2 Pug
.
%

Journal of Nonlinear and Convex Analysis Z Mdm P"“'Shas
Volume 15, Number 6, 2014, 1331-1347 \.l w') ISSN 1880-5221 ONLINE JOURNAL
Yinee |

© Copyright 2014

Yok%

FRECHET AND PROXIMAL REGULARITIES OF PERTURBED
DISTANCE FUNCTIONS AT POINTS IN THE TARGET SET IN
BANACH SPACES

MESSAOUD BOUNKHEL AND CHONG LI*

ABSTRACT. This paper is devoted to study the Fréchet and proximal Regularity
at points in the target set of perturbed distance functions dé() determined by a
closed subset S and a Lipschitz function J(-). Also, we provide some important
results on the Clarke subdifferential of d4(-) at those points in arbitrary Banach
spaces.

1. INTRODUCTION

Let X be a real Banach space endowed with a norm || - ||, S a nonempty closed
subset of X, and J : § — R a lower semicontinuous function. The present paper is
concerned with the study of the perturbed distance function dé : X — R defined
by

(1.1) dl(z) = 122{”@" —s||+J(s)} for each z € X.

The perturbed distance function (1.1) can be associated with a perturbed optimiza-
tion problem, which is denoted by min;(z,S) and defined as follows:

(12) min{z — wl] + J(w)},

that is, the dfg coincides with the value function of the perturbed optimization prob-
lem minj(-,S). This kind of perturbed optimization problems, which has a lot of
applications in optimal control problems governed by partial differential equations
(cf. [2, 4, 3]), has been studied extensively in [2, 3, 4, 5, 17, 28, 33, 35], where the in-
terests are mainly focused on generic and porousity properties for the well-posedness
of problems minj(z,S) on X. Clearly, if J = 0, then the perturbed distance func-
tion df(z) and the corresponding perturbed optimization problem miny(xz,S) are
reduced to the classical distance function dg defined by

dg(z) := 1n£{Hx —s||} foreach z € X
s€

and the well-known best approximation problem, respectively. These two important
problems have been studied extensively and played key roles in variational analysis;
see for example, [9, 10, 12, 29, 30] and [11, 14, 15, 18, 19, 23, 38, 40].
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The regularity of the distance function dg has been presented and explored in
[6, 7]. Under some natural assumptions, it was proved in [6, 7] that the normal
regularity (Fréchet and proximal) of a closed set S at a point Z in S is equivalent
to the subdifferential (Fréchet and proximal) regularity of its distance function dg
at Z. Recently, several various subdifferentials, such as the Fréchet, the proximal
and limiting (or Mordukhovich) subdifferentials of the perturbed distance function
are characterized in [27, 39] and then some known results on subdifferentials of the
classical distance function in [6, 7| are extended. Our main aim in this paper is
to extend those results to the perturbed distance function dé(x) at points on the
target set Sp := {x € S: d{(z) = J(2)}.

The paper is organized as follows. In Section 2 we recall and summarize the
needed concepts and existing results. In Sections 3 and 4, we treat the Fréchet and
proximal regularity (respectively) of df(z). The paper is ended with illustrative
examples of our abstract results.

2. PRELIMINARIES

Let X be a real Banach space with a norm || - || and X* the dual space of X. We
use (-, ) to denote the pairing between X* and X. The closed ball in X (resp. X*)
with radius r and center z is denoted by B(z,r)(resp. B*(x,r)). In particular, we
write B = B(0,1) (resp. B* = B*(0,1)). Let S be a nonempty closed subset of X.
We use dg to denote the indicator function of S, i.e.,

0 resS
Is(@) = { 400 otherwise.

Consider a fugction h defined on S. It would be convenient to define the sum
h+ds: X = R:=RU{+00} by

[ hx) xz€8
(h+ds)(x) := { +oo  otherwise.

Let f : X — R be a proper lower semicontinuous (1.s.c.) function. As usual, the
effective domain of f is denoted by

D(f) := {x € X | f(z) < +o0}.

Moreover, we adapt the standard symbols “z —7/ #” and “x —° Z” to represent for
(z, f(z)) = (z, f(Z)) and © — & with x € S, respectively. The sequential Painlevé-
Kuratowski upper/outer limit limsup,_,; F'(z) at T for a set-valued mapping F' :
X = X* is defined by

limsup F(z) := {:U* € X*

T—T

there are {x} C X and {z}} C X* with
xy € F(xy)VE, such that x;, — T and W gx [

The various notions of subdifferentials and normal cones in the following defini-
tions, and the relative facts provided in the following remarks are well-known (see
for example [6, 7, 23, 24]).

Definition 2.1. Let € D(f), and € > 0.
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(a) The Fréchet e-subdifferential 9 f(Z) of f at z is defined by
limipf f(.CC) — f(x) — <.CU » L _‘T> > —E} )

zr [ —z|

oF f(z) := {x €X*

(b) The Fréchet subdifferential O f () of f at Z is defined as the 0-subdifferential
of f at the corresponding point, that is

rr l —z|

o f(a) = {a" € x°

(c) The limiting Fréchet (also called Mordukhovich) subdifferential 0™ f(z) of
f at T is defined by

oM f(z) = limsup 0 f(z).

r—T,elo
(d) The prozimal subdifferential O f(z) of f at T is defined by
lim inf flo) = f@) - et e —3) _OO}.

T l —z?

or f(z) :== {x e X*

(e) The Clarke subdifferential of f at z is defined by
(2.1) O“f(z) = {a* € X*: (2*,v) < fN(z;v), for all v € X},
where fT(Z;-) is the Rockafellar directional derivative defined by
f1(#;v) := limsup vi'gfv t Hf(x+t') — f(z)] for each v € X.

ac;ioi:
Remark 2.2. Let z € D(f). Then one has the following assertions:
(a) The following inclusions are clear by definitions:
(2.2) 0" f(z) C 9" f(z) C O f(z) C co(8M f(2)) C 0 f(2).
(b) If X is Fréchet smooth Banach spaces, then we have

oM f(z) = lim sup o' f(z),

T—T

and if f is additionally assumed to be locally Lipschitz at Z, then we also
have

(23) 0 f(3) = A" co(@ £ (@)):
see, for instance, [29, 37].

Remark 2.3. Let f, g : X — R be two proper Ls.c. functions and let € D(f) N
D(g). Then we have that

(2.4) O~ f(z) +0%g(z) CO™(f +g)(z) for any A € {F, P}.

This inclusion is not true in general for Mordukhovich and Clarke subdifferentials,
see for example [14, 29].

Definition 2.4. Let z € S and € > 0.
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(a) The set of Fréchet e-normals to S at Z is defined by
T —=x
Nf(i:;S’) = {x* e X*: limsupg < 6}.
w5z |1z — ]

(b) The set of Fréchet normals to S at Z is defined as the Fréchet 0-normals to
S at the same point, that is,

.o
NF(i;S) = {1‘* c X*: linrlsup@’gvi_:r> < 0}.
wsz |z =7
(¢) The limiting Fréchet (also called Mordukhovich) normal cone to S at Z is
defined by
NM(z;8) := limsup NI'(z;9).
x—5%,el0
(d) The proximal normal cone to S at z is defined by
(x*,x — )

NP(z;8) := {1‘* € X™ : limsup o =2
r—Z

x5z

< —I—oo} .
(e) The Clarke normal cone to S at Z is denoted by N¢(S;z) and defined as
the negative polar of the Clarke tangent cone T¢(S;Z), that is,
NC(S;z) := {z* € X*: (z*,v) <0,Yv € TY(S; %)},
where T¢(S; Z) is the Clarke tangent cone defined by
T¢(S;z) :={v e X :Vt, | 0, Yz, = Z,3v, — v such that {z, + t,v,} C S}.
(f) For any A € {F, M, P,C}, we define N2(z;S) = 0 if z ¢ S.
Remark 2.5. Let 7 € S.
(a) By definition (see also [6, 13, 14, 29]), we have that
N&(z;8) = 9%0s(z) for any A € {F, M, P,C}.
Then by Remark 2.2 we have that
(2.5) NP(z;8) € N¥(z;8) € NM(z;8) C coNM(z;5) C N (7 9),

and in the case when X is a Fréchet smooth Banach space (see, for instance,
[29, 37]), we have

NM(z; ) = limsup N¥'(z; S).
T—T
(b) In the case when X is a Fréchet smooth Banach space (see, for instance,
[29, 37]), the following equality holds
(2.6) NY(%; ) = cly-co(NM(z; 9)).

We end this section with the following concepts of regularity for sets and functions
introduced and studied in [6, 7].

Definition 2.6. Let = € D(f). We say that f is
(a) Fréchet subdifferentially reqular at z if OF f(z) = 0% f(z);
(b) prozimal subdifferentially regular at T if 9F f(z) = 9 f(z);
(c) Mordukhovich subdifferentially regular at z if 0F f(z) = OM f(z).
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Definition 2.7. Let £ € S. We say that S is
(a) Fréchet normally reqular at 7 if N¥(S;z) = NY(S;2);
(b) prozimal normally reqular at T if N¥(S;z) = NY(S;z));
(c) Mordukhovich normally regular at z if N¥(S;z) = NM(S; ).

Remark 2.8. By definition, together with (2.2) and (2.5), one has the following
implications for a l.s.c function f at each x € D(f):

proximal subdifferential regularity = Fréchet subdifferential regularity
= Mordukhovich subdifferential regularity,

and for a subset S at each z € S:

proximal normal regularity =- Fréchet normal regularity
= Mordukhovich normal regularity.

Moreover, using (2.3) and (2.6), one shows (see [6, 7]), that if X is reflexive and f
is locally Lipschitz at x, then the following equivalences hold at x:

Fréchet subdifferential regularity < Mordukhovich subdifferential regularity

and
Fréchet normal regularity < Mordukhovich normal regularity.

3. FRECHET REGULARITY CONCEPTS OF dJ ON Sy

As assumed in the previous sections, let S be a nonempty closed subset of X and
J be a Isc real valued function on S. Recall that the perturbed distance function is
defined by:

dg(z) = inf{[lz — s + J(s)} for each x € X.
By [35], we know that df is nonexpansive:
(3.1) [d5(y) = d§(2)] < |y — | for each 2,y € X.
The set of all solutions for problem miny(x, S) is denoted by PJ(z), i.e.,
Pl(x) = {we S| o —wl+J(w) = di(x)}.
As in [27], we use Sy to denote the subset of S defined by
So := {z € Slds(x) = J(x)}.

Throughout the whole paper, we always assume that Sy # (). Note that if J is
noexpansive on S then we have by definition that Sy = S. Recall from [28] that a
sequence {z,} C S is a minimizing sequence of the problem miny(z, S) if

(32) i (e = 2l + T () = inf (o — 2] + (),

and that the problem minj(z, S) is well-posed (in the sense of Tykhonov) if min j(z, S)
has a unique solution and every minimizing sequence of the problem min ;(z, S) con-
verges to this solution. The following proposition, which is known in [39, Lemmas
3.4 and 3.1], provides a sufficient condition ensuring the well-posedness of the prob-
lem miny(zx, S).
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Proposition 3.1. Let £ € S. Suppose that the center Lipschitz constant on S w.r.t.
x

(3.3) C = sup /D = I (@)
z€S r—

< 1.

Then T € So and the problem min;(z, S) is well-posed.
We give the notions of Lipschitz conditions in the following definition.

Definition 3.2. Let £ € S. The function J is said to satisfy
(a) the center Lipschitz condition at Z if the center Lipschitz constant at =

J(y) — J(z
Cz:=inf sup M < 00;
P>0 4y eB(z,p)NS ly — ||
(b) the Lipschitz condition at Z if the Lipschitz constant at =

J(y)—J
Lz := inf sup M < 00.
p>0 z,yeB(z,p)NS ||y - I'H
We now recall from [27] the following two results needed for our study.
Proposition 3.3. Let £ € Sy. Then the following assertions hold.

(i) We have

(3.4) of dl(z) c 0¥ (J + 65)(z) N B*.
(ii) If miny(z,S) is well-posed and the center Lipschitz constant Cz < 1, then
we have
(3.5) OF (J 4 65)(z) NB* = 9 dl(z).

Proposition 3.4. Let = € Sy be such that miny(z,S) is well-posed. Then the
following assertions hold.

(i) We have
(3.6) oMal(z) c oM (J + ds)(z) N B*.
(ii) If the Lipschitz constant Lz = 0, then we have
(3.7) L AoM (7 + 65)(2) nB*] = | xoMdi(z).

A>0 A>0

Our first theorem provides some sufficient conditions ensuring the implication
that the regularity of the target set S implies the regularity of the perturbed distance
function dé.

Theorem 3.5. Let & € Sy be such that miny(z,S) is well-posed and the center
Lipschitz constant Cz < 1. Suppose that J is Mordukhovich subdifferentially regular
at T. Then we have the following assertions:

(i) If S is Mordukhovich normally regular at T, then d:]g 1s Mordukhovich subd-
ifferentially reqular at .

(i1) If the space X is reflexive and S is Fréchet normally regular at T, then d:]q
is Fréchet subdifferentially regular at T.
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Proof. By Remark 2.8, one sees that assertion (ii) is a direct consequence of assertion
(i). Hence we only need to prove assertion (i). Since J is locally Lipschitz at Z and
dg is Ls.c. at z, it follows from the sum rule for the Mordukhovich subdifferential
(see for example [14]) that

(3.8) OM(J +65)(z) c M J(z) + oM bs(z).

Now assume that S is Mordukhovich normally regular at z, that is, N™ (S;z) =
NF(S;z). Moreover, we have OM J(z) = 0F.J(z) by the assumption that J is
Mordukhovich subdifferentially regular at . The above two equalities together
with (3.8) and (2.4) imply that

OM(J 4 65)(z) c M J(z) + 0Mis(z) = 97 J(z) + 0F 6s(z) C AT (J + 65)(Z).
By assumption, equality (3.5) and inclusion (3.6) hold. Hence we conclude that
oMdl(z) c OM(J + bs)(2) NB* C T (J + 05)(2) NB* = 0" d(Z).

This shows that d:é is Mordukhovich subdifferentially regular at  and the proof is
complete. O

To provide the converse implication, we need the following lemmas.

Lemma 3.6. Let £ € S be such that Cz = 0. Then we have that
OF' (J 4 65)(z) = N¥'(8, 7).

Proof. Let z* € 0 (J + 65)(%) and let € > 0. By definition, there exists § > 0 such
that

(&*, 2 —7) < (J +05)(@) — (J + 85)(Z) + ;Hx — 7|, Vz € 7 + 6B,
that is .
(¥, x—z) < J(z)— J(Z) + §Hx—5§||a Vo e (z+6B)NS.

Since Cz = 0 by assumption, we may assume without loss of generality that § > 0
is small enough such that

(3.9) 1J(z) — J(7)| < gnx—zu, Vz € (z + 0B) N S.
Combining the two above inequalities we obtain
(%2 —7) <ellz—2||, Vrze(z+iB)NS.

This shows that z* € N¥'(S, %) as € > 0 is arbitrary. Conversely, let z* € N (S, 7)
and let € > 0. Then by definition, there exists § > 0 such that inequality (3.9) holds
and that (z*,z — ) < §||lz — Z|| for any = € (z + dB) N S. It follows then that

(e, —x) < J(x) = J(2)+ |[J(2) = J(2)] + 5llz — 2]
< J(z) = J(Z) + €|z — ||
This shows that 2* € 0¥ (J+65)(Z) as € > 0 is arbitrary, and the proof is complete.
O

An analog result for the Mordukhovich subdifferential is needed to prove our next
result on the Fréchet regularity concepts.
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Lemma 3.7. Let £ € S be such that Lz = 0. Then we have that
OM(J 4 65)(z) = NM (S, 7).

Proof. Let 2* € OM (J +65)(Z). By definition, there exist sequences e | 0, 3, — Z,
and z7, —%" z* as k — oo such that

Ty € @i (J + dg)(xk)
for all £ € N. Obviously (zj) C S. Hence, there exists d; such that
(a2 — ap) < (J +65)(x) — (J + 8s) (zx) + %’“Hm — x|, Yz € zx + 6B,
that is,
(zh, 2 — xp) < J(@) — J(zp) + %’“nx — x|, Yz € (z + 6:B) N S.

Since z, — Z with (z) C S and Lz = 0 by assumption, we may assume without

loss of generality that there exists o € (0, %’“) (small enough) such that for k large

enough
z € (T4 0xB) NS
and
7(z) = I@)| < Tz =yl Y2,y € @+ 3B) N S.
Fix now any z € (x5, + 6kB) N S. Then ||z — Z|| < ||z — x| + || — Z|| < 0k + Of =
205 < 0. Therefore, we can write by using the above inequalities

* €
(whow — ) < T(@) = J(ar) + 5l —

< o —aell+ 5 llo =l
= Eka _J;kH’

for all z € (21,4 06,B)NS. This shows that x; € NE(S, xy,) and hence z* € NM(S, 7).
Conversely, let z* € NM (S, z). By definition, there exist sequences e | 0, 2, —° Z,
and x} —%" 2* as k — oo such that

x) € NEFk(S; x),
for all £ € N. Hence, there exists d; such that

(z%, 2 — a3) < %k”a: — 1|, Vo € (zx + 6:B) N S.

Since z, —° and Lz = 0 by assumption, we may assume without loss of generality
that there exists 5 € (0, %) (small enough) such that for k£ large enough

xkE({Z‘—i-SkB)ﬂS

and
J(2) = J@)| < Fllz =yl Y2,y € @+ HB) N S.

Fix now any z € (z, + 0;B) NS. Then z € (% + 0;B) N S. Therefore,

€k
oz —z) < Lol
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IN

€
I (@) = T(ax) + | (@) = ()] + 5 [l — ]
€ €
< (@) = T + Nl = ol + 5 e — ]
= J(x) = J(zk) + exllz — 2],

for all # € (v + 0xB) N S. This shows that z} € OF (J + bs)(wy) and hence
x* € OM(J + §5)(Z). Thus completing the proof. O

The following proposition extends the corresponding result in [11] for the special
case when J = 0 due to Burke et al. [11].

Proposition 3.8. Let = € Sy. Assume that miny(z,S) is well-posed and the Lips-
chitz constant Ly = 0. Then we have the following assertions:

(3.10) (clgw)T (T;v) < dpogz)(v)  for allv e X;
and
(3.11) 0%dL(z) c N9(S;z) N B*.

Proof. By definition, one checks that inclusion (3.11) is a direct consequence of
inequality (3.10). Thus it suffices to verify inequality (3.10). To do this, fix any
v € X and let € > 0. Then there exists some o € T(S;Z) such that

(312) o 8]l < dre(sa) () +e
Since the distance function d;]q is Lipschitz, we have that

(dé)T (Z;v) = limsup dé(x +tv) - dg(x) )
’ t}0,x—Z t

Thus there exists a sequence (ty,zy) in (0,400) x X converging to (0, ) such that

(3.13) (@2)" (@) = lim ds(xn + tnv) — dg(n)

n tn

By the definition of dé, we may choose a sequence {y,} C S such that
(3.14) yn — Znll + J(yn) < dd(zn) + 12 for each n.
Then

Iy — & + J(yn) < d&(2p) + ||lzn — 2| + 2 for each n.
This, together with the fact that ||z, — Z|| — 0 and t2 — 0, implies that {y,}
is a minimizing sequence for problem min;(z,S). Then, by the assumed well-
posedness, we get that y,, —° Z. Using now the sequential characterization of the

Clarke tangent cone T (S; ), we obtain a sequence {v,} with v, — © such that
{yn +tpvn} C S. Let n € N. Then, by relation (3.14), we have

[d&(zn + tv) — d(2y)] < [dL(yn + ta0) + |lyn — znll — db(zn)]
< Ay + tav) — J(yn) + £2]

< [JWn +tavn) — J(Yn) + tallvn — o] + t?z]a
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where the last inequality holds because y,, + t,v, € S. Thus

dé(xn + o) — dé(mn) < J(yn + tnvn) — J(yn)
ln B tn

Using now the assumption Lz = 0 and the fact that y, — T, we obtain that

lim J(Yn + tnvn) — J(Yn)
n [tnvn ]

This together with (3.12) and (3.15) implies that

(@3)"(@50) < [lv = 0| < dre(s.z)(v) +e.

(3.15) + [vn — 0| + t.

=0.

Hence (3.10) is established as € > 0 is arbitrary and the proof is complete. O

Now, we can state our second theorem on the relationship between the subdiffer-
ential regularity of d:é and the normal regularity of S.

Theorem 3.9. Let T € Sy be such that miny(z,S) is well-posed and the Lipschitz
constant Ly = 0. Then the following assertions hold:

(i) S is Mordukhovich normally regular at T if and only if dé is Mordukhovich
subdifferentially regular at .
(ii) If S is Fréchet normally regular at T, then dé 1s Fréchet subdifferentially
reqular at x.
(iii) If the space X is reflexive then S is Fréchet normally reqular at T if and
only if dé 1s Fréchet subdifferentially regular at Z.

Proof. By assumptions, Lemmas 3.6-3.7 and Propositions 3.3-3.4 are applicable.
Hence we have that

(3.16) oM(J +dg)(x) = NM(S;2) = | xoMdi(z)
A>0
(3.17) ofdl(z) = NF(S;2)nB* and 0F(J +ds)(Z) = NI (S; 7).

(i). This follows from the following chain of equivalences/implications:
NM(S;z) = NF'(S;z) & NM(S;z)nB* = NF'(S;z) NB*
& OM(J+65)(7) NB* =9 (J + dg)(z) N B*
= oMdl(z) = 0"dl(z)
= UnooA0MdL(2) = Uyog A0 ()
= NY(S;z) = N7 (S;7),
where the first equivalence holds by definition, the second equivalence and the last

implication hold by (3.16) and (3.17), while the first implication holds because by
Propositions 3.3-3.4 we have

oFdl(z) c oMal(z) c OM(J + 65)(2) NB* = 9 (J + 6s)(z) NB* = 0F'dl(z).

(ii). Assume that S is Fréchet normally regular at Z. Then N(S;z) = NF(S; 7).
Using (3.11) and (3.17) we have

o%dl(z) c NY(S;z) NB* = NF'(S;2) nB* = aFdl(z).
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This shows the Fréchet subdifferential regularity of dé at T as the inverse inclusion
always holds.

(iii). This follows directly from assertion (i) and the equivalence between the
Mordukhovich regularity and the Fréchet regularity in reflexive Banach spaces. [

The following corollary of the above theorem adds, some further characterization
of the Fréchet normal regularity of sets, to the list stated in in Theorems 2.5-2.6 in
[6].

Corollary 3.10. Let & € Sy. Assume that Lz = 0, that min;(Z,S) is well-posed,
and that the space X is reflexive. Then the following assertions are equivalent:

i) S is Fréchet normally regular at T;

i) S is Mordukhovich normally regular at T;

iii) dg is Fréchet subdifferentially regular at T;

iv) dg is Mordukhovich subdifferentially regular at Z;
) d:é is Fréchet normally regular at x.

) d:é 1s Mordukhovich normally reqular at T.

Proof. The equivalence between (i)-(iv) are proved in Theorems 2.5-2.6 in [6, 7.
The equivalence between (i) and (v) follows from the previous theorem. Finally
the equivalence between (v) and (vi) follows from the reflexivity of the space, the
1-Lipschitz continuity of df, and the the equality 9°d{(z) = cly~co [0Md{(z)]. O

4. PROXIMAL REGULARITY CONCEPTS OF d ON Sy

It is well known (see for example [6]) that Fréchet subdifferential regularity of
functions is not equivalent to proximal subdifferential regularity, even in finite di-
mensional spaces. So, the present section is devoted to study some properties of
proximal subdifferential regularity of dg, essentially we will give conditions under
which this subdifferential regularity can be characterized in terms of the proximal
subdifferential regularity of J and the proximal normal regularity of S.

We recall first the following result on the relationship between the proximal sub-
differential of d:é and the proximal subdifferential of J + dg, which is needed in the
proof of the main result in this section. It is due to [39].

Proposition 4.1. Let £ € Sy. Then the following assertions hold.
(i) We have

(4.1) ordl(z) c 0¥ (J + 65)(z) N B*.
(ii) If miny(z,S) is well-posed and the center Lipschitz constant Cz < 1, then
we have
(4.2) P (J + 6s)(z) NB* = aFdl(z).

To study the proximal subdifferential regularity of dg, we introduce the following
notions of the second Lipschhitz conditions.

Definition 4.2. Let € S. The function J : § — R is said to satisfy
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(a) the center second Lipschitz condition at z if the center second Lipschitz
constant at T

C@ec -— inf ’J(y> — J(i.)’

sup ————— < o0
P>04eB(z,p)NS |y — 2|2 7

(b) the second Lipschitz condition at Z if the second Lipschitz constant at &
J(y)—J
S /) R [
p>0 z,yeB(Z,p)NS ”y - .CU”

Clearly, one has by definition that C2¢¢ < L3¢, Furthermore, we have the fol-
lowing implications:

OS¢ <oo=Cz =0 and L5 <oco= L;=0.
However, the converse implications are not true in general; see Example 4.6 below.
Lemma 4.3. Let z € S be such that C5*° < co. Then we have
o (J +8s)(z) = N(S, ).
Proof. Let z* € 07 (J + 65)(Z). By definition, there exists o,d > 0 such that
(x*,x —3) < (J+35)(x) — (J +65)(Z) + ollz — Z||*, V& € Z + 5B,
that is,
(x*,x — %) < J(x) = J(Z) + ollz — z||%, Vo € (z +6B) N S.
Since C5¢ < oo by assumption, there exist constants a,d; > 0 such that
(4.3) |J(z) — J(Z)| < af|z — Z||?, Vo € (Z+6B)NS.

Without loss of generality we assume that §; < §. Combining the above two in-
equalities we get

(¥, — %) < [a+o]||z —z||>, Ve (z+0B)NS.

This shows that 2* € NP (S,z). Conversely, let z* € N*(S,z). Then by definition,
there exist o, 5, > 0 such that inequality (4.3) holds and that (z*,x—z) < o||z—7Z|?
for any = € (z 4 ;) NS. It then follows that

(x¥,x—2) < J(x)—J@) +|J(x) - J@)|+ 0|z —z|?
< J@)—-J@) +o+a]llz—z|?, Vre(@+aHB)NS.

This ensures
(z*,2 —z) < (J+ds)(x) — (J+65)(Z) + [0+ ||z — ||, Vo e€z+dB.
This shows that 2* € 9F(J + 65)(z) and the proof is complete. O
Now, we are ready to prove the following theorem.

Theorem 4.4. Let T € Sy be such that miny(z,S) is well-posed. Suppose that the
Lipschitz constant Lz = 0 and the center second Lipschitz constant C3*° < co. If S
s proximal normally regular at T, then dé is proximal subdifferentially reqular at Z.
The converse is true provided that X is reflexive.
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Proof. By the assumption that C5*° < oo, we can apply Lemma 4.3 and Proposition
4.1 to get that

(4.4) ofdl(z) = NP (S;z) N B*.

Now assume that S is proximal normally regular at Z, i.e., N¢(S;z) = NF(S;z).
Since Lz = 0, it follows from (4.4) and Proposition 3.8 that

o%dL(z) c NO(S;z) NB* = NP(S;2) nB* = aFdd(z).
Hence 0°df(z) = 0Fd}(z) as the inverse inclusion always holds, and so df is
proximal subdifferentially regular at Z.

Conversely, assume that d:é is proximal subdifferentially regular at . Then

(4.5) %dl(z) = oMdl(z) = oF dl(z) = P dl(z).
Since Lz = 0, it follows from Proposition 3.3 and Lemma 3.6 that
(4.6) NF(S;z) = | 20" d3(x)
A>0
This together with (4.4) and (4.5) imply
(4.7) NF(S;z) = | 20" di(z) = | Ao di(z) = NP (S; ).
A>0 A>0

Furthermore, (4.5) ensures that dé is Fréchet subdifferentially regular at . Now
assume that X is reflexive. Then S is Fréchet normally regular at & by assertion
(iii) of Theorem 3.9, that is N¥'(S;z) = NY(S;z). This together with (4.7) yield
that N(S;z) = NY(S;Z), which ensures the proximal normal regularity of S at
Z. The proof of the theorem is then complete. O

The following corollary on the proximal regularity concepts is direct from the
previous theorem because the condition L < oo implies both Lz = 0 and C5*° <
00.

Theorem 4.5. Let X be reflexive and let T € Sy. Assume that ming(z,S) is
well-posed and that L3¢ < oo. Then the following assertions are equivalent:

i) S is prozimal normally reqular at T.
ii) dg is prozimal subdifferentially regqular at .
iii) dé s proximal subdifferentially reqular at .

We end this paper with an example to illustrate the results obtained in the present
paper.

Example 4.6. Let X := R?, the 2-dimensional Euclidean space, and let S*, S?
and S3 be the closed sets defined respectively by

St={(t,s) eR?:5>0, |sin2t]3 -5 >0, t € [-m, 7]},
S2:={(t,s) €R2:5>0, [sin2t[2 —s >0, t € [~}
and
S3 .= {(t,s) € R? : s > 0, sign(sin 2t)(sin2t — s) > 0, t € (=7, 7]} U {(—7,0)}.
The figures of the three sets are shown in the Figures 1,2, and 3.
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‘ s'={(t.s)e R% s=0and [sin@2)|>=s, te [-x, n} |

-0.2

-3 -2 -1 o 1 2 3

FIGURE 1. The set S' in Example 4.1

‘ S?=((t.s)e R%: s=0and |sin@)[*2 = s, te [-m, 7]} ‘

-3 -2 -1 o 1 2 3

FIGURE 2. The set S? in Example 4.1

‘ S%={(t,s)e R% s >0 and sign(sin2t)(sin2t-s) = 0, te (-, T} {(~7,0)} ‘

FIGURE 3. The set S3 in Example 4.1

We first discuss the regularity of the above sets. To do this, we write
T
Dy = {(t,O) 1= 2.0, 2}.
Note that, for each i € {1,2,3} and each Z € S*\ Dy, S* is locally convex at z, that
is, there exists an open set U containing Z such that S? N U is convex; hence S° is
proximal (so both Fréchet and Mordukhovich by Remark 2.8) normally regular at
each z € S’. Considering the point Z € Dy, we have the following regularity results:
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(a) St is proximal normally regular at .

(b) S? is Fréchet normally regular but not proximal normally regular at Z.
(c) 83 is not (proximal, Fréchet, Mordukhovich) normally regular at Z.

To see this, we calculate by definition that

NPt z) =R {(0,1),(0,-1)} = N9(S', z)
and
NP(5%7) = Ry {(0, -1)}.
Moreover, by [6, P. 37, Remark 2.1],
N (8% 7) =R{(0,1),(0,-1)} = NY(S2, 7).

Thus, we get the assertions (a) and (b). Finally assertion (c) holds because for
T = (£%,0) we have

NF(S%,2) =R {(0,—1)} and NY(S%,2) = Ry {(0,—1); (—1,0); (2, )}.
Also, for z = (0,0), we have

NF($%,5) =R {(0,~1)} and  NY(8,7) = R, {(0, ~1); (~1,0); (~2, 1)}.
Thus, all the assertions (a), (b), and (c) are fulfilled.

Now fix 4 = 1,2,3 and fix S := S*. Let p € (1,2] and consider the function J on
S defined by

l]sins]p te[-m,0]
109 ={ Ui+ ity 1< 0m)

for each (¢, s) € S. Then one checks that J satisfies the following Lipschitz condition:
_ 2 _ _
|J(t75) - J(tv 5)’ < g”(tv S) - (t,§)|| for any (t,S), (tag) S

This implies that Sg = S and that, for each * € S, C3 < 1 and the problem
minj(z, S) is well posed. Moreover, it is easy to see that J is Mordukhovich sub-
differentially regular at each point z € S. Thus Theorem 3.5 is applicable for any
point Z € S. Consequently, thanks to assertions (a) and (b) above, the perturbed
distance function dé is Fréchet subdifferentially regular at any points z € .S in the
case when S = S! or S = S2.

To illustrate the applicability of Theorems 3.9 and 4.4, we consider the point
zeD:={(t,00€S: —m <t <0}. Then

Lz =0 itp>1,
L¥*=C =00 ifl<p<2,
L = O3 < o0 it p=2.

Thus Theorem 3.9 is applicable and then we have from assertions (a)-(b) above
that the perturbed distance function dé is Fréchet normally regular at each point
ze Dif S=S8'or S =52, while, if § = 53, dé is Fréchet normally regular at each
Z € D\ Dy but not at point & € Dy.

Similarly, in the special case when p = 2, Theorem 4.4 is applicable to concluding
that, if S = 52, d:é is proximal subdifferentially regular at each point & € D; while, if
S=SYor S =53, dé is proximal subdifferentially regular at each point € D\ Dy
but not at point x € Dy.
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