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FIXED POINT RESULTS FOR CYCLIC CONTRACTION
SATISFYING GENERALIZED ALTERING DISTANCES AND
APPLICATION

HEMANT KUMAR NASHINE AND SALVADOR ROMAGUERA

ABSTRACT. A sufficient condition for the existence and uniqueness of fixed point
for a new variant of cyclic contractive mapping, named as weakly cyclic con-
tractive mappings, involving a generalized altering distance function in complete
metric spaces are provided. Examples are given to support the usability of our
results. At the end of the results, an application to the study of existence and
uniqueness of solutions for a class of two-point boundary value problem of second
order differential equation is discussed by using the fixed point results.

1. INTRODUCTION AND PRELIMINARIES

The celebrated Banach Contraction Principle is a fundamental piece both in
several branches of functional analysis and in many applications. This important
fixed point theorem can be stated as follows

Theorem 1.1 ([2]). Let (X,d) be a complete metric space and T be a self-map of
X satisfying:

where k is a constant in (0,1). Then, T has a unique fized point £ € X.

Due to its relevance, generalizations of Banach’s fixed point theorem have been
studied by many authors (see e.g. [15] and references cited therein).

The fact that condition (1.1) implies continuity of 7', suggests in a natural way the
question of obtaining fixed point results for metric spaces where the involved self-
map is not necessarily continuous. This question is answered by Kirk et al. [14] and
turned the area of investigation of fixed point by introducing cyclic representations
and cyclic contractions, which can be stated as follows:

A mapping 7 : AUB — AUB is called cyclic if T(A) C B and T(B) C A, where
A, B are nonempty subsets of a metric space (X,d). Moreover, T is called cyclic
contraction if there exists k € (0,1) such that d(7Tz,Ty) < kd(z,y) for all z € A
and y € B. Notice that although a contraction is continuous, cyclic contraction
need not to be. This is one of the important gains of this theorem which motivates,
in a natural way, the following notion:
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Definition 1.2 (See [14,17]). Let (X,d) be a complete metric space. Let p be
a positive integer, A, As, ..., A, be nonempty subsets of X, Y = |J_; A; and
T :Y — Y. Then Y is said to be a cyclic representation of ) with respect to T if

(i) A;,i=1,2,...,p, are nonempty closed sets, and

(i) T(A1) €Az, ..., T(Ap—1) C Ay, T(Ap) C Ap

Following [14], a number of fixed point theorems on cyclic representation of )
with respect to a self-mapping 7 have appeared (see e.g. [1,6,11,12,16-19]).

To continue the investigation specified in [14], a new variant of cyclic contractive
mappings satisfying generalized altering distance function, which is followed by the
existence and uniqueness of fixed points for such mappings is discussed here. The
obtained result generalizes and improves many existing theorems in the literature.
Some examples are given in the support of our results. Finally, an application to
the study of existence and uniqueness of solutions for a class of two-point boundary
value problem of second order differential equation is presented.

2. MAIN RESULTS

In the sequel, we designate the set of all real nonnegative numbers by R* and
the set of all natural numbers by N.

To introduce a new variant of cyclic contraction we need the notion of an altering
distance function.

Definition 2.1 ([13]). A function ¢ : RT — RT is called an altering distance
function if the following properties are satisfied:

(a) ¢ is continuous and non-decreasing, and

(b) p(t)=0<t=0.
Definition 2.2 ([20]). A function ¢ : RT® — R is said to be a generalized altering
distance function if

(i) 1 is continuous,
(ii) 1 is non-decreasing in each variable,
(iii) w(tl,tg,tg) =0t =ty =t3=0.

F3 will denote the set of all functions v satisfying conditions (i)—(iii).

The following are examples of generalized altering distance functions with three
variables.

Example 2.3. (a) ¥(t1,te,t3) = kmax{ty,ta,t3}, k> 0;

(b) w(tlat27t3) = Hlax{tlat27t3} .

1+max{t1 ,t2,t3} )

(c) Y(t1,ta,ts) =th +td+ 15, pg,r>1.

Now we can state the notion of cyclic contraction under generalized altering
distance function as :
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Definition 2.4. Let (X, d) be a metric space. Let p be a positive integer, Ay, As, .. .,
A, be nonempty subsets of X and Y = Ule.AZ-. An operator T : Y — Y is called
cyclic contractive under generalized altering distance function, if

(I) ¥ =U_,A; is a cyclic representation of Y with respect to 7T
(I) for any (z,y) € Ai x Aiy1,i=1,2,...,p (with Ap41 = Ay),
\Ijl(d(Tx> Ty)) < wl (d(l’, y)a d($> T.CC), d(ya Ty)) - ¢2(d(3«", y)7 d(.%', 7-.%'), d(ya Ty)))
where 11 and 1y are generalized altering distance functions (in F3) and Wq(t) =

1 (t, t, t) .

It is easy to acquire the following examples of cyclic contractive mapping from
Example 2.3(a):
Example 2.5. Let X = [0,1] with the usual metric. Suppose A; = [0, %} and
Ay =[},1] and X = U2, A;. Define 7 : X — X such that

1
- 4 T e [0’1)7
(2.1) Tz = {0’ 1

Clearly, A; and As are closed subsets of X. Moreover T (A;) C A;41 for i = 1,2,

so that U?Zl A; is a cyclic representation of X with respect to 7. Furthermore, if
V1,19 : RY = R denote

1
P1(t1, ta, t3) = max{ty, o, t3} and ¥o(t1,t2,t3) = ZmaX{t1,t27t3}-

Then 11,19 € F3.

Now we show that 7 satisfies cyclic contractive condition (II).

For z € Ay, y € A (Orl’EAQ,yEAl )

e When z € [0,%] and y € [1,1), we deduce d(Tz,Ty) = 0 and equation (II) is
trivially satisfied.

e When z € [0, 1] and y = 1, we deduce d(Tz,Ty) = 3 and

1
t1:|x—1|, to = ]az—zl, t3:1,

then equation (II) holds as it reduces to 1 < 3.

Our main result is the following.
Theorem 2.6. Let (X,d) be a complete metric space, p € N, Aj, As,... A,
nonempty closed subsets of X and Y = UL_| A;. Suppose the mapping T : Y — Y is
cyclic contractive under generalized altering distance function, for some 1,19 € F3.
Then T has a unique fized point. Moreover, the fized point of T belongs to NE_; A;.
Proof. Let xg € A; (such a point exists since A; # (}). Define a sequence {z,} in
X by:

T+l =T Tp, n=0,1,2,....

If there is k € NU {0} such that zy = zx11, then z; =z, for all n > k, so zj is a
fixed point of 7 and zj, € NE_, A;.

Then, we assume that
(2.2) Ty # Tpt1, YN € NU{0}.



1234 H. K. NASHINE AND S. ROMAGUERA

We shall prove that the sequence {d(z,, z,+1)} is non-increasing with

(2.3) lim d(xy,zp4+1) = 0.

n—oo

Indeed, suppose that, for some n € N,

d(Tpt1, Tnt2) > d(Tn, Tpi1).
Using this together with the properties of generalized altering distance functions
W1, Y2, we get
Ui (d(zn+1,2n42)) < Y1(d(Tns Tptr), d(Tn, Tnt1), d(Tnt1, Tnta))
—o(d(@n, Tnt1), d(Tn, Tnt1), A(Tnt1, Tny2))
U1 (d(Tn+1, Tni2))
—Yo(d(Tn, Tni1), d(Tn, Tni1), d(Tnq1, $n+2))-

IN

This implies that

¢2(d(‘rna xn-l—l), d(l‘n, xn—i—l)a d(xn-‘r].a xn—i—Q)) =0

which yields d(xy, xnt1) = d(2p41,2nt2) = 0. Hence, we obtain a contradiction
with (2.2). We deduce that

(2.4) d(Tpt1, Tnt2) < d(Tp, Tpe1), VneN.

Then, {d(zp+1,Zn+2)} is a non-increasing sequence of positive real numbers. This
implies that there exists » > 0 such that

(2.5) lim d(xpi1, Tnta) =T
n—oo
Since

vy (d($n+1a xn+2)) <1 (d(xn’ xn—l—l)a d(.’En, xn-l—l)y d(l‘n, xn—i—l))
— 1o (d($n, -Tn—&-l)v d(ZUnv xn—i—l)a d(xn—i-la xn+2))
(26) = \Ijl(d(ﬂfn, 1:n+1)) - 1/12(d(xn7 x’n-i—].)a d(xna :En-l-l)) d(xn-i-l) xn+2))7
we deduce, passing to the limit as n — oo in (2.6) and using continuity of ¥y and
1/)2, that
Wi(r) < Wi(r) — tho(r,r,r),
which implies that ¢o(r,r,7) = 0, and thus » = 0. Hence, (2.3) is proved.

Now, we shall prove that {z,} is a Cauchy sequence in (X,d). Suppose to the
contrary, that {x,} is not a Cauchy sequence. Then there exists ¢ > 0 for which
we can find two sequences of positive integers {m(k)} and {n(k)} such that for all
positive integers k,

2.7 nlk) >mk) >k, d@mm),Tor) 26 AT, Tog)-1) <
Using (2.7) and the triangle inequality, we get

e < d@n@)s Tm(k))
< ATk Tngk)—1) T ATng)—15 Tn(r))
< e+ d(@nky Tn(k)-1)-
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Passing to the limit as k¥ — oo in the above inequality and using (2.3), we obtain

On the other hand, for all &, there exists j(k) € {1,..,p} such that n(k) — m(k) +
J(k) = 1[p]. Then x4 (for k large enough, m(k) > j(k)) and x,q, lie in
different adjacently labelled sets A4; and A;4 for certain ¢ € {1,..,p}.

Using the triangle inequality, we get

(@ (k) —j (k) Trk)) = ATy, Tm))| < AT —itk) Tmi))
J(k)—1

D d@mry— k)11 Tmk)— (k) +141)
0

IA
LT

p
< d(xm(k)—j(k)—i-lvmm(k)—j(k)—i—l—i—l) —0ask — (fI‘OIIl (2.3)),

~
o

which, by (2.8), implies that
(2.9) . d(@mk) (k) Tnr) = €.
Again, using the triangle inequality, we get

(T (k)= (k) Tra(k)+1) — AT = (k) > Tr(i))| < A(T()> T 1)
Passing to the limit as k — oo in the above inequality, and using (2.9), we get
(2.10) leIEIO d(xm(k)—j(k)7xn(k)+1) = €.
Therefore, from the inequality

()41 Ton() (k) +1) = ATy —j (k) Ty +1) | < A (k)= (k) Tom(l)—j (k) +1)
we deduce, passing to the limit as k — oo, and using (2.3) and (2.10), that

(2.11) klglolo ATy (k) —j(k)+1> Tn(k)+1) = E-
Hence, by the continuity of ¥; and (2.11), we get
(2.12) Vi(e) = lm Uy (d(T@mr)—jih)> TTn(r)))-
Using (II), we obtain
Uy (d(zy, k)+1> Tr(k)+1))
< ¢ (d( m(k)—j(k)> Tr(k))» A Tm(k) =i ()41 Tm(k)—j(k))» A Tn(k)+15 Tn(k)))
(2.13) =2 (AT (k)i (k) s Tr(k) )> AT (k)= (k) +15 Trn(k)—j (k))s A Tn(k)+1> Tn(k)))s

holds only when k is sufficiently large that m(k) — j(k) > 0. Now, it follows from
(2.9) that
(2.14)

klgrolo \I/1< (7—.%' V=3 (k) T.fn(k))) < wl(e’f, 0, 0) - wg(&“, 0, 0) < \I/1<€) — ¢2(€,0,0).

Now, combining (2.12) with the above inequality, we get
(2.15) \111(6) < \Ifl(&?) — wg(E, 0, 0)
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which implies that 15(g,0,0) = 0, a contradiction since € > 0. Thus we proved that
{z,} is a Cauchy sequence in (X, d).

Since (X, d) is complete, there exists & € X’ such that
(2.16) lim z, = €.

n—oo

We shall prove that
D
(2.17) ge) A
i=1

From condition (I), and since zy € Ay, we have {zpp}n>0 C Aj1. Since A; is
closed, from (2.16), we get that £ € A;. Again, from the condition (I), we have
{Znp+1}n>0 € Az. Since Aj is closed, from (2.16), we get that { € Az. Continuing
this process, we obtain (2.17).

Now, we shall prove that £ is a fixed point of 7. Indeed, from (2.17), since for
all n, there exists i(n) € {1,2,...,p} such that z,, € A;(,, applying (II) with z = ¢
and y = z,, we obtain

V1(d(T¢€; nt1))

U (d(TE, Txn))
Y1(d(§, xn), d(§, TE), d(Tn, Tpt1))
(2.18) —P2(d(§, zn), d(&, TE), d(@n, Tnt1)),
for all n. Passing to the limit as n — oo in (2.18), and using (2.16), we get
Ui(d(&, 7€) < 1(0,d(§,TE),0) — v2(0,d(&, TE),0)
< W(d(§ TE)) — ¥2(0,d(€, T€), 0)
which holds unless 12(0,d(&,T€),0) =0, so
(2.19) £=T¢

that is, £ is a fixed point of 7.
Finally, we prove that £ is the unique fixed point of 7. Assume that ¢ is another

IN

P
fixed point of T, that is, 7¢ = (. By the condition (I), this implies that ¢ € ﬂ A;.

i=1
Then we can apply (II) for x = £ and y = (. We obtain

—2(d(§,¢), d(&, TE),d(¢, TC)).

Since ¢ and ( are fixed points of T, we can show easily that

\Ill(d(§7 C)) < \Ijl(d(ga C)) - ¢2(d(§a <)> 0, O)

which implies ¥9(d(&,¢),0,0) = 0, and thus d(&,¢) = 0, that is, £ = (. Thus we
proved the uniqueness of the fixed point. O

In the following, we deduce some fixed point theorems from our main result given
by Theorem 2.6.

If we take p = 1 and A; = X in Theorem 2.6, then we get immediately the
following fixed point theorem.
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Corollary 2.7. Let (X,d) be a complete metric space and let T : X — X satisfying
the following condition: there exist 11,19 € F3 with Wi(t) = 11(t,t,t) in Theorem
2.6 such that

Ui(d(Tw, Ty)) < vi(d(z,y),d(z, Tx),d(y, Ty)) — Y2(d(z, y), d(z, Tx), d(y, Ty)),
for all x,y € X. Then T has a unique fixed point.

Remark 2.8. Corollary 2.7 extends and generalizes many existing fixed point the-
orems in the literature [2], [3-5,7,8,10-13,21-23].

Now, it is easy to state a corollary of Theorem 2.6 involving a contraction of
integral type.

Corollary 2.9. Let T satisfy the conditions of Theorem 2.6, except that condition
(I1) is replaced by the following: there erxists a positive Lebesgue integrable function
u on Ry such that [ u(t)dt > 0 for each ¢ >0 and that

u(t)dt <

/\h(d(TI,Ty)) ()d
u(t) dt

/¢1 (d(z,y),d(z,Tx),d(y, Ty))

0 0

(2.20) -

1/)2 (d(xvy)’d(szx)’d(vay))
/ u(t) dt.

0
Then T has a unique fized point. Moreover, the fized point of T belongs to NE_;A;.
Remark 2.10. If we take
1(t1,te, t3) = max{ty, to, t3} and ¥o(t1,te, t3) = (1 — k) max{ty, to, t3},
for k € (0,1) then ¥y (¢t) =t for all ¢ > 0, and the contractive condition (II) becomes

d(Tz, Ty) < kmax {d(:v,y),d(:r,Ta:),d(y,Ty)}.

A number of fixed point results may be obtained by assuming different forms for
the functions 1 and 1,. In particular, fixed point results under various contractive
conditions may be derived from the above theorems. For example, if we consider

1/)1(3:,y, Z) = klxq +k23/q +k32q7
¢2(9C7 Y, Z) = (1 - k)[kll'q + kaq + k3zq]7
where ¢ > 0 and 0 < k = k1 + ks 4+ k3 < 1, we obtain the following results.

The next result is an immediate consequence of Theorem 2.6.

Corollary 2.11. Let (X,d) be a complete metric space, p € N, Ay, As,..., Ay
nonempty closed subsets of X, Y = U_j A; and T : Y — Y such that
(I Y =U_A; is a cyclic representation of Y with respect to T ;
(I1) for any (x,y) € A; x Aiy1, i =1,2,...,p (with A, = Ay),
(d(Tz, Ty))? < ki(d(z,y))? + ka(d(z, Tx))? + k3(d(y, Ty))?,

where ¢ > 0 and 0 < k1 + ko + ks < 1. Then T has a unique fized point. Moreover,
the fized point of T belongs to ME_| A;.
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Remark 2.12. Other fixed point results may also be obtained under specific choices
of 11 and 1.

Next we present some examples showing how our Theorem 2.6 can be used.

Example 2.13. Let X = R endowed with the usual metric. Assume A; = Az =
[<1,0] and Ay = Ay = [0,1] so that ¥ = Ui, A; = [-1,1]. Define 7:Y — Y
by Tx = —45, for all x € ). It is clear that (X,d) is a complete metric space
and Y = U?Zl A; is a cyclic representation of ) with respect to 7. Then, for any
€ A, y€ Aiiq,1=1,2,3,4 we have

|z —y| o 13

39 < 1*65(|$|+|y’)

< 5 (5(e-vi+]e- | +i- %))
(1 - Y
= g\ \F 7Y 320 T Y T 39

< % max {d(x,y),d(x, Tx),d(y,Ty)}.

Take wl(tl,tg,tg) = max{tl,tg,tg} and wg(tl,tg,tg) = %max{tl,tg,tg}. Then T is
a cyclic contractive map. Therefore, all the hypotheses of Theorem 2.6 are satisfied
and 0 is a unique fixed point of 7.

Example 2.14. Let X =[5, §] endowed with the standard metric d(x,y) = |z —y|
for all z,y € X'. Consider the closed subsets A; and Ay defined by A; = [5,0]

and Az = [0, 5]. Define the mapping 7 : X — X’ by

Ty —Ealeos(U/m)] i e [FF,0)U(0,3]
0 if =0.

Clearly, we have T (A1) C Az and T (Az) C A;.
Now, let (z,y) € (A x A3) with z # 0 and y # 0, we have

ATz, Ty) = |Tx—Ty|

gelcos(1/2)] + Fyleos(1 )]

1
= 3|alicosti/) + lcost/m]
1
< el + o).
On the other hand, we have
1 1 1
x| = —z < —:L'+5|1' cos(1/x)| = —1‘—51‘| cos(1/x)| < |x+ 51’| cos(1/z)|| = d(z, Tx)

and
1 1
= <+ Slocos(t/n)| = |+ Suleos(1/3)| = dlo. )
Then we have

ATe,Ty) < 2 max{d(e, To), dly, Ty)}
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< %max{d(a:,y),d(w,T$)7d(y77-y)}-

Take wl(tl,tg,tg) = max{tl,tg,tg} and wg(tl,tg,tg) = %max{tl,tg,tg}. Then T is
a cyclic contractive map. Moreover, we can show that condition (II) holds if z =0
or y = 0.

Now, all conditions of Theorem 2.6 are satisfied (with p = 2), we deduce that T
has a unique fixed point z* € A; N Ay = {0}.

We conclude this section by applying Corollary 2.11 to the study of solutions for
the functional equation x(t) = f(¢,2(t)), under the conditions (A), (B) and (C)
described below.

Given a metric space (X,d) we denote, as usual, by C(X,R) the set of all real-
valued continuous functions on (X, d).

Example 2.15. Consider the functional equation x(t) = f(¢,x(t)), where f €
C([0,1] x R,R) satisfies the following three conditions:

(A) f is non-increasing in the second variable, i.e., for each ¢ € [0, 1],
nyeR z<y = f(t,z) = f(t,y).

(B) There exist two functions a, 8 € C([0,1],R) and two numbers ag, Sy € R
such that

ap < aft) < B(t) < po,
and

a(t) < f(t,5(t)) and  f(t,at)) < B(1),
for all ¢ € [0, 1].

(C) There exist ¢ > 0 and k; > 0, i = 1,2, 3, such that k1 + k2 + k3 < 1 and
|f(t,£L’) - f(tay)‘q < ki ‘x - y’q + k2 ’x - f(t,.’L‘)|q + k3 |y_ f(tay)‘qa
for all t € [0,1], z < By and y > ayp.

If we define
A ={u e C([0,1],R) : u(t) < f(t,a(t)), for all t € [0,1]},

and
Ay ={u € C([0,1],R) : f(t,B(t)) < u(t), for all t € [0,1]},
then, we shall prove that there is a unique u* € A; U Ay such that

(2.21) u'(t) = f(t,u" (1)),
for all ¢ € [0, 1]. Furthermore u* € A; N Ag, i.e., f(t,0(t)) < u*(t) < f(t, a(t)) for
all t € [0, 1].

Indeed, let ds be the metric on (C(]0,1],R) given by

d = t) —y(t
wo(2,y) = max [2(t) —y(#)],
for all x,y € C([0,1],R). It is well known that (C([0, 1],R), ds) is a complete metric
space.
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Now define the self-map 7 : (C]0, 1],R) — (C[0,1],R) by

Tx(t) = f(t,z(t)), for z € (C[0,1],R).
We shall show the existence of a unique fixed point of 7 in A; U As, which is the

unique solution of (2.21) in A; U As.

To this end, first note that A; and Az are non-empty closed subsets of C([0, 1], )
so X = A; U Ay is closed in C([0,1],R), and thus the metric space (X,d) is
complete.

Moreover X = A; U Ay is a cyclic representation of the restriction of T to X,
which will be also denoted by 7. In fact, for each u € A; we have, by conditions

(A) and (B),
f@8(8) < f(tu(t)), for t € [0,1],
and consequently 7 (A;) C As.
Similarly, for any u € As we have
ftu(t) < f(t, a(t)), for t € 0,1,
and consequently 7 (A,) C A;.
Finally, let v € A;, v € A and t € [0, 1]. Since u(t) < By and v(t) > ag, we
deduce by condition (C) that

Tu(t) = To@)|* = [f(tu(t) = f(t ()

<k fu(t) — v(®)| T+ ke Jult) — f(tu(t))]
s oft) — £, 007
Therefore
(T, 7o)t = (s (Tu(t) = To(0)]) = max [Tu(t) = Tolo)l

< kildoo(u,0))? + ka(doo (u, Tw))? + k3(doo (v, Tv)) .
It follows form Corollary 2.11 that 7 has a unique fixed point v* in A; U Ay. In
fact u* € A1 N Ag, ie., f(t,8(t)) <u*(t) < f(t, at)) for all t € [0,1].

As a particular case of the preceding example let

z(t) = f(t,z(t)),
where f:[0,1] x R — R is defined by
flt,x) =g(t) if x <0,

g(t) .
=27 <z<
f(t,x) T sinz if 0<az<m/2,

and .
flta)= Lot) i x> /2
with ¢ : [0,1] — R continuous and satisfying 0 < g(¢) < 1/2 for all ¢ € [0, 1].

It is clear that f satisfies condition (A) above.
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Let o, 8 : [0,1] — R defined by a(t) = g(t)/2 and S(t) = g(t) for all t € [0, 1],
and let ag =0, By = 1. Obviously
ag < at) < B(t) < Bo,
for all t € [0, 1]. Moreover,
a(t) < f(t,5(t)) and  f(t,a(t)) < B(2),
for all t € [0,1], because

t t
F50) = 2= M e and
9(t)
[t a(t)) HT(@(t)) ~9
So condition (B) is also satisfied.
Finally, since g is continuous on [0, 1] and 0 < g(¢) < 1/2 for all ¢ € [0, 1], there is
k € (0,1/2) such that g(t) < k for all ¢ € [0, 1]. We shall show that for every = <1,
y >0 and ¢ € [0,1], condition (C) follows with ¢ = 1, k; = k3 = k and ks = 0.
e Case 1. < 0,0 <y <m7/2. Then we have
o= sanl = Joo - 29
siny
1+siny
e Case 2. 0 <z <1,0<y<7/2. Then we have

<ksiny <ky <kly—z|.

sinx — siny
t7 — t’ g t n .
|f( fL‘) f( y)‘ g() (1—|—51nm)(1—|—81ny)'
< klsinz —siny| < k|z —y|,
where, as is well-known, the last inequality can be immediately deduced

from The Mean Value Theorem applied to the function x — sinz.
e Case 3. x <0, y > 7/2. Then we have

g(t) ( @)

e - fitp) = L < - 9L
< by 2Dy =k - few).

e Case 4. 0 <z <1,y >mn/2. Then we have

g(t) g(t) k1l—sinx
tax) — f(t = - <=
7(t,2) = 1(t.9)] [+sinz 2 |~ 21+sinz
k
< S <kly—a.
< 5 <kly—z
Thus condition (C) is also satisfied and hence there is a unique solution u* €

C([0,1]) of (2.21) such that

g9(¢) o g9(¢)
) = WS Tamem )
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for all ¢ € [0, 1].

Remark 2.16. In case that f is non-decreasing in the second variable, a suitable
modification of conditions (A), (B) and (C) above also allows us to deduce the
existence and uniqueness of solution for the functional equation (2.21).

Indeed, let f € C(]0,1] x R,R) satisfying the following conditions:

(A’) f is non-decreasing in the second variable.

(B’) There exist two functions «, 8 € C([0,1],R) and two numbers ag, By € R
such that

ap < aft) < f(t,a(t) < f(t,B(t)) < B(t) < Po,
for all ¢ € [0, 1].
(C’) There exist ¢ > 0 and k; > 0, ¢ = 1,2, 3, such that k; + ko + k3 < 1 and

[ft.2) = f(E )| < kil —yl" + ko |z — f(t,2)[" + ks |y — f(t.y)I?,
for all t € [0,1], and z,y € [, Bol-

If we define
Ay ={u e C([0,1],R) : f(t,B0) < u(t) < By, for all t € [0,1]},
and
As ={u e C([0,1],R) : g < u(t) < f(t, ), for all t € [0,1]},
then A; and Ay are non-empty closed subsets of C([0, 1], R), so (X, dw) is a complete
metric space where X = A; U Aj.

Now define the self-map 7 : (C[0,1],R) — (C[0, 1], R) as in Example 2.15. Then
T(A;) C T(A,) and T(A,) C T(A,) by conditions (A’) and (B’), so X = A; U Ay
is a cyclic representation of the restriction of 7 to X, which is also denoted by 7.

Finally, from condition (C’) we deduce, as above, that

(deo(Tu, TV))? = (tren[% Tu(t) - Tv<t>|) — ma [Tu(t) ~ To(0)
< k1 (doo(u, )9 + ka(doo (u, Tw))? + k3(doo (v, Tv))7.

for all u € A; and v € As.
By Corollary 2.11 we conclude that 7 has a unique fixed point u* in A; U As.
Furthermore u* € A1 N Ag, i.e., f(t,a(t))) <u*(t) < f(t,8(t)) for all t € [0,1].

3. AN APPLICATION TO SECOND ORDER DIFFERENTIAL EQUATIONS

In this section we shall apply Corollary 2.11 to the study of existence and unique-
ness of solution for a type of second order differential equations. Our approach is
inspired by Section 3 of [9].

Consider the two-point boundary value problem for second order differential equa-
tion

(3.1)
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where f € C([0,1] x R, R).
It is known, and easy to check, that problem (3.1) is equivalent to the integral
equation

1
(3.2) x(t) = / G(t,s)f(s,z(s))ds, for t € [0,1],
0
where G is the Green function defined by
Gt,s)=(1—-t)s if 0<s<t<I1,
and
Gt,s)=(1—-s)t if 0<t<s<I1.
That is, if x € C?([0,1],R), then x is a solution of problem (3.1) if and only if it
is a solution of the integral equation (3.2).

Now assume that the following three conditions are satisfied:
(i) f is non-increasing in the second variable.

(i) There exist two functions «, 8 € C([0, 1], R) and two numbers g, Sy € R such
that

ap < a(t) < B(t) < po,
and
1 1
o)< [ G9fsp6) ad [ 69)f(s,al9) < ()
0 0
for all ¢t € [0, 1].
(iii) For
A ={u e C([0,1],R) : u(t) < B(¢t), for all t € [0,1]},
and
Ay ={u € C([0,1],R) : a(t) < u(t), for all t € [0,1]},
there exist ¢ > 1 and a; > 0, ¢ = 1,2, 3, such that a1 + a2 + a3 < 8 and

1
u(t)—/o G(t,s)f(s,u(s))ds

q

[ftu(t) = fE @) < arfu(t) —v(t)|? + a2

1
v(t)—/o G(t,s)f(s,v(s))ds

for all w € Aj, v € Ay and t € [0,1].

+as

)

Then, we can prove the following.

Theorem 3.1. Under the conditions (i), (ii) and (iii) above, the problem (3.1) has
one and only one solution u* in Ay U As. In fact, u* € A1 N As.

Proof. Define the self-map 7T : (C[0,1],R) — (C]0,1],R) by
1
Tx(t) = / G(t,s)f(s,z(s))ds, for x € (C[0,1],R).
0

We shall prove the existence of a unique fixed point of 7 in A; U As.
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To this end, put X = A; U As. Since A; and Ay are non-empty closed subsets
of C([0,1],R), it follows that X is closed in C([0, 1], R), and thus the metric space
(X,d) is complete.

Moreover X = A; U Ay is a cyclic representation of the restriction of T to X,
which will be also denoted by 7. In fact, for each u € A; we have by conditions (i)
and (ii),

a(t) < TB(t) < Tu(t), for t € [0,1],
and consequently 7 (A;) C A, and for any u € Ay we have similarly,
Tu(t) < Talt) < B(t), for t €0,1],

and consequently 7 (A,) C A;.
Next, we recall that for each ¢ € [0, 1] one has

! (11—t
/0 G(t,s)ds = 5

and then

1
1
G(t, s)ds = +.
trenﬁ)ﬁ/o (t.5)ds =5

Finally, for each u € Ay, v € Ay and t € [0, 1], we have u(s) < By and v(s) > ap
for all s € [0, 1], so by the inequality of Cauchy-Schwarz, condition (iii) and the fact
that G(t,s) <1, we deduce

rutt) - oo < ([ Gteopras) ([ 15650660 - 65001 as)

< </01(G(t, s))d8> (@1 (doo (1, 0))" + a2(doo (u, T1))? + a3(doo (v, Tv))))

Hence
(doo(Tu, Tv))" < é(al(doo(u, v))? + az(doo(u, Tw))? + asg(dos (v, Tv))7).

By applying Corollary 2.11, with k; = a;/8, i = 1,2,3, we deduce that the
problem (3.1) has a unique solution u* such that a(t) < u*(t) < B(t) for all t €
[0, 1]. O

In case that f is non-decreasing in the second variable, a suitable modification
of conditions (i), (ii) and (iii) above also allows us to deduce the existence and
uniqueness of solution of the problem (3.1).

Indeed, let f € (C[0,1] x R, R) satisfying the following three conditions:
(i’) f is non-decreasing in the second variable.

(ii’) There exist two functions «, 8 € C([0,1],R) and two numbers ap,fy € R
such that

1 1
o0 <alt) < [ Gltaftsal)ds < [ Gl f(s8(s) ds <50 < o

for all t € [0, 1].
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(iii") For
Ay = {ue C(0,1],R) - /01 G(t, 5)f(s,a(s)) ds < u(t) < B(t), for all ¢ € [0, 1]},
and
Ay = {u € C(0,1],R) : a(t) < u(t) < /01 G(t, 5) f(s, B(s)) ds, for all £ € [0, 1]},

there exist ¢ > 1 and a; > 0, 7 = 1,2, 3, such that a1 + as + az < 8 and

q

[f(tu(®) = FEo@)" < arfu(t) —o()]T + ag

1
u(t) — /O G(t, 5) f (s, uls))ds

+as

?

1
v(t)—/o G(t,s)f(s,v(s))ds

for all w € Aj, v € Ay and t € [0,1].

Theorem 3.2. Under the conditions (i’), (ii’) and (iii’) above, the problem (3.1)
has one and only one solution u* in Ay U As. In fact, u* € A1 N As.

Proof. We omit some details because the proof follows similarly to the one given in
Theorem 3.1.
Define the self-map 7 : (C[0, 1], R) — (C]0, 1], R) by

1
To(t) _/0 G(t, 5)f(s,(s)) ds, for € (C[0, 1], R).

We shall prove the existence of a unique fixed point of 7 in A; U As.

To this end, put X = A; U As. Since A; and As are non-empty closed subsets
of C(]0,1],R), it follows that X is closed in C([0,1],R), and thus the metric space
(X,d) is complete.

Moreover X = A; U Ay is a cyclic representation of the restriction of T to X,
which will be also denoted by 7. In fact, for each v € A; we have by conditions (i’)
and (ii"),

a(t) < Ta(t) < Tu(t) < TH(t), for t € [0,1],
and consequently 7 (A;) C A, and for any u € Ay we have similarly,
Ta(t) < Tu(t) < TH(t) < B(t), for t € [0,1],

and consequently 7 (A,) C A;.

Finally, for each u € A1, v € Ay and t € [0, 1], we have u(s),v(s) € [ao, fo] for
all s € [0,1], so, by using (iii’), we deduce, as in the proof of Theorem 3.1, that

(doo(Tw, T0))? < é(al(doo(u, )7 + aa(doo(u, Tw))? + a3(doo (v, T))9).

By Corollary 2.11, 7 has a unique fixed point u* such that f(¢, a(t)) < u*(¢)
f(t, B(t)) for all t € [0,1].

LI IA
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