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HOPFIELD NETWORKS WITH ASYMMETRIC COUPLING
ARCHITECTURE

MAU-HSIANG SHIH AND FENG-SHENG TSATI*

ABSTRACT. In 1982, the biophysicist John J. Hopfield proposed a symmetric
network architecture and showed that the network dynamics can tend toward a
fixed point when the retrieval operation is performed asynchronously. Hopfield
networks are remarkable in that (i) they include Hebbian synaptic plasticity to
construct symmetric coupling matrices; (ii) single units in Hopfield networks
asynchronously adjust their states over time; (iii) equilibria (fixed points) are
states of local energy minimum. Here we wish to propose an asymmetric network
architecture that extends the convergence theorem of Hopfield networks. Our
result shows that (i) the coupling matrices can be asymmetric; (ii) ensemble
units in networks can assemblingly adjust their states over time; (iii) equilibria
(fixed points) are not necessarily states of local energy minimum.

1. INTRODUCTION

Hopfield in 1982 proposed a symmetric network architecture and used a global
energy function to show that network dynamics can tend toward a fixed point when
the retrieval operation is performed asynchronously [2]. To state that, we consider
a dynamical system of n coupled units modeled by the equation [3-5]:

(1.1) x(t+1) = Ha(z(t),s(t)), t=0,1,...,

where z(t) = (x1(t),z2(t),...,zn(t)) € {0,1}" is the vector of unit states at time
t, A= (aij) € Mp(R) is the coupling matrix of n coupled units, s(t) C {1,2,...,n}
denotes the units that adjust their states at time ¢, and Hy(+, s(t)) is a function
whose ith component is defined by

[Ha(z,s(t)]i =1 > aya;—bi | if i € s(t),
j=1

otherwise [H a(z, s(t))]; = x;, where b; € R is the threshold of unit i and the function
1 is the Heaviside function: 1(u) = 1 for uw > 0, otherwise 0, which describes
an instantaneous unit pulse. The dynamical system generates the vector of unit
states according to (1.1), resulting in the phase flow z(t), t = 0,1,.... We say that
the phase flow z(t) converges to a fixed point ¢ if there exists 7' > 0 such that
Ha(xz(t),s(t)) = & for each t > T. The convergence theorem of Hopfield networks
can be rewritten as follows.
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Theorem 1.1 (Hopfield [2]). If A € M, (R) is symmetric with nonnegative diagonal
entries, then each phase flow x(t) of the network modeled by (1.1), with each unit
adjusting randomly and asynchronously (i.e., #s(t) = 1 for each t = 0,1,...), will
converge to a fixed point.

The purpose of this paper is to propose an asymmetric network architecture that
extends the convergence theorem of Hopfield networks. The extension is nontrivial
not only because we construct an asymmetric network architecture, but because we
do not use a global energy function to control network dynamics. This implies that
equilibria (fixed points) are not necessarily states of local energy minimum, in accor-
dance with related lines of research in switched linear networked systems showing
that networked systems are asymptotically stable, but no common quadratic energy
function exists [1].

To state that, let {0,1}" denote the binary code consisting of all 01-strings of
fixed length n. For each Ol-string x = x1x2 - - -y, let

1(z) ={i; z; =1, 1 <i<n},
0(z) ={i; z; =0, 1 <i<n}.
Let us recall that the symmetric difference of two sets U and V' is the set UAV,

each of whose elements belongs to U but not to V, or belongs to V' but not to

U. Define Q = [2°,2!,...,2P] a loop of states in {0,1}", meaning that p > 1,
0 .1

o)zt ..., 2P € {0,1}", 20 = 2P, and ° # 27 for some 4, € {1,2,...,p}. For every
i=1,2,...,n, let
M;(Q) = {m; i € L(a™ )AL(z™),m =1,2,...,p},
M;()F ={m; i € 1(a™)\ 1(z™ ), m =1,2,...,p},
M;(Q)~ ={m; i € L(a™ 1)\ 1(z™),m =1,2,...,p}.
For every loop Q and for every coupling (i, j), let
)+

aij () = §(M; ()" N M;(Q)F) + (M (2)” N M;(Q2)7)
—H(M; () F mMj(Q) ) — 8(M;(2)” N M;(2)7)
and
Bij (€2) = min{gM;(€2), 1M; (€2) }.
Our principal result is the following;:

Theorem 1.2. Let § > 1. If the coupling matriz A (whether symmetric or asym-
metric) satisfies

(1.2) D (@) (ai+au) = Y Bi(Q)]ai; — ajil
1<ij<n 1<i,j<n

for each loop Q = [2°, 2, ... 2P] with #((1(z")AL(z')) U (1(z)AL(2?) U --- U
(L(2P~HAL(2P))) > 1, and ﬁ(l(xm_l)Al(xm)) < § for each m = 1,2,...,p, then
for every initial unit state x(0) and for every updating s(t) with §s(t) < § for each
t = 0,1,..., the resulting phase flow z(t) tends toward a fized point. (Here the
retrieval updating is asynchronous if ¢ is selected to be one such that $s(t) < 1 for
each t =0,1,...; otherwise the retrieval updating is assembling.)
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2. CONSTRUCTION OF SYMMETRIC OR ASYMMETRIC HOPFIELD NETWORKS

The coupling architecture (1.2) given in Theorem 1.2 can help to construct three
classes of symmetric or asymmetric Hopfield networks.

(I) If the coupling matrix A is symmetric with diagonal entries a; > 0 for each
i=1,2,...,n, then

Z a;(Q) (aij + aj;) = Z 20 (N)az; > 0= Z Bi; ()]ai; — ajil
1<i,j<n 1<i<n 1<i,j<n

for every loop Q = [20, 2!, ... 2P] with #((1(z")ALl(2!)) U (1(zH)AL(z?)) U --- U
(L(zP~1)AL(2P))) > 1, and #(1(z™ H)AL(z™)) < § for each m = 1,2,...,p. Ap-
plying Theorem 1.2 to § = 1, we obtain that the phase flow z(t) tends toward a
fixed point underlying asynchronous retrieval updating. (Here § is selected to be
one so that the retrieval updating is asynchronous.) This reduces to the convergence
theorem of classical Hopfield networks [2].

(IT) Suppose that the coupling matrix A (whether symmetric or asymmetric)
satisfies

1
(21) z:(lZZ > Z §\aij — ajz-| for each I C {1,2, .. .,TL}.
i€l i,j€l
Let § = 1 and associate to every loop Q = [2%, x!,... 2P] with #((1(z*)A1(z!)) U
(L(zHAL(@?) U - U (1(zP~H)AL(2P))) > 1, and #(1(z™ 1 AL(z™)) < § for each
m=1,2,...,p, the array of dots constructed as follows:

where the dots in the ith column are arranged consecutively from the top and the
number of dots in the ith column is equal to §M;(€2), we conclude from (2.1) that

Z a;; () (aij + aj) = Z 200 () ag;

1<i,j<n 1<i<n

1<i<n

= QZ Zaii

1<k<rieVy

> Y D oy —a

1<k<ri,jeV,

— Z min{fM;(Q2), 1M;(Q)}ai; — aji

1<i,j<n

= Y By Qlay —ajil,

1<i,j<n
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where r denotes the number of rows in the array and V} denotes the set
{i; the (k,7)-entry of the array is equipped with @ , 4 =1,2,...,n}

for every k = 1,2,...,r. Thus we conclude from Theorem 1.2 that the phase flow
x(t) can tend toward a fixed point underlying asynchronous retrieval updating.
(ITI) Let 6 > 1 and let A be a symmetric coupling matrix satisfying

(2.2) Za” > Z la;j| for each I C {1,2,...,n} with § I <.

iel ijELLi#]
We say that a pair of sequences {J;,J5,.. .,J;}, {JiJy sy dy ) in o{1:2,...n}
is complementary covering if they have the common covering region Ulgmgp J b=
U1§m§p J,, and they are complementary in the sense that Jf N J = 0 for each
m=1,2,...,pand JFNJ}  =0,J,NJ +1—@1"01reachm—12 ..,p—1. For
each pair of complementary covering sequences {J;", J;, ..., J, AT Iy, Jy}

in 2{1.2n} with #(J U J) < 6 for each m = 1,2,...,p, by (2.2), we have

E E a;; + E Qg5
1<m<p \ijeJ $.3€Im

- § E ai; + E aij + E: i
1<m<p \seJstuJs ijeJt it 1,5 €, i#]

(2.3) > ) > gl + Y et Y ay

1<m<p \; jegtUdm i#j i,§ €T i) 1,§€Jm,i#£]

— E E \ain- g ‘aij‘
1<m<p \ie it jetm i€ €T

+ Y (ayl+a)+ Y (ai| +ai)

ijEJh i) 4,5E€Tm iF]
2 g E aij + E ajj
1<m<p \icJj},jcim ieJm.jedh

Let Q = [2%2%,...,27] be a loop with #((1(z°)A1(z!)) U (1(z})AL(z?)U--- U
(1(xP~ 1)Al(aﬂ’))) 2 1, and #(1(z™1)Al(z™)) < 6 for each m = 1,2,...,p. Then
the pair of sequences {1(x!')\ 1(2°),1(z?) \ 1(z!),...,1(zP) \ 1(zP~ 1)}, {1(z") \
1(xl), 1(2t) \ 1(2?),...,1(zP71) \ 1(2P)} is complementary covering. Since A is
symmetric, it follows from (2.3) that
> () (ai; + ag)
1<i,j<n

= 2 0 (BT N MQ)F) + EHMHO) N M)

1<4,5<n
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—B(M ()" N M;(Q)7) — #(Mi ()™ N M()T)) ayg

22( S wr Y

1<m<p \4jel(zm)\1(zm~1) i,jel(zm=1)\1(z™)

- > ajj — > aij

i€1(zm)\1(z™~1),j€1(zm 1)\ 1(z™) i€1(zm~1)\1(z™),j€1(z™)\1(z™1)
> 0= Bi(Vlay — azul.
1<ij<n

Thus, by Theorem 1.2, the phase flow x(¢) tends to an equilibrium underlying
asynchronous retrieval updating if J is selected to be one; otherwise the phase flow
x(t) tends toward a fixed point underlying assembling retrieval updating.

3. PROOF OF THEOREM 1.2

Let A € M,(R) be a coupling matrix and let Q = [2°,2!,... 2P] be a loop
satisfying the conditions given in Theorem 1.2. For every i,5 = 1,2,...,n, we
assign an integer, denoted by ¢;;(£2), according to the rule:

cij() = ad(2? — al) + af(a} — )+ + 2l @l —ah).

Let C(Q) = (c;j(Q)). Let H(A) = 1 (A+ A7) and S(A4) = 3 (A — AT) be the sym-
metric part and the skew-symmetric part of the coupling matrix A, respectively.

Let H(C(2)) = % (C(Q) + C(Q)T) and S(C(Q)) = 5 (C(Q) — C(2)T) be the sym-

metric part and the skew-symmetric part of C(2), respectively. The symmetry of
H(A), H(C(f)) and the skew-symmetry of S(A), S(C(Q2)) together imply that

(3.1) (A,C(Q) = (H(A), H(C@) + (S(A), SC(©Q))).
According to [6, Proof of Theorem 1], we have
(H(A), H(C()))
= 7 H(AY - (L) 1 M) + HOL(2) 0 M())

2
1<i<n
32+ Y HA - (@0 MHQ)) + Q) N M(9))
1<i,j<n,i#j
— Y HMAy - (OO 1 M(0)7) + EEQ)” N M(9)7)
1<i,j<n,ij
and
(5(4),SO@) > — 3 b min{sMi(Q), 1) - oy — asi
(3.3) IstaEn

Y %-jj(Mi(Q)ﬂMj(Q))'(S(A)ij*S(A)ji)-

1<i,j<n,S(A);;>0
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Consider the term

S HA) -5 (OO0 M) + ()™ 1 M;(2)7)

1<i,j<nyitj

— Y H(A) g (RO 0 M(0)7) + HM() N M(0)))
1<s,j<n,i#j

Y OGO N M) - (S(A) — S(A))

1<i,j<n,S(A);5>0
deriving from the partial sum of (3.2) and (3.3). Since

S HA 3 (BOGO)F N MQ)) + HALQ) N M (9))

1<4,j<n,S(A);;7#0

- > H(A)ij - 5 (M) 0 M;(Q)7) + 4(M:(2) ™ 1 M;(2)7))
1<0,5<n,5(A)i;>0

+ > H(A)ji - % (B(M(Q)F N M;(0)7T) + #(M; ()~ N M;(Q)7))
1<i,j<n,S(A)i; >0
and since

S HA) g (OAQ)T N MQ)7) + BML() 0 M(0)1))
1<i,5<n,5(A)i;70

= ) H@y 5 OGO N M7 +04(@Q)7 N ML(Q)1)
1<i,5<n,S(A);;>0
b H 5 (OL@) N AMG@)) + Q) 0 MR)),
1<4,j<n,S(A);;>0
it follows from the equality
BOM(Q) N M) = (M) UM()7) 0 (M;()F U M;(9)7))
= B 0 M (Q)F) + E(Mi(2)” 0

FHOL(Q)* 1M (0)7) + H(M(Q)™ N ()
that
ST H(A) - (HOAS)T N L)) +HLSR) 0 A(9))
1<i,j<n,i#j
— Y HMAy - (OO 1 M(0)7) + BE(0) N M()7)
1<i,j<n,izj

Y S MR N M) - (S(A)y — S(A))
1<i,j<n,S(A);;>0
1<i,j<n,5(A)i;70



(3.4)
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S % CH(A)yj - $(Mi(Q)” N M;(Q)7)
1<0,J<n.5(A)1570

S % CH(A)i - H(M()F 0 M (2)7)
1<4,j<n,S(A);;7#0

S % CH(A)y - H(Mi(Q)™ N M;(Q)F)
1<4,j<n,S(A);;#0

n % H(M;(2) N M;(Q)) - (S(A)ij — S(A) )
1<4,j<n,S(A)i;

DS

1<id,j<n,i7j,5(A):;=0

DS

1<4,5<n,i#5,5(A):;=0

1<4,j<n,i#5,S(A)i; =0
1
S 5 HA) + (AL 0 M(9)7)
1§z’,j§n,S(A)i]->O

Y %-<H<A>ij+5<A>1~j>ﬁ<M@-<m-mMjm)‘)

H(A)ij - #(Mi(Q)F 0 M;(Q2)F)

N =

5:

(A)j - B(M()~ N M;(2)7)

N[ —

. H(A)ij . ﬁ(Mz(Q)+ N Mj(Q)_)

N =

- H(A)ij - #(M; ()™ N M;(Q)™)

N =

1<4,j<n,S(A)i;>
- Zg . % (H(A)yj — S(A)i $(Mi(2)" 1 My(Q)7)
- Zs % (H(A)jj — S(A)i) (M () N M;(Q)F)
<i,j<
. ZS: N % (H(A)ji — S(A))b(Mi(Q)F 0 M ()
- ZS % (H(A)ji — S(A))(Mi(Q)™ N M;(9)7)
<i,j<
- %: . % C(H(A)ji + S(A) ;) (M () N M;(2)7)
<i,j<
_ Z % C(H(A)ji + S(A))H(Mi(2)™ N M;(9)*)

1<4,5<n,S(A

1207
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LD

1<i,5<n,i#5,5(A) =0

D

1<4,5<n,i#5,S(A) ;=0

-

1<i,j<n,i#§,S(A)i;=0

-

1<i,j<n,i#j,5(A)i;=0

CH(A)ij - 4(Mi ()T 0 M;(Q)T)

N —

“H(A)ij - (M ()™ N M;(Q2)7)

N =

H(A)i - 4(Mi() T 1 M;(Q)7)

N —

- H(A)ij - (M ()~ N M (Q) ™).

N —

Note that for each i,5 =1,2,...,n,
1 1
H(A)ij + S(A)i = 5(aij + aji) + 5 (aij — aji) = aij,

1 1
H(A)ij = 8(A)ig = 5(aij + aji) — 5(aij — aji) = aji,

1 1
H(A)ji = S(A)ji = 5(aji + aij) — 5(aji — aij) = aij,

1 1
H(A)ji +8(A)ji = 5 (agi + aig) + 5 (aji — aij) = aji,
and that
S(A)Z] =0 if and only if Qi5 = i,

we conclude from (3.4) that

1<i,j<n,i#j

1<i,j<n i

(35) + >

1<4,5<n,S(A);;>0
= > e (LT N M) + H(Mi(Q)T N M;(Q)7))
1§i,j§n,au>aji

=D i (H(MU)T N M;(Q)7) +H(Mi(Q) T N M;(2)h)

1<i,j<n,a;;>a;;

DO | =

Y S ay (OGN M) + HALQ)T N M;(9))
1<4,5<n,i#j,a;;=a;;
_ T %.aﬂ (BOMA(2)T 1 M (2)7) + B(My(2)™ N M;(2)1)) .

1<i,j<n,i#j,ai;=a;;
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Since

S 5 ha el (RO N MQ)) + B) 1 M(0)7))

1<4,5<n,a;;>aj;

= % Jaij = agil - (FMG(Q)T N M;(Q)T) + 4(Mi () 1 M;(Q)7))

1<ij<n

S 5l —agl - (OGO A M (Q)7) + HO(Q)™ 1 M (@)))

1<4,5<n,a;;>aj;

= 30 2 lay - sl (K@) A MG©)7) + Q)T N M©)7))

1<ij<n

we have
> ay (M) 0 M(Q)T) + H(M(Q)” N Mj(2)7))
1<i,5<n,a;5>a;;
- > aji - ($(Mi ()7 N M;(Q)7) + #(M; ()™ N M;(Q)7))

1<i,5<n,a;;>a;;

= > (%‘ - % laig — ajil) L) N M;(Q))

1<i,5<n,a;5>a;;

+ Z (aij — % “lagj — aji|> (MG ()7 N M;(2)7)

1<i,j<n,a;;>aj;

= (ant gl — ) HOBE@ M)

1<4,j<n,a;;>aj;

= (ant gl —anl) HOBE@ MG
1<i,5<n,a;;>a;;

+ % aig — azi| - (BM(Q)T N M;(Q)F) + 8(M(Q)™ N M;(Q)7))
1<i,j<n

b Y ey —agl (BOLO) N M)+ HOLEQ) 1@

1<ij<n

P>

1<4,j<n,a;;>aj;

>

1<i,5<n,a;5>aj;

_ %.(aij+aji)-ﬁ(MZ-(WﬂMj(Q)*)

1<4,j<n,a;;>aj;

(3.6)

(ag + agi) - §(M(Q)T N M;(Q)7)

N =

(aij +aji) - B(M; ()" N M;(Q2)7)

N =
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— Y 5 () HMQ)T N M(©))
1<i,5<n,a;5>a,;

.S % aij — azi - (SOMG(Q)T N M) + (M (Q)™ N M;(2)7))
1<7,5<n

b0 2l — gl - (HOAQ)T 0 M©)7) + H(M(Q) N MG(©)7))

1<i,j<n

Combining (3.5) and (3.6) shows that

1<i,j<n,i#j

1<i,j<n i

Y HOG@) N M) - (S(A) — S(A))
1<4,j<n,S(A)i;>0

1
= Y 5 (e e HM@T N M@
1<4,5<n,a;;>aj;

2
1<4,5<n,a;;>aj;
1<i,5<n,a;5>a;;
1§i,j§n,aij>aﬁ

1 _ _

+ D0 lay = aul- (OGO N MGQ)) + L) N M(R)7)

1<i,j<n
1 _ _
+ Z 1 laij — agi| - (F(M(Q)T N M;(Q)7) + £(M; ()~ N M()7T))
1<i,j<n
(3.7) + >
1Sl’]§n7z;&]7a1]:ajz
1§l7]§n77‘¢.77a1]:a‘72
1
= > 7 (@i +agi) - H(M( Q) 0 M;(2)")

1<i,5<n,a;5#a;;

D>

1<i,5<n,a;5#aj;

(aij + aji) - H(M; ()" N M;(Q2)7)

(aij + aji) - 4(M;(2)T N M;(Q)7)

N | — N | — N | —

(ag + ag) - $(M(Q) N M;()T)

caig - (S(M(Q)T N M;(Q)T) + 8(Mi(Q)” N M;(Q)7))

DN | N =

cagi - ($(MG(Q)T N M;(Q)7) + 4(Mi(Q)” N M;(Q)7))

(aij +aji) - 4(M; ()" N M;(Q2)7)

I
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Y Dy e - s0n(0) N @)
1<4,5<n,a;5#aj;
-

1<i,5<n,a;j7#aj;

W

(agg + aji) - 1(M(Q)™ N M;(Q)F)

I

+ ¥ i.m”_aﬂy(ﬁ(Mi(QﬁﬁMj(Q>+)+ﬁ(M¢(Q)‘ﬂMj(m‘))

1<i,j<n

£ 3 lag — asl - (HOAQ)T 0 MG©)7) + H(M(Q)™ N M5(©)"))

1<i,j<n

>

1<i,5<n,i#j,aij=a;;

DY

1<4,j<n i#j,aij=a;;

(aig + agi) - $(M(Q)T N M;(Q)F)

AN

(aij + aj;) - H(M; ()™ N M;(Q)7)

Py

_ > i ~(aij + aji) - $(M; ()T N M;(Q)7)
1<i,j<n,i#jaij=aji
_ > i (aij + agi) - £(Mi(Q)7 N M;(Q)T)
1<i,j<n,i#jaij=aj;
S e e (OGQ)T A MQ)) + E(MH(Q) N M5(0)7))
1<i,j<n,i#j

- i (@i + azi) - (JMG(Q)T N M;(Q)7) +4(Mi(Q)™ N M;()T))
1<i,j<n,ij

+ ) i Jagg — agi| - (HM(Q)T 0 M(Q)T) + H(Mi(Q) ™ N M;(2)7))

£ 2l — agl - (HOAQ)T 0 MH©)7) + Q) N MG©)7))

Composing the a priori estimates in (3.1), (3.2), (3.3), and (3.7), we conclude that

v

(4,0(0)
(H(A), H(C())) + (5(4), S(C(52)
S H(A)i - g (H(M(Q)F 1 M(Q)F) + EM(Q)™ 0 M(0) )
1<i<n
= min{EM(R), EM() - ais — agi
1<i,j<n

+ ) % (agg +azi) - 4(M ()T N M;(2)7)

1<i,j<n,i#j
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. 3 (aij + aji) - BM(2)” N M;(Q)7)
1<4,j<n,i#j

— Z % . (aij + aji) : ﬁ(Mz(Q)+ NM;()7)
1<4,5<n,i#]

(38)  — Y 1y e 20O N MQ))

1<1j<n7,75_7

b0l — agl - (HOL(Q)T 0 MGQ)F) + HO(9)™ 0 M(2)))
1<’Lj<7’l

+ 30 T lay - agl - (BOMG(Q)T N M(Q)7) + S(M(Q)T N M()T))
1<i,j<n

> S (e an) - (HOGQ)T 0 M(R)T) + EM(Q) 0 () 7))

1<i<n

+ ) % (aij + aji) - H(M;(Q)T N M;(Q))
1<4,5<n,i#]

+ Z % (aij—i-aﬂ) jj(MAQ)fﬂM](Q)*)
1<i,j<n,i#j

— Y (e ) HOG@)T N M(@))
1<4,j<n,i#j

- > % (aij + aji) - H(M;(Q)~ N M;(Q)F)
1<ij<ni7éj

_ Z — - min{fM;() ()} - |ai; — ajil.
1<’L]<7’L

Since for each 1 =1,2,...,n,

HOLQ)* N M(2)7) + HM(Q)™ N M(@)) =0,
it follows from (1.2) and (3.8) that
(4, C(@)
> Y (ag e (BOGQ)T N MGQ)Y) + H(M(R) 1 M(Q))

1<4,5<n

39) - Z (agj + agi) - (H(MG(Q) T N M;(Q)7) + 4(Mi(Q)” N M;(Q)7))

1<i j<n

- > Z ~min{#M; (), §M; ()} - laij — aji| > 0.

1<i,j<n

Now let z(t) be the phase flow generated by (1.1). According to [5, Theorem 2], we

conclude that the phase flow z(¢) cannot behave in

2(T) =2 2(T+1) =2 ... 2(T +p) =P
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for each T'=0,1,.... We claim that there exists T' > 0 such that

(3.10) [#(T),z(T +1),...,2(T")] = [#(T),z(T),...,z(T)] for each T' > T.
If (3.10) is not valid, there exist T1,T5,... with 7} < T < --- such that
(3.11) x(Ty) # ©(Tyy1) for each k =1,2,....

From (3.11), we can find positive integers ki, ko with k1 +1 < kg such that z(T},) =
x(Ty,) and the loop

= [x(T]ﬂ)?x(Tkl + 1)7 s >x(Tk1+1)7 ce 7$(Tk2)]

satisfies (4, C(Q)) > 0 by (3.9), contradicting [5, Theorem 2], and that completes
the proof.
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