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PAINLEVE-KURATOWSKI CONVERGENCES OF THE
SOLUTION SETS FOR PERTURBED GENERALIZED SYSTEMS*

YONG ZHAO, ZAI YUN PENG', AND XIN MIN YANG

ABSTRACT. In this paper, under new assumptions, which are weaker than the
assumption of C-strictly monotone mapping, we obtain the Painlevé-Kuratowski
convergence of the weak efficient solution sets and global efficient solution sets
for the perturbed generalized system with a sequence of mappings converging in
a real locally convex Hausdorff topological vector space. These results extend
and improve the recent ones in the literature [10]. Several examples are given for
the illustration of our results.

1. INTRODUCTION

The vector equilibrium problem is a very general mathematical model, which em-
braces the formats of several disciplines, as those for equilibrium problems of math-
ematical physics, those from game theory, those from vector variational inequality
problem, (vector) complementarity problem and (vector) saddle point problem, and
so on(see [9,12]). In the literature, existence results for various types of (general-
ized) vector equilibrium problems have been investigated intensively (see [12,13,20]
and the references therein).

The stability analysis of solution maps for vector equilibrium problems is an im-
portant topic in optimization theory and applications. There are some papers to
discuss the upper and/or lower semicontinuity of solution maps. Cheng and Zhu [8]
discussed both upper and lower semicontinuity of the solution set mapping for a
weak vector variational inequality in finite dimensional spaces. Huang et al. [19]
discussed the upper semicontinuity and lower semicontinuity of the solution map for
parametric implicit vector equilibrium problems. By virtue of a density result and
scalarization technique, Gong and Yao [14] first obtained the lower semicontinuity
of the set of the efficient solutions to a parametric vector equilibrium problem with
vector-valued mappings. By using the idea of Cheng and Zhu [8], Gong [17] studied
the continuity of the solution mappings to parametric weak vector equilibrium prob-
lems in topological vector spaces. Chen et al. [7] studied the lower semicontinuity
and continuity of the solution mapping to a parametric generalized vector equilib-
rium problem involving set-valued mappings. Hou et al. [20] obtained results on the
existence and semicontinuity of solutions for generalized Ky Fan inequality prob-
lems with trifunctions. Chen and Li [6] discussed the continuity of various efficient
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solution sets for a parametric generalized vector equilibrium problem without the
uniform compactness assumption and improved the results of [14,17]. Under a key
assumption, Peng and Yang [27] obtained the lower semicontinuity of the solution
maps for two classes of weak parametric generalized vector equilibrium problems
when the f-solution set is a general set by removing the assumption of C-strict
monotonicity.

Recently, there are some stability results for the vector optimization and vector
variational inequality with a sequence of sets converging in the sense of Painlevé-
Kuratowski, e.g., [10,11, 21,24, 25]. Huang [21] discussed the convergence of the
approximate efficient sets to the efficient set of vector-valued and set-valued opti-
mization problems in the sense of Painlevé-Kuratowski and Mosco. Lucchetti and
Miglierina [25] investigated the Painlevé-Kuratowski set convergence of the solution
sets of the perturbed problems both in the given space and its image space for a con-
vex vector optimization problem. Fang et al. [11] established Painlevé-Kuratowski
upper and lower convergences of the solution sets of the perturbed set-valued weak
variational inequality with a sequence of converging mappings in a Banach space.
Very recently, Fang and Li [10] obtained the Painlevé-Kuratowski convergence of
the efficient solution sets, the weak efficient solution sets and various proper effi-
cient solution sets for the perturbed generalized system with a sequence of mapping
converging.

In this paper, under new assumptions, which are weaker than the assumption of
C-strict monotonicity mapping, we obtain the Painlevé-Kuratowski convergence of
the weak efficient solution sets and global efficient solution sets for the perturbed
generalized system with a sequence of mappings converging in a real locally convex
Hausdorff topological vector space. These results improve the recent ones in the
literature [10]. Several examples are given for the illustration of our results.

2. PRELIMINARIES

Throughout this paper, let X be a real Hausdorff topological vector space, Y be
a real locally convex Hausdorff topological vector space and Y* be the topological
dual space of Y, Z be a topological space. Let C be a closed convex pointed cone
in Y with nonempty topological interior intC'
Let
Ct={feY": f(y) 20, Vy € C}

be the dual cone of C. Denote the quasi-interior of C* by C*, i.e.,
C:={feY*: fy)>0,VyeC\{0}}.

It is easy to see that C* # ) if and only if C has a base.
Let A be a nonempty subset of X and F : A x A — Y be a bifunction. We
consider the following generalized system

(GS) Find z € A such that F(z,y) € —K, Vy € A,

where K U {0} is a convex cone in Y.
For a sequence of bifunctions F, : AxXx A—Y,n=1,2,..., we define a sequence
of generalized system

(GS),, Find z,, € A such that F,(x,,y) € —K, Vy € A,
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where K U {0} is a convex cone in Y.
For each f € C*\ {0}, let Vy and V" denote the set of f-efficient solutions to the
(GS) and (GS)y, i.e.,

Vi={zeA: f(F(z,y)) 20, Vy € A},

VP ={an € At f(Fu(an,y)) = 0, ¥y € A},

A vector x € A is called a global efficient solution to (G\S), if there exists a point
convex cone H C Y, with C'\ {0} C intH, such that F,(z,A) N ((—H) \ {0}) = 0.
The set of global efficient solutions to (GS),, is denoted by IS,

A vector z € A is called a positive proper efficient solution to the (GS) if there
exists f € C* such that

f(F(x,y)) >0, for all y € A.

Throughout this paper, we always assume Vy # () and V[ # 0.
In this paper, under new assumptions, we discuss the Painlevé-Kuratowski con-
vergence of the weak efficient solution sets and the global efficient solution sets of

(GS)n-
Definition 2.1 ([21]). Let X be a normed space. A sequence of sets {4, C X :
n € N} is said to converge in the sense of Painlevé-Kuratowski(P.K.) to A(denoted

as A, =% A) if
limsup A, C A C liminf A,

n—o0 n—00
with
liminf A,, :={x € X|3(zp),xn € Apn,¥n € N,x, — z},
n—oo
limsup A, :={z € X|3(ng),I(zn,), Tn, € An,,Vk € N,x,, — z}.
n—oo

Definition 2.2 ([10,26]). Let F,,, F : X — Y (n € N) be vector-valued mappings
and let U(x) be the family of neighborhoods of x. We say that (F},),cnT c-converges

to F(denoted as F;, Te, F) if for every x € X :
(i) VU € U(z), Ve € intC, Incy € N such that Vn > n 7, 3z, € U such that
Fo(zpn) € F(z)+¢—C,
(ii) Ve € intC, U, € U(x), k. € N such that V2’ € U, Vn > ke,
F.(z') € F(z) — e+ C.
Definition 2.3 ([29]). Let F,,,F : X — Y(n € N) be vector-valued mappings.

We say that Fj, continuously converges to F' if the fact that x, — x implies that

Definition 2.4. Let A be a nonempty convex subset in X. The mapping F(-,y)
is called to be C-concave on A if, for each fixed y € A, for every z1,20 € At €
[0’ 1]7tF(x17y) + (]‘ - t)F(:U%y) € F(txl + (1 - t)m%y) -C.

Definition 2.5. Let A be a nonempty convex subset in X. The mapping F'(-,y)
is called to be C-strictly concave on A if, for each fixed y € A, for every x1,z9 €
A(xy # x9),t € (0,1),tF(z1,y) + (1 — t)F(z2,y) € F(tz1 + (1 — t)xe,y) — intC.
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3. PAINLEVE-KURATOWSKI CONVERGENCE FOR f-EFFICIENT SOLUTION SETS
The next part in this paper, set Fy = F, VJ9 = V.

Lemma 3.1. Let f € C*\ {0}, A be a convez set. Forn =0,1,2,..., assume that
the following conditions are satisfied:

(i) For each x € A, Fy,(z,x) = {0};

(ii) For each y € A, F,,(-,y) is C-strictly concave mapping on A.
Then, VJZ‘ s a singleton.

Proof. Suppose that there exist x1,z2 € Vi and x1 # x2, then we have

(3.1) f(Fa(z1,y)) >0, Yy € A

(3.2) f(Fn(@2,y)) 20, Vy € A

As x1,29 € A, and A is a convex set, then for all ¢ € [0, 1],
try + (1 —t)xg € A.

By (3.1) and (3.2), we get

(3.3) f(Fn(z1,tey + (1 —t)xe)) > 0.

(3.4) f(Fn(:L'Q,tZE1 + (1 — t)l‘g)) > 0.
By assumptions (i) and (ii), we have

tFo(x1,t1 + (1 —t)xe) + (1 — t) Fr(x, trg + (1 — t)z2)
C Fy(tey + (1 —t)xg, tzy + (1 — t)xs) — intC = —intC.

Since f € C*\ {0}, we have
(3.5) fFy(z1,ter + (1 —t)xe) + (1 — t) Fy (22, tzy + (1 — t)x2)) < 0.
By (3.3) and (3.4), we get
ftF (1, trr + (1 — t)ze) + (1 — t) Fy(ze, txy + (1 — t)z2)) > 0,
which contradicts to (3.5). Thus, V" is a singleton. O

Remark 3.2. In Lemma 3.1, we obtain Vf” is a singleton under new assumptions,
where the assumptions are weaker than the assumption of C-strict monotonicity.
Therefore, Lemma 3.1 extends the corresponding results of [6,7,10,14,17,18].

The following example is given to illustrate this case.

Example 3.3. Let X =R, Y = R?>,C = Ri ={z = (z1,22) : 1 > 0,29 > 0}. Let
A =10,1], it is clear that A is a convex set.
Define the mappings Fj, : A x A — R? by

e = (3= 1 (- )2l 2 o 1)) e
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It is clear that condition (i) of Lemma 3.1 is satisfied. For each y € A, F,(-,y)
is C-strictly concave mappings on A. In fact, for every z1,z9 € A(x1 # x2) and
t € (0,1), we have

Fattar + (1= 0 = (—5 (01 + =0 1) = (- 7)),

n

(i 0-0m- 1)~ (1))
(1) ra-n(e- 1) (-2,
2t - 1) a = (m- 1) (5= 1)) ) rime

Thus, condition (ii) of Lemma 3.1 is satisfied. Hence, it is easy to obtain that
Vit = {1} is a singleton.
But F,(+,-) is not C-strictly monotone on A x A. In fact, for any z,y € A and
x # 1y, and
F.(z,y) + Fn(y,z) = (0,0) € —intC.
Hence, the corresponding results in [6,7,10,14,17,18] are not applicable.

Lemma 3.4. Let A be a nonempty compact convex set. Forn =0,1,2,..., assume
that the following conditions are satisfied:

(i) For each x € A, Fy(z,x) = {0};

(ii) For each y € A, F,,(-,y) is C-strictly concave mapping on A;

(iii) For eachy € A, —F,(-,y) e, —F(-,y).
Then, for each f € C*\ {0}, limy 00 V' = V.

Proof. In view of Lemma 3.1, for n = 0,1,2,..., V" is a singleton. Let {zp} = 4
and {z} = V. Then, we have z, € A and f(F,(xn,y)) > 0, V y € A. Take an
arbitrary subnet {x,, } C {z,} C A, we may assume that z,, — z(z # x). Thus,
we have

f(Fo (2, y)) >0, Vye A

Since —Fy(+,y) e, —F(-,y), it follows from definition 2.2 that for any € € intC,
dN, € N such that

_Fnk(xnlwy) € _F(Z7y) _€+Ca Vnk > Ne'

Furthermore, we have f(F(z,y)) > f(Fn,(@n,,y)) — f(€).
By the arbitrariness of €, we get

(3.6) f(F(z9) = f(Fo (20, y)) 2 0.
Noting that z ¢ V}, there exists yo € A such that

(3.7) f(F(z,90)) <0,
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which contradicts to (3.6). Therefore z = z, i.e., z,, — = as ny —> oo. Since
the subnet {z,,} C {z,} is arbitrary, we have x,, — x as n — oo. That is,

Now we give an example to show this case.

Example 3.5. Let X = R,Y = R?,C = R% = {z = (z1,22) : 21 > 0,22 > 0}. Let
A =0,1], it is clear that A is a compact convex set.
Define the mappings F}, : A x A — R? by
1 1

F(l’,y) = <_ g(xQ —y2),—§($2 _y2)>7 n= 07 Vm,y € A.

2 2
A= (~3((- - (- 3) ) a2 -0)):
n=12,..., Vx,y € A.
It is clear that conditions (i) (ii) of Lemma 3.4 are satisfied. It is easy to obtain that
Vi = % and Vy = 0. The condition (iii) of Lemma 3.4 can be checked as follows:
In fact, (i) Ve € intC,3U. = (z — 1,2+ L) € U(z),3N; such that V 2’ € U, =
(x — %,x + %),V n > N, we have

1 2z 2 1 2x 2y
—Fu(a',y) = <3(w’2 -y -+ £>’ *(x’Q - - =+ )) ,

n n/ 2 n n
_ / _ 1 22 3 o 1 2,2 l o
Fole' )+ Fla) = (307 =09 + gy = ), 562 =) 4 10—

From the above two inequalities, we obtain
—Fo(2',y) € —=F(z,y) —e+ C.

(ii) VU € U(z),Ve € intC,3n.y € N such that Vn > ney,3z, = 2 € U such
that

Thus, we have
_Fn(xnay) € _F($7y) +e—C.
Therefore, it follows from Lemma 3.4, for each f € C*\ {0}, lim;,—, 0o Vir=Vy=0.

By virtue of Lemma 3.1 and Lemma 3.4, using the similar method of Lemma 2.3
in [10], we can easily obtain the following Lemma.

Lemma 3.6. Let A be a nonempty compact convex set. Forn =0,1,2,..., assume
that the following conditions are satisfied:
(i) For each x € A, Fy,(z,x) = {0};
(ii) For each y € A, F,,(-,y) is C-strictly concave mapping on A;
(iii) For eachy € A, —F,(-,y) Lo, —F(-,y).
Then, we have UfeSan — UpegVy in the sense of Painlevé-Kuratowski, that is,
. n : : n
lim sup UfeSVf C Uf€5Vf C hnrgloréf Ufesvf ,

n—o0

where S € {C*\ {0}, C*}.
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Remark 3.7. In [10], Fang et al. obtained the results under the assumption of
(C-strict monotonicity, but in Lemma 3.6, we obtain the same results only using the
C-strict concavity of F' with respect to the first variable.

4. PAINLEVE-KURATOWSKI CONVERGENCE OF THE WEAK EFFICIENT SOLUTION
SETS

Let I and IV denote the set of the weak efficient solution sets to (G'S) and
(GS)p, ie.,

IV ={z € A|F(z,y) €Y \ —int C,V y € A},

IV = {z, € A|F,(xn,y) €Y \ —int C,V y € A}.

Similarly as in the proof of Lemma 2.1 in Ref. [15], we can get the following
Lemma.

Lemma 4.1. Suppose that intC # 0 and for n = 0,1,2,....,V x € A, F,(x,-) is
C-convexlike on A. Then,

I = Usecn(} Vi

Theorem 4.2. Let A be a nonempty compact conver set. For n = 0,1,2,...,
assume that the following conditions are satisfied:

(i) For each x € A, F,,(z,x) = {0};

(ii) For eachy € A, F,,(-,y) is C-strictly concave mapping on A,

(iii) For eachy € A, —Fy,(-,y) Le, —F(-,y);

(iv) For each x € A, F,,(x,-) is C-convexlike on A;

(v) intC # 0.
Then, we have I}V — IV in the sense of Painlevé-Kuratowski.

Proof. (i) We need to prove limsup,, ., I}V
there exists € limsup,,_,., I}V with z ¢ IV
From x € limsup,, ., 1)), we have & = limj_o Tpn, , Where @, € I}V and {n;}

is a subnet of V. Thus, we have

c IW. Suppose to the contrary that

(4.1) Fo, (xn,,y) €Y\ —intC, V y € A.
Noting that 2 ¢ IV, there exists yo € A such that
(4.2) F(x,y0) € —intC.

For (4.1), in particular, we have
Fo, (n,,y) € Y \ —intC.
Since —Fy,(+,40) Le, —F(-,yp), we have Ve € intC,3U, € U(z),k. € N such that
Van, € Us,Vng > ke,
(4.3) F(z,y0) € Fy,(2n,,y0) — €+ C.
By the arbitrariness of €, we get
F(z,y0) € Y \ —intC,

which contradicts to (4.2). Hence, the proof is complete.
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(ii) We need to prove that IV C liminf, o, I}V. In view of Lemma 4.1, we have
IZV = Ufec*\{O}Vf", n = O, 1,2, NN

From Lemma 3.6, it is easy to obtain the conclusion. Hence, the proof is complete.
O

Example 4.3. Let X = R, Y = R?,C = R2 = {x = (z1,22) : 71 > 0,22 > 0}. Let
A =[0,1], it is clear that A is a compact convex set.
Define the mappings F, : A x A — R? by

F(z,y) =(—(e¥ + 10)(sin(z — 1) —sin(y — 1)), —(sin(z — 1) — sin(y — 1))),
n=0,VaxyecA.

F,(x,y) = <—(ey + 10) (sin(m -1- (n—i—ll())z) - Sin(y —-1- (71—1—11())2))’

_<Sin<x_1_(n+110)2> —sin(y—l— (71;10)2>)>,
n=12,...,.Vax,by€ A

Clearly, it is easy to show conditions (i) (iii) (v) in Theorem 4.2 are satisfied.

The condition (ii) of Theorem 4.2 can be checked as follows: Let n = 0, f(x) =
—(e¥ +10)(sin(z — 1) —sin(y — 1)),g(z) = —(sin(x — 1) — sin(y — 1)), we have
f(x) = —(e¥ + 10)cos(z — 1), f"(x) = (e¥ + 10)sin(z — 1) < 0,¢'(z) = —cos(x —
1),¢"(x) = sin(x — 1) < 0. Thus, for each y € A, F(-,y) is a C-strictly concave
mapping on A.

The condition (iv) of Theorem 4.2 can be checked as follows: Let h(y) = —(e¥ +
10)(sin(x — 1) — sin(y — 1)), p(y) = —(sin(z — 1) — sin(y — 1)), we have h/(y) =
—eYsin(x — 1) +eYsin(y — 1) + (e¥ +10)cos(y — 1), h” (y) = —e¥sin(x — 1) +2¢eYcos(y —
1) — 10sin(y — 1) > 0,p'(y) = cos(y — 1),p"(y) = —sin(y — 1) > 0. Thus, for each
x € A, F(x,-) is C-convexlike on A.

Using the similar method, it is easy to check F), satisfies conditions (ii) (iv) of
Theorem 4.2.

Therefore, by Theorem 4.2, IV — I in the sense of Painlevé-Kuratowski.

5. PAINLEVE-KURATOWSKI CONVERGENCE OF THE GLOBAL EFFICIENT
SOLUTION SETS

In this section, we discuss the Painlevé-Kuratowski convergence of the global
efficient solution sets of (GS)y.
By the Theorem 2.1 of [16], we know the following Lemma establishes.

Lemma 5.1. Suppose that for each x € A, F(x,-) is C-convexlike on A. If C has
a base, then

IG - UfeCﬁVf'

By virtue of Lemma 3.6 and Lemma 5.1, we can also obtain the Painlevé-
Kuratowski convergence of the global efficient solution sets.
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Theorem 5.2. Let A be a nonempty compact conver set. For n = 0,1,2,...,
assume that the following conditions are satisfied:

(i) For each x € A, Fy(x,z) = {0};

(ii) For each y € A, F,,(-,y) is C-strictly concave mapping on A;

(iii) For eachy € A, —F,(+,y) Te, —F(,y);

(iv) For each x € A, F,,(x,-) is C-convezlike on A;

(v) intC # 0 and C* # 0.
Then, we have IS — I€ in the sense of Painlevé-Kuratowski.

Proof. In a similar way to the proof of Theorem 4.2, with suitable modifications,
we can obtain the conclusion. g

Remark 5.3. In [10], under the assumption of C-strict monotonicity, the Painlevé-
Kuratowski convergence of the global efficient solution sets is obtained. In our paper,
we obtain the Painlevé-Kuratowski convergence of the global efficient solution sets
by using assumption (ii) in Theorem 5.2, which is weaker than C-strict monotonicity.
Therefore, the results extend and improve the corresponding ones obtained in [10].

The following example is given to illustrate Theorem 5.2.

Example 5.4. Let X = R,Y = R?>,C = R%r ={z = (z1,22) : 1 > 0,29 > 0}. Let
A =[—-1,0], it is clear that A is a compact convex set.
Define the mappings Fj, : A x A — R? by

3
F(x,y) = (—5 (sinm — siny), —(Sin:z: — siny)) ,n=0,VxyecA.

Fuw,y) = (—z(si“(”ﬂ - n—i15> _Sin<y - n—i15)>’

_(Sin<”“" N %315) _Sin<y B n—i15)>) ’

n=12,...,Vz,y € A.

Clearly, it is easy to show all conditions of Theorem 5.2 are satisfied. Therefore,
by Theorem 5.2, we know IS — I in the sense of Painlevé-Kuratowski.

The following example is given to show the assumption (iii) in Theorem 5.2 is
essential.

Example 5.5. Let X = R, Y = R?>,C = Ri ={z = (z1,22) : 1 > 0,29 > 0}. Let
A =10,1], it is clear that A is a compact convex set.
Define the mappings Fj, : A x A — R? by

F(IE,y) :(—y($2 - y2)7 _y(x2 - y2>)7 n = 07 for all T,y € A.

Fatoag) = (= (324 1) (o= 02— (= 09 (324 1) (0= 02— (- 1))
n=12,..., Vx,y € A.

Thus, conditions (i) (ii) (iv) (v) in Theorem 5.2 are satisfied.
It follows from a direct computation that

1§ = {1}, 19 = {o}.
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Obviously, I,? is not convergent to I¢, the reason is that it does not satisfy the
assumption (iii) in Theorem 5.2. Indeed, let x = %, y=0,3e= (%, %) € intC,V U, €

Uz

),3z =1 € U,V n > 1 such that
1
—Fu(z,y) + F(z,y) = ((32 + ﬁ)(ﬂc2 —y* =22+ 2y) —ya® + o,
1
(32+ﬁ>(x2—y2—2:€+2y) —yx2+y3>

:<_14_%7_14_%) g —e+ C.

Therefore, the assumption (iii) in Theorem 5.2 is essential.

(1
2]
3]
(4]
(5]
(6]
(7l
(8]

(9]
(10]

[11]
[12]
[13)
[14]
[15]
[16]
17)
18]

(19]
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