2 Pug
.
%

Journal of Nonlinear and Convex Analysis § Mdm P"H'Shas
Volume 15, Number 6, 2014, 1105-1111 \-u MJ ISSN 1880-5221 ONLINE JOURNAL
© Copyright 2014

Yok%

ASYMPTOTIC CONTRACTIONS OF BROWDER’S AND
EDELSTEIN’S TYPE

SHAHRAM SAEIDI

ABSTRACT. In this paper, we investigate asymptotic versions of some known
contractive conditions on mappings in metric spaces. We present more general
fixed point results for asymptotic contractions of Browder’s type in a complete
metric space and Edelstein’s type in a general metric space.

1. INTRODUCTION

Let (M,d) be a metric space. For a mapping T': M — M and x € M the orbit
starting at x is denoted by O(x) = {z,Tz,T?z,...,T"x,...}. The set O(x,y) is
the union of two orbits starting at = and y, O(z,y) = O(z) U O(y).

Inspired by Browder [4], Walter [14] obtained a result that may be stated as
follows.

Theorem 1.1 ([14]). Let M be a complete metric space and suppose T : M — M
has bounded orbits. If there exists a continuous, increasing function ¢ : Ry — Ry
for which ¢(t) < t, for all t > 0, and for each x € M there exists n(x) € N such
that for alln > n(x) and y € M,

(1.1) d(T"z, T"y) < ¢(diam(O(x,y))).

Then, there exists v € M such that lim, oo T"x = v, for each x € M. If, in
addition, T is continuous at v, then v is a unique fized point of T.

We recall that a mapping 7' : M — M is said to be contractive if d(Tx,Ty) <
d(z,y), for all x,y € M, x # y. It is worth pointing out that in the literature
numerous examples could be found showing that completeness and boundedness of
a metric space do not ensure the existence of fixed points of contractive mappings.
However, it is well-known that contractive mappings always have fixed points in
compact metric spaces.

The following classical result is due to Edelstein [6]:

Theorem 1.2 ([6]). Let (M,d) be a metric space, x € M and suppose T : M — M
is a contractive mapping for which {T"x} has some convergent subsequence, say
{T"x}. Then, v =1im; oo T™x is a unique fized point of T.

Many authors have extended Edelstein’s result in various ways (see e.g., [2, 8, 10]).
Bailey [2] investigated a mapping T : M — M satisfying the following condition in
the context of a compact metric space (M, d):

(1.2) 0<d(z,y) = lirginf d(T"z, T"y) < d(z,y).
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On the other hand, asymptotic versions of some classical fixed point theorems
have been considered recently in, e.g., [1,3,7,9,11,12].

In this paper, by providing a new approach, we prove more general asymptotic
versions of Theorem 1.1 with weaker conditions. As a corollary, we replace the
continuity of ¢ by upper semicontinuity from the right and remove the monotonicity
condition in Theorem 1.1. Moreover, in the continuation of Edelstein’ theorem, we
present several modifications in the assumptions, in Bailey’s point of view.

2. ASYMPTOTIC CONTRACTIONS OF BROWDER’S TYPE

In this section, we give generalizations of Theorem 1.1. In preparation for our
results, we first establish the following lemma.

Lemma 2.1. Let M be a complete metric space, ¢ : Ry — R, an upper semicon-
tinuous function from the right satisfying ¢(t) < t for allt >0 and T : M — M
with a bounded orbit, say O(zx), such that, for each y € O(x),
(2.1) lim sup sup{d(T™y, T"™*y) — ¢(diam(O(y)))} < 0.

n—oo keN
Then, there exists v € M such that lim, oo T (z) = v. If, in addition, T is contin-
uwous at v, then v is a fized point of T.

Remark 2.2. Because O(y, T*y)) = O(y), it is easy to see that condition (2.1) is
weaker than (1.1).

Proof. Note that
0 < diam(O(T™ ) < diam(O(T™z)), Vm € N.

So, D := lim,, 00 diam(O(T™x)) exists. If we show that D = 0, then we have
proved that {T"(x)} is Cauchy sequence.

Note that there exists a strictly increasing sequence {n;} and a sequence {k;} of
natural numbers, for which
(2.2) lim d(T™z, T"**iz) = D.

1— 00

Because ¢ a is an upper semicontinuous function from the right, given ¢ > 0,

there exists mg € N such that

(2.3) é(diam(O(T™z))) < ¢(D) + %

For yg := T™0z, we have
(2.4) d(T"yo, T" o) < d(diam(O(yo))) + mmlyo),  Vn, k €N,
where,

ra(yo) = sup{d(T"yo, T"*yo) — ¢(diam(O(yo))) :  k € N},
and by (2.1), limsup,,_, . (o) < 0. So, we can determine an integer n, such that

(2.5) rn(yo) < %, Yn > ng.
Hence, from (2.3), (2.4) and (2.5), we obtain
d(T "0, TH0z) - = d(T"yo, T" )
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¢(diam(O(yo))) + rn(yo)

<
< (D) + 5+ ralwo)
<

#(D) +¢
for all n > ng and k£ € N. That is,
d(T"z, T"*2) < $(D) +¢,  V¥n > ng+mg and Vk € N.
Then, by (2.2), we get D < ¢(D)+¢. Because € is an arbitrary positive real number,

we have D < ¢(D), which implies that D = 0 (since ¢(t) < ¢ for all ¢ > 0). Hence,
{T"(x)} is Cauchy sequence. Since M is complete, lim, oo T"(z) = v € M. O

Now, we are ready to get our main results of this section.

Theorem 2.3. Let M be a complete metric space, ¢ : Ry — Ry an upper semicon-
tinuous function from the right satisfying ¢(t) <t for allt > 0 and ¢, : Ry — R
a sequence of functions converging pointwise to ¢. Let T : M — M be a mapping
with a bounded orbit, say O(x), such that for each y € O(x) there erists n(y) € N
such that for all n > n(y) and z € O(y),

(2.6) d(T"y, T"z) < ¢p(diam(O(y))).

Then, there exists v € M such that lim,_,oo T (x) = v. If, in addition, T is contin-
uous at v, then v is a fized point of T'.

Proof. Tt suffices to show that condition (2.1) of Lemma 2.1 holds. For y € O(x)
and n > n(y), we have, using (2.6),

sup{d(T"y, T"**y) — ¢(diam(O(y))) : k € N}

= sup {d(T"y,T"z) — ¢(diam(O(y)))}
z€0(y)

< on(diam(O(y))) — ¢(diam(O(y))).
Now, because ¢,, converges pointwise to ¢, the above inequality implies (2.1). O

Theorem 2.4. Let M be a complete metric space, ¢ : Ry — Ry an upper semicon-
tinuous function from the right satisfying ¢(t) <t for allt >0 and ¢, : Ry — Ry a
sequence of functions converging pointwise to ¢. Suppose T : M — M has bounded
orbits and for each x € M there exists n(x) € N such that for all n > n(x) and
y e M,

(2.7) d(T"5, T") < gu(diam(O(z, y))).

Then, there exists v € M such that lim, oo T"(x) = v, for each x € M. If, in
addition, T is continuous at v, then v is a unique fixed point of T'.

Proof. Because (2.7) implies (2.6), it follows from Theorem 2.3 that lim,_ 7" (x)
exists , for each x € M. Assume that, for x,y € M, T"x — v and T™y — u. Then,
by (2.7),
du,v) = lim d(T"z,T"y) = lim d(T"(T™z), T"(T™y))

n—oo

n—oo

lim ¢, (diam(O(T"z, T™y))) = ¢(diam(O(T™x, T™y))), Vm € N.

n—oo

IN
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But, it is easy to verify that diam(O(T™x,T™y)) | d(u,v), as m — oo. Hence, by
the upper semicontinuity of ¢ from the right, we obtain

d(u,v) < lim sup ¢(diam(O(T™xz, T™y))) < ¢(d(u, v)).

Therefore, d(u,v) = 0. That is, for each x € M, {T™z} converges to a fixed element
ve M. U

Compared to Walter’s result, Theorem 2.4 has the merit of holding under a
more general asymptotic contractive condition. Also, the continuity condition of
¢ : Ry — Ry is replaced by upper semicontinuity from the right.

In the following, we give an example illustrating that Theorem 2.4 is an essential
generalization of Walter’s result.

Example 2.5. Let M = R, with the usual metric and let {¢,} be an arbitrary
sequence in the segment (0,1). Now, define T, ¢ : R — R, by

T(r) = () = [x] — £}, forz>1,

and T'(z) = ¢(x) = 0, for 0 < x < 1. Then, it is easy to verify that T" and ¢ satisfy
the hypotheses in Theorem 2.4. That is,

(i) ¢(t) < t for all t > 0;

(ii) ¢ is an upper semicontinuous function;

(iii) T has bounded orbits and lim,, o, T"(x) = 0, for each x € Ry;

(iv) |T"z — T™y| < ¢(diam(O(x,y))), for all x,y € Ry.

But, ¢ is not a continuous function and Walter’s theorem (Theorem 1.1) can not
be applied here.

3. ASYMPTOTIC CONTRACTIONS OF EDELSTEIN’S TYPE

We recall that a mapping T from a metric space M into itself is called weakly
asymptotically nonexpansive (see [3]) if it satisfies the condition
limsupd(T"z, T"y) < d(x,y), for each z,y € M.

n—oo

It is worth mentioning that Tingley [13] has constructed an example of a bounded
closed convex C' in Hilbert space and a continuous but fixed point free T': C' — C
which satisfies lim,, || Tz — T"y|| = 0.

At first, we present two lemmas which are essential to prove the main results of
this section.

Lemma 3.1. Let (M,d) be a metric space and T : M — M a weakly asymptoti-
cally nonexpansive mapping. Then, for all x,y € M, the limit lim, o d(T"z, T™y)
exists.

Proof. Let x,y € M. Because T is weakly asymptotically nonexpansive, we have
limsupd(T™z, T"y) = limsupd(T" ™z, T" y)

n—oo n—oo

< d(T"xz, T™y), for allm > 0.

Consequently,
limsupd(T"z, T"y) < liminf d(T"z, T™y).
m—o0

n—oo



ASYMPTOTIC CONTRACTIONS 1109

This completes the proof. O

Lemma 3.2. Let (M,d) be a metric space, x € M and T : M — M a map-
ping for which w(O(x)) # &, where w(O(z)) = {y € M : lim;d(T™z,y) =
0, for some ny — oo}. Suppose T is weakly asymptotically nonexpansive on O(x)

and TV is continuous on w(O(x)), the cluster points of O(x), for some integer
N > 1. Then,

d(T*Np, T®*HDONpy = d(q, TV q), Vp,q € w(O(x)) and Yk > 0.

Proof. Because T : O(z) — O(x) is weakly asymptotically nonexpansive, it follows
from Lemma 3.1 that the limit

o= lim d(T"z, T"Vz)
n—o0

exists. Hence, by continuity of TV on w(O(z)), we have
a=d(q,Tq), VYqew(O(x)).

On the other hand, it follows by continuity that T*Vp € w(O(x)), for all p € w(O(z))
and k£ > 1. Therefore, the desired result follows. O

Lemma 3.3. Let (M,d) be a metric space, © € M and T : M — M a mapping
for which w(O(x)) # @. Suppose, for some integer N > 1, TN is continuous on
w(O(z)) and TN : w(O(x)) — w(O(x)) satisfies condition (1.2). If T is weakly
asymptotically nonexpansive on O(z), then w(O(z)) = {v} for which v is a fizved
point of TN .

Proof. Taking S = TV, we have, from Lemma 3.2, that
d(S*%p, SN p) = d(q,Sq), Vp,q € w(O(z)) and Yk > 0.
In particular,
d(S*p, SEVp) = d(p, Sp), Vp € w(O(z)) and Vk > 0.
Hence, because S satisfies condition (1.2), it follows that
TNp=Sp=p, ¥pecw(O(x)).

We show that w(O(x)) is singleton. Suppose, for contradiction, that p, ¢ € w(O(z))
and p # q. Then, because Sp = p and Sq = ¢, we get

d(p, q) = lim inf d(5"p, S"q) < d(p, q),

a contradiction. Therefore w(O(z)) is a singleton, say w(O(z)) = {v}, and TNv =
V. O

Lemma 3.4. Let (M,d) be a metric space, x € M and T : M — M a mapping
for which w(O(x)) # @. Suppose, for some integer N > 1, TN is continuous on
w(O(z)) and the restriction of TV to X = UN_T*(w(O(x))) satisfies condition
(1.2). If T is weakly asymptotically nonexpansive on O(z), then w(O(z)) = {v} for
which Tv = v.
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Proof. By Lemma 3.3, it follows that w(O(z)) = {v} and TVv = v. Hence, X =
{v,Tv, T?v,..., TN"t} and T(X) C X. Suppose, for contradiction, that Tv # v.
Then, by letting

0 < 0 = min{d(T,Tv): 0<i,j <N —1and T # T’v},
we can find 0 < k <1 < N — 1 for which 6 = d(T*v, T'v). Then, it is easy to see
that

d(T*v, T') = 6 < d(T"™(T*v), T"(T'v)), ¥n € N.

Thus,

d(T*v, T') < liminf d(T™N (T*v), TN (T')) < d(T*v, T'v),

n—oo

a contradiction. Therefore Tv = v. O

As a direct consequence of Lemma 3.4, we get the following theorem which is the
main result of this section.

Theorem 3.5. Let (M, d) be a metric space, v € M and T : M — M a mapping for
which w(O(x)) # &. Suppose some iterate of T is continuous and satisfies condition
(1.2). If T is weakly asymptotically nonexpansive on O(x), then w(O(x)) = {v} for
which v is a fived point of an iterate of T'.

Corollary 3.6. Let (M,d) be a metric space and T : M — M a mapping satisfying
0 <d(z,y) = limsupd(T"z, T"y) < d(x,y). (3.1)
n—0o0

Let, for some x € M, w(O(x)) # @ and suppose TV is continuous on w(O(x)), for
some integer N > 1. Then, T has a unique fized point v and lim, ., 1"z = v.

Proof. By Lemma 3.4, T has a fixed point v € w(O(x)). Now, for any real number
e > 0, there exist my € N such that d(T"°z,v) < e. Hence, by (3.1), we obtain
limsupd(T"z,v) = limsup d(T™(T"x),v) < d(T™°z,v) < .

Because € > 0 is arbitrary, it follows that lim,,_,., T"x = v. It suffices to prove the
uniqueness. Suppose that Tu = u and u # v. Then,
d(u,v) = limsup d(T"u, T"v) < d(p, q),
n—oo

a contradiction. Therefore, T has a unique fixed point. O
Example 3.7. Let T : cg — ¢ be the left shift operator defined by
T(l’l,xg, T3y .. ) = (x2,$3,$4, ‘o )

One can easily see that T satisfies (3.1), but, it is not contractive.

Corollary 3.8. Let (M,d) be a compact metric space and T : M — M a mapping
satisfying (3.1). If TN is continuous, for some integer N > 1, then T has a unique
fixed point v in M. Moreover, for each x € M, the sequence of Picard iterates,
{T™z}, converges in norm to v.

Remark 3.9. Even in a complete M, one can find a map without fixed points, for
which lim;,_yoo d(T"z, T"y) = 0, for any z,y in M: Let M = [0, c0) with the usual
metric and Tz = In(1 + €*).
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