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which is a strong one. Among other things, Shahzad and Zegeye [23] defined an
Ishikawa iteration for multivalued mappings and obtained the interesting results as
follows.

Let E be a nonempty closed convex subset of a Banach space X, {αn}, {βn} ⊂
[0, 1], and T : E → 2E be a multivalued mapping.
(A): The sequence of Ishikawa iterates [23] is defined by x1 ∈ E,

yn = βnzn + (1− βn)xn, n ≥ 1,

where zn ∈ T (xn), and

xn+1 = αnz
′
n + (1− αn)xn, n ≥ 1,

where z′n ∈ T (yn).

Theorem 1.1 ( [23, Theorem 2.3]). Let X be a uniformly convex Banach space, E
be a nonempty closed convex subset of X and T : E → 2E be a quasi-nonexpansive
mapping whose values are nonempty closed bounded subsets of E. Let {xn} be
the sequence of Ishikawa iterates defined by (A) with αn, βn ∈ [a, b] ⊂ (0, 1). If T
satisfies condition (I) and the endpoint condition, then {xn} converges strongly to
a fixed point of T.

Theorem 1.2 ( [23, Theorem 2.5]). Let X be a uniformly convex Banach space, E
be a nonempty closed convex subset of X and T : E → 2E be a quasi-nonexpansive
mapping whose values are nonempty closed bounded subsets of E. Let {xn} be
the sequence of Ishikawa iterates defined by (A) with 0 ≤ αn, βn < 1, βn → 0
and

∑
αnβn = ∞. If T is hemicompact and continuous and satisfies the endpoint

condition, then {xn} converges strongly to a fixed point of T.

Moreover, to avoid the endpoint condition, Shahzad and Zegeye [23] constructed
a modified Ishikawa iteration for proximally nonexpansive mappings and proved
strong convergence theorems of the proposed iteration as the following results.

Let E be a nonempty closed convex subset of a Banach space X, {αn}, {βn} ⊂
[0, 1], and T : E → 2E be a multivalued mapping whose values are nonempty
proximinal subsets of E. For each x ∈ E, let PT (x) = {u ∈ T (x) : ∥x − u∥ =
dist(x, T (x))}.
(B): The sequence of Ishikawa iterates [23] is defined by x1 ∈ E,

yn = βnzn + (1− βn)xn, n ≥ 1,

where zn ∈ PT (xn), and

xn+1 = αnz
′
n + (1− αn)xn, n ≥ 1,

where z′n ∈ PT (yn).

Theorem 1.3 ( [23, Theorem 2.7]). Let X be a uniformly convex Banach space,
E be a nonempty closed convex subset of X and T : E → 2E be a proximally
nonexpansive mapping whose values are nonempty proximinal subsets of E with
Fix(T ) ̸= ∅. Let {xn} be the sequence of Ishikawa iterates defined by (B) with
αn, βn ∈ [a, b] ⊂ (0, 1). If T satisfies condition (I), then {xn} converges strongly to
a fixed point of T.
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Theorem 1.4 ( [23, Theorem 2.8]). Let X be a uniformly convex Banach space,
E be a nonempty closed convex subset of X and T : E → 2E be a proximally
nonexpansive mapping whose values are nonempty proximinal subsets of E with
Fix(T ) ̸= ∅. Let {xn} be the sequence of Ishikawa iterates defined by (B) with
0 ≤ αn, βn < 1, βn → 0 and

∑
αnβn = ∞. If T is hemicompact, then {xn}

converges strongly to a fixed point of T.

In 2011, Song and Cho [25] introduced the notion of proximally quasi-nonexpansive
mappings and extended Theorems 1.3 and 1.4 to the case of proximally quasi-
nonexpansive mappings. However, in general Banach spaces, the class of such
mappings is different from the class of multivalued quasi-nonexpansive mappings
(see Examples 4.2 and 4.3). Therefore, the convergence of an Ishikawa iteration for
multivalued quasi-nonexpansive mappings without the endpoint condition is still
unknown.

On the other hand, the present authors [21] proved the convergence of an Ishikawa
iteration for multivalued quasi-nonexpansive mappings in an R-tree by assuming the
gate condition which is weaker than the endpoint condition. Summary: there is no
any result in Banach or metric spaces concerning the convergence of an Ishikawa
iteration for multivalued quasi-nonexpansive mappings which completely removes
the endpoint condition. Therefore, the following question can be of interest:

Question 1.5. Let T be a multivalued quasi-nonexpansive mapping defined on a
complete R-tree X and let {xn} be a sequence of the Ishikawa iterates defined from
T. Assume that T satisfies condition (I) or T is hemicompact and continuous. Does
{xn} converge to a fixed point of T?

In this paper, we show that every multivalued quasi-nonexpansive mapping de-
fined on a subset of a complete R-tree is proximally quasi-nonexpansive. Moreover,
we prove the strong convergence of the Ishikawa iteration defined by (B) for proxi-
mally quasi-nonexpansive mappings without assuming the endpoint condition. This
gives an affirmative answer to the question mentioned above.

2. Preliminaries and lemmas

Let (X, d) be a metric space. A geodesic path joining x ∈ X to y ∈ X is a
map c from a closed interval [0, l] ⊂ R to X such that c(0) = x, c(l) = y, and
d(c(t), c(t′)) = |t−t′| for all t, t′ ∈ [0, l]. In particular, c is an isometry and d(x, y) = l.
The image of c is called a geodesic segment joining x and y. When it is unique this
geodesic is denoted by [x, y]. For x, y ∈ X and α ∈ [0, 1], we denote the point
z ∈ [x, y] such that d(x, z) = αd(x, y) by (1 − α)x ⊕ αy. The space (X, d) is said
to be a geodesic space if every two points of X are joined by a geodesic, and X is
said to be uniquely geodesic if there is exactly one geodesic joining x and y for each
x, y ∈ X. A subset E of X is said to be convex if E includes every geodesic segment
joining any two of its points. If x ∈ X and E ⊂ X, then the distance from x to E
is defined by

dist(x,E) = inf{d(x, y) : y ∈ E}.
The set E is called proximinal if for each x ∈ X, there exists an element y ∈ E such
that d(x, y) = dist(x,E), and E is said to be gated if for any point x /∈ E there is
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a unique point yx such that for any z ∈ E,

d(x, z) = d(x, yx) + d(yx, z).

The point yx is called the gate of x in E. We shall denote by 2E the family of
nonempty subsets of E, by P(E) the family of nonempty proximinal subsets of E,
by C(E) the family of nonempty closed subsets of E and by CC(E) the family of
nonempty closed convex subsets of E. Let H(·, ·) be the Hausdorff distance on 2E ,
i.e.,

H(A,B) = max

{
sup
a∈A

dist(a,B), sup
b∈B

dist(b, A)

}
, A,B ∈ 2E .

Let T : E → 2E be a multivalued mapping. For each x ∈ E, we let

PT (x)(x) = {u ∈ T (x) : d(x, u) = dist(x, T (x))}.
In the case of PT (x)(x) is a singleton we will assume, without loss of generality, that
PT (x)(x) is a point in E. A point x ∈ E is called a fixed point of T if x ∈ T (x).

Definition 2.1. Let E be a nonempty subset of a metric space (X, d) and T : E →
2E . Then T is said to be

(i) nonexpansive if H(T (x), T (y)) ≤ d(x, y) for all x, y ∈ E;
(ii) quasi-nonexpansive if Fix(T ) ̸= ∅ and

H(T (x), T (p)) ≤ d(x, p) for all x ∈ E and p ∈ Fix(T ).

(iii) proximally nonexpansive if the map PT : E → 2E defined by x 7→ PT (x)(x)
is nonexpansive;

(iv) proximally quasi-nonexpansive if the map PT : E → 2E defined by x 7→
PT (x)(x) is quasi-nonexpansive.

The mapping T is said to satisfy condition (I) if there is a nondecreasing function
f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0 for r ∈ (0,∞) such that

dist(x, T (x)) ≥ f(dist(x,Fix(T ))) for all x ∈ E.

The mapping T is called hemicompact if for any sequence {xn} in E such that

lim
n→∞

dist(xn, T (xn)) = 0,

there exists a subsequence {xnk
} of {xn} and q ∈ E such that limk→∞ xnk

= q.

Definition 2.2. An R-tree (sometimes called metric tree) is a geodesic metric space
X such that:

(i) there is a unique geodesic segment [x, y] joining each pair of points x, y ∈ X;
(ii) if [y, x] ∩ [x, z] = {x}, then [y, x] ∪ [x, z] = [y, z].

By (i) and (ii) we have

(iii) if u, v, w ∈ X, then [u, v] ∩ [u,w] = [u, z] for some z ∈ X.

An R-tree is a special case of a CAT(0) space. For a thorough discussion of
these spaces and their applications, see [1]. We now collect some basic properties
of R-trees.

Lemma 2.3. Let X be a complete R-tree and E be a nonempty subset of X. Then
the following statements hold:



REMARKS ON MULTIVALUED QUASI-NONEXPANSIVE MAPPINGS IN R-TREES 1185

(i) [6, page 1048] the gate subsets of X are precisely its closed and convex
subsets;

(ii) [1, page 176] if E is closed and convex, then for each x ∈ X, there exists a
unique point PE(x) ∈ E such that

d(x, PE(x)) = dist(x,E).

That is, every nonempty closed convex subset of a complete R-tree is prox-
iminal.

(iii) [1, page 176] if E is closed convex and if x′ belong to [x, PE(x)], then
PE(x

′) = PE(x);
(iv) [15, Lemma 3.1] if A and B are closed convex subsets of X, then, for any

u ∈ X,
d(PA(u), PB(u)) ≤ H(A,B);

(v) [5, Lemma 2.5] if x, y, z ∈ X and α ∈ [0, 1], then

d2((1− α)x⊕ αy, z) ≤ (1− α)d2(x, z) + αd2(y, z)− α(1− α)d2(x, y);

(vi) [21, Lemma 3.1] if E is closed convex and there exist u ∈ X and v ∈ X−E
such that v ∈ [PE(v), u], then PE(v) = PE(u).

The following lemma can be found in [25]. We observe that the boundedness of
the images of T is superfluous.

Lemma 2.4. Let E be a nonempty subset of an R-tree X and T : E → P(E) be a
multivalued mapping. Then

(i) dist(x, T (x)) = dist(x, PT (x)(x)) for all x ∈ E;
(ii) x ∈ Fix(T ) ⇐⇒ x ∈ Fix(PT ) ⇐⇒ PT (x)(x) = {x};
(iii) Fix(T ) = Fix(PT ).

The following lemma is also needed.

Lemma 2.5 ([17]). Let {αn}, {βn} be two real sequences such that

(i) 0 ≤ αn, βn < 1;
(ii) βn → 0 as n → ∞;
(iii)

∑
αnβn = ∞.

Let {γn} be a nonnegative real sequence such that
∑

αnβn(1 − βn)γn is bounded.
Then {γn} has a subsequence which converges to zero.

3. Main results

Proposition 3.1. Let E be a nonempty subset of a complete R-tree X. If T : E →
CC(E) is quasi-nonexpansive, then T is proximally quasi-nonexpansive.

Proof. Let x ∈ E and p ∈ Fix(PT ). By Lemma 2.4, PT (p)(p) = {p}. In the case of
PT (x)(x) ∈ [x, p], we have d(PT (x)(x), PT (p)(p)) ≤ d(x, p) and the conclusion follows.
But, if PT (x)(x) /∈ [x, p], we will show that PT (x)(x) = PT (x)(p). Let v be the gate of
PT (x)(x) in [x, p]. Then v ̸= PT (x)(x). Since v ∈ [x, PT (x)(x)], then by Lemma 2.3(iii)
we have PT (x)(v) = PT (x)(x). This implies that v ∈ [PT (x)(v), p]. Since v /∈ T (x), by
Lemma 2.3(vi) we have

PT (x)(x) = PT (x)(v) = PT (x)(p).
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This, together with Lemma 2.3(iv), we obtain that

d(PT (x)(x), PT (p)(p)) = d(PT (x)(p), PT (p)(p))

≤ H(T (x), T (p))

≤ d(x, p).

Therefore, the proof is complete. �

If E is a nonempty subset of a complete R-tree X and T : E → CC(E) a mul-
tivalued mapping with Fix(T ) ̸= ∅, then by using Lemma 2.4, Proposition 3.1
and [21, Proposition 3.2] we can obtain the following implications. Examples 4.1
and 4.2 show that the converses do not hold.

T is nonexpansive ⇒ T is quasi-nonexpansive

⇓ ⇓
T is proximally nonexpansive ⇒ T is proximally quasi-nonexpansive

The following theorem is a consequence of Theorem 3.2 in [19].

Theorem 3.2. Let X be a complete R-tree, E be a nonempty closed convex subset
of X and T : E → C(E) be a quasi-nonexpansive mapping with Fix(T ) ̸= ∅ and
T (p) = {p} for each p ∈ Fix(T ). Let αn, βn ∈ [a, b] ⊂ (0, 1) and {xn} be the sequence
of Ishikawa iterates defined by (A) (replacing + with ⊕). If T satisfies condition
(I), then {xn} converges strongly to a fixed point of T.

Now, we are ready to prove our main theorems.

Theorem 3.3. Let X be a complete R-tree, E be a nonempty closed convex subset
of X and T : E → P(E) be a proximally quasi-nonexpansive mapping. Let {xn}
be the sequence of Ishikawa iterates defined by (B) (replacing + with ⊕). Assume
that T satisfies condition (I) and αn, βn ∈ [a, b] ⊂ (0, 1). Then {xn} converges to a
fixed point of T .

Proof. It follows from Lemmas 2.4 that dist(x, PT (x)(x)) = dist(x, T (x)) for all
x ∈ E,

Fix(PT ) = Fix(T ) and PT (p) = {p} for all p ∈ Fix(PT ).

Since T satisfies condition (I), for each x ∈ E we have

dist(x, PT (x)(x)) = dist(x, T (x)) ≥ f (dist(x,Fix(T ))) = f (dist(x,Fix(PT ))) .

That is, PT satisfies condition (I). Next, we show that PT (x)(x) is closed for any
x ∈ E. Let {yn} ⊂ PT (x)(x) and limn→∞ yn = y for some y ∈ E. Then

d(x, yn) = dist(x, T (x)) and lim
n→∞

d(x, yn) = d(x, y).

It follows that d(x, y) = dist(x, T (x)) and this implies y ∈ PT (x)(x). Applying
Theorem 3.2 to the map PT , we can conclude that the sequence {xn} defined by
(B) converges to a point x0 ∈ Fix(PT ) = Fix(T ). This completes the proof. �

As a consequence of Proposition 3.1 and Theorem 3.3, we obtain
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Corollary 3.4. Let X be a complete R-tree, E be a nonempty closed convex
subset of X and T : E → CC(E) be a quasi-nonexpansive mapping. Let {xn} be
the sequence of Ishikawa iterates defined by (B) (replacing + with ⊕). Assume that
T satisfies condition (I) and αn, βn ∈ [a, b] ⊂ (0, 1). Then {xn} converges to a fixed
point of T .

Theorem 3.5. Let X be a complete R-tree, E be a nonempty closed convex subset
of X and T : E → P(E) be a proximally quasi-nonexpansive mapping. Let {xn}
be the sequence of Ishikawa iterates defined by (B) (replacing + with ⊕). Assume
that T is hemicompact and continuous and (i) 0 ≤ αn, βn < 1; (ii) βn → 0 and (iii)∑

αnβn = ∞. Then {xn} converges to a fixed point of T.

Proof. Let p ∈ Fix(T ) = Fix(PT ). Then PT (p)(p) = {p}. For each n ≥ 1, we have

d(yn, p) = d(βnzn ⊕ (1− βn)xn, p)

≤ βnd(zn, p) + (1− βn)d(xn, p)

= βnd(zn, PT (p)(p)) + (1− βn)d(xn, p)

≤ βnH(PT (xn)(xn), PT (p)(p)) + (1− βn)d(xn, p)

≤ βnd(xn, p) + (1− βn)d(xn, p)

≤ d(xn, p)

and

d(xn+1, p) = d(αnz
′
n ⊕ (1− αn)xn, p)

≤ αnd(z
′
n, p) + (1− αn)d(xn, p)

= αnd(z
′
n, PT (p)(p)) + (1− αn)d(xn, p)

≤ αnH(PT (yn)(yn), PT (p)(p)) + (1− αn)d(xn, p)

≤ αnd(yn, p) + (1− αn)d(xn, p)

≤ d(xn, p).

This shows that the sequence {d(xn, p)} is decreasing and bounded below. Thus
limn→∞ d(xn, p) exists for any p ∈ Fix(T ). Applying Lemma 2.3(v), for each p ∈
Fix(T ) we have

d2(xn+1, p) = d2(αnz
′
n ⊕ (1− αn)xn, p)

≤ (1− αn)d
2(xn, p) + αnd

2(z′n, p)− αn(1− αn)d
2(xn, z

′
n)

≤ (1− αn)d
2(xn, p) + αnH

2(PT (yn)(yn), PT (p)(p))

−αn(1− αn)d
2(xn, z

′
n)

≤ (1− αn)d
2(xn, p) + αnd

2(yn, p)− αn(1− αn)d
2(xn, z

′
n)

≤ (1− αn)d
2(xn, p) + αnd

2(yn, p).(3.1)

and

d2(yn, p) = d2(βnzn ⊕ (1− βn)xn, p)

≤ (1− βn)d
2(xn, p) + βnd

2(zn, p)− βn(1− βn)d
2(xn, zn)

≤ (1− βn)d
2(xn, p) + βnH

2(PT (xn)(xn), PT (p)(p))
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−βn(1− βn)d
2(xn, zn)

≤ (1− βn)d
2(xn, p) + βnd

2(xn, p)− βn(1− βn)d
2(xn, zn)

≤ d2(xn, p)− βn(1− βn)d
2(xn, zn).(3.2)

By (3.1) and (3.2), we have

d2(xn+1, p) ≤ (1− αn)d
2(xn, p) + αnd

2(xn, p)− αnβn(1− βn)d
2(xn, zn).

Therefore,
αnβn(1− βn)d

2(xn, zn) ≤ d2(xn, p)− d2(xn+1, p).

This implies
∞∑
n=1

αnβn(1− βn)d
2(xn, zn) < ∞.

Thus, by Lemma 2.5, there exists subsequences {xnk
} and {znk

} of {xn} and {zn}
respectively, such that limk→∞ d(xnk

, znk
) = 0. Hence

lim
k→∞

dist(xnk
, T (xnk

)) = lim
k→∞

dist(xnk
, PT (xnk

)(xnk
)) ≤ lim

k→∞
d(xnk

, znk
) = 0.

Since T is hemicompact, by passing through a subsequence, we may assume that
xnk

→ q for some q ∈ E. Since T is continuous,

dist(q, T (q)) ≤ d(q, xnk
) + dist (xnk

, T (xnk
)) +H(T (xnk

), T (q)) → 0 as k → ∞.

This implies that q ∈ Fix(T ). Thus limn→∞ d(xn, q) exists and hence q is the limit
of {xn} itself. �

The following corollary can also be obtained.

Corollary 3.6. Let X be a complete R-tree, E be a nonempty closed convex
subset of X and T : E → CC(E) be a quasi-nonexpansive mapping. Let {xn} be
the sequence of Ishikawa iterates defined by (B) (replacing + with ⊕). Assume that
T is hemicompact and continuous and (i) 0 ≤ αn, βn < 1; (ii) βn → 0 and (iii)∑

αnβn = ∞. Then {xn} converges to a fixed point of T.

4. Examples

Example 4.1 (see [23] (A quasi-nonexpansive mapping which is not nonexpansive
and a proximally quasi-nonexpansive mapping which is not proximally nonexpan-
sive.)). Let E = [0,∞) and T : E → CC(E) be defined by

T (x) =


{0} if 0 ≤ x ≤ 1;[
x− 3

4 , x− 1
2

]
if 1 < x < 10;[

x− 3
4 , x− 1

10

]
if x ≥ 10.

Then Fix(T ) = {0}. It is easy to see that H(T (x), T (0)) ≤ d(x, 0) for each x ∈
E. This implies that T is quasi-nonexpansive and hence T is proximally quasi-
nonexpansive by Proposition 3.1. However, for x = 10 and y = 2, we have

d
(
PT (10)(10), PT (2)(2)

)
= d

(
10− 1

10
, 2− 1

2

)
=

84

10
> d(10, 2).

This implies that T is not proximally nonexpansive. Hence it is not nonexpansive.
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Example 4.2 (see [28] (A proximally nonexpansive mapping which is not nonex-
pansive and a proximally quasi-nonexpansive mapping which is not quasi-nonex-
pansive.). Let E = [0,∞) and T : E → CC(E) be defined by

T (x) = [x, 2x] for all x ∈ E.

By Lemma 2.4, Fix(T ) = Fix(PT ) = [0,∞) and PT (x)(x) = {x} for every x ∈ E.
For each x, y ∈ E we have

d(PT (x)(x), PT (y)(y)) ≤ d(x, y).

This implies that T is proximally nonexpansive and hence proximally quasi-nonexpan-
sive. However, for x = 1 and y = 0, we have

H(T (1), T (0)) = H([1, 2], 0) > d(1, 0).

This shows that T is not quasi-nonexpansive and hence it is not nonexpansive.

Example 4.3 (see [28] (A quasi-nonexpansive mapping which is not proximally
quasi-nonexpansive)). Let E be the triangle in the Euclidean plane with vertexes
O(0, 0), A(1, 0), B(0, 1). Let T : E → CC(E) be given by

T (x, y) = the segment joining (0, 1) and (x, 0).

Then PT (x, y) is the point in T (x, y) which is nearest to (x, y) as shown in Figure
1. By Lemma 2.4, Fix(T ) = Fix(PT ) = {(x, 0) : x ∈ [0, 1]} ∪ {(0, y) : y ∈ [0, 1]}. For
each (x1, y1), (x2, y2) ∈ E, we have

H(T (x1, y1), T (x2, y2)) = |x1 − x2| ≤ d((x1, y1), (x2, y2)).

That is, T is nonexpansive and hence quasi-nonexpansive. But, for (x, y) ∈ E with
0 < x, y < 1 we have

d(PT (x, y), PT (1, 0)) = d(PT (x, y), (1, 0)) > d ((x, y), (1, 0)) .

This implies that PT is not quasi-nonexpansive.

Figure 1. PT (x, y) is the point in T (x, y) which is nearest to (x, y).



1190 K. SAMANMIT AND B. PANYANAK

References

[1] M. Bridson and A. Haefliger, Metric Spaces of Non-Positive Curvature, Springer-Verlag, Berlin,
Heidelberg, 1999.

[2] C. E. Chidume, On the Ishikawa fixed points iterations for quasicontractive mappings, J. Nige-
rian Math. Soc. 4 (1985), 1–11.

[3] Y. J. Cho, J. Li and N. J. Huang, Random Ishikawa iterative sequence with errors for approx-
imating random fixed points, Taiwanese J. Math. 12 (2008), 51–61.

[4] W. Cholamjiak and S. Suantai, Approximation of common fixed points of two quasi-
nonexpansive multi-valued maps in Banach spaces, Comput. Math. Appl. 61 (2011), 941–949.

[5] S. Dhompongsa and B. Panyanak, On ∆-convergence theorems in CAT(0) spaces, Comput.
Math. Appl. 56 (2008), 2572–2579.

[6] R. Espinola and W. A. Kirk, Fixed point theorems in R-trees with applications to graph theory,
Topology Appl. 153 (2006), 1046–1055.

[7] M. K. Ghosh and L. Debnath, Convergence of Ishikawa iterates of quasi-nonexpansive map-
pings, J. Math. Anal. Appl. 207 (1997), 96–103.

[8] S. Ishikawa, Fixed points and iteration of a nonexpansive mapping in a Banach space, Proc.
Amer. Math. Soc. 59 (1976), 65–71.

[9] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147–
150.

[10] A. K. Kalinde and B. E. Rhoades, Fixed point Ishikawa iterations, J. Math. Anal. Appl. 170
(1992), 600–606.

[11] J. K. Kim, Z. Liu, Y. M. Nam and S. A. Chun, Strong convergence theorems and stability
problems of Mann and Ishikawa iterative sequences for strictly hemi-contractive mappings, J.
Nonlinear Convex Anal. 5 (2004), 285–294.

[12] W. A. Kirk, A fixed point theorem for mappings which do not increase distance, Amer. Math.
Monthly 72 (1965), 1004–1006.

[13] W. Laowang and B. Panyanak, Strong and ∆ convergence theorems for multivalued mappings
in CAT(0) spaces, J. Inequal. Appl. 2009, Article ID 730132, (2009) 16 pp.

[14] Z. Liu, J. K. Kim and J. S. Ume, Characterizations for the convergence of Ishikawa iterative
processes with errors in normed linear spaces, J. Nonlinear Convex Anal. 3 (2002), 59–66.

[15] J. T. Markin, Fixed points, selections and best approximation for multivalued mappings in
R-trees, Nonlinear Anal. 67 (2007), 2712–2716.

[16] M. O. Osilike, Strong and weak convergence of the Ishikawa iteration method for a class of
nonlinear equations, Bull. Korean Math. Soc. 37 (2000), 153–169.

[17] B. Panyanak, Mann and Ishikawa iterative processes for multivalued mappings in Banach
spaces, Comput. Math. Appl. 54 (2007), 872–877.

[18] J. W. Peng and J. C. Yao, Ishikawa iterative algorithms for a generalized equilibrium problem
and fixed point problems of a pseudo-contraction mapping, J. Global Optim. 46 (2010), 331–
345.

[19] T. Puttasontiphot, Mann and Ishikawa iteration schemes for multivalued mappings in CAT(0)
spaces, Appl. Math. Sci. 4 (2010), 3005–3018.

[20] D. R. Sahu, On generalized Ishikawa iteration process and nonexpansive mappings in Banach
spaces, Demonstratio Math. 36 (2003), 721–734.

[21] K. Samanmit and B. Panyanak, On multivalued nonexpansive mappings in R-trees, J. Appl.
Math. 2012, Article ID 629149, (2012) 13 pp.

[22] K. P. R. Sastry and G. V. R. Babu, Convergence of Ishikawa iterates for a multi-valued mapping
with a fixed point, Czechoslovak Math. J. 55 (2005), 817–826.

[23] N. Shahzad and H. Zegeye, On Mann and Ishikawa iteration schemes for multi-valued maps
in Banach spaces, Nonlinear Anal. 71 (2009), 838–844.

[24] K. Sokhuma and A. Kaewkhao, Ishikawa iterative process for a pair of single-valued and
multivalued nonexpansive mappings in Banach spaces, Fixed Point Theory Appl. 2010, Article
ID 618767, (2010) 9 pp.

[25] Y. Song and Y. J. Cho, Some notes on Ishikawa iteration for multi-valued mappings, Bull.
Korean Math. Soc. 48 (2011), 575–584.



REMARKS ON MULTIVALUED QUASI-NONEXPANSIVE MAPPINGS IN R-TREES 1191

[26] Y. Song and H. Wang, Erratum to “Mann and Ishikawa iterative processes for multivalued
mappings in Banach spaces”, Comput. Math. Appl. 52 (2008), 2999–3002.

[27] K. K. Tan and H. K. Xu, Approximating fixed points of nonexpansive mappings by the Ishikawa
iteration process, J. Math. Anal. Appl. 178 (1993), 301–308.

[28] H. K. Xu, On weakly nonexpansive and ∗-nonexpansive multivalued mappings, Math. Japonica.
36 (1991), 441–445.

[29] H. Zegeye, N. Shahzad and M. A. Alghamdi, Convergence of Ishikawa’s iteration method for
pseudocontractive mappings, Nonlinear Anal. 74 (2011), 7304–7311.

Manuscript received February 27, 2013

revised August 26, 2013

K. Samanmit
Department of Mathematics, Faculty of Science, Chaing Mai University
Chiang Mai 50200, Thailand

E-mail address: Khanitin@phrae.mju.ac.th

B. Panyanak
Department of Mathematics, Faculty of Science, Chaing Mai University
Chiang Mai 50200, Thailand

E-mail address: bancha.p@cmu.ac.th


