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A GENERAL VIEW ON PROXIMAL POINT METHODS TO
VARIATIONAL INEQUALITIES IN HILBERT SPACES -
ITERATIVE REGULARIZATION AND APPROXIMATION

A. KAPLAN AND R. TICHATSCHKE

ABSTRACT. A general approach for analyzing convergence of proximal-like meth-
ods for variational inequalities with set-valued maximal monotone operators is
developed. This approach is oriented to methods coupling successive approxima-
tion of the variational inequality with the proximal point algorithm as well as to
related methods using regularization on a subspace and/or weak regularization.
The convergence results are proved under mild assumptions with respect to
the original variational inequality and admit, in particular, the use of the e-
enlargement of an operator. Also conditions providing linear and superlinear
convergence are established. As an application, the proximal-based variant of
the elliptic regularization method is considered.

1. INTRODUCTION

Let (X,]|| -||) be a Hilbert space with the topological dual X’ and the duality
pairing (-,-) between X and X’. We consider the variational inequality

(P) find 2" € K such that
JqeQx"): (¢x—x") >0 Vo e K,

. . .
where K C X is a convex closed set and Q : X — 2% is a maximal monotone
operator.

The proximal point method, originally introduced by MARTINET [48] to solve
convex variational problems and later on investigated in a more general setting by
ROCKAFELLAR [57], has initiated a lot of new algorithms for solving various classes
of variational inequalities and related problems.

One can observe some main directions in the development of this technique:

e Modifications of the standard methods for convex optimization to provide a
more qualified convergence of a generated minimizing sequence and a better
stability of the auxiliary problems (cf. [2], [3], [5], [30], [50], [56], [63]);

e Decomposition and splitting methods for variational inequalities (cf. [17],
21], [24], [29], [64] - [66]):

e Stable successive approximation and/or discretization of ill-posed varia-
tional inequalities, especially problems in mathematical physics, as well as
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generalizations of the principle of iterative regularization (multi-step proxi-
mal regularization, regularization on particular subspaces, weak regulariza-
tion) (cf. [1], [30], [31], [33], [34], [41], [51], [58], [59], [60]);

e Proximal bundle methods for non-smooth convex optimization problems and
variational inequalities (cf. [10], [36], [37], [42], [43], [49]);

e Methods with non-quadratic proximal regularization based on the use of
Bregman functions (cf. [6], [15], [16], [19], [38]) or logarithmic-quadratic
kernels (cf. [7] - [9], [54], [67]);

e Hybrid algorithms on the basis of proximal methods (cf. [39], [40], [61],
62]).

The literature on this subject is vast, and we are able to mention only a small part
of publications.

The basic results of ROCKAFELLAR [57] on convergence of the proximal point
method for solving variational inequalities with maximal monotone operators were
generalized in [47] concerning the rate of convergence, and in [26] a similar analysis
was performed for methods using the proximal regularization on a subspace. More
precisely, in these papers the methods were studied for the equivalent problem of
finding a zero of a maximal monotone operator and under the assumption that
the proximal iterations are performed inexactly. However, an approximation of the
problem data was not considered.

The general scheme for the convergence analysis of proximal methods, includ-
ing a successive approximation of the variational inequality, has been developed in
[33] and [34]. It concerns iterative regularization methods, when an approxima-
tion of K and Q is usually improved after each proximal step, as well as multi-
step regularization methods, in which proximal iterations for each approximated
problem are repeated as long as they remain ”efficient” according to a special cri-
terion (see, for instance, [33]). This scheme covers not only methods using the
classical proximal mapping but also proximal-like methods with regularization on
a subspace and regularization in a weaker norm [30]. However, a certain ”uncon-
ventional” information about the variational inequality is needed, in particular, an
upper bound r for the norm of some solution, and bounds for the O-image of the
set KNSy, Sp={zeX:|z| <r}

The goal of the present paper is a uniform analysis of (proximal-like) iterative
regularization methods under mild assumptions w.r.t. the original problem. This
analysis is performed in a general algorithmic framework, called here as the gener-
alized proximal point method (GPP-method). The main convergence result for this
method (cf. Theorem 1) does not use any hard available information about Problem
(P), see Assumption 1 in Section 2. At the same time, in comparison with Theorem
1 in [33] and Theorem 3.7 in [34], the conditions on the regularizing functional are
weakened, in particular, it does not need to be quadratic. Also the requirements
on the exactness of the data approximation are less restrictive. Moreover, an e-
enlargement of the operator 9O, with ¢ — 0, can be used as an approximation of
Q, whereas in [33], [34] the approximating operators are supposed to be maximal
monotone.
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We do not consider here an adaptation of the general framework to special prob-
lems and algorithms: this will be the object of a forthcoming paper. The conditions
w.r.t. data approximation are mainly aimed at standard discretization techniques
for variational inequalities in mathematical physics and convex semi-infinite pro-
grams, and therefore, the problems of elasticity theory, fluid mechanics and control
problems with PDE present an appropriate field for such an adaptation (see [27],
[31], [32], [58], [60)).

The paper is organized as follows. In Section 2 the GPP-method is described
and general assumptions concerning Problem (P) and the data approximation are
discussed. Section 3 contains some preliminary results and the proof of convergence
of the method. Conditions providing linear and superlinear convergence as well as
a sort of ”finite ” convergence (see Remark 5) are established in Section 4. An
extension of the main results, which admits the use of the e-enlargement of the
operator Q, is reported in Section 5. In Appendix 1 we analyze the choice of a
regularizing functional which leads to a proximal-based modification of the elliptic
regularization method, and Appendix 2 contains an example showing how some
conditions w.r.t. successive approximation of Problem (P) can be carried out.

2. GENERALIZED PROXIMAL POINT METHOD
We make use of the following basic assumption concerning Problem (P).

Assumption 1. (i) D(Q)N K is a non-empty convex set and the operator
ifye K
O 1y — { Qy) if y

0 otherwise

is locally hemi-bounded at each point of D(Q) N K;
(ii) the operator Q + Nk is mazimal monotone, where

{{ZEX/:<Z,y—$>ZOVl‘EK} ifye K
0

Nic:y — otherwise

18 the normality operator for K ;
(iii) Problem (P) is solvable.
Assumptions 1(i), (i7) are, in fact, mild conditions which ensure the implication:
ifz*€e KandVe € K, 3qg€ Q(z): (qg,x —2") >0, then z* solves (P)

(see Lemma 1 below). This implication is essential for the theoretical and numerical
analysis of variational inequalities.

The studied solution scheme includes successive approximations of K by a family
{K"} of convex closed sets and of Q by a family {QF} of monotone operators.

Let h: X — IR = IRU {40} be a convex functional, Gateaux-differentiable on
the set K D K U (U2, K*), K C X.

The choice of {K*},{Q*} and h will be specified in Assumption 2 below.
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Using controlling sequences {0} and {xx}, such that
(2.1) 5k20,kﬁm 0 =0and 0 < x; < ¥ < 00,
—00

the following generalized proximal point method is considered.

GPP-method: Let 2! € K be arbitrarily chosen and x* be known, solve
(Pk) fmd xkﬂ e Kk, qk(xk-i-l) e Qk(xk+1> .
(q" (@) + Xk (VA = Vh(h), 2 — 2™T)
(2.2) > —0 ||z — Y| Vo e K*.

Remark 1. All the results of this paper remain true if we replace inequality (2.2)
in Problem (P*) by the inclusion

e + ¢F (2P + (Vh(mkH) - Vh(xk)) € —Nyr (xFF1)

with ek € X', ||e¥||x < 0.
Indeed, the definition of the normality operator yields

(€% + ¢ (") + xx (Vh(ka) - Vh(:vk)> x— 2t >0 vz e K*

and regarding ||e*||x: < 0, (2.2) follows immediately.

This inclusion (in case h(z) = 3|z|?, K* = K, Q% = Q) was used in a series

of papers starting with [57]. For an analysis of different criteria in proximal-like
methods we refer to [20].

In the sequel we employ thq following notations: X* is the solution set of Problem
(P); for any z € X* the set A(x) = {q € Q(x) : (¢,y —x) > 0 Vy € K} is defined;
¢*(z) is an element of A(z); with any u,C, D from X (resp., from X’) the distances

dist(u, D) = inf [lu —wl|, dist(C, D) = sup dist(u, D)
weD ueC

(resp., distx:(u, D) = infyep |[u — w||xs) are used; the symbol ”—" denotes weak
convergence in X or X'.

Assumption 2. (i) h is a convez functional on X and the mapping Vh is
Lipschitz continuous on K with a Lipschitz constant I ;

(ii) for each k it holds K* N D(QF) # 0 and
(@) = "),z —y) > Bz —y),z —y)
Vx,y € Kk N D(Qk)7 vqk() € Qk()?
where B: X — X' is a given linear continuous and monotone operator with

the symmetry property (Bx,y) = (By,z);
(iii) with given constants x > 0, m > 0, the inequality

SXUB( — ), — ) + h(z) — hly) — (Vh(y), = ) = mllz — |

is valid for all z,y € K, and ¥ is chosen in (2.1) such that 2xx < 1;
(iv) for all k, the operators QF + Ny + xxVh are mazimal monotone;
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(v) for each w € D(Q) N K, there exist a sequence {w*}, w* € D(QF) N K*,
and a compact set A(w) C Q(w) such that
w® —=w as k — oo, lim inf distx/({,A(w))=0
Jim _int | disto(CA(w)
(in general, A(w) depends on {w*});
(vi) with given non-negative constants c1,co and sequences {¢y}, {ox}, satisfying

oo o o
(2.3) P <00, 3 <o,
f=1 Xk h=1 Xk

for some solution x* of Problem (P) there exist sequences {w"*}, wF €
D(QF) N K*, and {¢"(w*)}, ¢*(w*) € QF(w¥), and an element ¢*(z*) €
A(z*) such that
(2.4) lw® — 2| < erpn, lg" (W) = g*(@*)llx < caon
holds for sufficiently large k;
(vii) with z*,q"(z*) and {¢r} as in (2-vi) and some constant c3 > 0, for any

sequence {vF}, v € K* N D(QF), there exists a sequence {zF(v¥)} C K such
that the relation

(@ (z7), 27 (0%) = 0*) <e(||oP — 2*|* + Dy
1s valid;

(viii) each weak limit point of an arbitrary sequence {vF}, v* € K* n D(QF),
belongs to K N D(Q).

Referring to the separate conditions in Assumptions 1, 2 etc., we write (1-7),
(1-i3), ... and (2-i), (2-ii), ..., respectively.

Let us discuss some notions and conditions in Assumptions 1 and 2.

e Local hemi-boundedness of an operator M at a point 2° means: for each
x, x # 20, there exists a number to(z", 2) > 0 such that the set

U M(2° + t(z — 2°)) is bounded in X'.

0<t<to(x9,x)

Throughout this paper we use a weakened notion of local hemi-boundedness:
the standard notion supposes boundedness of

U ME+i—2?).

0<t<to(20,2)

The simple example M = N¢, where C = {z € IR? : 23 + 23 < 1}, shows
that this relaxation may be very essential.

e Due to the monotonicity of QF, Assumption (2-ii) is evidently fulfilled with
B = 0if K¥ N D(QF) # 0 Vk. In case B = 0, according to (2-iii) the
functional h has to be strongly convex, which corresponds to the classical
proximal point method. But, if the operators QF possess a certain ”reserve of
monotonicity” (for instance, QF is uniformly strong monotone on a subspace
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of X or on a space X with a weaker norml), then the choice of an appropriate
operator B allows to weaken the mentioned requirement for h.

On this way, proximal methods with weak regularization and regularization
on a subspace have been developed for elliptic variational inequalities in [31],
[60] and for optimal control problems with PDE’s in [27], [32], [58].

e With Q a maximal monotone operator and K a convex closed set, the op-
erator Q + N is maximal monotone if, for instance, intD(Q) N K # () or,
equivalently, Q is locally bounded? at some z € KNclD(Q) (see [55]). Under
(2-i), Assumption (2-iv) is valid if each operator QF is maximal monotone
and locally bounded at some x € K* N clD(QF) or (regarding also (2-44)) if
D(QF) o K* and QF is hemicontinuous on K* (this follows from the The-
orems 1 and 3 in [55]). Other conditions, ensuring (1-7i) and (2-iv), can be
derived from results about the maximality of the sum of two monotone op-
erators in [55], [4], [12]. Together with (2-ii) and (2-iii), Assumption (2-iv)
provides the solvability of the regularized problems (with d; = 0).

e Concerning the Assumptions (2-v) — (2-vii) on the successive data approxi-

mation, of course, one can suppose a Hausdorff-type convergence of QF, K*
to Q, K, respectively, and in this way the long list of conditions can be
shorten. But, from the numerical point of view this would be not realistic.
We intend to consider first of all variational inequalities in mathematical
physics and a certain approximation technique used for that class of prob-
lems.
The assumption (2-vii) is obviously fulfilled if K* C K for all k. In Appen-
dix IT an example is analyzed showing how the single-valued operators QF,
observing (2-v), (2-vi), can be chosen. In this example Q is a multi-valued,
non-symmetric operator.

e For the convergence results described in Section 3 we don’t need to know
the values of the constants c1, co. Only existence of these constants is essen-
tial. This is very important: In particular, using finite element methods for
solving problems in mathematical physics, the calculation of ¢, co requires
certain estimates for x*, whereas for a lot of these problems the existence of
c1, co follows from regularity results of the solutions.

The GPP-method can be considered as a particular case of the prorimal auzxiliary
problem method in [35]. However, in [35] the conditions on the successive data
approximation (K* ¢ K, and QF = Q or Q" is a single-valued operator) are much
more restrictive, and there are no results on the rate of convergence.

3. CONVERGENCE RESULTS

We start the study of convergence of the GPP-method with some preliminary
results.

Lemma 1. Let C' C X be a convex closed set, the operators Ag : X — 2X/, Ao+N¢
be mazimal monotone and D(Ap) N C be a convex set. Moreover, assume that the

Lot course, these properties of QF depend mainly on Q

2j.e. Q maps some neighborhood of x into a bounded set.
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operator
, Ap(v) ifveC
Aciv— { 0 otherwise

is locally hemi-bounded at each point v € D(Ag)NC and that, for some u € D(Ap)N
C and each v € D(Ag) N C, there exists n(v) € Ag(v) satisfying

(3.1) (n(v),v —u) > 0.
Then, with some 1 € Ag(u), the inequality

(3.2) (n,v—wu) >0
holds for all v € C.

Proof. In view of the maximal monotonicity of Ay and Ag + N¢, the operators
A:v— Ag(v)+Z(v—u) and Ay = A+N¢ (withZ : X — X’ the canonical isometry)
are also maximal monotone. Moreover, they are strongly monotone. Therefore,
there exists w € D(Ap) NC such that 0 € A(w) + N¢(w), and due to the definition
of the normality operator, this yields

(3.3) n(w),v —w) >0 Yvel,

with some n(w) € A(w).
If w = w, then, of course, n(w) € Ap(w), hence, the conclusion of the lemma is
valid. Otherwise, we use the relation

(3.4) (f(v),v —u) >0 Yv e D(Ay) NC,

which follows from (3.1) taking 7(v) = n(v) + Z(v — u) € A(v).
Let wy = u+ AMw —u) for X € (0, 1]. Obviously, wy € D(Ap) NC, and according to
(3.4) there exists 7(w)y) € A(wy) ensuring

<77(wA)7 w — U) > 0.

Because the operator A is locally hemi-bounded at u, the set {77(wy) : A € (0, Ao]}
is bounded in V' for a sufficiently small \g > 0. Hence, if A tends to 0 in an
appropriate manner, the corresponding sequence {7j(w))} converges weakly in V'
to some 7. Taking into account that limy g ||wy — u|| = 0 and that A is maximal
monotone, one can conclude that 77 € A(u) and

0 < lim(7(wy), w — u) = (7, w — u).
Combining this inequality and inequality (3.3) given with v = u, we obtain
(1= n(w),u —w) <0,
but that contradicts the strong monotonicity of .A. O

Remark 2. Due to the Assumptions (2-ii), (2-iii), the convexity of K* and relation
(2.1), the operators QF + Ny 4+ xxVh are strongly monotone. Moreover, according
to (2-iv), they are maximal monotone. Hence, for each k, Problem (P*) with & =0
s uniquely solvable.
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With z* € X* as in (2-vi), define
[(z*,x) = x(B(x — z%),z — x¥)
(3.5) +h(z*) — h(z) — (Vh(z), 2" — ).

The function I' plays the role of a Ljapunov function in the further analysis.

Lemma 2. Let the Assumptions (1-iii), (2-i) - (2-iv), (2-vi), (2-vii) and relation
(2.1) be fulfilled. Moreover, let Y 32, % < 00.

Then the sequence {x*}, generated by the GPP-method is bounded, limy_. ||z
2F|| = 0 and the sequence {T'(x*,2%)} converges.

k+1_

Proof. In the sequel we make use of the following inequalities, which are valid
for arbitrary a,b,z € X,p € X’ and a number v > 0:

1 v
3.6 < —lIpll% + =|lal/?
(3.6) (p,a) < 2prHx + 2HaH ,

1+v

(3.7) (Bla—10b),a—b) <(1+v)(Bla—2x),a—z)+ (B(b—x),b—x).

For a fixed k, assuming that w® and ¢*(w*) satisfy (2.4) and
C3Pk + Uk/2 + 5k <
Xkm

(3.8) pr <1, op <1, 0 < 1 and 1,

we estimate
D(z*, ") —T(2*, 2%) = 51 + Xp 82 + 83+ s4,
with
s1 = h(aF) — b + (Vh(aF), 2T — 2F),
s = xp(Vh(zF) — Vh(zF1), wk — 2k,
s3 = (Vh(z¥) — Vh(aFH), z* — wk)
se = X(BEH —a*), 2" —at) — (B(* —2%), b — ).

From the definition of zFt!

and the inclusion w* € K*, the inequality
(" (&™) + xu (VA = Vh(ah)), wf — 2 > =g lw® — 2
follows immediately. Together with (2-i7) and (3.7) this yields
s < (" (@), wh — 2F 1) 4 5y |k — 2R
< <qk(wk),wk . iL‘k+1> _ <B(wk _ xk+1)’wk o I‘k—H) + 5kHwk o xk-i-lH

1
< (g"(wh), wh — 2 ) — T V<B(90k+1 — %), 2" — %)
1 k

— "), 0k —2%) + G flwt — 2t
with an arbitrary v > 0. Taking v = # = (2Yx)"! — 1 and 2F*+! = EF1(gh+1))
where 2¥+1(2¥+1) corresponds to (2-vii), one can continue:
s2 < (" (") — ¢"(@"), w* — ") + (" (") — ¢ (27), 2" — 2™
+{a* (@), w* = a®) + (g (27), 2 =2t
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(g (@), " = M) = 2B — ), M — )
1
(3.9) + Z(B(wk — z*),w® — 2*) + 6 ||wk — zF L.
1

But, applying inequality (3.6), we obtain for the third term in (3.9):
O

1
ke k * (% * k ke k %[k * k
(@" (") = ¢ (z*),2" = ") < - |ld" (W) — ¢ (=) |5 + 5l — 25T
20, 2

with an arbitrary 6 > 0, and for the last term in (3.9):

Opllw® =Y < Gyl — 2| + ol — 2

" 1
< Spllw® — 2| + o 7+l = 12
By the definition of x*,
(¢ ("), 2" = 2M1) <0
is valid, and after simple calculations one gets
(3.10) 9 < 89 — 2¥x(B(zFTL — &%), 2R — %),
where
a ki, .k * (K k * % % k *
82 = [lg"(w") = ¢" (@7 || x/[[w® = ™[] + [lg" (&™) | x [|w™ — 27|
B
B e R
Lok by kg Ok« k
+ ool (W) — " (@)% + S lla* — 2t H?
20, 2
1

(3.11) + 0k |:4 + Hx* _ xk+1”2:| .

Taking into account that 0 < yx < x, from (3.10) we have
X121$2 + 54
< X e = 2xg (BT — o), 2R — )
+ >2<B(xk+1 _ x*)7$k+l — ) — )~(<B($k _ x*),xk o JZ*>

<18 = X [(B = a%), - 0t) 4 (Bt - o), - 0]

xk'H

and (3.7) with v = 1,a = 21, b = 2F and x = z* yields
(3.12) Xp 82+ 54 < xp e — %(B(mk“ — ), ZF T — k).
Together with (2-7i7) this provides

s1+ x,;152 454 < X,;lgg - m||zzclerl - xk||2

At the same time, for s3 we obtain from (2-i) and (3.6) (given with v = m~12¢, 1)
that

-1
m m _
(3.13) 59 < 2 rlle* = aF2 + T e — b,
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hence,
$1+ Xg 82 + s34+ 54 < x5 8o
—1
m m _ *
(3.14) + (Gew —m) 25! = 2b? + Do B ot - wb)?

If o, > 0, then due to (2-vi), (2-vii) and
o<1, 0, <1, 0 <1, 0<xr <X,
the relations (3.11) (taken with 0 = o) and (3.14) lead to
$14 Xp 2+ 83+ sa < X, dipr + dao, + d3dy]

_ . m
(3.15) + Xk1[03<,0k + o /2 + 0||z* — .CL‘IH_IHQ - §||;vkJrl — xk||2,
where
B 1 IhX
di = clea+ |l @)|x +IB||l—=+1+ 2=c| +cs,
1% 2m
1 2 1 ~ ~ _\—1
dy = 5 d3201+1 and 7= (2xyy) " — L

In case o, = 0, estimate (3.15) is also true because (2.4) ensures that
(" (w*) = ¢*(a*), 2" — 2"h) = 0.
Now, using the inequality

1

(3.16) ka+1 _ x*HQ < 7F(x*7xk+l)’

which follows immediately from (2-iii), we derive from (3.15), (3.8) that

2496
<1 _ Gt on/2+ k> [(z*, ") — (2", 2")

XE™M
d d dsd,
(3.17) < 1Pk + 20k + d30 ﬂnxkﬂ — k)2,
Xk 2
hence,
240\
D(z*, z") < <1_ 3ok + 0/2 + k) (2", %)
Xkm
n <1 _ C3¢k + O'k/z + 5k>_1 dipy + dooy, + d30p
XEm Xk '
In view of

<1_C3S0k+0k/2+5k)_1:1+ X3, ' (esor + ok /2 + Ok)
mxk m — x5 (c3pr + 0%/2 + 61
and the conditions (2.1),(2.3) and Y 22, % < 00, Lemma 2.2.2 in [53] permits to

conclude that the sequence {I'(z*,z¥)} converges. Taking into account (3.16), this
provides the boundedness of {z*}, and (3.17) yields limj,_. |25 — 2% =0. O
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Remark 3. Let the conditions of Lemma 2 be fulfilled and (2.4),(3.8) be valid for
each k. If we are able to estimate |z* — x'|| and the constants dy,ds,ds and c3 from
above, then there is no problem to calculate from (3.16) and (3.17) a radius v such
that
(MY c{z e X :|z—a*|| <r}
The key for such an estimation is: if
0<ti1 < (1 +)ti+ B;

holds for each i and v; > 0,3; > 0, then a simple induction yields

i—1
tl""_Z/BJ H L+ ;).
7j=1

In the particular case that OF = Q and K* > K Vk, one can take di = ¢z, dy =0
and dg = 1/4.

Lemma 3. Let the Assumptions (1-i), (1-ii), (2-i), (2-ii), (2-v) and (2-viii) be
fulfilled. Moreover, suppose that the sequence {x*} generated by the GPP-method is
bounded and limy_, [|2¥+1 — 2F|| = 0.

Then each weak limit point of {x*} is a solution of Problem (P).

Proof. Let Z be an arbitrary weak limit point of {z*} and assume that {z*}rcq
converges weakly to Z. Due to (2-viii), T belongs to K N D(Q), and

lim [|z*T! — 2F| = 0 yields 2" —~
k—o0

if ke Rk — oo.
According to (2-v), for each y € D(Q) N K one can choose the subsequences & C &
and {y*}rew, y* € D(Q¥) N K*, such that y* — y for k € &,k — oo and

3.18 1 =0
(3.18) kgg,Hq ") —a()lx

holds true with some ¢*(y*) € Qk(yk) and ¢(y) € A(y) C Q(y) (for A(y) see (2-v)).
By definition of x**!, for k € R and suitably chosen ¢*(z*+1) € QF(z*+1) the
inequality
<qk(xk+1) + Xk(Vh(karl) _ Vh(.%k)),yk _ $k+1> > _6kHyk . karlH

is valid, and the monotonicity of QF yields
(3.19) (" (") + xu(VA(HT) = Vh(ah), o = a"h) > —6[ly* — 2"
From the properties

y =yttt =z (ke 8), lim o™ -2t =0,

Assumption (2-i) and relations (2.1), (3.18), passing to the limit in (3.19) for k € &,
we obtain

(ay),y —7) = 0.
Together with Assumptions (1-7), (1-i¢) this permits to apply Lemma 1, which
ensures that, for some ¢(z) € Q(), the inequality

)

(q(z),y—z)>0Vy e K
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is valid, hence = € X*. [l

Theorem 1. Let the Assumptions 1 and 2 be fulfilled and )7~ % < 0o. Then the
following conclusions are true:

(i) Problem (P*) is solvable for each k, the sequence {x*} generated by the
GPP-method is bounded, and each weak limit point of {x*} is a solution of
Problem (P);

(i) if, in addition, (2-vi), (2-vii) are valid for each v € X* (c1,c2, c3 and
{2*(v®)} may depend on x) and

(3.20) P —pin X, pF e K¥ = Vh(p*) = Vh(p) in X',
then the whole sequence {x*} converges weakly to a solution x* of Problem
(P);
(iii) f, moreover,
(3.21) klim h(zk) = h(z*)

holds with x* as in (ii), then {x*} converges strongly to x*.

Proof. Conclusion (i) follows immediately from the Lemmata 2, 3 and Remark
1. To prove (ii), suppose that {x*}recq,, {2"}reg, are two subsequences converging
weakly to Z, Z, respectively. Then, according to (i), &, Z belong to X*, and because
(2-vi), (2-vii) are valid for each x € X*, Lemma 2 ensures that the sequences
{T'(Z,2%)}pev, {T(&,2%)}rev are convergent.
Due to € X*, the symmetry of the operator B (Assumption (2-i7)) and (2-iii), we
obtain for z € K

), )
+x(B(z —2),z —2) +2x(B(z — 2),Z — z)
> m||z — ||*> + (Vh(Z) — Vh(z),Z — Z)
(3.22) +2%(B(Z — &), % — ).

Inserting « = z¥ in (3.22) and passing to the limit for & € £, one can infer from
(3.20) that
7= 2zmlz -z
where 7 = limy_o T'(Z, 2¥), 7 = limg_oo ['(Z, 2¥).
Obviously, in the same way the ”symmetric” inequality
¥—7 = mlz -zl
can be concluded, and therefore Z = 7 is valid, proving the uniqueness of the weak
limit point for {z*}.
Denote this limit point by z*. With {w*}, {¢*(w*)} and ¢*(2*) chosen according to
(2-vi), and ¢*(x**1) as in Problem (P*), Assumption (2-ii) yields
<B(.%'k+1 o x*),$k+l o 1'*>
_ <B(£Ck+1 _ wk>7xk+1 _ wkz> _ <B(.%'* o wk),$k+1 o ZC*>
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— (B(z"H — wh), 2 — >
< <qk( k+1) qk(wk) wk> _ <B(J:‘k+1 - $*),x* - wk)
(3.23) — (B — wh), z* — wh).
To estimate the term (¢*(z**1), 2+ — w"), we use Problem (P¥). Together with

(3.23) this gives
(B(z*1 — %), M — 1)
< (¢" (") — " («"), wk—fﬂk+1>

+ (¢ (z7), wk %) + (¢* (%), 2" — 2™

+ Xe (VA2 — Vh(2F), w® — 2+
(3.24) + (Bz* 4 Buw® — 2BzF L o — wk) 4 6 ||w® — 2R L.
Now, due to (2.1), (2-i), (2-ii) and (2-vi) and taking into account that a* —
x*, ||z¥ — 2%l — 0, the relation

(3.25) klim (B(zM Tt —2*), 2" — 2%y =0
—00

can be easily deduced from (3.24). If, additionally, (3.21) is valid, then using (2-ii7)
with = 2¥*1 y = 2%, the relations (3.21) and (3.25) permit to conclude that
limy, oo ||2F — 2*|| = 0. O

From (3.25) it follows immediately that the strong convergence of z* to z* is also
guaranteed if (3.21) is replaced by the condition that there exists a symmetric linear
compact operator B! : X — X’ such that the sum B + B! is positive definite.

Remark 4. Theorem 1 remains true if we replace (3.20) by the following weaker

assumption:

PP C KR P KR pF—p P s p A

imply
limy, . [(VA(p") + 2XBp" = VA(r*) = 2XBr*,p — )| > 0.
Now, let Q" : X — X’ be a single-valued monotone operator and f : X — IR be

a proper convex lsc functional. The suggested scheme can be directly extended to
the variational inequality

(P) find z* € X such that
(Q%(x*),x —a*) + f(x) — f(z*) >0 Vo € X
by means of the following reformulation of (P):
find x* € domf such that
Jgeaf(z®): (Q%z*) +g,x —x*) >0 Va € domf.

However, assuming that QU is Lipschitz-continuous on D(QO), one can deduce more
convenient requirements for the data approximation if we deal with the original
form of Problem (P) and modify the GGP-method as follows:

(PX)  find 2" € X such that
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<QO(xk+1) + Yk (Vh(l’k_H) _ Vh(:ck)> T — $k+1>
+ fH(@) = ) = —Gylle — 2 Ve e X
(here f* is a convex lsc approximation of f).
In that case the statement of Theorem 1 remains true (with minor alterations in
the proofs), replacing (2-ii), (2-v) and (2-vi), correspondingly, by:
e (2-ii)*: for each k and the operator B as in (2-i4) it holds D(Q°)ND(9f*) # ()
and
(Q(2) — Q") v — )
+f5 (@) = fFy) = (" W),z —y) = (Blx —y),z — y)
v,y € D(Q°) N D@Of*), vg*(y) € df*(y);
e (2-v)*: fk > f, and for each w € D(Q") N domf there exists a sequence
{w*}, wk € D(Q%) Ndomf* such that
klim |w® —w| =0 and klim P (wh) = flw);

e (2-vi)*: with given positive constants cj, ¢ and non-negative sequences
{¢r}, {ok} satisfying (2.3), for some solution z* of Problem (P) there exists
a sequence {w*}, w* € D(Q") Ndomf* such that

Juk — ) < crpp and fF(wh) = f(@7) < e

e Moreover, the Assumptions (2-vii) and (2-viii) are skipped in this case.

4. RATE OF CONVERGENCE

Now, we consider the partial case of GPP-method with h(z) = 3|lz||>. This
corresponds to the usual proximal point method coupled with a successive approx-
imation of the operator @ and the set K. Taking in that case B = 0, Assumptions
(2-i7) and (2-iii) are automatically fulfilled with m = 1/2 and with an arbitrary

x € (0,1/2x).
Throughout this section we suppose that the Assumptions 1 and 2 in Section 2

hold true, Y p2 % < 00 and that 2! € K is fixed. Then, according to Lemma 2,

the sequence {2} generated by the GPP-method is bounded. Let r be chosen such
that {z¥} C S,. From statement (i) of Theorem 1 and the weak closedness of S, it
follows that X* N S, # 0.

Denote G = D(Q)NKNS,, G¥=DQ"NnKFNS,.

Assumption 3. (1) supzee SUPgeo() llallxr < cs < oo;
(i) given the constants cs and cg, for each triplet k,y* € GF ¢* € QF(y*) there
exist vF € G and q(v*) € Q(v*) such that

(4.1) ly* — 0" < eser, Nl = a(")]| < coon,

with @k, o as in (2-vi);
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(iii) for each k and each x* € X* N S,., there exists w* € D(Q¥) N K* such that
(4.2) lwF —2*|| < erpp.

Assumption (3-i7) is evidently fulfilled with ¢5 = ¢g = 0 in the case that ok =9
and K* c K Vk. If, moreover, K*¥ = K Vk, then (3-i), (3-iii) are superfluous for
the further consideration.

Let § € (0,2r) and [ > 0 be fixed, and denote
Xs={x € G:dist(x,X*NS,) <}.
Assumption 4. For each x € X5 and each q € Q(x) the inequality

4. inf — ) > dollz — 2*(2)]|
(4.3) ve)l(I}*nST<q’x v) > dollx — 2" (z)|]

holds, with x*(x) = arg mingec x+ns, ||z — w| and dy a positive constant.

Lemma 4. Let Assumption 4 be fulfilled. Then, for each x € G and each q € Q(x)
the inequality

) . . > X l
(4.4) it (ga—0) 2 dle -2 (@)

18 true with d = (%)l do.

Proof. Consider the nontrivial case that G\ Xs # ), and let x € G\ X5,v € X*NS,
be chosen arbitrarily. Due to the convexity of D(Q) N K, the set {A\x + (1 — A)v :
0 < A < 1} belongs to D(Q) N K N intS,. Thus, there exists A = A\(x,v) € (0,1)
such that ¥ = Az + (1 — AN)v € 9X; (0X;s is the boundary of Xs). Obviously,
F—v=Az—v),
obtain

1-X

“5°(Z —v) = 2 — 7, and in view of the monotonicity of Q, we

1;)\<Q(l’) —q(2),7 —v) = {q(z) — q(Z),r —T) >0

for any q(x) € Q(x), q(Z) € Q7).
Hence, Assumption 4 yields

(g(x),& —v) > (q(F), & —v) > do|F — 2™ (&)||",
and
(g(z),z —v) 2 C?Hi‘ — 2" (@)|" > dol| — 2*(&)|".

But ||z — 2*(Z)]| = ¢ and ||z — z*(x)|| < 2r, therefore

l
)=o) > () dolle — @)

Because v is an arbitrary point in X* N S,, this leads to (4.4). But if z € Xj, then
(4.4) follows immediately from (4.3) and § < 2r. O
Let be
cs > 2max{cq(cs + ¢7) + 4dres + 2rxer, 2r + cq, cg(2r 4+ c7)}
and 5
co > y max{cg(2r + ¢7), 2r + ¢z, 2rerx + ca(es + ¢7) + des}y
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and denote p;, = dist(z*, X* N S,.).
Theorem 2. Let the Assumptions 1, 2 and 3 be fulfilled and

gy
(4.5) P <1k > <.
el Xk

(i) If Assumption 4 with | = 2 is valid as well as

1/2 k=1 ~1/2
() [ 2
k k e i
then for each k
k—1 ~1/2
2d

(4.7) i <11 <1 + ) it

i=1 Xi

(ii) If Assumption 4 with | =1 is valid, then there exists ko such that

(4.8) Pr+1 < copk + ok + Ok)

holds true for k > kg.

Proof. Here we often use, without a special reminder, that certain points belong
to Sy. The symbol (+,-) denotes the inner product in X.

For each k, take v**1 € G, q(v**1) € Q(v**1) and w* € K* N D(QF) such that

(4.9) 25+ — R < esn, Nl (@) = g < oo
and
(4.10) [w® — 2*(2F)|] < cren,

with ¢¥(z**!) as in Problem (P*). This is possible due to the Assumptions (3-ii)
and (3-iii).
Using the definition of z*+! and (4.10), we obtain
|5t — 2 (@M)|[? — fla® — 2*(2*) )
= [l — b ot — w4 2k — (o), A~ )
< drerpp — || — 2F)? 4+ 2Pt — 2 P — wh)

20

2
< drerpy — [laH = 2P+ S (gP @), Wb -2t + |

lw*

2 1)
< 7||l‘k+1 — I’k||2 + —(qk(xk+1),wk — ka) + 47“07)2ﬂ +2(2r + 07)—k.

Xk Xk Xk
(4.11)

But, regarding that ¢ < 1,
(qk(:vkﬂ),wk _ xk+1>
_ <qk(xk+1) o q(vk—i-l)’wk o xk+l> + <q(’l)k+l),’wk o x*(xk»
(g, 2 (@8 = R o+ (g ), o — b )
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(4.12) < c6(2r + c7)op + ca(es + en)pp + (o), 2% (2F) — oF ).
Due to Assumption 4 and Lemma 4,
(4.13) (g L), 2 (%) — R ) < okt — 2 (oYL
and together with (4.12) this yields
(" (1), wh — 27+
(4.14) < —d||o* T — 2 (MY 4 c6(2r + c7)on + cales + er)or
Now, we prove statement (i), taking [ = 2 in (4.14). In this case, in view of
H,Uk-i-l o [IJ*(UIH_l)HQ > H$k+1 _ $*(Uk+l)”2 o 4TC5@ka

inequality (4.14) gives

(qk(xkﬂ),wk _ .’Ek+1> < —d”l’k+1 o x*(ka)HZ
(4.15) +c6(2r + 7)o, + [ca(cs + c7) + 4dres] .
Inserting (4.15) into (4.11), we obtain

o+ — (@) — ¥ — 2 (@)

(4.16) < _QidekH — (P2 + s <s0k+0k+5k> .
Xk Xk
Hence,
2d +or+9
(4.17) (1 + > Pri1 — P < cs <M> ,
Xk Xk

and a straightforward induction yields estimate (4.7).

To prove statement (ii), which corresponds to [ = 1 in Assumption 4 and in
(4.14), we obtain from (4.14) and the inequality

[+ — 2 (@M 2 (|2 = 2 (M) - e
that
(@ (), wh — 2+
< —d|la™* — 2 (M| + co(2r + er)ok + [eales + er) + des] on,
and together with (4.11) this provides
244 — 2 @) 2 — [l — (o)

2d

(418) <[t - b -

2+t — 2 (vF L) || + deg (@k + 0k +5k> .

Xk
Thus,

2d

Xk

< ||$k . a:*(xk+1)||2 . ka+1 . m*(karl)HZ _ kaﬂ _ kaz

1)
*dey <<Pk+0'k+ k)
Xk

|2+ — a* (@WF )|
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0
(419) <2t = ) g (2O,

Xk

But, from Lemma 2, limy, ., ||[z¥+! — 2%|| = 0 holds, therefore, there exists ko such
that

d
aF+t — k|| < o is valid for k > ko,
X

and (4.19) leads to
d K+ ok + O
—Pk41 = deg TR T Ok
Xk Xk

proving (4.8). 0

Remark 5. Estimate (4.7) shows linear convergence of {x*} to X* with the factor

(1 +2d>271)71/4, and the convergence is superlinear if xr — 0. If Assumption
(2-v) is wvalid with w* — 0 (instead of w* — 0), then combining the proofs of
Theorem 2 above and Theorem 15.3 in [30], one can establish linear convergence of
the iterates to an element x € X*. But in that case the conditions for the choice of
the controlling parameters will be harder.

FEstimate (4.8) means, in particular, that in the “ideal” situation (without data
approximation and with performing exact proximal iterations) a solution of Problem
(P) can be obtained in a finite number of steps.

For a comparison of Assumption 4 with related conditions in [57], [47] see [34].

5. THE USE OF THE ¢-ENLARGEMENT OF THE OPERATOR Q
For given € > 0, the e-enlargement of the operator Q is defined as follows [13]:
(5.1) Q(z)={we X :(w—v,z—12)>—€ Vz € D(Q), Vve 9z}

Obviously, Q. D Q Ve > 0, and Q. possesses, in general, better continuity properties
than Q.

An extension of the GPP-method with Q% = Q,, requires only the following
modifications in some conditions of Assumption 2:

e (2-ii)": for each k, it holds K* N D(Q) # () and

(@"(y) — q(x),y — ) > (Bly — ),y — x) — aex,
vy € K¥ND(Q.,), Yz € K¥nD(Q),
(5.2) Vg* (y) € Qe (), Va(x) € Q(x),

where a > 0 and B is a linear continuous, symmetric and monotone operator;
e (2-iv)”: for all k, the operators Q + N + xxVh are maximal monotone
and strongly monotone;
e (2-v)’, (2-vi)’ are obtained substituting Q for Q¥ in (2-v), (2-vi).
If the operator Q@ — B is monotone, then a quite similar modification of Assumption
2 (replace Q,, by QF in (2-ii)’) permits to consider the GPP-method, where

Q¥ =(Q-B), +B=09F
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is chosen. Moreover, (2-ii)’ is valid for these operators if K* N D(Q) # 0 Vk.
It should be noted that the operators Q,, and Q’f are, in general, not monotone,
and that the inclusions

Qe (z) O Qi(z) D Q)
hold true for any x € X.

In the both cases mentioned, all the statements remain true if the condition

[e.e]

Zei<m

1 Xk

is inserted in Lemma 2 and in the Theorems 1, 2, whereas in Lemma 3 ¢, — 0 is
required.

The alterations in the proofs are rather straightforward:

o the solvability of Problem (P*) follows from (2-iv)’ and from the inclusion
0., (x) > Q(x) or Qi(x) > Q(a);
o everywhere ¢¥(w*) is replaced by q(w");
o in Lemma 3, y* € D(Q) N K* has to be chosen;
o the definition of Q,, or Q’f is used instead of the monotonicity of the ”old”
F;
o Assumptions (2-i7)’, (2-v)’ and (2-vi)’ are used instead of (2-ii), (2-v) and
(2-v1), respectively.
Concerning the concept of the e-enlargement of a maximal monotone operator, see
[13], [14]. In particular, operators Q., possess the Brgndsted-Rockafellar property
([13], Theorem 3.7), which can be useful to verify Assumption (3-ii).

Obviously, (5.1) provides (5.2) with B = 0. Let us give an example illustrating
the fulfillment of (5.2) with a non-trivial operator 5.

Example 1. Let X' = X, 7 : X — X be a linear continuous, symmetric and
monotone operator, 7X = X! and

(5.3) Im > 0: (Tx,z) > m|z|? Yz e X .
According to the definition of the e-enlargement,
T(z)={weX:(w—Tx,z—x) > —eVr € X},
and Corollary 3.8 in [14] yields 7.(z) € X!
Minimizing (w — 7x,z — z) w.r.t. x, we obtain & = % ('Zi_lw + ’ZN’_sz), where

T = T|x:. With this minimizer Z one gets
(w—=TZ,z—1I)= i (w—’fz,’j'*l(’]'z—w)»
Thus, due to the definition of 7¢, the element w has to satisfy
('j'_l(w —Tz2),Tz— w) > —4e.
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Taking wyg = w — 7 z, we obtain for all x € X
1
(w—Tx,z—2x) = §(Tz—'fa:,z—x)
1 - 1 -
+§ <Tz—|—wo—’]'ac,z+’2' 'lU()—:IZ) ~3 (wo,’f wo)
1
Zi(Tz—Tx,z—a:)—Qe.

Hence, in the case of Q = 7, relation (5.2) is valid with B = 37 (or B : 2 —
TPz, P: X — X! the orthoprojector) and a = 2.

But, as distinct from the operator Q¥, it is not clear whether the relation (5.2)
(even though relaxed by inserting a coefficient ¢ € (0, 1) in the term (B(y—z),y—x))
holds for an arbitrary nonlinear operator Q satisfying in D(Q)

(q(y) —a(z),y —x) > By — ),y —z) Yq(-) € Q).

Nevertheless, if Q is the subdifferential of a convex function f: X — IR and

(5.4) fly) = f(x) = {q(x),y —2) > (Bly —x),y —x)

holds for all ¢(x) € Q(z), z € K* N D(Q), y € K¥ Nndomf, then (5.2) is true with
the e-subdifferential O, f in place of Q,, (let us remind that O, f C (0f), and the
inclusion may be a strict one [13]).

Indeed, D(0, f) = domf is valid for € > 0 (cf. [22]), and (5.2) follows immediately
from (5.4) and the inequality

f(@) = f(y) = (ge(y), x —y) > —€ Yae(y) € 0ef(y),Vz € X, Vy € dom f

(considered with € = ¢;), which defines the e-subdifferential.
The convergence results for the GPP-method with QF = df,, are quite analogous.

6. APPENDIX I

Now, we analyze a special choice of the function h, which leads to a proximal-
based variant of the elliptic regularization method. Starting with the papers of
L1ons [44] and OLEJINIK [52], elliptic regularization is an efficient tool for the theo-
retical and numerical treatment of parabolic and degenerate elliptic problems. The
main idea is that the original problem is approximated by a family of non-degenerate
elliptic problems. We observe this approach in an example of a parabolic variational
inequality .

The following notation is used here: 2 C IR™ is an open set with a ”sufficiently
smooth” boundary I', ¥ = Qx]0,T[; H = L*(0,T;L*(?)), V = L*(0,T; H} (D)),

9 1
where H}(2) is endowed with the norm 12l 2y = (fQ Yoy (%) dy) , and

L%(0,T; W) denotes the space of measurable on |0, T[ functions v : t — v(t) € W

such that
1/2

T
vl 2 (0,mwy = </0 Hv(t)!%[/dt) < 00;
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V' = L2(0,T; H~1(Q)) is the dual space of V;

tp, ) = Z/azg y,t) % dy+/ao(y,t)<pwdy,

i,j=1
where ag, a;; € L°°(X) and the relations

n
(6.1) > aiy. &g > alé]* VE e R™,
ij=1
(62) ao(y7t) > o
(with constants a > 0, ap > 0) are fulfilled a.e. in X.

We identify the space ‘H with its dual. Introducing the linear unbounded (in V)
operator A = Wlth the domain

DM)Z{U¢UEVZt€V ()—0}

one can consider D(A) as a Hilbert space endowed with the graph-norm |[|v||p(a) =
(Jv]1* + ||Au||%,,)1/2. Obviously,

DA cVCcHcCV c D),

and each space is dense in the next one.
Then, with (-,-) the duality pairing between D(A) and D(A)’, the linear, bounded
and maximal monotone operator A : D(A) — D(A)’ is defined by

T
(Au, v) :/0 a(t; u(t), v(t))dt Yu,v € D(A).

Assuming that f € V' and a convex closed set K C D(A) are given, the parabolic

variational inequality
find w € K such that

(6.3) (Au,v —u) + (Au,v —u) > (f,v—u) YveK
is considered.
The operator A is closed and A > 0 on D(A) (cf. Lions [45], Sect. 3.1.1). Therefore,
Lemma 3.1.1 in [45] guarantees that A is maximal monotone, and because D(A) =
D(A), the sum A + A is maximal monotone on D(A), too. The solution of (6.3)

(if it exists) is unique, and for conditions providing solvability, see [45], Sect. 2.9.6.
Henceforth we suppose that (6.3) is solvable.

Following LIONS, the elliptic regularization of (6.3) takes the form:

find wu. € K such that
(6.4) (eN* T Aue + Aue + Aue,v —ue) > (f,v —ue) Yo € K,
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where € > 0,e — 0.

Here A* = —% with the domain

dv
dt

is the conjugate operator of A, and J : v — —Ayv is the duality mapping between
Y and V.

D(A*) = {v cveV,— eV, o) = 0}

Remark 6. More precisely, in [45] the elliptic regularization method is described

for parabolic equations. In [46], considering the operator A = % with the domain®

dv

D(A):{v: vEV,dt

€ H, v(0) :0},

the regularizing operator fj—; stands in place of A*J~YA. In that case the ellipticity
of the reqularized operator is evident.

The formal analogy of (6.4), based on the principle of proximal regularization, is:

find u** e K such that
<XkA*J—1A(uk+1 _ uk) + Auk—l—l + Auk'H, v — uk+1> > <f,U _ uk+1>
(6.5) Yve K
(0 < xx <X <o00).

To our knowledge, this iteration process was never studied before. It corresponds
to the GPP-method with

X=D), *=Q:u—Au+Au—f, K"=K, 5, =0

and h : Vh(u) = A*J 'Au in (2.2). Moreover, the operator My, : D(A) — D(A)
defined by

k(T A, Av) + (Au,v) = (Myu,v) Yu,v € D(A)
is obviously linear, bounded and monotone. Hence My + A is maximal monotone
in D(A), and Assumption 1 is valid.
With the linear and bounded operator

T 00 v
B: (Bp, :a/ / dydt
(B, ¥) 0 Q; Jy; Oy;
we obtain for u,v € D(A) that
(B(u—v),u—v) + (AT A(u — v),u —v) > min{a, 1}|u — szD(A)'

Using the well-known properties of convex functions, this yields
1
(B(u—v),u =)+ h(v) = h(uw) = (Vh(u),v = u) > S min{a, H{u = v,

and in view of (6.1), (6.2), the Assumptions (2-ii), (2-i7i) on the choice of h are
fulfilled with this operator B and ¥ = 2, m = 3 min{a, 1}. Assumption (2-i) follows
immediately from the fact that A*J~'A : D(A) — D(A)’ is a linear, monotone and

3The use of this domain seems to be less natural.
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bounded operator.

Now, as it follows from Theorem 1, the above mentioned properties of the function
h and the original problem (6.3) are sufficient to ensure weak convergence of the
GPP-method (6.5) as well as of a more realistic variant with an approximation of
K (according to the Assumptions (2-v) - (2-viii)) and Yo Spx, ' < 00.

Taking into account that A*J~'A is a bounded and closed operator, condition
(3.20) is fulfilled, at least if K* = K. This is some hint for the case, when A is a
degenerate elliptic operator and the uniqueness of a solution of an (original) problem
is not guaranteed (of course, in this situation we need an additional regularizing
operator, for instance —A,, to provide non-degenerate ellipticity of the Problems

(P%)).
7. APPENDIX II

Here, we describe an example illustrating the choice of single-valued operators
QF in accordance with the Assumptions (2-v), (2-vi). The approximation of the set
K in this example will be performed quite artificially, modeling a situation which
arises under a successive discretization of variational inequalities in mathematical
physics. Usually, such a discretization is carried out by means of the finite element
method on a sequence of triangulations, and for an arbitrary element w € K one
can guarantee only that there exists a sequence {w*}, w* € K*, with

lim |Jw —w®|| =0
k—o00

(cf. condition (a) below). Certainly, it does not suffice to provide an approximation
of a solution z* as in Assumption (2-vi). But, a helpful circumstance is that,
according to the regularity theorems (see [11], [25], [23], [28]), solutions of many
variational inequalities in mathematical physics possess better regularity properties
than arbitrary elements from K. Then, error estimates for finite element methods
[18] show typically better approximations of the solutions by elements from K k.

Vee X* JuwP e Kb |z — w®| < a(z)hg,

with hj a triangulation parameter and « > 0 independent of x (this quality is
reflected in condition (b) below).

Taking into account the mentioned properties of finite element methods, the
approach used in the example can be extended to approximate some problems of
linear elasticity (where the operator Q is multi-valued due to the friction), fluid
mechanics, image reconstruction etc.. Concerning the proximal point method for
some of these problems, see [31], [33], [60]).

Example 2. Let X = R?, Q:z — (Z(m)_“), where

1
—1 if x < -1,
[—1,0] if x1=-1,
2(xq1) = 0 if x € (—1,1),
0,1] if @ =1,

1 if o1 >1,
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and we consider two cases:
K=K ={recR*: |11| <2, 22 >0}
and
K:KQ:{xEIRQ:lel, x9 > 0}.
It is not difficult to see that
A 0
X" ={(x1,0):0< 21 <1}, Ax) = {( >} if K =Kj,
x1
and
X*={(1,0)}, A(1,0)= {<01‘> cac 0,1} if K =Ko,
The operator Q is maximal monotone, because

Q(x) - {8351‘]('(.%'1, x2)7 8352(—,]”((131, xQ))}T7
where
f(z1,29) = max{0,—x; — 1} + max{0,z1 — 1} — z122
is a convex-concave function and 0,,, 0., denote the partial subdifferentials. But,
this operator is neither strictly monotone (take ! = (—%, —1), 22 = (%, —1)), nor
symmetric.
We choose the maximal monotone operators

oF:x — (Zk(xl) ; x2>7
x7
with
1421 " 1 —1
VO +z)2+k /(- 1)2+kC
The idea of such an approximation is obvious: the operators QF can be described
as

1
2Rz = B

Q(x) = {(ffmf’%xl,xz), ifk(v’ﬂla@)}Tv

where convex-concave and differentiable functions
1
fk(fE) = 5 (\/(1 + -Tl)Z + k’76 + \/(561 — 1)2 + k76) — 1Ty — 17
converge to f uniformly on X.

Taking w = (w1, ws), w* = (w},wk), any ¢(w) € Q(w) has the form

ofw) = (7)),

w1

with &(w;) € z(wy), thus

2 2
19 () = a(w) |2 = ((wh) - €(wn) = wh +ws) + (wh —wi)
and
1Q* (") — q(w)|| < |F(wh) = E(w)| + |wf —wi] + [w§ — wal.
A straightforward calculation shows that:
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o limg_,o0 || Q¥ (w*) — q(w)|| = 0 if wy # +1 and {w*} is an arbitrary sequence
converging to w;
o ||QF(wk) — ((1)=w2) || < 3k
—ifwy; =1, &(wy) =1 and wk = (1 + k=2, we + k2),
—or0<w; <1, &w1) =0, k> 2 and
wh = (wy — k72, wy + k72),
—orw; = —1, £(w1) = —1 and w* = (=1 — k=2, wy + k72).
This permits to conclude immediately that the Assumptions (2-v), (2-vi) hold true
with
0<X<xt<X. pe=Fk2 ox=k? and ¢1 =2, ca=3
in (2.3), (2.4), if the family {K*} C IR? satisfies the following conditions:
(a) Yw € K, Yk Fuw* € K : limp_ o ||[wk — w| = 0;

(b) in case K = K7, the pairs (71,;_]“2_2) and (lJlg’f;Q) belong to K* for sufficiently
large k;
_2
in case K = K>, the inclusion (p,g’fz ) € KF is fulfilled for sufficiently large
k.

Moreover, for K = K7, taking into account the convexity of K*, (a) and (b) provides
the fulfillment of Assumption (2-vi) for each v € X* (if K = K3, X* is a singleton).
Obviously, conditions (a) and (b) are satisfied if

KFo{z e R?: |z1| <2 — g, zo > k™ 2} with ap — 40,

and
KkD{xEIRQ:xl > 1+k_2, X9 Zk'_z}
for K = K1 and K = K», respectively.
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