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[K 2] K(x1, x1, . . . , x1, x2) > 0 for all x1, x2 ∈ X with x1 ̸= x2,
[K 3] K(x1, x1, . . . , x1, x2) ≤ K(x1, x2, . . . , xn) for all x1, x2, . . . , xn ∈ X with the

condition that any two of the points x2, . . . , xn are distinct,
[K 4] K(x1, x2, . . . , xn) = K(xπr(1), xπr(2), . . . , xπr(n)), for all x1, x2, . . . , xn ∈ X

and a permutation π of {1, 2, . . . n} such that π(s) = s+ 1 for all
1 ≤ s < n, π(n) = 1 and for all r ∈ N,

[K 5] K(x1, x2, . . . , xn) ≤ K(x1, xn+1, . . . , xn+1) +K(xn+1, x2, . . . , xn) for all
x1,x2, . . . , xn, xn+1 ∈ X.

Then the functionK is called aK-metric onX, and the pair (X,K) aK-metric space.

Example 1.2. Let R denote the set of all real numbers. Define a function ρ : Rn →
R+, (n ≥ 3) by

ρ(x1, x2, . . . , xn) = max{|x1 − x2| , . . . , |xn−1 − xn| , |xn − x1|}
for all x1, x2, . . . , xn ∈ R. Then (R, ρ) is a K-metric space.

Example 1.3. For any metric space (X, d), the following functions defineK-metrics
on X:

(1) Kd
1 (x1, x2, . . . , xn) =

1
n

[∑n−1
r=1 d(xr, xr+1) + d(xn, x1)

]
,

(2) Kd
2 (x1, x2, . . . , xn) = max{d(x1, x2), d(x2, x3), . . . , d(xn−1, xn), d(xn, x1)}.

Geometrically the K-metric represents the notion of the perimeter of an oriented
polygon with vertices x1, x2, . . . , xn. Here we observe that the condition of symme-
try is not satisfied in general as in G-metric. Thus the notion of a K-metric is not
a straight forward translation of the concept of G-metric. Now we introduce an n
point analogue of G-metric as follows.

2. Main results

Definition 2.1. Let X be a non-empty set, and R+ denote the set of non-negative
real numbers. Let Gn : X

n → R+, (n ≥ 3) be a function satisfying the following
properties:

[G 1] Gn(x1, x2, . . . , xn) = 0 if x1 = x2 = · · · = xn,
[G 2] Gn(x1, x1, . . . , x1, x2) > 0 for all x1, x2 ∈ X with x1 ̸= x2,
[G 3] Gn(x1, x1, . . . , x1, x2) ≤ Gn(x1, x2, . . . , xn) for all x1, x2, . . . , xn ∈ X with

the condition that any two of the points x2, . . . , xn are distinct,
[G 4] Gn(x1, x2, . . . , xn) = Gn(xπ(1), xπ(2), . . . , xπ(n)), for all x1, x2, . . . , xn ∈ X

and every permutation π of {1, 2, . . . n},
[G 5] Gn(x1, x2, . . . , xn) ≤ Gn(x1, xn+1, . . . , xn+1) + Gn(xn+1, x2, . . . , xn) for all

x1,x2, . . . , xn, xn+1 ∈ X.

Then the function Gn is called a Generalized n-metric on X, and the pair (X,Gn)
a Generalized n-metric space.

From now on we always have n ≥ 3 for (X,Gn) to be a generalized n-metric
space.

Example 2.2. Define a function ρ : Rn → R+,(n ≥ 3) by

ρ(x1, x2, . . . , xn) = max{|xr − xs| : r, s ∈ {1, 2, . . . n}, r ̸= s}
for all x1, x2, . . . , xn ∈ X. Then (R, ρ) is a generalized n-metric space.
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Example 2.3. For any metric space (X, d), the following functions define general-
ized n-metrics on X:

(1) Kd
1 (x1, x2, . . . , xn) =

∑
r

∑
s d(xr, xs),

(2) Kd
2 (x1, x2, . . . , xn) = max{d(xr, xs) : r, s ∈ {1, 2, . . . , n}, r ̸= s}.

Proposition 2.4. Let Gn : X
n → R+,(n ≥ 3) be a generalized n-metric defined on

X, then for x,y ∈ X we have

(2.1) Gn(x, y, y, . . . , y) ≤ (n− 1)Gn(y, x, x, . . . , x).

Proof. Using [G 5] it is trivial to prove the result. �
Definition 2.5. Let (X,Gn) be a generalized n-metric space, then for x0 ∈ X, r >
0, the Gn-ball with centre x0 and radius r is

BG(x0, r) = {y ∈ X : Gn(x0, y, y, . . . , y) < r}

Proposition 2.6. Let (X,Gn) be a generalized n-metric space, then the Gn-ball is
open in X.

Proof. The proof is straightforward. �
Hence the collection of all such balls in X is closed under arbitrary union and

finite intersection and therefore induces a topology on X called the generalized
n-metric topology ℑ(Gn) generated by the generalized n-metric on X.

From example 2.3 it is clear that for a given metric we can always define gener-
alized n-metrics. The converse is also true for if Gn is a generalized n-metric then
we can define a metric dG as follows

dG(x, y) = Gn(x, y, y, . . . , y) +Gn(x, x, . . . , x, y).

Proposition 2.7. Let BdG(x, r) denote the open ball in the metric space (X, dG)
and BG(x, r) the Gn-ball in the correponding generalized n-metric space (X,Gn).
Then we have

BG

(
x,

r

n

)
⊆ BdG(x, r)

Proof. Let y ∈ BG(x,
r
n) then Gn(x, y, y, . . . , y) <

r
n . From (2.1) and [G 4] we have

Gn(x, x, . . . , x, y) ≤ (n− 1)Gn(x, y, y, . . . , y) < (n− 1)r/n.

Therefore

dG(x, y) = Gn(x, y, y, . . . , y) + Gn(x, x, . . . , x, y) <
r

n
+ (n − 1)

r

n
= r.

Hence we have y ∈ BdG(x, r) and therefore BG(x,
r
n) ⊆ BdG(x, r) �

This indicates that the topology induced by the generalized n-metric on X coin-
cides with the metric topology induced by the metric dG. Thus every generalized
n-metric space is topologically equivalent to a metric space.

Definition 2.8. Let (X,Gn) be a generalized n-metric space. A sequence ⟨xm⟩ in
X is said to be Gn-convergent if it converges to a point x in the generalized n-metric
topology ℑ(Gn) generated by the Gn-metric on X.
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Proposition 2.9. Let Gr : X
r → R+, (r ≥ 3) be a generalized r-metric defined on

X. Then for a sequence ⟨xn⟩ in X and x ∈ X the following are equivalent:

(1) The sequence ⟨xn⟩ is Gr-convergent to x.
(2) dG(xn, x) → 0 as n → ∞.
(3) Gr(xn, xn, . . . , xn, x) → 0 as n → ∞.
(4) Gr(xn, x, . . . , x) → 0 as n → ∞.

Proof. Since the topology induced by the Gr-metric on X coincides with the metric
topology induced by the metric dG, hence (1)⇔(2). Now

(2.2) dG(xn, x) = Gr(xn, x, . . . , x) +Gr(xn, xn, . . . , xn, x).

Hence Gr(xn, x, . . . , x) → 0 and Gr(xn, xn, . . . , xn, x) → 0 whenever dG(xn, x) → 0.
Thus (2)⇒(3) and (2)⇒(4). From (2.1) we have

(2.3) Gr(xn, x, . . . , x) ≤ (r − 1)Gr(x, xn, . . . , xn).

Thus (3)⇒(4). Similarly (4)⇒(3). Also from (2.2) and (2.3) we have

dG(xn, x) ≤ rGr(xn, xn, . . . , xn, x).

Therefore (3)⇒(2). �
Definition 2.10. Let (X,GX

n ) and (Y,GY
n ) be generalized n-metric spaces. A

function f : X → Y is said to be Generalized n-continuous at a point x ∈ X if
f−1(BGY

n
(f(x), r)) ∈ ℑ(GX

n ), for all r > 0. The function f is said to be generalized
n-continuous if it is generalized n-continuous at all points of X.

Since every generalized n-metric space is topologically equivalent to a metric
space, hence we have the following result:

Proposition 2.11. Let (X,GX
n ) and (Y,GY

n ) be generalized n-metric spaces. A
function f : X → Y is said to be generalized n-continuous at a point x ∈ X if
and only if it is generalized n-sequentially continuous at x; that is, whenever the
sequence ⟨xm⟩ is GX

n -convergent to x, the sequence ⟨f(xm)⟩ is GY
n -convergent to

f(x).

Proposition 2.12. Let (X,Gn) be a generalized n-metric space, then the function
Gn(x1, x2, . . . , xn) is jointly continuous in the variables x1, x2, . . . , xn.

Proof. Let ⟨xm1⟩, ⟨xm2⟩, . . . , ⟨xmn⟩ be the sequences in the generalized n-metric
space (X,Gn) such that xm1 → x1, xm2 → x2, . . . , xmn → xn. Then by [G 4]
and [G 5] we can show that

Gn(xm1 , xm2 , . . . , xmn)−Gn(x1, x2, . . . , xn) ≤ Gn(xm1 , x1, . . . , x1)

+Gn(xm2 , x2, . . . , x2)

+ · · ·+Gn(xmn , xn, . . . , xn).

Similarly

Gn(x1, x2, . . . , xn)−Gn(xm1 , xm2 , . . . , xmn) ≤ Gn(x1, xm1 , . . . , xm1)

+Gn(x2, xm2 , . . . , xm2)

+ · · ·+Gn(xn, xmn , . . . , xmn).
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Therefore on using (2.1) we have

|Gn(xm1 , xm2 , . . . , xmn)−Gn(x1, x2, . . . , xn)| ≤(n− 1){Gn(x1, xm1 , . . . , xm1)

+Gn(x2, xm2 , . . . , xm2)

+ · · ·+Gn(xn, xmn , . . . , xmn)}.

Making m1 → ∞, m2 → ∞,. . . ,mn → ∞ we have

Gn(xm1 , xm2 , . . . , xmn) → Gn(x1, x2, . . . , xn).

Hence the result follows. �

Definition 2.13. Let (X,Gm) be a generalized m-metric space. A sequence ⟨xn⟩
in X is said to be Gm-Cauchy if for every ϵ > 0, there exists N ∈ N such that

Gm(xn1 , xn2 , . . . , xnm) < ϵ for all n1, n2, . . . , nm ≥ N.

Proposition 2.14. Let (X,Gm) be a generalized m-metric space. A sequence ⟨xn⟩
in X is Gm-Cauchy if and only if for every ϵ > 0, there exists N ∈ N such that

(2.4) Gm(xn1 , xn2 , . . . , xn2) < ϵ for all n1, n2 ≥ N.

Proof. If ⟨xn⟩ is Gm-Cauchy then the result follows from definition 2.13. Conversely
suppose that the condition (2.4) holds for a sequence ⟨xn⟩ inX. Then for n1,n2,n3 ≥
N we have from [G 5]

Gm(xn1 , xn2 , xn3 , . . . , xn3) ≤ Gm(xn1 , xn3 , . . . , xn3) +Gm(xn3 , xn2 , xn3 , . . . , xn3)

< ϵ+ ϵ = 2ϵ.

Continuing the above argument, for n1,n2, . . . , nm ≥ N we have

Gm(xn1 , xn2 , . . . , xnm) < (m− 1)ϵ.

i.e. ⟨xn⟩ is Gm-Cauchy. �

Proposition 2.15. Every Gn-convergent sequence in a generalized n-metric space
is Gn-Cauchy.

Proof. The result follows from proposition 2.9 and (2.4). �

Definition 2.16. A generalized n-metric space (X,Gn) is said to be Gn-complete
if every Gn-Cauchy sequence in (X,Gn) is Gn-convergent in (X,Gn).

Theorem 2.17. Let Gr : X
r → R+, (r ≥ 3) be a generalized r-metric and (X,Gr)

be a Gr-complete generalized r-metric space. Let f and g be self mappings on X
satisfying the following conditions:

(1) f(X) ⊆ g(X),
(2) g is continuous,
(3) Gr(fξ1, fξ2, . . . , fξr) ≤ q Gr(gξ1, gξ2, . . . , gξr) for every ξ1, ξ2, . . . , ξr ∈ X

and 0 < q < 1

Then f and g have a unique common fixed point in X provided f and g commute.
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Proof. Let x0 be an arbitrary point in X. Since f(X) ⊆ g(X) hence there exists a
point x1 such that fx0 = gx1. In general we can choose xn+1 such that yn = fxn =
gxn+1.Using (3) we have

Gr(fxn, fxn+1, . . . , fxn+1) ≤ q Gr(gxn, gxn+1, . . . , gxn+1)

= q Gr(fxn−1, fxn, . . . , fxn)

Proceeding in above manner we have

Gr(fxn, fxn+1, . . . , fxn+1) ≤ qnGr(fx0, fx1, . . . , fx1)

⇒ Gr(yn, yn+1, . . . , yn+1) ≤ qnGr(y0, y1, . . . , y1).

We claim that the sequence ⟨yn⟩ in X is Gr-Cauchy in X. For all natural numbers
n and m(> n) we have from [G 5]

Gr(yn, ym, . . . , ym) ≤ Gr(yn, yn+1, . . . , yn+1) +Gr(yn+1, yn+2, . . . , yn+2)

+ · · ·+Gr(ym−1, ym, . . . , ym)

≤ (qn + qn+1 + · · ·+ qm−1)Gr(y0, y1, . . . , y1)

≤ (qn + qn+1 + . . . )Gr(y0, y1, . . . , y1)

=
qn

1− q
Gr(y0, y1, . . . , y1) → 0 asn,m → ∞.

Thus the sequence ⟨yn⟩ is a Gr-Cauchy sequence in X. By completeness of (X,Gr),
there exists a point u ∈ X such that ⟨yn⟩ is Gr-convergent to u. Since yn = fxn =
gxn+1 hence we have limn→∞ yn = limn→∞ gxn = limn→∞ fxn = u. Now g is
continuous hence

lim
n→∞

ggxn = lim
n→∞

gfxn = gu.

Also f and g commute, therefore

lim
n→∞

fgxn = lim
n→∞

gfxn = lim
n→∞

ggxn = gu.

Taking ξ1 = gxn, ξk = xn (2 ≤ k ≤ r) in (3) we have

Gr(fgxn, fxn, . . . , fxn) ≤ q Gr(ggxn, gxn, . . . , gxn).

Making n → ∞ we have

Gr(gu, u, . . . , u) ≤ q Gr(gu, u, . . . , u).

Which gives gu = u. For otherwise q ≥ 1 contradicting the fact that 0 < q < 1.
Now by taking ξ1 = xn, ξk = u (2 ≤ k ≤ r) in (3) we have

Gr(fxn, fu, . . . , fu) ≤ q Gr(gxn, gu, . . . , gu).

Making n → ∞ we have fu = u. Therefore we have fu = gu = u, i.e. u is a
common fixed point of f and g.

For uniqueness of u, suppose that v ̸= u is such that fv = gu = v. Then we have
Gr(u, v, . . . , v) > 0 and

Gr(u, v, . . . , v) = Gr(fu, fv, . . . , fv) ≤ q Gr(gu, gv, . . . , gv) = q Gr(u, v, . . . , v)

< Gr(u, v, . . . , v).

Thus we get a contradiction, hence we have u = v. �
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Theorem 2.18. Let Gr : X
r → R+,(r ≥ 3) be a generalized r-metric and (X,Gr)

be a Gr-complete generalized r-metric space. Let f : X → X be a mapping which
satisfies the following condition for all x1, x2, . . . , xr ∈ X

Gr(fx1, fx2, . . . , fxr) ≤ kmax{Gr(x1, x2, . . . , xr), Gr(x1, fx1, . . . , fx1), . . . ,

Gr(xr, fxr, . . . , fxr), Gr(x1, fx2, . . . , fx2),

Gr(x2, fx3, . . . , fx3), . . . , Gr(xr, fx1, . . . , fx1)}.

Where 0 ≤ k < 1/2. Then f has a unique fixed point (say u) and f is generalized
r-continuous at u.

Proof. Let f : X → X be a mapping satisfying the given condition. Let y0 ∈ X be
an arbitrary point. Define a sequence ⟨yn⟩ by the relation yn = fny0, then by the
given condition we have

Gr(fyn−1, fyn, . . . , fyn) ≤ kmax{Gr(yn−1, yn, . . . , yn),

Gr(yn−1, fyn−1, . . . , fyn−1), . . . ,

Gr(yn, fyn, . . . , fyn),

Gr(yn−1, fyn, . . . , fyn),

Gr(yn, fyn, . . . , fyn), . . . ,

Gr(yn, fyn−1, . . . , fyn−1)}

which gives
(2.5)
Gr(yn, yn+1, . . . , yn+1) ≤ kmax{Gr(yn−1, yn, . . . , yn), Gr(yn−1, yn+1, . . . , yn+1)}.

By [G 5] we have

Gr(yn−1, yn+1, . . . , yn+1) ≤ Gr(yn−1, yn, . . . , yn) +Gr(yn, yn+1, . . . , yn+1).

Hence from (2.5) we have

Gr(yn, yn+1, . . . , yn+1) ≤ kmax{Gr(yn−1, yn, . . . , yn), Gr(yn−1, yn, . . . , yn)+

Gr(yn, yn+1, . . . , yn+1)}.

Thus

Gr(yn, yn+1, . . . , yn+1) ≤ k {Gr(yn−1, yn, . . . , yn) +Gr(yn, yn+1, . . . , yn+1)}.

Which gives

(2.6) Gr(yn, yn+1, . . . , yn+1) ≤
k

1− k
Gr(yn−1, yn, . . . , yn).

Let q = k
1−k , then q < 1 since 0 ≤ k < 1/2 and by repeated application of (2.6) we

have

(2.7) Gr(yn, yn+1, . . . , yn+1) ≤ qnGr(y0, y1, . . . , y1).

For all natural numbers n and m(> n) we have by repeated use of [G 5] and (2.7)
that

Gr(yn, ym, . . . , ym) ≤ qn

1− q
Gr(y0, y1, . . . , y1) → 0 as n,m → ∞.
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Thus the sequence ⟨yn⟩ is a Gr-Cauchy sequence in X. By completeness of (X,Gr),
there exists a point u ∈ X such that ⟨yn⟩ is Gr-convergent to u. Suppose that
fu ̸= u, then

Gr(yn, fu, . . . , fu) ≤ kmax{Gr(yn−1, u, . . . , u), Gr(yn−1, yn, . . . , yn), . . . ,

Gr(u, fu, . . . , fu), Gr(yn−1, fu, . . . , fu),

Gr(u, fu, . . . , fu), . . . , Gr(u, yn, . . . , yn)}
or

Gr(yn, fu, . . . , fu) ≤ kmax{Gr(yn−1, u, . . . , u), Gr(yn−1, yn, . . . , yn),

Gr(u, fu, . . . , fu), Gr(yn−1, fu, . . . , fu),

Gr(u, yn, . . . , yn)}.

Taking the limit as n → ∞, and using the fact that the function Gr is continu-
ous on its variables, we have Gr(u, fu, . . . , fu) ≤ k Gr(u, fu, . . . , fu), which is a
contradiction, since 0 ≤ k < 1/2. So we have u = fu.

For uniqueness of u, suppose that v ̸= u is such that fv = v, then we have

Gr(u, v, . . . , v) = Gr(fu, fv, . . . , fv) ≤ kmax{Gr(u, v, . . . , v), Gr(v, fu, . . . , fu)}

or

Gr(u, v, . . . , v) ≤ kmax{Gr(u, v, . . . , v), Gr(v, u, . . . , u)}.
So, it must be the case that Gr(u, v, . . . , v) ≤ k Gr(v, u, . . . , u).

Again by the same argument we find that Gr(v, u, . . . , u) ≤ k Gr(u, v, . . . , v).
Thus we have Gr(u, v, . . . , v) ≤ k2Gr(u, v, . . . , v). Which implies that u = v, since
0 ≤ k < 1/2.

Now to prove that f is generalized r-continuous at u, let ⟨yn⟩ be any sequence in
X such that it is Gr-convergent to u, then

Gr(fyn, fu, . . . , fu) ≤ kmax{Gr(yn, u, . . . , u), Gr(yn, fyn, . . . , fyn), . . . ,

Gr(u, fu, . . . , fu), Gr(yn, fu, . . . , fu), . . . ,

Gr(u, fu, . . . , fu), Gr(u, fyn, . . . , fyn)}
or

Gr(fyn, u, . . . , u) ≤ kmax{Gr(yn, u, . . . , u), Gr(yn, fyn, . . . , fyn),

Gr(u, fyn, . . . , fyn)}.

By [G 5] we have

Gr(yn, fyn, . . . , fyn) ≤ Gr(yn, u, . . . , u) +Gr(u, fyn, . . . , fyn).

Thus we deduce that

Gr(fyn, u, . . . , u) ≤ k {Gr(yn, u, . . . , u) +Gr(u, fyn, . . . , fyn)}.

Using proposition 2.4 we have

Gr(fyn, u, . . . , u) ≤ k {Gr(yn, u, . . . , u) + (r − 1)Gr(fyn, u, . . . , u)}

or

Gr(fyn, u, . . . , u) ≤
k

1− (r − 1)k
Gr(yn, u, . . . , u).
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Taking the limit as n → ∞, we see that Gr(fyn, u, . . . , u) → 0 and so by proposi-
tion 2.9 the sequence ⟨fyn⟩ is Gr-convergent to u = fu. Therefore proposition 2.11
implies that f is generalized r-continuous at u.

�
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