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WEAK CONVERGENCE THEOREMS OF ITERATIVE
SEQUENCES IN HILBERT SPACES

CHIRASAK MONGKOLKEHA, YEOL JE CHO, AND POOM KUMAM*

ABSTRACT. In this paper, we prove the approximation of common fixed points
of new iterative schemes, which extend the iterative sequences introduced by
Moudafi, Takahashi and Tamura, respectively, for two nonspreading mappings
and an a-nonexpansive mapping in Hilbert spaces.

1. INTRODUCTION

Throughout this paper, we denote R by the set of real numbers. Let C be a
nonempty closed convex subset of a real Hilbert space H. We denote the fixed
point set of a mapping T': C' — C by F(T).

A mapping T : C' — (' is said to be nonexpansive if

[Tz =Tyl < [lz —yll

for all z,y € C. A mapping T : C — C' is said to be quasi-nonexpansive if the set
of fixed points of 1" is nonempty and

1Tz =yl < llz =yl

for all x € C and y € F(T). If a mapping 7' : C' — C is nonexpansive and the
set of fixed points of T is nonempty, then T is quasi-nonexpansive. Furthermore, a
mapping F': C' — C is said to be firmly nonexpansive if

|Fa — Fy|* < (x —y, Fx — Fy)

for all z,y € C (see [3, 5, 6, 18]).
It is known that a mapping F': C' — C' is firmly nonexpansive if and only if

IFz — Fy|* + (I = F)z — (I = F)y|* < |z - y|?

for all z,y € C, where I is the identity mapping on H. Also, it is known that every
firmly nonexpansive mapping is nonexpansive (see Remark 2.3) and of the from
F = L(I +T) with a some nonexpansive mapping T (see, for example, [5, 6]).
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In 2008, Kohsaka and Takahashi [11] studied the existence of fixed points of
mappings of firmly nonexpansive type in Banach spaces. They also introduced the
class of mappings, which is called the class of nonspreading mappings.

Let E be a real smooth, strictly convex and reflexive Banach space and let j
denote the duality mapping of E. Let C be a nonempty closed convex subset of F.
A mapping T : C — C is said to be nonspreading if

¢(Tx, Ty) + ¢(Ty, Tz) < ¢(Tx,y) + ¢(Ty, v)

for all x,y € C, where ¢(z,y) = ||z||* —2(x, j(y)) + ||y||? for all z,y € E. In the case
when E is a Hilbert space, we know that ¢(z,y) = ||z — y||? for all z,y € E. So, a
nonspreading mapping 7 : C' — C in a Hilbert space H is defined as follows:

(1.1) 2| Ta — Ty|* < | Tz - y|* + ||lz — Tyl
for all z,y € C. It is shown in [7] that (1.1) is equivalent to the following:
(1.2) 1Tz = Tyll* < llo = yll* + 2(z — Tz,y — Ty)

for all z,y € C. It is known that, in a Hilbert space H, every firmly nonexpansive
mapping is nonspreading and, if the set of fixed points of a nonspreading mapping
is nonempty, then every nonspreading mapping is quasi-nonexpansive [12]. In 2010,
Takahashi [23] introduced the class of hybrid mappings in Hilbert spaces, that is, a
mapping T : C' — C' is said to be hybrid mappings if

3I1Tx — Tyl® < ||z — yl* + 1T — y||* + |l — Ty|?

for all z,y € C, which contains the class of firmly nonexpansive mappings in Hilbert
spaces.

Recently, Aoyama and Kohsaka [1] introduced the new class of a-nonexpansive
mappings T : C'— C in a Banach space E which is defined as follows:

(1.3) 1Tz = Ty|* < ol T —y|* + | Ty — 2|* + (1 - 2a) = — y|?
for all x,y € C, where « is real number such that a < 1. This class contains the

classes of nonexpansive, nonspreading and hybrid mappings, respectively.

Remark 1.1. From [1], we conclude that

1) If T' is a nonexpansive mapping, then 7' is 0-nonexpansive;

( p pping, p ;

(2) If T is a nonspreading mapping, then 7' is %—nonexpansive;

(3) If T is a hybrid mapping, then T is %—nonexpansive;

4) If T is an a-nonexpansive mapping and F' (T @, then T is quasi-nonexpansive.
( p pping : q p
For (4), for any = € C and p € F(T'), we have

1Tz —y|* = [Tz - Tyl
al| Tz —y|? + ol Ty — 2|® + (1 - 2a)|lz — y||?
al Tz —ylI* + (1 - a) |z - y|?,

IN

which implies that | Tx —y|| < ||z —y||, that is, T is a quasi-nonexpansive mapping.

Now, we give some relations among an a-nonexpansive mapping, a nonspreading
mapping, a hybrid mapping, a firmly nonexpansive mapping and a nonexpansive

mapping.
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Example 1.2. Let H be a Hilbert space. Set F = {x € H : |z| < 1}, D =
{xeH: |z <2} and C = {z € H: |z| < 3}. Defined a mapping 7' : C — C as
follows:

x, if xe€ D,
(1.4) T = { Py(z), if z € C\D,

where Pg is the metric projection of H onto E. Then T is a nonspreading mapping,
but it is not nonexpansive (see [7]).

Example 1.3. Let E be a Banach space and let S,T : E — E be firmly nonexpan-
sive mappings such that S(F) and T'(F) are contained in r By, for some positive real
number 7. Let a and § be real numbers such that 0 < o < % and 6 > (1 + %)r,

where Bpg is the closed unit ball centered at the origin of E. Then the mapping
U : E — FE defined by

| Sz, if x € B,
Uz = { Tx otherwise,

is a-nonexpansive (see [1]).
Example 1.4. Consider R? with the usual norm and let 7' : R?> — R? be a function
defined by

T(x’ y) = (_yv l‘)
for all (z,y) € R Clearly, T is a nonexpansive mapping, but T is not firmly
nonexpansive. In fact, if we take x = (1,2) and y = (4, 6) are element in R?, then

[Te —Tyll = 1T(1,2) = T(4,6)| =5 = [lz —
and
Iz — Tz) — (y — Ty)ll = I[(1,2) = T(L,2)] - [(4,6) — T(4,6)][| = 5v2.
Thus we have
|ITx — Ty||* +||(z — Tx) — (y — Ty)|I* = 25 + 50 > 25 = [l — y|*.
So, T is a nonexpansive mapping, but 7" is not firmly nonexpansive.

Example 1.5. Consider C' = [0, 1] with the euclidean norm and let 7' : C' — C be

a function defined by
11—z

Tr =
V2

for all z,y € C. Since
1
| Tz = Ty|* = S llz -yl
for all z,y € C, it follows that

1 1 1
1T —Tyl? < 71w —yI* + 71Ty — 2 + (1= 2(3) ) lle — vl

that is, T" is a %—nonexpansive mapping, but 7' is not nonspreading and hybrid. In
fact, if we take z =0, y = 1, we have

2Tz — Ty|> = 1 > 0.08578 = || Tz — y|| + || Ty — z||?
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= |z = yl? + 1Tz — y|I* + | Ty — |

Example 1.6. Consider C' = [0, 4] with the Euclidean norm and let T : C' — C be
a function defined by

|0, if x#4,
Tx_{z, if ©=4.

Now, we show that T is a i—nonexpansive mapping. In fact, if x # 4, y # 4,
x =4, y=4,it is clear. Assume that x =4 and y # 4. Since

ITe~Ty|* =4, |Tz—yl®>=l2-y|? |Ty—z|*=16, [z—yl*=I4-y]?*

we have

1 1 1
ITe — Tyl < 71Tz =yl + 71Ty — 2l + (1= 2(7) )l — ™

Therefore, T is a %—nonexpansive mapping, but 7" is not nonexpansive. In fact, if

we take x = 4 and y = 3.5, then we have
|72 =Tyl =2> 0.5 = ]z —y]|.

On the other hand, recently, Takahashi and Tamura [24] proved some weak con-
vergence theorems for two nonexpansive mappings 71,75 : C — C in a Hilbert
space H by using the following iterative sequence {x,}:

(1.5) { x1 € C' chosen arbitrary,

Tn+l1l = (1 - an)xn + anTl(ﬂnTan + (1 - ﬁn)wn)

for all n > 1, where F(71) N F(T%) is nonempty. If 77 = T5 in (1.5), we get the
iterative sequence considered by Ishikawa [9] and so Mann [13].

In 2007, Moudafi [15] also considered another iterative sequence {z,} for two
nonexpansive mappings 11,75 : C' — C defined as follows:

(1.6) x1 € C chosen arbitrary,
' Tn+l1 = (1 - an)xn + an(ﬁnTlxn + (1 - Bn)T2xn)

for all n > 1, where F(T1) and F(T3) are nonempty.
In 2009, Iemoto and Takahashi [7] extended the results of [15] in a Hilbert space
H by using Moudafi’s iterative sequence {z,} defined as follows:

(1.7) x1 € C chosen arbitrary,
' Tn+l1 = (1 - an)xn + an(ﬁnsxn + (1 - Bn)Txn)

for all n > 1, where S is a nonspreading mapping, 7' is a nonexpansive mapping
and F'(S)N F(S) is nonempty.

The aim of this paper is to study the approximation of common fixed points
for two nonspreading mappings and an a-nonexpansive mapping in Hilbert spaces
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by using the new iterative sequence {x,}, which is an extension of the iterative
sequences (1.6) and (1.7), defined as follow:

x1 € C chosen arbitrary,
(18) Tn41 = (1 - Oén)l'n + anYn,

Yn = (1 - Bn)Txn + anzna

zn = (1 = Yn)Tn + 1Uzn

for all n > 1, where {ay,}, {8,} are the sequences in (0, 1] and {~,} is a sequence
in [0, 1] with some conditions.

If 4, = 0 for all n > 1 in (1.8), then z, = x, and the iterative sequence (1.8)
reduces to (1.6).

If 8, =1 for all n > 1 (1.8), then y, = Sz, and the iterative sequence (1.8)
reduces to (1.5).

In 2002, Xu and Noor [28] introduced a three-step scheme to approximate fixed
points of asymptotically nonexpansive mappings in a Banach space and Glowinski
and Le Tallec [4] used tree-step iterative schemes to find approximate solutions of
the elastoviscoplasticity problems, liquid crystal theory and eigenvalue computation.
Also, it has been shown in [4] that the three-step scheme gives better numerical
results than the two-step and one-step approximate schemes. In [8], Haubruge et
al. studied the converegnce analysis of three-step schemes of Glowinski and Le
Tallec [4] and applied these schemes to obtain new spltting-type algorithms for
solving variational inequalities, separable convex programming and minimization of
a sum of convex conditions. Thus we know that the three-step schemes play an
important and significant part in solving various problems. For further details on
three-step schemes, see [2, 16, 19] and [27].

2. PRELIMINARIES

Let H be a real Hilbert space with an inner product (-,-) and a norm || - ||,
respectively. First, we start with a brief recollection of basic concepts and facts in
a Hilbert space H, which are very important for our main results in next sections.

In a Hilbert space H, it is known that

(2.1) Iz +ylI” = [lz)* + lyl* + 2(z, )
and
(2.2) oz + (1 —a)yll® = aflz]®* + (1 — ) |yl]> — (1l — o) ||z —y|?

for all x,y € H and « € R (see, for instance, [21]). Further, if {x,} is a sequence in
a Hilbert space H which converges weakly to a point z € H, then we have

(2.3) lim suplfa — g = limsuplzn — 2[2 + |2 — g
n—oo n—oo
for all y € H. It is known that a Hilbert space H satisfies Opial’s condition ([17]),
that is, for any sequence {z,,} in H such that z, — z ,
(2.4) liminf||z,, — z|| < liminf||z, — y||
n—oo 1—00

for all y € H with y # x where “—” stands for the weak convergence of the sequence
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Lemma 2.1 ([26]). Suppose that {s,} and {e,} are the sequences of nonnegative
real numbers such that sp+1 < sp+ep for alln > 1. If 3777 e, < 0o, then limy,_,o0 Sp
exists.

Lemma 2.2 ([25]). Let C be a nonempty closed convex subset of a Hilbert space H
and let {x,} be a sequence in H. Suppose that, for all y € C,

[2nt1 = yll < [lan —yll
for alln > 1. Then the sequence { Pcxy,} converges strongly to a point z € C, where

Pco is the metric projection of H onto C.

Lemma 2.3 ([25]). Let C be a nonempty closed convex subset of Hilbert space H.
Then, for any x € H and y € C, y = Pox if and only if (x —y,y — z) > 0 for all
z e C.

Lemma 2.4 ([7]). Let C be a nonempty closed convex subset of a Hilbert space H.
Let S be a nonseading mapping of C into itself such that F(S) # (0. Then S is
demicosed, i.e., T, — u and x, — Sz, — 0 imply u € F(9).

Theorem 2.5 ([22]). Let H be a Hilbert space and let {x,,} be a bounded sequence
in H. Then the sequence {x,} is weakly convergent if and only if each weakly
convergent subsequence of {x,,} has the same weak limit, that is, for any x € H,

Tn =1 = (Tn, = y= x=1y).

3. WEAK CONVERGENCE THEOREMS

In this section, we prove the approximation of common fixed points of two non-
spreading mappings and an a-nonexpansive mapping in Hilbert spaces by using
the iterative sequence {z,} defined by (1.8). First, we give a lemma which is very
important for our main results.

Lemma 3.1. Let C be a nonempty closed convex subset of a Hilbert space H and let
T :C — C be an a-nonexpansive mapping. If a sequence {x,} in C with x, — x*
and ||zy, — Txp|| — 0, then z* = Tx*.

Proof. Since z,, — x*, we conclude that {z,} is bounded. For any x € H, define a
mapping f : H — [0,00) by
f(z) = limsup||z, — z|*.
n—oo
By (2.3), we obtain

f(z) = limsup||z, — :U*H2 + ||z* — xH2
n—oo

for all z € H. Thus

flx) = fa*) + [la* — 2|
for all x € H and
(3.1) F(T2*) = f(a*) + [Ja* — T2*||.
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Observe that

f(Tz*) = limsup|z, — Tz*|?
n—oo
(3.2) = limsup||z, — Txp + Tz, — T2*||?
n—oQ
= limsup||Txz, — Tz*|>
n—oo

Using (2.3), (3.2) and the a—nonexpansive of T, we get
f(Tz*) = limsup||Tz, — Tz*|?
n—oo
< limsup|a|| Tz, — 2*|]° + o||Tz* — z,|* + (1 — 20) |z, — 2*|?]
n—oo

(3.3) = limsup|a||Tzn — zp + zp — o¥|? 4 o||Tz* — z* + 2 — z,|)?

n—oo
+(1 — 20) |2y — 2]

< limsup|lz, — z*|? + | Tz* — z*|?
n—oo

= f(z*) +a|Tz* —2*|*
It follow from (3.1) and (3.3) that (1 — )||Tz* — z*||> = 0. Therefore, 2* = Tx*.
This completes the proof. O

Lemma 3.2. Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. Let T : C — C be an a-nonexpansive mapping such that F(T) # 0. Then
F(T) is closed and convex.

Proof. First, we show that F(T) is closed. Let {x,} be a sequence in F(T') which
converges to a point x € C. Since T' is a-nonexpansive, we have
Jon = Tal® = [T, — Taf?
< a|Tzy — 2| + af| Tz — 2] + (1 — 20) |2y — 2]
= a|Tz —z,|* + (1 - a)l|lz — 2]

for all n > 1. Taking n — oo in the above inequality, it follows that
o — Tal| < a|[Te — o
and hence (1 — a)||T'z — z|| = 0. Therefore, x € F(T).

Next, we show that F(T') is convex. For any uw,v € F(T) and t € [0,1], let
z =tu+ (1 —t)v. Then we have

(3.4) u—z=1—-t)(u—-v), v—z=tv—u).
Since T' is a-nonexpansive, by (2.2) and (3.4), we get
|z = Tz|> = |tu+ (1—t)v—Tz|?

[t(u —T2)+ (1 —t)(v —T2)|?

tlu —Tz|* + (1 = t)]o — T2l = (1 — t)Ju — o]
tlallu —2[* + || T2 — ] + (1 — 2a) [Ju — 2[|?)

+(1 = t)allo = z)* + o Tz = v[* + (1 = 2a) v — 2]

IN



1310 C. MONGKOLKEHA, Y. J. CHO, AND P. KUMAM

—t(1 = t)[|u — v]?
= tal|Tz —ul®> +t(1 — a)|ju— 2| + (1 — t)a|| Tz — v]|?
H1 =11 =)o —z[|* = t(1 = t)[lu - v]?
= (1=a)ftfu—2>+ (1 =t)v—z[I” = t(1 = 1) ]Ju — 0[]
+alt|Tz —ul® + (1 =) Tz — ol = t(1 = t)[Ju — v[|’]
= (1-a)ft(u—z)+ 1 -t)(v-2)?
+al[t(Tz —u) + (1 —t)(Tz —v)|?
= (1= a)[[t(1 = t)(u—v) + (1= t)t(v - w)|?
+a||Tz — (tu + (1 — t)v)]?

= a|Tz - z|?%

which implies that (1—a)||Tz—z|| = 0 and so z € F(T'). Therefore, F(T') is convex.
This completes the proof. O

Theorem 3.3. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S,U : C — C' be two nonspreading mappings and T : C — C' be an
a-nonexpansive mapping such that F(S)NF(T)NF(U) # 0. Let {x,} be the sequence
defined by (1.8). If liminf, ,oo(1 — ap)ay, > 0, liminf, o (1 — Bn)Bn > 0 and
o2 1 Yn < 00, then the sequence {x,} converges weakly to a pointv € F(T)NF(S).

n=1

Proof. First, we show that {z,,} is bounded. Since a nonspreading mapping with
the nonempty fixed point set is quasi-nonexpansive, for any p € F(S)NF(T)NF(U)
and x € C, we have

|41 —pl = [[(1 = an)zn + anyn — pl|
< (1 —an)llzn —pll + anllys — 1|
= (I —an)llzn —pll + anll(1 = Bu)Tzn + BnSzn — pl|
< (A =ap)llzn —pll + anl(l = Bu)|Txs — pll + BallSzn — pll]
(3.5) < (I —an)lzn —pll
+an[(1 — Bu)llzn — pll + Bn [(1 = Yo)llzn — pll + Wl Uy — p””
< (I—an)lzn —pll

+anp [(1 = Bu)llzn = pll + Bal(1 = va) |20 — pll + Yz _pH]]
= [lzn —pll

for all n > 1. Thus lim,_, ||z, — p|| exists and hence {x,} is bounded, say ¢ =
lim,, o0 || Zn, — p||. As in (3.5), similarly, we can show that

(3.6) 1yn =PIl < llzn = pll,  ll2n — Pl < [lzn — P
for all n > 1. Observe that, for any p € F\(S) N F(T) N F(U),

(1 = an)xn + anyn — pl|

||xn+1 _pH =
< (1 —an)|zn —pll + anllyn — pll,
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which implies that

. w1 = pll = llew = pl
Qo
for all n > 1. From (3.6), (3.7) and ¢ = limy, 00 ||zn, — pl|, it follows that

+llzn =2l < lyn —pl|

(3-8) ¢ < lim inf |ly, — pl| <lim sup ||y, — pl|
n—o0 n—00
< Tim sup flzn —pll =
n—oo
and hence
(3.9) lim |y, —pl| =c= lim |, —p].
n—oo n—oo

Since we have

[2n — pl|

(1 = vn)zn + Uzn — p|

(1 =) |lzn — pll + Wl|Uzn — pll
(1 =v)llzn — 2l + Yallzn — Dl
|z — pl,

it follows from (2.2) and (3.10) that
B (1 = Bn) ISz — Tan2 = BullSzn — pH2 + (1= Bp) [Ty — pH2
—18n(Szn —p) + (1 = Bn)(Tzn —p)||2
Ballzn = pl1* + (1 = Ba)l|lzn — pl”
—1Bn(S2zn — p) + (1 = Bn)(Tzn, —p)||2
= lan = pl* = llyn —pl*-
From (3.9), (3.11) and liminf, (1 — £8,)B, > 0, we obtain

152 — pll

(3.10)

A I IAIA

(3.11)

IN

(3.12) lim || Sz, — Tx,|| = 0.
n—oo
Let tp41 = (1 — an)xn + anSzy,. Then we get
[Zn1 —toall = [[(1 = an)zn + an)yn — (1 — an)rn — an Sz, ||
(3.13) = ap||(1 = Bn)Txn + BnSzn — Sz

= an(l = Bu)||Txn — Szl
Thus it follows from (3.12) and (3.13) that

(3.14) lim ||z, —t,|| =0
n—oo
and hence
(3.15) lim ||¢t, —p|| = lim |z, —p|| =c
n—oo n—o0
Since
ltnr = pl* = [l = an)zn + anSzn — pl|?
= (1= ap)|zn = pl* + @Sz = pl> = an(l — an)[lzn — Sz
(3.16) (1= an)llzn = pl? + anllzn — pl* = an(l — an)||zn — Sz?

IA A

|y — pH2 —an(l —ap) |z, — SanQ,
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it follows that
(1 = an)an|zn = Sza||? < 20 = pl* = [[tns1 — oI,
which implies that
lim (1 — o) ||zn — Szn||* = 0.
n—oo

Since liminf,, o (1 — )y, > 0, we conclude that
(3.17) n11_>n010||xn — Szy|| =0.
Thus, using (1.2) and (2.1), we have
|Sx,, — aanz = ||Sz, — SanQ + ||Szn — aan2 +2(Sxy — Szn, Sz — )

< e = zal? 4 2(zn — Sz, 20 — Szn) + ||S2n — 242
+2(Sxy, — Szp, Sz — xy)

(3.18) < ’VELHIL‘H_Ul‘n”2+2‘|73n_sxn”||szn_ZnH
+[|S2n — Tnl|? + 2||Szr — Sznl|[|S2n — |
< vallzn = Uzl + 202 — Szl [1S20 — @all + |20 — 2]
+[|Szn — 2 ||? + 2||Szn — Sz ||| S2n — 20|
< ’Y%ann - Uan”2 + 2[|zn — Szpll[[[S2n — Tull + 0 llzn — Uznyl]

+|Szn — xn”2 + 2[|Szn — Szn|[[|S2n — @al|-
From > > (7n) < 00, (3.17) and (3.18), it follows that
(3.19) nl;rgo |xn — Szpll = 0.
Since {z,} is bounded, there exist a subsequence {zy,} of {x,} and a point v € C

such that z,, = v. By Lemma 2.4, we obtain v € F(S).
Next, we show that v € F(T). Let

(3.20) Snt1 = (1 — ap)zy + anTxy,.

Similarly, as n (3.13) with (3.12), (3.17) and triangle property, we can show that
|zr, — sn|| = 0 as n — oo and

lim ||s, —p|| = lim |z, —p| = c.
n—oo n—oo
From
[8n+1 _pH2 = (1 = an)zn + anTw, — pH2

= (I—an)lan — pH2 + an||Tzn _pH2 —an(l —ap)llzn — Ta?nHQ
(3.21) < (1 _QN)Hxn_p‘P"‘O‘n”xn_pHQ _an(l_an)nxn_Txn‘P
= Hl‘n_pnz — an(1 _O‘n)Hxn_TanQ’
it follows that
(1 — an)an|lzn — T@"nHQ < |lzn _pH2 — [Isn+1 _pH27
which implies that
(3.22) lim (1 — ay)an||zn — Tzy| = 0.

n—oo
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Since liminf,, o (1 — )y, > 0, we conclude that
(3.23) lim ||z, — Txy,|| = 0.
n—00

Since the subsequence {z,,} converges weakly to the point v, we have v € F(T),
that is, v € FI(S) N F(T).

Let {x,,} be another subsequence of {z,} which converges weakly to a point
v* € C. Now, we show that v = v*. For this, first we prove that lim,_, ||z, — 2|
exists for all z € F'(S)N F(T). Similarly, as the inequality (3.16), we can show that

[tnt1 =zl < flzn — ]|
and so
[tnt1 = 2] <llen = 2[ < lltn = 2] + [l2n — tall-
Thus, from Lemma 2.1, we can conclude that lim,_, ||t, — 2| exists. Consequently,

limy, o0 ||y, — 2| exists for all z € F(S) N F(T). Suppose that v # v*. Then, by
Opial’s condition, we have

liminf||z,, —v|| < liminf|z,, —v*|| = lim |z, — v
1—>00 1—>00 —00
= liminf|z,;, —v*|| < liminf||z,, — v
j—00 j—00
= lim |z, —v| = liminf||z,, — ],
n—oo 1— 00

which is a contradiction. Therefore, v = v*, by Theorem 2.5, the sequence {x,}
converges weakly to v € F(T) N F(S). This completes the proof. O

Since the class of a-nonexpansive mappings contains the classes of nonexpansive,
nonspreading and hybrid mappings, respectively, from Theorem 3.3, we have the
following:

Corollary 3.4. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S,U : C — C be two nonspreading mappings and let T : C — C
be a mapping satisfying one of the following conditions:

(i) T is a nonexpansive mapping;

(ii) T is a nonspreading mappings;

(iii) T is a hybrid mapping
such that F(S)NF(T)NF(U) # 0. Let {x,} be the sequence defined by (1.8). If
liminf, o0 (1 — an)ay, > 0, liminf,, oo (1 — Bn)Bn > 0 and Y o7 | vn < 00, then the
sequence {xn} converges weakly to a point v € F(T) N F(S).

Corollary 3.5 ([7]). Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let S : C — C be a nonspreading mapping and let T : C — C
be a nonexpansive mapping such that F(S) N F(T) # (). Define the sequence {xy}
in C as follows:
(3.24) x1 € C chosen arbitrary,

' Tpt1 = QnTp + (1 - an)(/anxn + (1 - /Bn)Txn)
for alln > 1. Ifliminf,, (1 — ap)a, > 0 and liminf, oo (1 — B,,)Bn > 0, then the
sequence {xy,} converges weakly to a point v € F(T)N F(S).

Proof. Putting v, = 0 for all n > 1 in Corollary 3.4, we obtain Corollary 3.5. [
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Corollary 3.6. ([14]) Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let S : C' — C be a nonspreading mapping of C into itself such
that F(S) # (0. Define the sequence {x,} in C as follows:

(3.25) { x1 € C chosen arbitrary,

Tnt1 = nZpn + (1 — ap)Szy,

foralln > 1. Ifliminf, o (1—ay)ay, > 0, then the sequence {x,} converges weakly
to a point v € F(S5).

Proof. Setting 8 =1 for all n > 1 in Corollary 3.5, we obtain Corollary 3.6. g

Theorem 3.7. Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let S,U : C' — C' be two nonspreading mappings and T : C — C be
an a—nonezpansive mapping such that F(S) N F(T)NF(U) # 0. Let {x,} be the
sequence in C' defined by (1.8). Ifliminf, . (1—ap)a, > 0, liminf, o (1—75,) 6, >
0 and iminf,, oo (1 —~5)vn > 0, then the sequence {x,} converges weakly to a point
ve F(T)NF(S)NF(U). Moreover, v = limy, 00 Pr(7)nF(s)nF(U)Tn-

Proof. As in the proof of Theorem 3.3 (see (3.23)), we have
lim ||z, — Txy| = 0.
n—oo

and a subsequence {x,,} of {z,} converges weakly to the point v € F(T).
Next, we show that

lim |z, — Sx,|| =0

n—oo
and

lim ||z, — Ux,| = 0.

n—oo
For any p € F(S)NF(T)N F(U), we have

(1 =) ||Uzy — 5UnH2 = (1—m)llzn _pH2 + WllUzn —p||2
~I(X = ) (@n = p) + W(Uzn — )|

(3.26) < (=m)llzn —pl* + yallen — pll?

=T =) (@n — p) + Y (Umy, —p)||2

= Nz —pl* = ll2n — pII*.
Similarly, as in (3.7) and (3.8), we can show that

yn — pll = |20 — Pl
Bn

+llzn = pll < 20 =2l

and also
(3.27) lim ||z, —p|| =c= lim |z, — p|.

n—00 n—00
From (3.26), (3.27) and liminf,, o (1 — v,)7n > 0, it follows that
(3.28) lim |z, — Ux,| =0.

n—oo

Since {zy,} converges weakly to the point v, we have v € F(U), that is, v €
F(T)N F(U). Again, as in the proof of Theorem 3.3 (see (3.17)), we get
(3.29) |xn — Szn| = 0.

lim
n—oo
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and (see (3.18))
Sz — anQ < ’YT2L||:’U” - anH2 + 2[|zn
(3.30) =Sz ||[|S2n — @all + Vallzn — Uznl]
+[|S2n — 2 ||* + 2||Szn — Sz |||S2n — 20
From (3.28), (3.29) and (3.30), it follows that

lim ||z, — Sz,|| = 0.
n—oo

Thus we have v € F(S) N F(T) N F(U). Let {z,,} be another subsequence of
{z,,} which converges weakly to a point v* € C. Following the proof of Theorem
3.3, we can conclude that v = v* and so the sequence {z,} converges weakly to
ve F(S)NF(T)NF(U).

Next, we show that v = lim,,_, o PF(T)QF(S)QF(U)xn‘ Let v, = PF(T)ﬂF(S)ﬁF(U)xn'
Then it follows from Lemma 2.3 that (v — v,,v, — z,) > 0 for all n > 1 since
ve F(T)NF(S)NF(U). Therefore, it follows from (3.5) that, for any p € F(T) N
F(S)NFU), ||zn+1 —pl| < ||z —p||. Then, by Lemma 2.2, we get v, — z for some
z€ F(T)NF(S)NF(U) and so (v — z,z —v) > 0, which implies that v = z. This
completes the proof. O

Corollary 3.8. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let S,U : C — C be two nonspreading mappings and T : C — C be a
mapping of C satisfying one of the following conditions:

(i) T is a nonexpansive mapping;

(ii) T is a nonspreading mappings;

(iii) T is a hybrid mapping
such that F(S)NF(T)NFU) # 0. Let {x,} be the sequence in C defined by (1.8
Ifliminf, oo (1—ap)a, > 0, liminf, oo (1—5,)0n > 0 and liminf,, o (1 —v,)7n
0, then the sequence {x,} converges weakly to a point v € F(T) N F(S) N F(
Moreover, v = limy, 00 Pr(1ynF(5)nF(U)Tn-

).
>
).
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