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REMARKS ON MULTIVALUED QUASI-NONEXPANSIVE
MAPPINGS IN R-TREES

K. SAMANMIT AND B. PANYANAK

ABSTRACT. It is shown that, in an R-tree, the notion of proximally quasi-
nonexpansive mappings introduced by Song and Cho [25] is weaker than the
notion of multivalued quasi-nonexpansive mappings. We also obtain the strong
convergence of an Ishikawa iteration for proximally quasi-nonexpansive mappings
without assuming the endpoint condition.

1. INTRODUCTION

Let E be a nonempty closed convex subset of a Banach space X. A single-valued
mapping t : F — E is said to be nonexpansive [12] if

[t(z) =t < [lo—yll, forall z,y € E.

A point x € E is called a fized point of t if x = t(x). We shall denote by Fix(¢) the
set of all fixed points of t. If Fix(t) # 0 and |t(z) — t(p)|| < ||z — p|| for all = €
E and p € Fix(t), then t is called a quasi-nonezpansive mapping.

In 1974, Ishikawa [9] introduced an iteration process for approximating fixed
points of a mapping ¢t on a Hilbert space H by

Tn4+1 = (1 - O‘n)xn + apt ((1 - ﬁn)l‘n + ,Bnt($n)) , n>1,

where {a,} and {f#,} are sequences in [0, 1] satisfying some certain restrictions.
For more details and literature on the convergence of the Ishikawa iteration for
single-valued mappings, see e.g., [2,3,7,8,10,11,14,16,18,20,27,29].

Fixed Point Theory for multivalued mappings (that is, mappings such that the
image of a point is a set) has many useful applications in Applied Sciences, in
particular, in Game Theory and Optimization Theory. Thus, it is natural to study
the extension of the known fixed point results for single-valued mappings to the
setting of multivalued mappings.

The first result concerning to the convergence of an Ishikawa iteration for mul-
tivalued nonexpansive mappings was proved by Sastry and Babu [22] in a Hilbert
space. Panyanak [17] extended the result of Sastry and Babu to a uniformly convex
Banach space. Since then the strong convergence theorems of the Ishikawa iterations
for multivalued nonexpansive and quasi-nonexpansive mappings have been rapidly
developed and many of papers have appeared (see e.g., [4,13,19,23,24,26]). But,
all of them assumed the endpoint condition (i.e., T'(x) = {z} for each = € Fix(T))
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which is a strong one. Among other things, Shahzad and Zegeye [23] defined an
Ishikawa iteration for multivalued mappings and obtained the interesting results as
follows.

Let E be a nonempty closed convex subset of a Banach space X, {a,}, {6n} C
[0,1], and T : E — 2F be a multivalued mapping.
(A): The sequence of Ishikawa iterates [23] is defined by z1 € E,

Yn = Bnzn + (1 = Bp)an, n 21,
where z, € T'(z,), and
Tni1 = Qnzn + (1 —ap)rp, n>1,
where 2], € T'(y).

Theorem 1.1 ([23, Theorem 2.3]). Let X be a uniformly convex Banach space, E
be a nonempty closed convex subset of X and T : E — 2 be a quasi-nonexpansive
mapping whose values are nonempty closed bounded subsets of E. Let {z,} be
the sequence of Ishikawa iterates defined by (A) with ay, B, € [a,b] C (0,1). If T
satisfies condition (I) and the endpoint condition, then {x,} converges strongly to
a fixed point of T.

Theorem 1.2 ([23, Theorem 2.5]). Let X be a uniformly convex Banach space, £
be a nonempty closed convex subset of X and T : E — 2¥ be a quasi-nonexpansive
mapping whose values are nonempty closed bounded subsets of E. Let {z,} be
the sequence of Ishikawa iterates defined by (A) with 0 < ay,,8, < 1, B, — 0
and > apf, = oco. If T is hemicompact and continuous and satisfies the endpoint
condition, then {x,} converges strongly to a fixed point of T.

Moreover, to avoid the endpoint condition, Shahzad and Zegeye [23] constructed
a modified Ishikawa iteration for proximally nonexpansive mappings and proved
strong convergence theorems of the proposed iteration as the following results.

Let E be a nonempty closed convex subset of a Banach space X, {ay,}, {8,} C
[0,1], and T : E — 2F be a multivalued mapping whose values are nonempty
proximinal subsets of E. For each z € E, let Pp(z) = {u € T(z) : ||z — u|| =
dist(z, T'(z))}.

(B): The sequence of Ishikawa iterates [23] is defined by =1 € E,

Yn = Pnzn + (1 = Br)an, n =1,
where z, € Pr(x,), and
Tpa1 = anzh + (1 — ap)zp, n>1,
where 2/, € Pr(yn).

Theorem 1.3 ( [23, Theorem 2.7]). Let X be a uniformly convex Banach space,
E be a nonempty closed convex subset of X and T : E — 2F be a proximally
nonexpansive mapping whose values are nonempty proximinal subsets of F with
Fix(T) # 0. Let {x,} be the sequence of Ishikawa iterates defined by (B) with
Qn, B € [a,b] C (0,1). If T satisfies condition (I), then {z,} converges strongly to
a fixed point of T.



REMARKS ON MULTIVALUED QUASI-NONEXPANSIVE MAPPINGS IN R-TREES 1183

Theorem 1.4 ( [23, Theorem 2.8]). Let X be a uniformly convex Banach space,
E be a nonempty closed convex subset of X and T : E — 2F be a proximally
nonexpansive mapping whose values are nonempty proximinal subsets of £ with
Fix(T) # 0. Let {x,} be the sequence of Ishikawa iterates defined by (B) with
0 < ap,fn <1, By = 0and > a,B, = oco. If T is hemicompact, then {z,}
converges strongly to a fixed point of 7.

In 2011, Song and Cho [25] introduced the notion of proximally quasi-nonexpansive
mappings and extended Theorems 1.3 and 1.4 to the case of proximally quasi-
nonexpansive mappings. However, in general Banach spaces, the class of such
mappings is different from the class of multivalued quasi-nonexpansive mappings
(see Examples 4.2 and 4.3). Therefore, the convergence of an Ishikawa iteration for
multivalued quasi-nonexpansive mappings without the endpoint condition is still
unknown.

On the other hand, the present authors [21] proved the convergence of an Ishikawa
iteration for multivalued quasi-nonexpansive mappings in an R-tree by assuming the
gate condition which is weaker than the endpoint condition. Summary: there is no
any result in Banach or metric spaces concerning the convergence of an Ishikawa
iteration for multivalued quasi-nonexpansive mappings which completely removes
the endpoint condition. Therefore, the following question can be of interest:

Question 1.5. Let T be a multivalued quasi-nonexpansive mapping defined on a
complete R-tree X and let {x,} be a sequence of the Ishikawa iterates defined from
T. Assume that T satisfies condition (I) or T' is hemicompact and continuous. Does
{zn} converge to a fized point of T ?

In this paper, we show that every multivalued quasi-nonexpansive mapping de-
fined on a subset of a complete R-tree is proximally quasi-nonexpansive. Moreover,
we prove the strong convergence of the Ishikawa iteration defined by (B) for proxi-
mally quasi-nonexpansive mappings without assuming the endpoint condition. This
gives an affirmative answer to the question mentioned above.

2. PRELIMINARIES AND LEMMAS

Let (X,d) be a metric space. A geodesic path joining z € X toy € X is a
map ¢ from a closed interval [0,/] C R to X such that ¢(0) = z,¢(l) = y, and
d(c(t),c(t') = |[t—t'| for all £, ¢ € [0,!]. In particular, ¢ is an isometry and d(x,y) = I.
The image of c is called a geodesic segment joining x and y. When it is unique this
geodesic is denoted by [z,y]. For z,y € X and « € [0, 1], we denote the point
z € [x,y] such that d(z,z) = ad(z,y) by (1 — a)z & ay. The space (X,d) is said
to be a geodesic space if every two points of X are joined by a geodesic, and X is
said to be uniquely geodesic if there is exactly one geodesic joining x and y for each
z,y € X. A subset F of X is said to be convex if FE includes every geodesic segment
joining any two of its points. If z € X and E C X, then the distance from x to F
is defined by

dist(z, E) = inf{d(z,y) : y € E}.
The set E is called proximinal if for each x € X, there exists an element y € E such
that d(x,y) = dist(z, F), and E is said to be gated if for any point = ¢ E there is
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a unique point y, such that for any z € F,

d(x, Z) = d($7 y:ﬂ) + d(y:ra Z)~
The point 1, is called the gate of x in E. We shall denote by 2F the family of
nonempty subsets of E, by P(FE) the family of nonempty proximinal subsets of E,
by C(F) the family of nonempty closed subsets of F and by CC(E) the family of

nonempty closed convex subsets of E. Let H(-,-) be the Hausdorff distance on 2%,
ie.,
H(A, B) = max {sup dist(a, B), sup dist(b, A)} , A, Be2f,
acA beB
Let T : E — 2F be a multivalued mapping. For each z € E, we let
Prey(z) ={u € T(x) : d(x,u) = dist(z, T'(v))}.
In the case of Pr(y) (x) is a singleton we will assume, without loss of generality, that
Pr(z) () is a point in E. A point x € E is called a fized point of T if x € T'(z).
Definition 2.1. Let F be a nonempty subset of a metric space (X,d) and T': E —
2F Then T is said to be
(i) nonexpansive if H(T(x),T(y)) < d(z,y) for all z,y € E;
(ii) quasi-nonezpansive if Fiz(T) # () and
H(T(x),T(p)) <d(x,p) for all x € E and p € Fiz(T).
(iii) proximally nonexpansive if the map Pr : E — 2F defined by = — Przy(z)
is nonexpansive;

(iv) prozimally quasi-nonexpansive if the map Pr : E — 2F defined by z
Pra) (x) is quasi-nonexpansive.

The mapping T is said to satisfy condition (I) if there is a nondecreasing function
f:]0,00) = [0,00) with f(0) =0, f(r) > 0 for r € (0,00) such that
dist(z, T'(z)) > f(dist(z, Fix(T))) for all z € E.
The mapping T is called hemicompact if for any sequence {x,} in E such that
lim dist(xy,, T(zy)) =0,
n—oo
there exists a subsequence {xy, } of {z,} and ¢ € E such that limy_,~ z,, = ¢.

Definition 2.2. An R-tree (sometimes called metric tree) is a geodesic metric space
X such that:

(i) there is a unique geodesic segment [z, y] joining each pair of points x,y € X;
(i) if [y, 2] N [z, 2] = {x}, then [y, z] U [z, 2] = [y, ].
By (i) and (ii) we have
(iii) if u,v,w € X, then [u,v] N [u, w] = [u, 2] for some z € X.
An R-tree is a special case of a CAT(0) space. For a thorough discussion of

these spaces and their applications, see [1]. We now collect some basic properties
of R-trees.

Lemma 2.3. Let X be a complete R-tree and F be a nonempty subset of X. Then
the following statements hold:
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(i) [6, page 1048] the gate subsets of X are precisely its closed and convex
subsets;

(ii) [1, page 176] if E is closed and convex, then for each x € X, there exists a
unique point Pg(x) € E such that

d(z, Pgp(x)) = dist(z, E).
That is, every nonempty closed convex subset of a complete R-tree is prox-
iminal.
(i) [1, page 176] if E is closed convex and if 2’ belong to [z, Pp(x)], then
Pg(a') = Pp();
(iv) [15, Lemma 3.1] if A and B are closed convex subsets of X, then, for any
u € X,
d(Pa(u), Pa(u)) < H(A, B);
(v) [5, Lemma 2.5] if z,y,z € X and a € [0, 1], then
(1= a)z @ ay,2) < (1 - a)d*(z,2) + ad*(y, 2) — a(l - a)d*(z,y);

(vi) [21, Lemma 3.1] if F is closed convex and there exist u € X andv € X — F
such that v € [Pg(v),u], then Pg(v) = Pg(u).

The following lemma can be found in [25]. We observe that the boundedness of
the images of T is superfluous.

Lemma 2.4. Let E be a nonempty subset of an R-tree X and T': E — P(E) be a
multivalued mapping. Then

(i) dist(x, T(z)) = dist(x, Pp(y)(z)) for all z € E;

(ii) = € Fix(T) <= = € Fix(Pr) <= Pp(;)(z) = {z};
(iii) Fix(T) = Fix(Pr).
The following lemma is also needed.

Lemma 2.5 ([17]). Let {a,},{Bn} be two real sequences such that
(i) 0<an,Bn<l;
(ii)) Bn — 0 as n — oo;
(iii) > omfBn = o0
Let {v,} be a nonnegative real sequence such that > a8, (1 — 8,)7n is bounded.
Then {v,} has a subsequence which converges to zero.

3. MAIN RESULTS

Proposition 3.1. Let E be a nonempty subset of a complete R-tree X. If T': F —
CC(F) is quasi-nonexpansive, then 7' is proximally quasi-nonexpansive.

Proof. Let x € E and p € Fix(Pr). By Lemma 2.4, Pr,(p) = {p}. In the case of
Pr () € [x,p], we have d(Pr) (), Prey(p)) < d(r,p) and the conclusion follows.
But if PT( y(x) ¢ [z, p], we will show that Pr(,y(z) = Pr(;)(p). Let v be the gate of

(@) (%) in [x,p]. Then v # Pp,(x). Since v € [z, Ppe;)(z)], then by Lemma 2.3(iii)
we have Prz)(v) = Pp(gy(z). This implies that v € [Pp,)(v), p]. Since v ¢ T'(z), by
Lemma 2.3(vi) we have

Pr) (%) = Prez)(v) = Pre (p)-
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This, together with Lemma 2.3(iv), we obtain that

d(Pr(z)(2), Prip)(p)) = d(Pra) (), Pryp) ()
< H(T'(z),T(p))
< d(z,p).
Therefore, the proof is complete. O

If F is a nonempty subset of a complete R-tree X and 7' : E — CC(F) a mul-
tivalued mapping with Fix(T) # (), then by using Lemma 2.4, Proposition 3.1
and [21, Proposition 3.2] we can obtain the following implications. Examples 4.1
and 4.2 show that the converses do not hold.

T' is nonexpansive = T is quasi-nonexpansive

¥ I

T is proximally nonexpansive = T is proximally quasi-nonexpansive

The following theorem is a consequence of Theorem 3.2 in [19].

Theorem 3.2. Let X be a complete R-tree, E be a nonempty closed convex subset
of X and T : E — C(F) be a quasi-nonexpansive mapping with Fix(7) # () and
T(p) = {p} for each p € Fix(T'). Let a,, By € [a,b] C (0,1) and {z,} be the sequence
of Ishikawa iterates defined by (A) (replacing + with @). If T satisfies condition
(I), then {x,} converges strongly to a fixed point of T.

Now, we are ready to prove our main theorems.

Theorem 3.3. Let X be a complete R-tree, E¥ be a nonempty closed convex subset
of X and T : E — P(E) be a proximally quasi-nonexpansive mapping. Let {x,}
be the sequence of Ishikawa iterates defined by (B) (replacing + with @). Assume
that T satisfies condition (I) and «ay,, 8, € [a,b] C (0,1). Then {z,} converges to a
fixed point of T

Proof. Tt follows from Lemmas 2.4 that dist(z, Ppe)(z)) = dist(z,T(z)) for all
rekl,
Fix(Pr) = Fix(T) and Pr(p) = {p} for all p € Fix(Pr).

Since T satisfies condition (I), for each x € E we have
dist(z, Prez)(z)) = dist(z, T(z)) > f (dist(z, Fix(T))) = f (dist(=x, Fix(Pr))) .
That is, Pr satisfies condition (I). Next, we show that Pr(,(x) is closed for any
r € E. Let {yn} C Pp(v) and limy, o0 yn, = y for some y € E. Then
d(z,y,) = dist(x, T(z)) and nh—>Holo d(z,yn) = d(x,y).
It follows that d(x,y) = dist(x,T(z)) and this implies y € Prg)(z). Applying

Theorem 3.2 to the map Ppr, we can conclude that the sequence {x,} defined by
(B) converges to a point xg € Fix(Pr) = Fix(T"). This completes the proof. O

As a consequence of Proposition 3.1 and Theorem 3.3, we obtain
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Corollary 3.4. Let X be a complete R-tree, £ be a nonempty closed convex
subset of X and T : E — CC(F) be a quasi-nonexpansive mapping. Let {z,} be
the sequence of Ishikawa iterates defined by (B) (replacing + with @). Assume that
T satisfies condition (I) and oy, B, € [a,b] C (0,1). Then {z,} converges to a fixed
point of T

Theorem 3.5. Let X be a complete R-tree, E¥ be a nonempty closed convex subset
of X and T : E — P(E) be a proximally quasi-nonexpansive mapping. Let {x,}
be the sequence of Ishikawa iterates defined by (B) (replacing + with @). Assume
that 7" is hemicompact and continuous and (i) 0 < ay, B, < 1; (ii) 5, — 0 and (iii)
> anfn = 00. Then {x,} converges to a fixed point of 7.

Proof. Let p € Fix(T) = Fix(Pr). Then Pr(,)(p) = {p}. For each n > 1, we have

d(Yn,p) = d(Bnzn ® (1 — Bn)rn,p)

Bnd(zn,p) + (1 — Br)d(2n, p)

Bnd(zn, Pr p)(p)> (1= Bn)d(zn,p)

BnH (Prs,)(xn), Prep)(p)) + (1 = fn)d(zn, p)
Bnd(zn,p) + (1 — Brn)d(xn, p)

d(zn, p)

IN

ININ A

and

d(anzl, & (1 — an)Tn, p)
and(zh,p) + (1 — a)d(xn, p)
and(zy, Prey)(p)) + (1 — an)d(zn, p)
H(Pry,)(yn): Prp)(p) + (1 — an)d(@n, p)
and(yn,p) + (1 — an)d(zn, p)
d(xp, p).
This shows that the sequence {d(z,,p)} is decreasing and bounded below. Thus

lim,, o d(zy, p) exists for any p € Fix(T). Applying Lemma 2.3(v), for each p €
Fix(T) we have

d('anrlap)

IN

(VAR VANVAN

dQ(xn+17p) = dz(anZ;z ® (1 — ay)Tn,p)
< (1= an)d (@, p) + and* (2, p) — an(l — an)d?(zn, 20)
< (1= an)d*(zn, p) + anH*(Pry,)(Yn); Prey) (p)
—an (1 — ap)d*(zn, 2))
< (1- O‘n)dg(xmp) + OzndQ(yn,p) —an(l— O‘n)d2(xm z)
(3.1) < (- an)dz(xmp) + andQ(ymp)'
and

d2(ynap) = d2(ﬁn2n EB (]‘ - ﬁn)xn;p)
< (1 - Bn)dQ(xnap) + /BndQ(znap) - Bn(l - Bn)dQ(xna Zn)
< (1= Bn)d*(@n,p) + BuH*(Prz,)(n), Prey(p))
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—Bn(1 - Bn)dZ(xnv Zn)
< (1- Bn)dQ(xmp) + /BndQ(xmp) — Bn(1 - 6n)d2(xm Zn)
(32) < P(wn,p) = Bl = Bp)d (2, 20)-
By (3.1) and (3.2), we have

d2(33n+1>p) < (1 - an)dz(xmp) + andQ(xn,p) - Oznﬁn(l - /Bn)dz(fvm Zn)
Therefore,
anﬁn(l - Bn)d2(xn7 Zn) < d2(xmp) - d2($n+1,p).
This implies

Z anﬁn(l - Bn)dz(l‘nv Zn) < 0.
n=1

Thus, by Lemma 2.5, there exists subsequences {z,, } and {z,,} of {z,} and {z,}
respectively, such that limy_,o d(2y, , 2n, ) = 0. Hence

lim dist(zy,, T(zn,)) = lim dist(zn,, Pre, )(Tn,)) < lim d(2n,, 2,,) = 0.
k—o00 k—oo "k k—o0

Since T is hemicompact, by passing through a subsequence, we may assume that
Zn, — q for some ¢ € E. Since T is continuous,

dist(q, T'(q)) < d(q, xp, ) + dist (zn,, T (zp,)) + H(T(zn,), T(q)) = 0 as k — oo.

This implies that ¢ € Fix(T"). Thus lim,,—,o d(zy, q) exists and hence ¢ is the limit
of {z,} itself. O

The following corollary can also be obtained.

Corollary 3.6. Let X be a complete R-tree, £ be a nonempty closed convex
subset of X and T : E — CC(F) be a quasi-nonexpansive mapping. Let {z,} be
the sequence of Ishikawa iterates defined by (B) (replacing + with @). Assume that
T is hemicompact and continuous and (i) 0 < ay, 3, < 1; (ii) B, — 0 and (iii)
> anfn = 0o. Then {z,} converges to a fixed point of 7.

4. EXAMPLES

Example 4.1 (see [23] (A quasi-nonexpansive mapping which is not nonexpansive
and a proximally quasi-nonexpansive mapping which is not proximally nonexpan-

sive.)). Let E =[0,00) and T : E — CC(F) be defined by

{0} if 0<z<1;
T(z) = [:p—%,x—%] if 1<ax<10;
[x—%,x—l—lo] if x> 10.
Then Fix(T) = {0}. It is easy to see that H(T'(z),T(0)) < d(z,0) for each x €
E. This implies that T is quasi-nonexpansive and hence T is proximally quasi-
nonexpansive by Proposition 3.1. However, for x = 10 and y = 2, we have

1 1 84
d (Pra0y(10), Pr)(2)) = d <10 102" 2) =10 d(10,2).

This implies that 7' is not proximally nonexpansive. Hence it is not nonexpansive.
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Example 4.2 (see [28] (A proximally nonexpansive mapping which is not nonex-
pansive and a proximally quasi-nonexpansive mapping which is not quasi-nonex-
pansive.). Let F =[0,00) and T': E — CC(E) be defined by

T(z) = [z,2z] for all x € E.
By Lemma 2.4, Fix(T) = Fix(Pr) = [0,00) and Pp,)(z) = {z} for every x € E.
For each z,y € Y we have
d(PT(x) (.26)7 PT(y) (y)) < d($7 y)'

This implies that 7' is proximally nonexpansive and hence proximally quasi-nonexpan-
sive. However, for z = 1 and y = 0, we have

H(T(1),T(0)) = H([1,2],0) > d(1,0).
This shows that T is not quasi-nonexpansive and hence it is not nonexpansive.

Example 4.3 (see [28] (A quasi-nonexpansive mapping which is not proximally
quasi-nonexpansive)). Let E be the triangle in the Euclidean plane with vertexes
0(0,0), A(1,0),B(0,1). Let T : E — CC(FE) be given by
T(x,y) = the segment joining (0,1) and (z,0).
Then Pr(z,y) is the point in T'(x,y) which is nearest to (x,y) as shown in Figure
1. By Lemma 2.4, Fix(T') = Fix(Pr) = {(2,0) : z € [0, 1]} U{(0,y) : y € [0, 1]}. For
each (z1,y1), (x2,y2) € E, we have
H(T(z1,11), T (%2, y2)) = |z1 — 2| < d((@1,51), (x2,92))-

That is, T' is nonexpansive and hence quasi-nonexpansive. But, for (z,y) € E with
0 < z,y <1 we have

d(Pr(z,y), Pr(1,0)) = d(Pr(z,y),(1,0)) > d((z,y),(1,0)).

This implies that Pr is not quasi-nonexpansive.

B(0,1)

0(0,0) (x0) A(1,0)

FIGURE 1. Pr(z,y) is the point in T'(z,y) which is nearest to (x,y).
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