapping Py yas(d°P!(-)) belongs to the
set Uy — un(). The square integrable function d(-) € U — u(-) is bounded on
[0,1]. Moreover, limps_,oo Aty = 0, where t; € Gnyar. Therefore

Jim | Pxyar (AP () — dP* ()2, (jo.17) =

1
= (/ [P+ ar (AP () (1) = dPH ()| [fomdt) '/ =
— 00 0
N+M-1

: ! 1 [t
= lim ( /0 > ot / d°Pt(1)dT — d°PL(1)]|Emdt) Y = 0.
k=0

M—o0 Atk—H th
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The convex functional J(-) is continuous (Lipschitz-continuous). Therefore,
lim [ J(Pyar(d7(-)) = J(d(-))] = 0
M—o00
This means that for each d°P! there exists a sequence {7y} such that
J(Pryar (d7'()) = J(dP'()) < ar, Jim g =0,

Thus the mapping Py as(d°P!) introduced above satisfies the assumptions of The-
orem 1 and Theorem 2. By Theorem 2, we have

lim ~ lim_ J(dnyar(5)) = J(dPH(-)).

M—o0 n—

It also follows from Theorem 2 that

. . _pn
J\/}linoo nango x4 () 7DJ,UN+M—1*1L1\r(-)7K1\1Jr1\4—1

The proof is finished. O

(dn+m-1())lLe, (jo,17) = O

In other words, the sequence {dnas(-)} generated by the proximal-like algorithm
(11) is a minimizing sequence for the optimal control problem (5) subject to the
condition that n — oco. The presented proximal-like method (11) is a numerically
stable procedure for solving the linearized problem (5). This method can be used
as a tool for numerical treating the initial optimal control problem (1).

6. THE NUMERICAL ASPECT

For fixed N € N and uy(-) we examine the sequence generated by the introduced
method (11). Let dyi+m(-) € Uniamr — un(-) be an element of this sequence such
that

[ (dna () = J(dP())] < Sarws

where 07,y > 0 is a sufficiently small real number. We now define the next ap-
proximation of the control function for the nonlinear control problem (1) in the
following way unar(+) := un(-) + dyyam(¢). Tt is evident that uniar(-) € Unpnr-
Given this control function the solution to the initial value problem (2) is denoted
by z"~N+M(.). Using the computed trajectory x“N+M(.), we can consider the next
linearization step

Y(t) = faolt, 2" NM(t), una (8)y(t) + fult, 2N+ (8), un 0 (2))d(2),
y(0) =0

and the corresponding linear optimization problem (5). If we replace N in (6) by
N 4+ M, then we have the possible next discrete approximation for the obtained
linear problem with respect to the higher-order partition G4 as of [0, 1]. Note that
in this paper we don’t consider the convergence properties of the linear approxima-
tions given above. Convergence of some linearization schemes for optimal control
problems is examined in [31, 25].
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The proximal-like method (11) must be combined with an effective algorithm for
computing the solution of the following auxiliary optimization problems

2 KN+M 2 .
JC)) + =) ol gy om0

(12)
ae LM (Gryu)

and

min

— )
(GN+M-1) d(-)eUn+m—1—un(:)

A Knitm—1

J(d()) + “AM=L
(13) () 5

a € L?;LN+M71(GN+M_1).

1d(-) = allf2x 4201
m

We compute the solution of (12) in each step M and the solution of (13) in each
step n of the algorithm (11). In our paper we use a variant of the reduced gradient
method for this purpose (see e.g., [23, 31, 32]). The reduced gradient V. J(dx4as(+))
for ty, € Gyi+p can be computed as follows

Vied (dnar () = Hatr ynrr (te), un (1), s (1), p(tren)),
k=0, .N+M—1,
where p(tr), k=1,..., N + M are the adjoint variables
p(tk) = —Hy(tk, yn+nm (), un (k) A+ m (b)) p(te41)), B =1,..N + M — 1,
p(tnsm) =0
and
H (g, ynnr (), un (b)) dn+aa (), p(tk41)) ==
= fo(tk, yn+nm (tk), un (tr) + dnnr (L)) At —
= (p(trt1), Atiyr (fo(tr, 2V (), un (tk) )yn+m (tr) +
+ fulti, 2N (t), un (te))dn+aa (t) + yn+nr(te))rn, k=0,..., N+ M -1,

is the Hamiltonian of the discrete convex-linear control problem. Note that the full
reduced gradient in the step N + M of the algorithm (11) is

VI (dna () + Knsnr(dysne() — P2 (dnsrr-1()))-

JUNym—1—un (), KNt

As an example we consider the following ill posed optimal control problem

1
e ) — 22
minimize J(u(-)) /0 (t)dt
subject to & = u a.e. on t € (0,1], z(0) =0,
u(-) € L2,([0,1]), |u(t)] <1 a.e., z(1) <0.

This optimal control problem has a unique optimal solution u°?*(t) = 0 a.e., however
the following minimizing sequence wu,(t) = sin(27rt), » € N does not converge.
Evidently, z,(t) = 52-(1 — cos(277rt)), 2,(1) = 0 and

lim J(up(-) = lim —o— = J(P'()) = 0.

r—00 r—oo 872712
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The objective functional J(u()) = fol(f(;t u(T)d7)?dt is convex and the set of admis-
sible control functions U = {v(-) € L2,([0,1]) : |v(t)| < 1 a.e. on [0,1]} is bounded,
convex and closed. We apply the proximal-like algorithm (11) for 1 < N < 50 and
1 <M <50. For N =50, M = 50 the computed optimal control {unas(-)} has
the following property
ngrgzji\fx—&-M ]uN+M(tk)] = 0.0016521.

The constraints were satisfied with tolerance 10™%. The computed optimal objective
value is 8-1077. The implementation of the algorithm, described above, was carried
out, using the "Numerical Recipes in C” package [24] and the author program
written in C.

7. CONCLUDING REMARKS

In this paper, we have shown that the proximal approach can be used for creating
numerically stable discrete approximations for optimal control problems with state
constraints. The introduced proximal-like method (11) can be combined not only
with the used gradient-type method but also with a second order optimization
method (see [23]). We have considered the optimal control problem (1) under
convexity assumptions. Using a variant of the proximal point method for nonconvex
optimization [18], one can extend the presented proximal-type methods (9) and (11)
to some classes of nonconvex optimal control problems of the type (1).

Acknowledgements: The author is grateful to Professor A. Kaplan and to Pro-
fessor W.H. Schmidt for their helpful comments and suggestions.

REFERENCES

[1] A. Auslender, J.P. Crouzeix and P. Fedit, Penalty prozimal methods in convex programming,
Journal of Optimization Thery and Applications 55 (1987), 1-21.

[2] V. Azhmyakov and W.H. Schmidt, Strong convergence of a prozimal-based method for convex
optimization, Mathematical Methods of Operations Research 57 (2003), 393-407.

[3] A.B. Bakushinskii, Solution methods for monotonous variational inequalities founded on the
principle of iterative regularization, U.S.S.R. Computational Mathematics and Mathematical
Physics 17 (1977), 12-24.

[4] R. Bellman and S.E. Dreyfus, Applied Dynamic Programming, Princeton University Press,
Princenton, 1962.

[5] H. Benker, A. Hamel and C. Tammer, A prozimal point algorithm for control approzimation
problems, Mathematical Methods of Operations Research 43 (1996), 261-280.

[6] J.F. Bonnans, On an algorithm for optimal control using Pontryagin’s mazimum principle,
SIAM Journal of Control and Optimization 24 (1986), 579-588.

[7] A.E. Bryson and Y.C. Ho, Applied Optimal Control, Wiley, New York, 1975.

[8] R. Bulirsch, F. Montrone and H.J. Pesch Abort landing in the presence of windshear as
a minimax optimal control problem, Part 2: Multiple chooting and homotopy, Journal of
Optimization Theory and Applications 70 (1991), 223-254.

[9] C. Buskens and H. Maurer, SQP-Methods for solving optimal control problems with control
and state constraints: adjoint variables, sensitivity analysis and real-time control, Journal of
Computational and Applied Mathematics 120 (2000), 85-108.

[10] A.L. Dontchev and F. Lempio, Difference methods for differential inclusions: a survey, STAM
Review 34 (1992), 263-294.



A NUMERICALLY STABLE METHOD FOR CONVEX OPTIMAL CONTROL PROBLEMS 17

(11]

(12]

(13]
(14]
(15]
(16]
(17]
(18]

(19]

20]
(21]
(22]
23]
(24]
(25]

[26]
27]

(28]
29]
(30]
(31]

32]
(33]

(34]

A.L. Dontchev, Discrete approzimations in optimal control, in: Nonsmooth Analysis and
Geometric Methods in Deterministic Optimal Control (B.S.Mordukhovich and H.J.Sussmann,
eds.), Springer-Verlag, New-York, 1996, pp.59-80.

J.C. Dunn, On state constraint representations and mesh-depent gradient projection conver-
gence rates for optimal control problems, SIAM Journal of Control and Optimization 39
(2000), 1082-1111.

I. Ekeland and R. Temam, Convex Analysis and Variational Problems, North-Holland, Am-
sterdam, 1976.

R.P. Fedorenko, Priblizhyonnoye Reshenyie Zadach Optimalnogo Upravlenya (Russian),
Nauka, Moscow, 1978.

M. Fukushima and H. Mline, A generalized proximal point algrithm for certain non-convex
minimization prolems, International Journal of Systems Science 12 (1981), 989-1000.

M. Fukushima and Y. Yamamoto A second-order algorithm for continuous-time nonlinear
optimal control problems, IEEE Transaction on Automatic Control 31 (1986), 673-676.
A.D. Ioffe and V.M. Tihomirov, Theory of Extremal Problems, North Holland, Amsterdam,
1979.

A. Kaplan and R. Tichatschke, Prozimal point methods and nonconvex optimization, Journal
of Global Optimization 13 (1998), 389-406.

A. Kaplan and R. Tichatschke, A general view on proximal point methods to variational
inequalities in Hilbert spaces-iterative reqularization and approximation, Journal of Nonlinear
and Convex Analysis 2 (2001), 305-332

F.S. Kupfer and E. Sachs, Reduced SQP method for nonlinear heat conduction control prob-
lems, International Series of Numerical Mathematics 111 (1993), 145-160.

F. Leibfritz and E. Sachs, Optimal static output feedback design using a trust region interior
point method, Presentation at the First Workshop on Nonlinear Optimization ”Interior Point
and Filter Methods”, Coimbra, Portugal.

K. Malanowski, Finite difference approximations to constrained optimal control problems,
in: Optimization and Optimal Control, Lecture Notes in Control and Information Sciences,
Springer-Verlag, New-York, 1981, pp.243-254.

E. Polak, Optimization, Springer-Verlag, New York, 1997.

W.H. Press, S.A. Teukolsky, W.T. Vetterling and B.P. Flannery, Numerical Recipes in C,
Cambridge University Press, Cambridge, 1992.

R. Pytlak, Numerical Methods for Optimal Control Problems with State Constraints, Springer-
Verlag, Berlin, 1999.

R.T. Rockafellar, Convexr Analysis, Princeton University Press, Princeton, 1970.

R.T. Rockafellar, Monotone operators and the proximal point algorithm, STAM Journal on
Control and Optimization 14 (1976), 877-898.

Y. Sakawa, Y. Shindo and Y. Hashimoto, Optimal control of a rotary crane, Journal of
Optimization Theory and Applications 35 (1981), 535-557.

O.von Stryk, Numerische Lésung Optimaler Steuerungsproblems: Diskretisierung, Parame-
teroptimierung und Berechnung der Adjungierten Variablen, VDI-Verlag, Diisseldorf, 1995.
M. Thera and R. Tichatschke (eds.) Ill-Posed Variational Problems and Regularization Tech-
niques, Springer-Verlag, Berlin, 1999.

K.L. Teo, C.J. Goh and K.H. Wong, A Unifed Computational Approach to Optimal Control
Problems, Wiley, New York, 1991.

F.P. Vasil’ev, Methods for Solving the Extremal problems (Russian), Nauka, Moscow, 1981.
V.M. Veliov, Second order discrete approrimations to linear differential inclusions, STAM
Journal of Numerical Analysis 29 (1992), 439-451.

S.J. Wright, Interior point method for optimal control of discrete-time systems, Journal of
Optimization Theory and Applications 77 (1993), 161-187.

Manuscript received August 20, 2003



18 VADIM AZHMYAKOV

VADIM AZHMYAKOV
Institute of Mathematics and Computer Sciences, Ernst-Moritz-Arndt University of Greifswald,

Jahnstr. 15a, D-17487 Greifswald, Germany
E-mail address: azmjakow@uni-greifswald.de



