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AN ITERATION METHOD FOR ZEROS OF ACCRETIVE
OPERATORS IN BANACH SPACES

HONGJUN WANG AND YISHENG SONG

ABSTRACT. We prove weak and strong convergence for Mann type iteration of
resolvent of accretive operator A to approach some zero of A. First, the approx-
imation fixed point of the resolvent J, is showed. Further, in a reflexive Banach
space E which satisfies the Opial’s condition or in a uniformly convex Banach
space F which has Fréchet differentiable norm (or its dual E* has the Kadec-Klee
property), the weak convergence theorems are obtained. Finally, we prove strong
convergence theorems of the iteration in Banach space E.

1. INTRODUCTION

Let E be a real Banach space with the norm || - ||, E* be the dual space of E' and
K be a nonempty closed convex subset of E. Let J denote the normalized duality
mapping from E into 2F" given by

J(x) ={f € E* (z, f) = [l f]l, |l =[£I}, ¥V 2ek,

where (-, -) denotes the generalized duality pairing. It is well known (see, for exam-
ple, [20]) that E is smooth if and only if J is single-valued. In the sequel, we shall
denote the single-valued normalized duality mapping by j.

Let K be a nonempty closed convex subset of a Banach space E. A mapping
T : K — K is nonexpansive if |[T2 — Ty| < |z —y|| Va,y € K. Mann [11]
introduced the following iteration for 7" in a Hilbert space:

Tnt1 = &y + (1 — ap)Tx,, n>0, (1.1)

where {ay,} is a sequence in [0,1]. This Mann’s iteration process has extensively
been studied over the last twenty years for constructions of fixed points of nonlin-
ear mappings and of solutions of nonlinear operator equations involving monotone,
accretive and pseudocontractive operators.

A mapping A : D(A) € E — 2F is said to be accretive if for all z,y € D(A),
there exists j(z —y) € J(z — y) such that

(u—wv,j(x—y)) >0, Vue Az, ve Ay.
If A is accretive, then for all z,y € D(A) and u € Az, v € Ay and t > 0, we have
lz —yll < [l(z —y) + t(u—0)|.
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Note that, if E is a Hilbert space, then the accretive mapping is also called mono-
tone.

An operator A is said to be m-accretive if it is accretive and R(I + rA) (: the
range of (I +rA)) is E for all » > 0 and A is said to satisfy the range condition if

D(A) C R(I+rA), Vr>0,
where [ is the identity mapping of F and D(A) denotes the closure of the domain
of A.

In fact, theory of monotone operator theory is very important in nonlinear anal-
ysis and is connected with theory of differential equations. It is well known (see
[23]) that many physically significant problems can be modeled by the initial-value
problems of the form

{ 2'(t) + Ax(t) = 0,
z(0) = xq,

where A is an accretive operator in an appropriate Banach space. Typical examples
where such evolution equations occur can be found in the heat and wave equations
or Schrodinger equations.

Let J, is the resolvent of A, J, = (I +rA)~1,¥r > 0. The convergence of the
iteration for the resolvent J. has been studied by many mathematical workers to
find zeros of accretive operators. For example, Bruck [1] introduced an iteration
process and proved the convergence of the process to a zero of a maximal monotone
operator in the setting of Hilbert spaces. Reich [14] extended this result to uni-
formly smooth Banach spaces provided that the operator is m-accretive. In 2000,
Kamimura-Takahashi [10, Theorem 6], in uniformly convex Banach space whose
norm is Fréchet differentiable or which satisfies Opial’s condition, obtained several
weakly convergent theorems of the following iteration for an m-accretive operator
A: for x1 € K,

Tptl = QpTp + (1 - @n)Jrnxn- (12)

Recently, still in the framework of uniformly convex Banach space whose norm is
Fréchet differentiable or which satisfies Opial’s condition, for an m-accretive oper-
ator A, Benavides-Acedoand-Xu [5, Theorem 3.7,3.8] obtained that the weak con-
vergence of the iteration scheme (1.2) to some zero of A. Other investigation for
zeros of accretive operators can be found in [2, 4, 6, 8, 7, 12, 13, 15, 16, 17, 18, 21].

Motivated by Benavides-Acedoand-Xu [5] and Kamimura-Takahashi [10], for
generical accretive operator A, we will research the weak and strong convergence
of Mann type iterative scheme (1.2). Firstly, either in a reflexive Banach space E
which satisfies the Opial’s condition or in a uniformly convex Banach space E which
has Fréchet differentiable norm (or its dual E* has the Kadec-Klee property), the
weak convergence of {z,} to some p € A710 is showed as n — co. Secondly, We
also obtain that {z,} strongly converges to some p € A~!0 in Banach space E if
some compact condition is arrived.
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2. PRELIMINARIES

Throughout this paper, we shall denote denote F(T) = {z € E;Tx = x}. When
{x,} is a sequence in E, then z,, — z (respectively z, — z, z, — z) will denote
strong (respectively weak, weak®) convergence of the sequence {z,} to z. Let A :
D(A) C E — 2F be an accretive operator and A710 = {x € D(A);0 € Az}. We use
Jr and A, to denote the resolvent and Yosida’s approximation of A, respectively.

Namely,

I— r
Jo=T+rA)" " and A, = J , > 0.
r

For J, and A,, the following is well known (see, [20, pp.129-144]):
(i) Ayx € AJyx for all x € R(I +rA);
(i) [|Apz|| < |Az| = inf{||y|;y € Az} for all x € D(A) N R(I + rA);
(iii) J, : R(I +1rA) — D(A) is nonexpansive (i.e. ||Jrx — Jyy|| < |z — y|| for all
x,y € R(I+1rA));
(iv) A710 = F(J,;) = {z € D(J,); Jyx = z};
(v) (The Resolvent Identity) For » > 0 and ¢t > 0 and = € F,

Jyxr = Jt<;x + (1 — ;) JT:(:). (2.1)

The norm of a Banach space F is said Fréchet differentiable if, for any = € S(E),
the unit sphere of E, the limit
ety ~ )
t—0 t

exists uniformly for y € S(E). The modulus of convexity of E is defined by

. Tty
p(e) = int {1~ 72V <1y <1, -y 2 <

for each € € [0,2]. A Banach space E is said to be uniformly convez if dg(e) > 0
for all € € (0,2]. If E is uniformly convex, then

Az + (1= Nyl <1 —2)\(1—)\)6E(%)} (2.2)

for every z,y € E with ||z|| <r, |ly| <r,0<e<r < Rand |z—y| > e and
A € [0,1] (see, for example, [20, pp.93-98]). In a uniform convex Banach space, Reich
[14] proved the following result which also can be found in Tan-Xu [22, Lemma 4,
Theorem 1].

Lemma 2.1 (Reich [14, Proposition]). Let C be a closed convex subset of a uniform
convex Banach space E, and let {T,;n > 1} be a sequence of nonexpansive self-
oo
mappings of C with F = (| F(T,,) # 0. If 21 € C and xp41 = Ty for n > 1,
n=1
then for all f1,fo € F and t € (0,1),
(i) lim |[tx, — (1 —t)f1 — fal| ewists;
n— o0
(ii) If the norm of E is also Fréchet differentiable, then lim (z,,7(f1 — f2))
n— o0
ex1sts.
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A Banach space E satisfies Opial’s condition if for any sequence {x,} in E,

Tp — x (n — o00) implies
limsup ||z, — x| < limsup ||z, — y||,Vy € E with z # y.
n—oo n—oo

A Banach space E has the Kadec-Klee property if every sequence {z,} in E,
zn, — z and |lx,|| — ||z|| together imply x, — x. We know that the dual of
a reflexive Banach space with a Fréchet differentiable norm has the Kadec-Klee
property (see [9]). But there exists a uniformly convex Banach space which have
neither a Fréchet differentiable norm nor the Opial property but its dual has the
Kadec-Klee property [9, Example 3.1].

In the sequel, we also need the following lemmas.

Lemma 2.2 (Browder [3]). Let C' be a nonempty bounded closed convexr subset of
a uniformly convex Banach space E. Suppose T : C — E is nonexpansive. Then
the mapping I — T is demiclosed at zero, i.e.

Ty =,y —Txy — 0 tmplies x =Tx.

Lemma 2.3 (|9, Lemma 3.2]). Let E be a uniformly convex Banach space such
that its dual E* has the Kadec-Klee property. Suppose {xy}is a bounded sequence
in E and fi, fo € wy(xy), where wy(xy,) denotes the weak limit set of {x,}. If
nh—>1120 [tz + (1 —t) f1 — fa| exists for all t € [0,1], then fi = fa.

Lemma 2.4 (T. Suzuki [19, Lemma 2]). Let {z,} and {y,} be two bounded se-
quences in a Banach space E and (3, € [0,1] with 0 < lirginf Bn < limsup 8, < 1.
n o

n—o0

Suppose Ty i1 = PpTn + (1 — Bn)yn for all integers n > 1 and

lim sup(||yn+1 — Ynll = [[Tnt1 — zal]) <0.
n—oo

Then lim ||z, — yn| = 0.
n—oo

3. WEAKLY CONVERGENCE THEOREMS

Theorem 3.1. Let E be a Banach space and A : D(A) C E — 2F be an accretive
operator that satisfies the range condition. Assumed that K is a nonempty closed

convex subset of E such that D(A) C K C (\,wo R +1A). For xo € K, define
Tpt1 = &y + (1 — ap)Jr,zn, n>0. (3.1)
If0 € R(A) and {a,,} € (0,1) and {r,} C (0,400), then
(i) nh_{r;o |zn, — p|| exists and hence {x,} is bounded;

(ii) If lim o, =0 and lim r, = oo, then for each r > 0,

n—oo n—oo
lim ||z, — Jrx,| = 0;
n—oo
(iii) If 0 < liminf o, < limsupa,, < 1 and liminfr, > 0 and lim "2 = 1,
n—00 n—s00 n—00 n—oo "n+1

then for each r > 0,

lim ||z, — Jrxy| = 0;
n—oo
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(iv) If E is uniformly convex and limsup o, < 1 and liminfr, > 0, then for
n—00 n—0o0

each r > 0,

lim ||z, — Jrz,| = 0.
n—oo

Proof. (i) Since 0 € R(A), we can take p € A=10 = F(J,) for all » > 0. Then we

have
|Zn+1 — pll =llan(zn — p) + (1 — an)(Jr, 20 — )|

San”xn _pH + (1 - an)HJrnxn - p“
<llzn — pll

<llzo —pll-
Therefore, {||z,, — p||} is non-increasing and bounded below, and that (i) is proved.
(ii) From (i), we get the boundedness of {.J,, z,} since
[ ]l < | Jrzn = pll + Pl < llzn = pll + llpll

Using the condition lim «, = 0, we obtain that
n—oo

lim |zpy1 — Jr, 20l = Im oy, — Thti12n| = 0. (3.2)
n—00 n—00

For each » > 0, we also have
| Jrn@n — Jr @l =1 = Jp) e, 2nl| = 7| Ar T, Yl
<r|Ad, xn| < r||Ap, 0|
:7‘—Hxn = JraZall — 0(n — 00).
Tn

Therefore,
lim ||J,, xn — Jpdr, x| = 0. (3.3)

n—oo
Hence, for each r > 0,
Zn1 = Jr@pia |l < 2nt1 = Tru@all + [ Jrn 20 — Spdr,@nll + | JpJr, @0 — Jrn ||
< 2l|zpt1 — Iy nll + e, ®n — Jrdr, Tnl|
Combining (3.2) and (3.3), we obtain that for each r > 0,

lim ||z, — Jrxy,| = 0.
n—oo

(iii) From the resolvent identity (2.1), we have
r r
Irpi1Tn1 = Jp, (anﬂ + (1 - i) Jrn+1l‘n+1)-
T'n+41 T'n+1
Therefore, for a constant M > 0 with M > max{||J,, zn|, |zn|},

T 7
HJrn+1$n+1 — Jr, | §‘ . (Tnt1 — 2n) + (1 - = )(J"’n+lxn+1 — Tn) ’
Tn+1 T'n+1
r
<ltnir = @l + [1 = | r s Tnsr = T
T'n+1
T'n

<Jns1 — ) +2M[1 -

Tn+1
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Hence, from lim - =1, we have
n—oo "n+l
hmsup(|’=]rn+1xn+1 - Jrnan - ”xn+1 - I‘nH) <0.
n—oo

An application of Lemma 2.4 to yield
lim ||z, — Jp, 2| = 0. (3.4)

n—oo

Since 0 < lign inf r,,, then there exists € > 0 and a positive integer N > 0 such
—00

that Yn > N, r, > €. Thus for each r > 0, using the resolvent identity (2.1) again,
we also have

Jr, Ty = JT(an + <1 — L) J,«nxn),
Tn Tn
and hence
70 = Jrn <]

an + (1 — L)Jrnxn —Zp
Tn Tn

™
:\1—5 [

r
(14 =) lon = Jral
Tn

-
<(1+= - .
<(142) llow =
It follows from (3.4) that
lim ||Jp,xn — Jrzn| = 0. (3.5)

n—oo

Since ||zn, — Jrwn| < ||2n — Jr, Toll + | Jr, 20 — Jr2p||, combining (3.4) and (3.5), the
desired result is reached.

(iv) Without loss of generality, we may assume that lim ||z, — p|| # 0 for some

n—o0

p € A710. Since A is accretive and E is uniformly convex, we have from (2.2)
(A= 3, R=|lzo —p| and 7 = ||zs — pl}),
n

1rsn = pll <[ Jryn = p + 5 (Ar, 0 = 0)

1
= Jrnl'n —p+ i(xn - JrnZEn)

1
= §($n + JrpTn) — pH
1 |xn — I, zn|
i - (=2
e =2l = 50P =

Since [|zn41 = pll < anllen = pll + (1 — an)||Jr,2n — pll, we have

1

5 (1= )z = plog

Tn — Jp, T
2 M) <an|lzn —pll + (1 — an)[|zn — p|

lzo — pll
— llzny1 — 2l
=|lzn — pll = [|#n1 — pI|-
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By limsupa,, < 1 and lim ||z, — p|| # 0, we obtain
n—oo

n—oo
—J
lim 5E(H$n Tnan) —0.
lzo — pll

This implies

lim ||z, — J;, zn|| = 0. (3.6)
n—oo
Consequently, combining (3.5) and (3.6), we obtain the desired result. O

Theorem 3.2. Let E be a reflexive Banach space which satisfies Opial’s condition
and A : D(A) C E — 2% be an accretive operator that satisfies the range condition
and 0 € R(A). Assumed that K is a nonempty closed conver subset of E such that
D(A) C K C(soRU +7A). If {an} C (0,1) and {r,} C (0,+00) satisfy one of
the conditions (a) and (b),

(a) lim a,, =0 and lim r, = oo;

n—oo n—oo
(b) 0 < liminf a;, < limsup o, < 1 and liminfr, >0 and lim - =1.
n—o0 n—00 n—o0 n—oo 'm+1

Then as n — oo, {x,}, defined by (3.1) weakly converges to some zero x* of A.

Proof. 1t follows from Theorem 3.1 (i) and (ii) and (iii) that {x,} is bounded and
for each r > 0,

lim ||z, — Jrxy| = 0.

n—oo
Then {z,} is weakly sequentially compact by the reflexivity of E, and hence we
may assume that there exists a subsequence {zy, } of {z,} such that z,, — z*. We
claim that z* € A='0 = F(J,). Indeed, suppose z* # J,x*, then from the Opial’s
property of E, we obtain that

limsup ||z, — 2| <limsup ||z, — Jrz*||

k—oo k—o0
<limsup(||zn, — Jr@n, || + | Jr2n, — Jr2™|])
k—o0
<limsup 2, - 2°]).
k—o0

This is a contradiction, thus z* = J,z*. The claim is proved.

Now we prove {x,} converges weakly to z*. Supposed that {x,,} doesn’t converge
weakly to x*, then there exists another subsequence {z,,} of {x,} which weakly
converges to some y # x*, y € K. We also have y € A~10. Because lim,, o0 ||, —p||
exists for all p € A710 by Theorem 3.1 (i) and E satisfies the Opial’s condition,
then we have

. TR I B
Jim |z — 27| = lim [lzg, — 2" < Um {lzn, —y]

— lim ||z, —yll < lim [Jo, — 27|
Jj—o0 Jj—o0
= lim |z, —x"|.
n—oo
Which is a contradiction, we must have y = z*. In a summary, we have proved
that the set {x,} is weakly sequentially compact and each cluster point in the weak

topology equals to x*. Hence, {x,} converges weakly to z* € A~10. The proof is
complete. O
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Using the same methods as Theorem 3.2, we can easily obtain the following
results.

Corollary 3.3. Let E be a reflexive Banach space which satisfies Opial’s condition
and A : D(A) C E — 2% be an m-accretive operator with 0 € R(A). If {an} and
{rn} are as Theorem 3.2. Then as n — oo, {xy}, defined by (3.1) weakly converges
to some zero x* of A.

Proof. Since A is m-accretive, A is accretive and satisfies the range condition
D(A) C E = R(I +rA) for all » > 0. Putting K = E, the desired result is
reached. N

Corollary 3.4. Let E be a reflexive Banach space which satisfies Opial’s condition
and A : D(A) C E — 2% be an accretive operator that satisfies the range condition
and 0 € R(A). Assumed that D(A) is conver and {an} and {r,} are as Theorem
3.2. Then as n — oo, {x,}, defined by (3.1) weakly converges to some zero z* of
A.

Proof. Putting K = D(A) and following Theorem 3.2, we can obtain the desired
conclusion. O

Theorem 3.5. Let E be a uniformly convex Banach space which satisfies the Opial’s
conditionand A : D(A) C E — 2F be an accretive operator that satisfies the range
condition and 0 € R(A). Assumed that K is a nonempty closed convex subset of

E such that D(A) C K C (o R +rA). If {an} C (0,1) and {r,} C (0,400)
satisfy limsup o, < 1 and liminfr, > 0. Then as n — oo, {x,}, defined by (3.1)

n—oo n—0o0
weakly converges to some zero z* of A.

Theorem 3.6. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm and A : D(A) C E — 2F be an accretive operator that satisfies the
range condition and 0 € R(A). Assumed that K is a nonempty closed convex subset

of E such that D(A) C K C (),woR(I +rA). If {a,} C (0,1) and {r,} C (0,400)
satisfy limsup ay, < 1 and liminfr, > 0. Then as n — oo, {x,}, defined by (3.1)

n—oo n—o0
weakly converges to some zero z* of A.

Proof. Theorem 3.1 guarantees {x,} is bounded and for each r > 0,
lim |z, — Jrzy,| = 0.
n—oo

Similar to Theorem 3.2, there exists a subsequence {zy, } of {z,} converging weakly
to some r* € K. By Lemma 2.2, we have * € F(J,) = A~10.

Now we prove {x,} converges weakly to z*. Supposed that {x, } doesn’t converge
weakly to z*, then there exists another subsequence {zy,,} of {x,} which weakly
converges to some y € K. We also have y € F(.J.) = A710. Next we show z* = y.

Set T,, = anl+(1—ay)J,, , then it is clear that {7}, } is a sequence of nonexpansive

oo (o.9]
mappings of K with F = () F(T,) = (N F(J.,) = A0 # 0 and 2,11 = Tpan.
n=0 n=0
Therefore, Lemma 2.1(ii) assures that lim (x,, j(z* — y)) exists. Hence, we have
n—oo

Jim (" = ) = i (g, (e = ) = (@, 4" — p),
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and
lim (zn, j(2" —y)) = Um (o, j(2" —y)) = {y, (=" —y)).
n—oo —00
Consequently,
(2%, (2" —y)) = (y,J(z" —y)),
that is ||[2* — y|| = 0. We must have y = z*. Thus {z,} converges weakly to
x* € A710. The proof is complete. O

Theorem 3.7. Let E be a uniformly conver Banach space and its dual E* have
the Kadec-Klee property and A : D(A) C E — 28 be an accretive operator that
satisfies the range condition and 0 € R(A). Assumed that K is a nonempty closed

convex subset of E such that D(A) C K C (o R +rA). If {a} C (0,1) and
{rn} C (0,400) satisfy limsup o, < 1 and lirginfrn > 0. Then as n — oo, {z,},

n—oo

defined by (3.1) weakly converges to some zero =* of A.

Proof. As in the proof of Theorem 3.6, we can reach the following objectives:

(1) there exists a subsequence {zp, } of {z,} converging weakly to some z* €
Ao,

(2) the nonexpansive mappings sequence {T,,} satisfies the conditions of Lemma
2.1.

Now we prove {x,} converges weakly to z*. Supposed that {x,,} doesn’t converge
weakly to z*, then there exists another subsequence {zy,} of {x,} which weakly
converges to some y € K. We also have y € A~10.

Next we show z* = y. In fact, from Lemma 2.1(i), we have lim |tz, — (1 —

n—oo

t)z* — yl| exists. Using Lemma 2.3 we obtain y = x*. Thus {z,} converges weakly
to x* € A~10. O

Using the same argumentation technique as Corollary 3.3 and 3.4, we can easily
obtain the following results.

Corollary 3.8. Let E be a uniformly convex Banach space which either satisfies
the Opial’s condition or has Fréchet differentiable norm or its dual E* have the
Kadec-Klee property. Suppose that A : D(A) C E — 2F be an accretive operator
that satisfies the range condition and 0 € R(A). If D(A) is convex and {ay} and
{rn} satisfy limsupa,, < 1 and liminfr, > 0. Then as n — oo, {x,}, defined by

n—00 n—oo
(3.1) weakly converges to some zero x* of A.

Corollary 3.9. Let E be a uniformly convex Banach space which either satisfies

the Opial’s condition or has Fréchet differentiable norm or its dual E* have the

Kadec-Klee property. Suppose that A: D(A) C E — 2F be an m-accretive operator

with 0 € R(A). If {a,} and {r,} satisfy limsupa,, < 1 and I%Iri}gfrn > 0. Then
n—oo

asn — 00, {xy}, defined by (3.1) weakly converges to some zero x* of A.

4. STRONGLY CONVERGENCE THEOREMS

Theorem 4.1. Let E be a Banach space and A : D(A) C E — 2¥ be an accretive
operator that satisfies the range condition and 0 € R(A). Assumed that K is a
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nonempty compact convex subset of E such that D(A) C K C (\,wo R +7A) and
for xg € K, iteratively define

Tn4+1 = Qpdn + (1 - Oén)Jrnl’n, n Z 0.

If {ay,} and {r,} satisfy one of the following two conditions:

(a) lim an =0 and lim Ty = 00;

(b) 0 < hm mf o < hm supay, < 1 and liminfr, > 0 and lim "2 =1.

n—00 n—00 n—oo Tn+l

Then as n — oo, {x,} strongly converges to some zero =* of A.

Proof. By Theorem 3.1 (i) and the compactness of K, we see that {z,,} admits a
strongly convergent subsequence {z,, } whose limit we shall denote by z*. Then,
again by Theorem 3.1 (ii) or (iii), we have z* € A710 = F(J,). As Vp € A~10,
nh_}rg() |z, — p|| exists by Theorem 3.1 (i), z* is actually the strong limit of the

sequence {x,} itself. O
From the proof of Theorem 4.1, we can get the following Corollary.

Corollary 4.2. Let E, K, A, {x,},{an},{rn} be as Theorem 4.1. Then as n — oo,
{zn} strongly converges to some zero x* of A if and only if there exists a subsequence
{xn, } C {zn} such that z,, — x* € A0 (k — 00).

Similar to the argumentation of Theorem 4.1, we can get the following. Since the
proof is a repeating work, we omit it.

Theorem 4.3. Let E be a uniformly conver Banach space and A : D(A) C E — 2F
be an accretive operator that satisfies the range condition and 0 € R(A). As-

sumed that K is a nonempty compact convexr subset of E such that D(A) C K C
(rs>o BRI +1rA) and for xy € K, iteratively define

Tptl = QnTp + (1 — Cln)Jrnl‘n, n > 0.

If {an} and {r,} satisfy hmsup ap < 1 and liminfr, > 0. Then as n — oo, {x,}

n—oo
strongly converges to some zero x* of A.

Corollary 4.4. Let E be a Banach space and A : D(A) C E — 2F be an accretive
operator that satisfies the range condition and 0 € R(A). Assumed that D(A) is a
compact convex subset of E and for xg € K, iteratively define

T+l = QpTpn + (]. — Oén)Jrnl'n, n > 0.

(1) If {an} and {rp} satisfy one of the following two conditions:
(a) hm ap =0 and lim r, = oo;

n—oo
(b) 0 < hm 1nf an, < limsupa, <1 and liminfr, > 0 and lim "2 =1.
n—00 n—00 n—oo 'ntl

Then as n — oo, {x,} strongly converges to some zero x* of A;
(2) If E is a uniformly convex Banach space and {c,} and {r,} satisfy limsup ay,
n—oo

< 1 and liminfr, > 0. Then as n — oo, {x,} strongly converges to some
n— o0

zero x* of A.
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