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ITERATIVE METHODS FOR A SYSTEM OF NONLINEAR
GENERALIZED MIXED IMPLICIT EQUILIBRIUM PROBLEMS
IN BANACH SPACES

QAMRUL HASAN ANSARI AND JAVAD BALOOEE

ABSTRACT. A new system of nonlinear generalized mixed implicit equilibrium
problems involving non-monotone set-valued mappings with non-compact values
in g-uniformly smooth Banach spaces is introduced. By using the Yosida ap-
proximation, a system of generalized Wiener-Hopf equations is considered. The
equivalence between the system of nonlinear generalized mixed implicit equilib-
rium problems and a system of generalized Wiener-Hopf equations is established.
By using this equivalence, a fixed point formulation is derived. Two new iterative
algorithms with mixed errors are proposed and the existence theorems for solu-
tions of the aforesaid systems are established. Under some suitable conditions,
the convergence analysis of the sequences generated by the proposed iterative
algorithms is discussed. Some fatal errors in the results in [20] are pointed out
and the correct versions of these results are presented. Some comments related to
the work in [20] are given at the end. The results presented in this paper extend
and improve some known results in the literature.

1. INTRODUCTION

The equilibrium problem (EP) is an unified model of several problems, namely,
variational inequalities, optimization problems, problems of Nash equilibria, sad-
dle point problems, fixed point problems and complementarity problems; See, for
example, [1,2,7,8,14] and the references therein. Several extensions of EP have
been studied in the literature; See, for example, [3,10-12, 19,20, 22,23,30] and the
references therein. The system of equilibrium problems is one of the strongest tools
to study Nash equilibrium problem [25,26]. In the last two decades, the Nash equi-
librium problem is studied by using system of variational inequalities or system
of equilibrium problems; See, for example, [4-6,13,21] and the references therein.
The existence of a solution of system of variational inequalities or systems of equi-
librium problems is studied in [4-6,21]. While in [13, 30], the solution methods
for these systems are studied. In the early ninety’s, Robinson [27] and Shi [2§]
initially used the Wiener-Hopf equation to study the variational inequalities. Re-
cently, Kazmi and Khan [20] considered a generalized mixed equilibrium problem
(in short, GMEP) involving non-monotone set-valued mappings with non-compact
values in real Hilbert space. They extended the notions of the Yosida approxima-
tion and its corresponding regularized operator given in [22,23] and discussed some
of their properties. Related to GMEP, they considered a generalized Wiener-Hopf
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equation problem (in short, GWHEP) and proved the equivalence between GMEP
and GWHEP. They gave a fixed point formulation of GWHEP and constructed
an iterative algorithm for solving GWHEP. They extended the notion of stability
given by Harder and Hicks [15], and discussed the existence of solution of GWHEP,
and convergence and stability analysis for the their proposed iterative algorithm.
One of the main motivations of this paper is to show that the paper [20] has some
fatal errors.

In this paper, we introduce a system of nonlinear generalized mixed implicit equi-
librium problems (in short, SNGMIEP) involving non-monotone set-valued map-
pings with non-compact values in g-uniformly smooth Banach spaces, which includes
GMEP, the problems of finding a zero of a maximal monotone operator, and Nash
equilibria problems as special cases. By using the Yosida approximation, we con-
sider a system of generalized Wiener-Hopf equations (in short, SGWHE) associated
with SNGMIEP. We prove that SNGMIEP and SGWHE have the same solution
set. We get fixed point formulations of SNGMIEP and SGWHE and construct two
new iterative algorithms with mixed errors for solving SNGMIEP and SGWHE. We
establish the existence theorems for solutions of the aforesaid systems and discuss
the convergence analysis of the sequences generated by the our proposed iterative
algorithms. Finally, we show that the verified theorem in related to stability of
the iterative algorithm introduced by Kazmi and Khan [20] is incorrect. The re-
sults presented in this paper improve and extend the corresponding results in the
literature.

2. FORMULATIONS AND PRELIMINARIES

Let X be a real Banach space with its dual space X* and (.,.) be the dual
pairing between X and X*. Let K be a nonempty, closed and convex subset of X
and CB(X) be the family of all nonempty, closed and bounded subsets of X. The
Hausdorff metric H(.,.) on CB(X) is defined by

H(A, B) = max {sup inf ||a — b, sup inf |ja — bH} , VA, Be(CB(X).
acAbEB beB a€A

The generalized duality mapping J, : X — X* is defined by
Jo(z) = {f* € X"+ (z, f*) = |||, |f*| = 2"}, VzeX,

where ¢ > 1is a constant. In particular, Js is the usual normalized duality mapping.
It is known that, in general, J,(z) = ||z||72J2(x) for all z # 0 and J, is single-
valued if X™* is strictly convex. In the sequel, we always assume that X is a real
Banach space such that J; is single-valued. If X is a Hilbert space, then Jo becomes
the identity mapping on X.

The modulus of smoothness of X is the function px : [0,00) — [0, 00) defined by

1
px () =sup {5 (o + vl + o = ol = 1 el < 1, Tl < ¢}

A Banach space X is called uniformly smooth if

im 2X® _
t—0 ¢
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X is called g-uniformly smooth if there exists a constant ¢ > 0 such that
px(t) <ct?, g>1.

Note that J; is single-valued if X is uniformly smooth. For further detail on the
geometry of Banach spaces, we refer to [2] and the references therein.

For each j € {1,2,...,1}, let X be a real reflexive g;-uniformly smooth Banach
space with norm |[[.[[; and its dual X7, (.,.); be the dual pairing of X7 and Xj, and
K be a nonempty closed convex subset of X;. For each i € {1,2,...,p}, p <1, let
F; : K; x K; — R be a bifunction such that F;(z,z) = 0, Vx € K;. Further, for each
i€{l,2,...,p}, assume that g; : K; — K;, N; : H;ZIX]- = X, mi: Xy x Xj — X7
are nonlinear single-valued mappings, and let T; 1,T;2,...,T;; : X; = CB(X;) be
set-valued mappings. We consider the problem of finding (z1, ..., ;) € [[t_; K; and
(ﬂ171, ce UL ULy e Uy, Up 1, Up 2y - ,ﬂpJ) S Hzpzl Hé‘:l T’z,](jz) such that
foreach i =1,2,...,p,

(2.1) Fi(gi(z:), yi) + (Ni(Wi1, wi2, - - - i), mi(yir 9:(7i))) >0, Vy; € K.
Problem (2.1) is called a system of nonlinear generalized mized implicit equilibrium
problems (in short, SNGMIEP) in uniformly smooth Banach spaces.

Ifp=1,1=2, X, =H is areal Hilbert space, F1 = F,T11 =T,Ti2 = B, N1 =
N, m =n, K1 = K, then SNGMIEP (2.1) collapses to the following generalized
mixed implicit equilibrium problem considered and studied in [20].

Find 2, =z € K, U] =u € T(:f), U2 =170 € B(.f') such that
F(g(z),y) + (N(u,v),n(y,9(z))) = 0, Vy€ K.

For different choices of the mappings, we obtain different problems considered
and studied in [10,16,22] and the references therein.

We present some definitions and results which will be used in the sequel.

Definition 2.1 ([24]). A set-valued mapping T : X — CB(X) is called H-Lipschitz
continuous if there exists a constant £ > 0 such that

H(T(z), T(y) <&llz —yll, Vz,ye€X,
where H is the Hausdorff metric on X.

Lemma 2.2 ([24]). Let T : X — CB(X) be a set-valued mapping. Then for any
given € >0, z,y € X and u € T'(x), there exists v € T(y) such that

(2.3) Ju— vl < (1 +)H(T(x),T(y)).

If T : X — C(X), then the above inequality holds for e = 0, where C(X) denotes
the family of all nonempty compact subsets of X.

(2.2)

Xu [29] proved the following result concerning the characteristic inequalities in
g-uniformly smooth Banach spaces.

Lemma 2.3 ([29]). The real Banach space X is q-uniformly smooth if and only if
there exists a constant cq > 0 such that

[z +yll* <[zl + gy, Jo(2)) + collyll?,  Va,y € X.

Definition 2.4. Let X be a g-uniformly smooth Banach space. A nonlinear map-
ping g : X — X is said to be
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(a) accretive if
<9($)_9(y)7jq($—y)> 207 ViU,yGX;
(b) d-strongly accretive if there exists a constant 6 > 0 such that
(9(x) —9(y), Jo(x —y)) = 0l|lz —yl|, Vz,y € X;
(¢) o-Lipschitz continuous if there exists a constant o > 0 such that
lg(x) =gl <olle —yl, Ve,yeX.

Definition 2.5. For each j = 1,2,...,[, let X; be a gj-uniformly smooth Banach
space with norm ||.||;, and for each i € {1,2,...,p}, p <, let N; : Hé-:l X; = X;
be a single-valued mapping. The mapping IV; is said to be ~; j-Lipschitz continuous
in the jth argument, for each ¢ € {1,2,...,p} and j € {1,2,...,1}, if there exists a
constant v; ; > 0 such that

||Ni(IL‘1, Ty v ,:L'j,h l‘j,l’jJrl, . ,l‘l) — Ni(l'l,l'g, ey $j,1,i'j, :L‘jJrl, N ,asl)||l-
<ijllzj = 2l Vw585 € X
Definition 2.6. Let K be a nonempty closed convex subset of a Hausdorff topo-
logical vector space E. A real-valued bifunction F': K x K — R is said to be

(a) monotone if
F(z,y)+ F(y,z) <0, Vz,y€ K,

(b) strictly monotone if

F(z,y)+ F(y,x) <0, Vz,ye€ K with x # y;
(¢) a-strongly monotone if E = X is a Banach space and there exists a constant

a > 0 such that

F(z,y) + F(y,2) < —alz —y|*, Va,y € K;

(d) upper hemicontinuous in the first argument if

limsup F(tz + (1 — t)z,y) < F(z,y), Vz,y,z € K.
t—0

Obviously, the strong monotonicity of F' implies the monotonicity of F'.

Definition 2.7. A mapping n7: X x X — X* is said to be
(a) monotone if
(—y,m(z,y) =0, Vo,yelX;
(b) k-strongly monotone if there exists a constant £ > 0 such that
(@ —y.n(z,y) 2 wle—yl?, V,yeX;
(¢) affine in the first argument if
n(Bz + (1= B)z,y) = Bn(x,y) + (1= P)n(z,y), VB e[0,1],2,y € X;
(d) ~y-Lipschitz continuous if there exists a constant v > 0 such that
In(z, )l <llz—yll, Vz,yeX.

In similar to part (c), we can define the affineness of the mapping 71 in the second
argument.
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3. REGULARIZATION, GENERALIZED WIENER-HOPF EQUATIONS AND ITERATIVE
ALGORITHMS

In this section, we recall some auxiliary results which will be used in the sequel.
Associated with SNGMIEP (2.1), we introduce a system of generalized Wiener-Hopf
equations and propose two algorithms to solve this system of generalized Wiener-
Hopf equations and the system of nonlinear generalized mixed implicit equilibrium
problems (2.1).

The following result is a special case of [9, Theorem 3.9.3].

Lemma 3.1. Let K be a closed convex subset of a Hausdorff topological vector space
E and F: K x K — R be a bifunction such that the following conditions hold:

(a) F(z,z) >0, Vz € K;

(b) F is monotone and for eachy € K, x — F(x,y) is upper hemicontinuous;

(¢) For each x € K, y— F(x,y) is convex and lower-semicontinuous;
(d) There exists a compact subset C' of E and there exists yo € C N K such that
F(z,y0) <0 for each z € K\ C.
Then the set of solutions to the following equilibrium problem (EP): Find & € K
such that

F('%vy)zoa VZ/EKa

is nonempty, convex and compact.

By using Lemma 3.1, Ding [12] deduced the following result under some condi-
tions.

Lemma 3.2 ([12, Lemma 2.2]). Let K be a nonempty closed convex bounded subset
of a reflexive Banach space X. Let F: K X K — (—o00,4+00) be a function, 7 :
X x X = X* be a mapping and p > 0 be positive number. Suppose the following
conditions are satisfied:

(a) F satisfies conditions (a)-(c) of Lemma 3.1;

(b) n is monotone with n(x,y) +n(y,x) =0, Vz,y € X;

(¢) n is affine in the second argument and continuous from weak topology in X

to weak* topology in X™* in the first argument.

Then for each x € X, there exists a point z € K such that
pF(z,y) +(z—z,n(y,2)) 20, VyeK.

Remark 3.3. By a careful reading of the proof of Lemma 3.2, we found that the
affineness in the first argument of 7 is needed. Moreover, we can also deduce the
conclusion of Lemma 3.2 with the assumption that the mapping 7 is sequentially
continuous in the first argument from the weak topology in X to the weak™ topology
in X* instead of the assumption of continuity of the mapping 7 in the first argument
from the weak topology in X to the weak® topology in X*.

We present the correct version of above lemma as follows:

Lemma 3.4. Let K be a nonempty closed convex bounded subset of a reflerive
Banach space X and p be a positive number. Let F': K X K - R andn: X x X —
X* satisfy conditions (a) and (b) of Lemma 3.2. Further, assume that 1 is affine in
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the both arguments and sequentially continuous in the first argument from the weak
topology in X to the weak™ topology in X*. Then for each x € X, there exists a
point z € K such that

(3.1) pF(z,y) + (z —z,n(y,2)) 20, VyeK.
Proof. For each fixed x € X, define ¢ : K x K — R by
(32) e(z,y) = pF(2,y) + (z —2,m(y, 2)), Vy,z € K.

From the proof of [12, Lemma 2.2], we deduce that ¢(z,2z) > 0 for all z € K,
the mapping ¢ is monotone and for each y € K, the mapping ¢(.,y) is upper
hemicontinuous. Now, we show that for each z € K, the mapping ¢(z,.) is convex
and lower semicontinuous. Since 7 is affine in the first argument and for each z € K,
the mapping F(x,.) is convex, it follows that for each u,y, 2z € K,
o(z,tu + (1 —t)y)
= pF(z, tu+ (1 = t)y) + (z — z,n(tu + (1 — t)y, 2))
< p(tF(z,u) + (1= 1)F(z,y) + (z — 2, tn(u, 2) + (1 = t)n(y, 2))
(33) = tpF(zu) + (- DpF(z,y) + t(z — 2,n(u.2))
+ (1 - t)<Z - x)ﬁ(y) Z)>
=U(pF(z,u) + (z — x,n(u, 2))) + (1 = )(pF(2,y) + (z — z,1(y, 2)))
=tp(z,u) + (1 — t)p(z,9).
Therefore, for each z € K, the mapping ¢(z,.) is convex. Consider an arbitrary
point yo € K and an arbitrary sequence {y,} in K such that y, — yo as n — co.
Since for each x € K, F(z,.) is lower semicontinuous and 7 is sequentially continuous
in the first argument from the weak topology in X to the weak™ topology in X*,
for each z € K, we have
lim o(z,y,) = lim (pF(2z,yn) + (z — 2,m(yn, 2))
n—0o0 n—oo

(3.4) =p lim F(z,yn) + lim (z = 2,7(yn, 2))

> pF(z,90) + (z — z,1(yo, 2))
= @(Zvyo)'

Accordingly, for each z € K, ¢(z,.) is lower semicontinuous. Since K is a nonempty
closed convex bounded subset of reflexive Banach space X, K is compact in the weak
topology, and thus, the condition (d) of Lemma 3.1 is satisfied. By Lemma 3.1, there
exists a point z € K such that

p(2,y) 20, VyeK.
This completes the proof. O

If we write z = J f (x), then it follows that for each = € X, there exists a point
Jf(ac) € K such that

(3.5) pF (I} (2),y) + () (x) — 2, n(y, I} (2))) 20, Vy€K.
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Remark 3.5. If F' is strictly accretive, then the solution of EP (3.1) is unique.
Thus, for each z € X, there exists a unique point .J f (z) € K such that the inequality
(3.5) holds.

Definition 3.6 ([12]). Let p be a positive number. For a given bifunction F, the
associated Yosida approximation, F),, over K and the corresponding regularized
operator, Ag , are defined as follows:

Fyla) = (5o = IF@)na)) and AL@) = (0= Jf @)

in which Jf (z) € K is the unique solution of (3.1), that is,

PF (I (@), y) + (JF (@) = 2.0y, I (2))) 2 0, Vye K.
Remark 3.7. If K = X = H is a Hilbert space and

F(z,y) = sup (§,n(y,z)), Va,yekK,
£eM (z)
where M is a maximal n-monotone operator (see [18]), then it directly yields
Jf(x) = (I + pM)~!(z) and Ag(m) = M,(x), where M, := %(I— (I+pM)™1)
is the Yosida approximation of M.

By using Lemma 3.2 and the Yosida approximation, Ding [12] derived Lipschitz
continuity of the mapping J 5 . In view of Remark 3.3 and Lemma 3.4, we state [12,
Theorem 2.1] as follows.

Theorem 3.8. Let K be a nonempty closed convex bounded subset of a reflexive
Banach space X and p be a positive number. Let F : K x K — (—o0,+00) and
n: X x X — X* satisfy the following conditions.

(a) F is a-strongly monotone and satisfies conditions (a)—(c) of Lemma 3.1;

(b) n is 0-strongly monotone and 7-Lipschitz continuous with n(x,y)+n(y,x) =
0, Vz,y € X;

(¢) n is affine in both the arguments and sequentially continuous in first argu-
ment from weak topology in X to weak® topology in X*.

-
o+pa

Then the mapping Jf 18 -Lipschitz continuous.

Associated with the system of nonlinear generalized mixed implicit equilibrium
problems (2.1), we consider the following system of generalized Wiener-Hopf equa-
tions (in short, SGWHE):

(3.6)
Find (z1,22,...,%) € [[}_; X; and
_ _ _ _ _ l _
(:L‘l, ey Ty UL Ty s UL Dy e ey Up 1y - ,’LLpJ) S Hle K; x Hle Hj:l lej(l'z)
such that

Ni(Ui1, Ui, - - - Uig) + ALi(z) = 0, g:i(Z) = JEi(z), i=1,2,...,p.

For a suitable and appropriate choice of the mappings T; ;, F;, N;, gi, 1;, the
spaces X, the subsets K; of X;, and the constants p; (i =1,2,...,p) (j =1,2,...1),
we obtain the generalized Wiener-Hopf equations (1.23) in [10], the generalized
Wiener-Hopf equation (10) in [22] and the generalized Wiener-Hopf equation prob-
lem (3.3) in [20] as special cases of the generalized Wiener-Hopf equations (3.6).
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Directly from the definition of Aﬁ}', we obtain the following result.
Lemma 3.9. (zy,..., Zps Tlyee e s Tpy ULy UL Ly yUply--- ,’L_LpJ) € H?:l X; x
I, K x [TE, Hé’:l T;,j(Z;) is a solution of SGWHE (3.6) if and only if
_ 2 _ _ _ _ .
(1) gi@0) = I, 2= gi(@) — piNiln Tz Tl)s = 1,2,
The following equivalence between SGMIEP (2.1) and SGWHE (3.6) is derived
by using the definition of J /51

p
Lemma 3.10. (Z4,..., TpyULlseesUllyesUply-- -, ﬂpJ) € H K; x H II Tz,j<3_71)
is a solution of SNGMIEP (2.1) if and only if =

(217”-7Zp7:i17'”7:i‘p7ﬁ1,17”-7ﬂl,l7--'7ap,17'”7ﬁp,l)
P p p 1

€ 1_[)(Z X HKZ X HHTZJ(EZ)
=1 =1 i=1j5=1

is a solution of SGWHE (3.6) satisfying (3.7).

From Lemmas 3.9 and 3.10, we obtain the following result.

p p 1
Lemma 3.11. (.fl, ey Tpy UL Ly ey ULy ey Up Ly - ,ﬁpjl) € H K; x H H Tz,j@?z)
is a solution of SNGMIEP (2.1) if and only if =1 i=1j=1
(3.8) gi(T;) = J,ii(gi(fz‘) — pilNi(tUi1,Ui2, ... Ui)), i =1,2,...,p.

Fixed point formulation (3.7) allows us to construct the following iterative algo-
rithm with mixed errors for computing a solution of SGWHE (3.6).

Algorithm 3.12. Suppose that X;, K;, T;;, N;, F;, gi and n; (i = 1,2,...,p)
(j =1,2,...,1), are the same as in system (2.1) and let for each i € {1,2,...,p}, the
mapping g; is onto. For arbitrary chosen initial point (21,0, 22,0,---,2p,0) € Hle X,
we take (10,720,...,%p0) € [[1-; K; such that g;(xio) = J;}(zi’o). For each
ie{l,2,...,p}and j € {1,2,...,1}, we take u; jo € T} j(x;0) and set

zi1 = (1= X)zi0 + Nilgi(2i0) — pilNi(wi1,0, wi2,05 - - - Uig0)] + Ai€io + 7io,
where for each ¢ € {1,2,...,p}, p; > 0 is a constant and \; € (0,1) is a relaxation
parameter.

For (211,221, --,2p1), we take (z1,1,%21,...,2p1) € [[L_; K; such that we have
gi(zin) = ng’(ziyl). By Lemma 2.2, for each i € {1,2,...,p} and j € {1,2,...,1},
there exists u; ;1 € T; j(x;,1) such that

lwijn = wigolli < (14 (1+0)"H(T (i), T j(2i0))-
For each i € {1,2,...,p}, let
ziz = (1=X)zia+ Aifgi(win)

—pilNi (w11, wing, - wig1) | + Nieia + 7
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By induction, we can define the iterative sequences {z;,}, {Tin}, {uijn} (i =
1,2,...,p) (j =1,2,...,1) satisfying

gi(zin) = JE(zin),
Ziner = (1= X)zin + Xi[gi(zin)
(3.9) —piNi (Ui, Uiz - - -5 Uihn)]| + Ai€in + Tins
Uijn € Tij(@in) @ [|Wijnt1 — Uijnlli

< (1 + (1 + n)_l)Hi(Ti,j(JUi,n-i-l)a Ti,j(xi,n)),

where n=0,1,2,..., and for each i € {1,2,...,p}, p; > 0 is a constant, \; € (0,1)
is a relaxation parameter, and the sequences {e; ,,} and {r;,} are errors to take into
account a possible inexact computation of the resolvent mapping point satisfying
the following conditions:

lim |lejplli = lim |[rin[; = 0;
n—0o0 n—o0

[ee]

(3.10) > llein — eim—1lli < o0;
nO:OO
> HTi,n - ri,n—l”i < 0.
n=0

Fixed point formulation (3.8) enables us to suggest the following iterative algo-
rithm with mixed errors for finding a solution of SNGMIEP (2.1).

Algorithm 3.13. Let X, K;, T; j, N;, F;, gsandn; (1 =1,2,...,p) ( =1,2,...,1),
be the same as in system (2.1). For arbitrary chosen initial point (21,0, Z2,0, ..., Zp0)
e [[7_, K;, for each i € {1,2,...,p} and j € {1,2,...,1}, we take u; ;0 € T; ;(zi0)
and set
zip = (1= XN)zio+ Xi[zio — gi(wip)
+J5 (gi(wi0) — pilNi(ui1,0, Ui 2,0, - - -, Uip)) ]
+Aieio + 70,

where for each i € {1,2,...,p}, pi > 0 is a constant and A; € (0,1) is a relaxation
parameter. In view of Lemma 2.2, for each i € {1,2,...,p} and j € {1,2,...,1},
there exists u; j1 € T; j(x;1) such that for each ¢ € {1,2,...,p}and j € {1,2,...,1},

i jo = wigolli < (14 (1+0)")Hi(Ty (i), Tij(wio0))-
For each i € {1,2,...,p}, let
zip = (1=X)zin+ Ni[wig — gi(win)
—i—J,f? (gi(zin) — piNi(uing, wip s i)
+Niei 1 +1in.

By induction, we can define the iterative sequences {z; .}, {uijn} (i =1,2,...,p)
(j =1,2,...,1) satisfying

Tintr = (1= N)Tin + Xi[2in — gi(Tin)
+J£i (9i(zin) — pilNi (Ui, Ui2iny - - - uzln))]
(3.11) +)\i€i,n + Tiny
Uijn € Tij(@in) @ ijnt1 — wignli

<1+ A +n)"YHi(Tj(@int1), Tij(win)),
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where n = 0,1,2,..., and for each i € {1,2,...,p}, p; > 0 is a constant, \; €
(0,1) is a relaxation parameter and the sequences {e; ,} and {r;,} are the same as
Algorithm 3.12 and satisfy (3.10).

Remark 3.14. If ¢;,, = 15, = 0 for each n € NU {0} and i € {1,2,...,p}, then
Algorithms 3.12 and 3.13 reduce to the iterative methods without error. We note
that the Algorithm 3.1 in [20] is a special case of Algorithm 3.12.

4. EXISTENCE OF SOLUTION AND CONVERGENCE ANALYSIS

In this section, we establish the existence theorems for solutions of SNGMIEP
(2.1) and SGWHE (3.6) and discuss the convergence analysis of the sequences gen-
erated by iterative Algorithms 3.12 and 3.13 under some suitable conditions.

Theorem 4.1. Let Xj, Ki, Ti,j; Ni, Fi; g and ;i (Z = 1,2, cee ,p), (] = ]_,2, cee ,l),
be the same as in system (2.1) such that for eachi € {1,2,...,p} andj € {1,2,...,1},
(a) F; is aj-strongly monotone and satisfy conditions (a)-(c) of Lemma 3.1;

(b) n; is 0;-strongly monotone and 7;-Lipschitz continuous with n;(x, y)+n;(y, x) =
0, Vz,y € X;;

(¢) m; is affine in the both arguments and sequentially continuous from the weak
topology in X; to the weak™ topology in X ;

(d) Nj is v; j-Lipschitz continuous in the jth argument;

(e) g is ki-strongly accretive and o;-Lipschitz continuous;

(f) T5; is w4 j-Hi-Lipschitz continuous;

(g) there exists the constant p; > 0 such that

pi < — Bi(di—rs) :

Ti D2 Vit — i
j=1

(4.1) 0; =1— %/1—qik; +cq0f >0,

I
Ti D Vighig > aibh,
=1

where cq; 1s the same as in Lemma 2.5.
Then, the sequences {zin}, {xin}, {wijn} (i =1,2,...,p) (j = 1,2,...,1), gen-
erated by Algorithm 3.12 converge strongly to z; € X;, &; € K;, u;; € T ;(%;),
respectively, and (21,...,2p, 1,y Tpy Ul 1y Ul ls s Upls---,Upl) € [[oog Xi
I, K x [TE, Hé’:l T; j(Z;) is a solution of SGWHE (3.6).

Proof. For each i € {1,2,...,p}, it follows from (3.9) that

||Zi,n+1 — Zin |z
< (1= X)ll#zin — zin—1lli + Nillgi(@in) — gi(Tin—1)]i
FXipil [ Ni (Wi, 105 Wi 2ms - - s Wign) — Ni(Witn—15Ui 201, Uiin—1)]|i
+Aillein — €in—1lli + [|7imn — Tin—1lli
(4.2) <@ =X)lzin — zip—1lli + Aillgi(zin) — gi(@in—1) i

l
+ipi Z HNi(Ui,l,n—l,Ui,Q,n—l, sy Ui j—1mn—1, Ui jn, Ui j+1my -« Uzln)
Jj=1
—Ni (Wi n—15Wi2n—1s -y Uij—1,n—1> Wi jn—1> Wi j41ms - - - Wiln)l|i

+Aillein — ein—tlli + |7in — Tin—1ls-
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By using (3.9) and Theorem 3.8, for each i € {1,2,...,p}, we have
||gi(xi,n) gl(xzn 1)”1 = HJF Zz n) - Jfl(zl,nfl)Hl

(4.3) Ti
B 6 + pic;

Since N; is v; j-Lipschitz continuous in the jth argument and 7; ; is p; j-H;-Lipschitz
continuous, for each i € {1,2,...,p} and j € {1,2,...,1}, we conclude that

H Zin Zi,nfl”i-

IV (Ui 11 Ui 215 - - Ui j =1 Ui o Ui L s - - - i)

— Ni(Ui 101, Ui 2015+ - s Wi j—1n—15 Wi jn—1, Wi+ Lns - - > Widn)||i

< Vil gn = igm-tlli < (1 + (L +0) " Hil T (2in), Tig(2in-1))
< (1 +n Yl Tin — Tin—1ll:-

For each i € {1,2,...,p}, we make an estimation for ||z;, — z;n—1:.
Applying (3.9) and (4.3), for each i € {1,2,...,p}, we get

(4.4)

|Zin — Tin—1lli <lTin — Tin—1 — (9i(Tin) — gi(Tin—1))lli + |gi(Tin) — gi(Tin—1)ls

T
(4.5) < win— Tin—1— (9i(Tin) — gi(Tin-1))lli + ————
6 + Z Z

Lemma 2.3 guarantees that for each i € {1,2,...,p}, there exists ¢, > 0 such that

szn Zi,n—l”i'

@i — Tin—1 — (9i(in) — gi(Tin—1)) ||

— Zim—1 ¥ — ai(9i(in) — 9i(@Tin-1), Jg (@in — Tin—1))
+ e, ll9i(xin) — gi(@in—1) |7

Since g; is k;-strongly accretive and o;-Lipschitz continuous, by using (4.6), for
ie{1,2,...,p}, we have

(4.6)

zim — Tin—1 — (Gi(zin) — gi(@in—1))|¥
(4.7) < (1= giki)|lzin — Tim—1ll] + cglgi(zin) — gi(zin—1)|}

(1 — @Qiki + ¢q,0; )”xz n xi,n—l”gi'

From (4.5) and (4.7), it follows that for each i € {1,2,...,p},

l@in — zinalli < Y1~ gimi + cqo® win — winoall
T3

ﬁ”zzn Zi,n—l”ia
Pi0

which leads to
Ti
(1= %/1— qiri + cq,0{") (i + picvi)
Substituting (4.3), (4.4) and (4.8) in (4.2), for i € {1,2,...,p}, we obtain
NiTi
0i + picy;
l
)\ipiTi(l +n-

9, M‘? j
1_ q\/l_QlHl+qu zz)(é + pice z z_: i

(4.9) + Aillein — €in—1lli + |Tin — Tin—1i

|zin — Zin—1s-

(48)  lzin —zin-alli <

”Zi,n—l-l - zz,n”z < (1 - )\z)sz,n - Zi,n—l”i ||Zz n — zi,n—l”i

Zim — Rin—1 Hz
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= (1 =X+ Xiwi(n)||zin — zin—1lli + Nill€in — €in—1lls

+I7in = rin—1lli;
where for each i € {1,2,...,p},

!
pi(L+n"1) 3 vijp
Ti 7=1

=—— |1+ .
0i + pic; 1-— q\i/l — qik; + g0,

wi(n)

Letting 9¥;(n) = 1 — A\; + A\wi(n), for each i € {1,2,...,p}, we know that 9J;(n) —
¥ =1 — A\ + \wi, as n — oo, where for each i € {1,2,...,p},

l
pi D Vijlij
Ti J=1

— 1+ 4
0 + picvi 1— %/1—g;k; + cg0F

Wi

In view of condition (4.1), w; € (0,1) for each i € {1,2,...,p}, and so ¥; € (0,1) for
eachi € {1,2,...,p}. Hence, there exists ny € N such that for each i € {1,2,...,p},
Yi(n) < 9, for all n > ny. Accordingly, for each i € {1,2,...,p} and for all n > ny,
by (4.9), we have

|
<Dil|zin — Zim-1lli + Aillein — €inilli + |7im — Tim1ls
< Di[dil|zin-1 — zin—ali + Nillein—1 — ein—alli + |Tin-1 — Tin_2|]

+ Nillein — €in—1lli + [|7in — Tin—1lli

|| Zin+1 — Zin

= 02| 2im-1 — Zin—2lli + Ni[ill€in1 — €in_olli

+ l€in = €im—tlli) + Dillrim—1 — Tim—alli + |7im — Tim—1lls

(4.10) <

n—no
<O zimg 1 — Zimolli + Y Ay e n—(s—1) — €im—slli
s=1

n—ng

+ Z &S_lHri,n—(s—l) - ri,n—s”i-
s=1
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By using inequality (4.10), it follows that for each ¢ € {1,2,...,p}, and for any
m > n > ng,

m—1 m—1
1Zim = zinlli < Z 125441 — ziglli < Z D25 041 — Zimo i

t=n t=n

m—1t—ng
(411) + Z Z )‘iﬁf_lHei,nf(sfl) - ei,n—sHi

t=n s=1
m—1t—ng

+ Z Z 19K;_1H7ﬂi,n—(s—l) - Ti,n—sHi~
t=n s=1

Since J; < 1 for each i € {1,2,...,p}, it follows from (3.10) and (4.11) that for each
ie{1,2,...,p}, |zim—zinlli = 0,asn — oo and so for each i € {1,2,...,p}, {zin}
is a Cauchy sequence in X;. In view of completeness of X; for each i € {1,2,...,p},
there exists z; € X; such that z;;, — 2, as n — oco. By using (3.9) and p; ;-
H;-Lipschitz continuity of T;; for each ¢ € {1,2,...,p} and j € {1,2,...,l}, we
have
i < (L4 (L+n) " YH(Tij(wine), Trj(win)

< (L+ (L+n) Hpigllzint — zial

- L+ (1 +n) " Dpiymi

o (1 — q\"/l — q;K; + quaii)(éi + piai)
Similarly, since for each i € {1,2,...,p}, {zin} is a Cauchy sequence in X;, (4.8)
and (4.12) imply that {z;,} and {u;;,} are also Cauchy sequences in K; C X;
and X;, respectively, for each i € {1,2,...,p} and j € {1,2,...,l}. Since K;
is closed for each i € {1,2,...,p}, it follows that for each ¢ € {1,2,...,p} and
Jj € {1,2,...,1}, there exists 7; € K; and u;; € T;;(Z;) such that z;,, — Z; and
Ui jn — Uij, as n — oo. Further, by using p; ;-H;-Lipschitz continuity of T; ; for
eachi € {1,2,...,p} and j € {1,2,...,1}, we have

d(t; g, T; j(%;)) = inf{||@;; —ulli - u € T; (%)}
i + d(ijn, Ti j(Z:))
i + Hi(Ti j(in), Tij (7))

i + i jl|Tin — Tl

Wi jn+1 — Wign

(4.12)

Hzi,n+1 - Z’L,TLH’L

< ||ti,; — i jn

(4.13)

< ||ti,; — i jn

< |t j — vijn
The right-hand side of the above inequality tends to zero as n — oco. Since T; ;(z;) €
CB(X;), for each i € {1,2,...,p} and j € {1,2,...,1}, deduce that u; ; € T; ;(Z;).
Since the mappings J}Zi, N; and g; (i = 1,2,...,p) are continuous, it follows from
(3.9) and (3.10) that for i € {1,2,...,p},

gi(T;) = J,ii(zi), zi = gi(%i) — pilNi (i1, Ui2, - - - Uig).
Lemma 3.9 guarantees that (21,...,2p,Z1, ..., Tp, Ut,15- -, Ul ls -y Upls---,Up) €

P X x [Ty K x T122, i1 Toi(&) is a solution of SGWHE (3.6). This com-
pletes the proof. O
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Theorem 4.2. Let Xj, Ki, Ti,j; Ni, Fi; g and ;i (Z = 1,2, cee ,p), (] = ]_,2, cee ,l),
be the same as in Theorem 4.1 and let for eachi € {1,2,...,p} and j € {1,2,...,1},
conditions (a)—(f) in Theorem 4.1 hold. If for each i € {1,2,...,p}, there exists the
constant p; > 0 such that

0;0i—Tio;
pi < l 7,0 ’
Ti Y Vijhi,j—i0;
j=1
(4.14) 0; =1— %/1—qir; +cqol >0,

!
Ti ) Vijhij > aibl,
J=1

where cq, s the same as in Lemma 2.3, then the sequences {x;,} and {u; jn} (i =
1,2,...,p) (1 =1,2,...,1), generated by Algorithm 3.13 converge strongly to z; € K;
and u; ; € T; j(Z;), respectively, and

p p 1

({El,...,fp,ﬁl,l,... ,’L_I,Ll,...,ap’l,...,ﬁpl) S HKZ X HHTZ,](@L)

is a solution of SNGMIEP (2.1).
Proof. For each i € {1,2,...,p}, by using (3.11) and Theorem 3.8, we get
%41 — Tinlli
< (1= X)|[@in — im—1lli + NillTin — Tin—1 — (gi(Tin) — gi(@in—1))lli
+ )\i‘|<]£i (9i(zin) — pilNi (Wi, Wi2ny -+ 5 Uin))
— J;} (9i(Tin—1) — PilNi (Wi 1 n—1,Ui20n—1, > Uiln—1))]i
+ Nillein — €in—1lli + |7in — Tin—1lli

< (1 — >\Z)H5L'z,n - xi’n_lui + )\zHl'z,n — Tin—-1— (gi(xi,n) - gi(xi,n—l))”i

AT
ﬁ;@ (ng‘(ﬂ?i,n) — Gi(@im—1)|li + Pill Ni (Wi, 1,m, Wi2 s - - Witm)
T At
(4.15) — Ni(Wi1n—1, Ui 201, - 7Ui,l,n71)Hi>

+ Nillein — €in—t1lli + |70 — Tin—1lli
< (A =2M)zin — Tim-1lli + Aillzin — zin—1 — (9i(Tin) — gi(Tin—1))l:
AiT;

o (laitein) = il

!
+ pi Z ||Ni(uz‘,1,n—17 Ui 2m—1y+ s Ui j—1,n—1,Wijn, Wij+lmn,--- aui,l,n)
j=1
= Ni(Wi 1 n—15Ui2m—15 - - -, Uij—1,n—1, Yijn—1s Yij+1ns - - - Yiln) Hz‘)
+ Nillein — €in—1lli + |50 — Tin—1lls-

Since for each i € {1,2,...,p}, g; is Ks-strongly accretive and o;-Lipschitz contin-
uous, in a similar way to the proofs of (4.6) and (4.7), for ¢ € {1,2,...,p}, we
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get

(4.16) ||zim—2in-1—(9:(Tin) = gi(Tin-1))|l < q\i/l — iki + Cq 07 |Tin—Ti 1 li-

From o;-Lipschitz continuity of g; for each i € {1,2,...,p}, it follows that

(4.17) 19i(@in) = gi(@in-1)lli < oillwin — @ipn-1li-

Since for each i € {1,2,...,p}, N; is v; j-Lipschitz continuous in the jth argument

and T; j is p; ;-H;i-Lipschitz continuous for each j € {1,2,...,l}, in a similar way

to the proof of (4.4), for each i € {1,2,...,p} and j € {1,2,...,1}, we obtain
HNz‘(Uz‘,l,n—l, Ui 215+ s Wij—1n—1, Wijns Wi j+1ms - - Wiln)

(4.18) — Ni(Wi 1 m—1,Ui20—1, s Wi j—1n—1, Wi jn—1, Wij+1m,-- > Wiln)|i

< (40 i l@in = Tin- i
Combining (4.15)—(4.18), we deduce that

| Zin+1 — Tinlli

< (1 =X)l|wim — xip—1lli + )\i< q\i/l — Qiki + 0"

l
T _
A1) 4 T (o4 puL ) Y iy ) i = il
i T P0G =

+ Nillein — €in—1lli + [|7in — Tin—1lls
=1 =X+ 2i(n)|in — zin-1lli + Aillein — €in—1lli + [|7in — rim—1lls,
where for each i € {1,2,...,p},

l
) . Ti _
(420) wiln) = §/1—awi+ ol + 5o | ot pil+n7) Y vighig
T 1 ‘7:1

Letting v;(n) = 1 — A\j + A\ivyi(n), for each ¢ € {1,2,...,p}, we know that v;(n) —
vi =1 — X\ + \ith;, as n — oo, where for each i € {1,2,...,p},

l
. : Ti
Vi = q\l/l Gt Cq 0 s Zpiozz' (07 + pi ; VijHij)-
Condition (4.14) implies that ¢; € (0,1) for each i € {1,2,...,p}, and so, v; € (0,1)
for each ¢ € {1,2,...,p}. Accordingly, there exists ng € N such that for each
i€{1,2,...,p}, vi(n) <4 for all n > ng. Hence, for each i € {1,2,...,p} and for
all n > ng, by (4.19), we conclude that

lin+1 — Tinlli < Jillzin — Tim—1lli + Nill€in — €in—1lli + |70 — Tin—1lli
< il

+ Nillein — €in—1lli + [|7in — Tin—1lli

Tin—1— Tin—2|li + Nill€in—1 — €in—2lli + [|7in—1 — Ti.n—2|l4]

=32 @im—1 — Tin—2lli + Ni[Fillein_1 — €in_2l;
(4.21) +llein — €im—1lli] + illTin—1 — Tin—2lli + |7in — Tin—1li
<
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n—ng

NTimor1 = Timolli + Y A l€sn—(s—1) — €in—slli
s=1

2MN—NQ

<7Z

n—ng

+ Z Y~ 1|’T1n (s—1) — 7,i,n—sHi-

From inequality (4.21), it follows that for each i € {1,2,...,p}, and for any m >
n > ng,

”xzm Zi nHz S Z sz t+1 — xzt”z S Z At 1o Hmi,no—i—l _mi,nOHi

m—1t—ng
(4'22) + Z Z )‘Z’AYZS 1Heln (s—1) — ei,n—s“i
t=n s=1
m—1t—ng
+ Z Z ;YS 1HT1n (s—1) _Ti,n—sHi-

t=n s=1

Since 4; < 1 for each i € {1,2,...,p}, from (3.10) and (4.22), it follows that for
eachi € {1,2,...,p}, [|[Zim —Tinli = 0, as n — oo and so for each i € {1,2,...,p},
{z;n} is a Cauchy sequence in K; C X;. Since K; is closed and X; is complete for
each i € {1,2,...,p}, it follows that for each i € {1,2,...,p}, there exists z; € K;
such that z;, — Z;, as n — co. Applying (3.11) and p; j-H;-Lipschitz continuity of
T;; for each i € {1,2,...,p} and j € {1,2,...,1}, we obtain

i g1 — Uignlli < (1 + (L+n)"YH(T (i), Thj(win)
(4.23) <1+ 1 +n) YDpijlwine — il

Similarly, since for each i € {1,2,...,p}, {zin} is a Cauchy sequence in K; C Xj,
inequality (4.23) implies that for each i € {1,2,...,p} and j € {1,2,...,1}, {wi n}
is also a Cauchy sequence in X; and so for each i € {1,2,...,p}and j € {1,2,...,1},
there exists u;; € T;j(Z;) such that u; j, — 5, as n — oco. In a similar way to
the proof of (4.13), conclude that u;; € T;;(Z;), for each i € {1,2,...,p} and
j€41,2,...,1l}. From continuity of the mappings Jé}', N;and g; (1 = 1,2,...,p),
(3.10) and (3.11), it follows that for i € {1,2,...,p},

9i(x:) = TN (9:(Z:) — piNi(Win, Uiz, - - -, Wig)).-

Lemma 3.11 implies that (Z1,...,Tp,U11,---s Ui gs---sUpis---sUpg) € [[ooq Ki X
[ Hé’:l T; ;(Z;) is a solution of SNGMIEP (2.1). This completes the proof. [
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Remark 4.3. (a) If for each ¢« € {1,2,...,p}, X; be a 2-uniformly smooth
Banach space and there exists the constant p; > 0 such that

pi< — 2O g =1 — /1= 2k + ca02 > 0,

Ti 2 Vijbi,j—aib;
j=1
l

Ti Y Vightiy > i, 2k; < 1+ ca0?,

j=1
then (4.1) holds.

(b) If for each i € {1,2,...,p}, X; be a 2-uniformly smooth Banach space and
there exists the constant p; > 0 such that

pi < — U0 g =1 — /1= 2k + 07 > 0,

Ti 3 Vigjhij—oib;
j=1
! 2
T; Z Vi jMij > aiﬁi, 2/@ <1+ Cc207,
Jj=1

then (4.14) holds.

5. SOME COMMENTS

Kazmi and Khan [20] studied the convergence analysis of the sequences generated
by Algorithm 3.1 in [20]. We show that the conditions in the statement of Theorem
4.1 of [20] should be corrected. For this end, we rewrite the statement of Theorem
4.1 of [20].

Theorem 5.1 (20, Theorem 4.1]). Let K be a nonempty, closed and convex subset
of H; let the mapping n : H x H — H be J-strongly monotone and 7-Lipschitz
continuous with n(x,y) +n(y,z) =0, Va,y € H; let the bifunction F: K x K — R
be a-strongly monotone and satisfy the assumptions of Theorem 2.2 in [20]; let
the mapping N : H x H — H be (01, 09)-Lipschitz continuous; let the mappings
T,B: H— CB(H) be uy-H-Lipschitz continuous and po-H-Lipschitz continuous,
respectively, and the mapping g : K — K be y-strongly monotone and &-Lipschitz
continuous. If the following conditions hold for p > 0:

b(6—71)
5.1 e
(5.1) P er—ab’
(5.2) er <ab; b>0,

where e := o1 + ooz and b =1— /1 — 2y + &2, then the sequences {z,}, {xn},
{un}, {vn} generated by Algorithm 3.1 strongly converge to z € H, x € H, u € T(x),

v € B(x), respectively, and (z,x,u,v) is a solution of GWHE (3.3).
By reviewing the proof of Theorem 5.1, we note that the authors concluded

0 — T 14 poipn + o2p2) <1,
0+ pa 1—/1—2y+¢2

by using conditions (5.1) and (5.2) (conditions (4.1) and (4.2) in [20]). However, it
is easy to check that the conditions (5.1) and (5.2) do not guarantee that 6§ < 1.
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For this aim, condition (5.1) should be replaced by the condition er > ab, b > 0.
Further, condition 2y < 14 ¢2 should be added to the conditions (5.1) and (5.2).

In view of the above facts, the correct version of above Theorem 4.1 in [20] is the
following.

Theorem 5.2. Let K be a nonempty, closed and convex subset of H and let the
mapping 1 : H x H — H be d-strongly monotone and 7-Lipschitz continuous with
n(z,y) +n(y,z) =0, Vo,y € H. Let the bifunction F : K x K — R be a-strongly
monotone and satisfy the assumptions of Theorem 2.2 in [20] and suppose that the
mapping N : Hx H — H is (01, 02)-Lipschitz continuous. Further, let the mappings
T,B: H— CB(H) be u1-H-Lipschitz continuous and po-H-Lipschitz continuous,
respectively, and the mapping g : K — K be ~y-strongly monotone and &-Lipschitz
continuous. If the constant p > 0 satisfies following condition:

b(6—7)
p < er—ab’

et > ab, where e = o011+ oous,

b=1—-+/1—2y1+€ >0,

2y < 1+&%,

then the sequences {zn}, {zn}, {un}, {vn} generated by Algorithm 3.1 in [20]
strongly converge to z € H, x € H, uw € T'(z), v € B(x), respectively, and (z,z,u,v)
is a solution of GWHE (3.3).

Remark 5.3. In view of the above arguments, Theorems 4.1 and 4.2 generalize
and improve Theorem 5.2.

Kazmi and Khan [20] presented the following definition which can be viewed as
an extension of the concept of stability of the iteration procedure given by Harder
and Hicks [15].

Definition 5.4 ([20, Definition 4.1]). Let G : H — 2 be a set-valued mapping and
xg € H. Assume that x,11 € f(G,xz,) defines an iteration procedure which yields
a sequence of points {x,} in H. Suppose that F(G) = {x € H : x € G(z)} # 0 and
{zn} converges to some z € G(x). Let {y,} be an arbitrary sequence in H, and
€n = ||yn+1 - $n+1||7 Tp+1 € f(G, xn)

(a) If hm €n, = 0 implies that hm Yn = &, then the iteration procedure x,4+1 €

f(G wn) is said to be G- stable
(b) If Y7 €n < oo implies that lim y, = z, then the iteration procedure
n—oo

ZTpt1 € f(G,xy) is said to be almost G-stable.
They have stated the following stability result for Algorithm 3.1 in [20].

Theorem 5.5 (|20, Theorem 4.2]). Let the mappingsn, F', N, T, B, g be the same
as in Theorem 4.1 in [20] and conditions (4.1) and (4.2) in Theorem 4.1 hold with
= (1 +€)(o1p1 + oauz). Let {qn} be any sequence in H and define {an} C [0,00)
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by
9(yn) = J} (qn),
Gy T €T e =l < (L (L) T ), Tlon),
Un € B(yn) : [On41 = Onl| < (14 (1 +0)"HYH(B(yat1): B(yn)),
an = [gn+1 = (1 = A)gn — Alg(yn) — pN (tn, )],
wheren =0,1,2,...; p > 0 is a constant and 0 < A < 1 is a relaxation parameter.

Then lim (gn, Yn, Un, On) = (2,2,u,v) if and only if lim a, = 0, where (z,x,u,v)
n—oo n—oo
is a solution of GWHE (3.3) in [20].
By a careful reading, we found that there is a fatal in the proof of Theorem 4.2

in [20] (Page 1320 line 9 from the bottom). In the proof of Theorem 4.2, authors
deduced the following inequality by using the assumptions of Theorem 4.2:

lgn+1 — 2l < [[(1 = AN)gn + Alg(yn) — pN (tin, 0y)] — 2||
+ |gn+1 = (1 = A)gn — Alg(yn) — pN (@n, 0n)]||
< (A =Nllgn — 2l + Allg(yn) — g(@)]]
+ PAIIN (U, Un) — N(u, v)|| + an.

Then by using Theorems 2.1 and 3.1 in [20], they claimed that the preceding in-
equality reduces to the following inequality (see inequality (4.13) in [20]):

lans1 = 2l < (0= Vllgn = 2l + X5 lan = 2l + oM @11+ PH(T (1), T(2)
+ 02(1+ OH(B(yn), B(x))
(5.4) < (1= Nllan = 2l + A5l = =

+ Ap(1 +€)(o1pm + o2p2) [yn — || + an.
In fact, they claimed that Lemma 3.1 (Theorem 2.1 in [20]) implies that

[N (tin, 0n) — N(u,v)|| < o1ty — ull + o2f[v, — v
<o1(L+e)H(T(yn), T(x)) + o2(1 + €)H(B(yn), B(z))
< (14 €)(orpr + oap2)||yn — x|

There is a fatal error in the above inequalities. Since (z, z, u, v) is a solution GWHE
(3.3) in [20], we have u € T'(x) and v € B(x). On the other hand, in view of (5.3),
for each n € NU {0}, we have u, € T(y,) and v, € B(y,). But, for any given
e > 0, we cannot deduce that ||a, —u| < (1 + ¢)H(T(yn),T(x)) and ||v, — v| <
(14 e)H(B(yn), B(x)). In other words, under the assumptions of Theorem 4.2, one
cannot deduce inequality (4.13) in [20]. However, we cannot verify Theorem 4.2
without the inequality (5.4) (inequality (4.13) of [20]).

The following example shows that for any given z,y € X, u € T(z), v € T(y)
and € > 0, inequality (2.3) in Lemma 2.2 does not hold necessarily.



904 Q. H. ANSARI AND J. BALOOEE

Example 5.6. Let X = R be the set of real numbers with the usual metric and let
T: X — CB(X) be a set-valued mapping defined as follows:

11 ; <
@)= { {i} aso
0,1}, if z >0,

where v,d,x € R are arbitrary and fixed such that 0 < v < § < Kk < 5‘%. Take

w:aSO,y:ﬁ>0,u:%,Uannde<5_TV. Ifa:%,thenfrom'y>0,it

follows that

amT@»_nﬂ{ain%al])}_mf{lﬂ_V}_“_V.

v K vk o

For the case, a = %, by using § > 0, we have

. 1 11 i 1 k=6 k-9
ot =t {a(5.0)-0 (5.1 = {5550} - 55
Since v < 6, it follows that

K—7v K—90 K=
sup d(a,T :max{ , }: .
S d(0,T(y) e

Taking b = 0 and using the fact that v < §, we obtain

d(T(z),b) = inf {d (}yo) d (;())} — inf {i ;} . %

Ifo = %, then from v < 4, it follows that

. 11 11 . K—vy K—90 _n—é
d(T($),b)—1nf{d<7,H>,d<6,/€>}—1nf{ " on }_ 5

Since § > 0, we deduce that

sup d(T(x),b) = max{l n 6} = 1
beT (y)

Because k < 55—%’ one has

H(T(z),T(y)) = maX{ sup d(a, T(y)), sup d(T($)7b)}
a€T (x) beT (y)

Now, € < 67% implies that

(1+OH(T(2),T(y)) =




(1]
i
(4]
(5]
(6]
7]
(8]
(9]

(10]

(11]
(12]
(13]
(14]
(15]
(16]

(17]

18]

(19]

20]
(21]
22]
23]
24]

[25]
[26]

SYSTEM OF GENERALIZED IMPLICIT EQUILIBRIUM PROBLEMS 905

REFERENCES

S. Al-Homidan, Q. H. Ansari and J. C. Yao, Some generalizations of Ekeland-type variational
principle with applications to equilibrium problems and fized point theory, Nonlinear Anal. 69
(2008), 126-139.

Q. H. Ansari, Topics in Nonlinear Analysis and Optimization, World Education, Delhi, 2012.
Q. H. Ansari, N.-C. Wong and J.-C. Yao, The existence of nonlinear inequalities, Appl. Math.
Lett. 12 (1999), 89-92.

Q. H. Ansari and J. C. Yao, A fized point theorem and its applications to the system of
variational inequalities, Bull. Austral. Math. Soc. 59 (1999), 433—442.

Q. H. Ansari and J.-C. Yao, Systems of generalized variational inequalities and their applica-
tions, Appl. Anal. 76 (2000), 203-217.

J. P. Aubin, Mathematical Methods of Game Theory and Economic, North-Holland, Amster-
dam, 1982.

M. Bianchi and S. Schaible, Generalized monotone bifunctions and equilibrium problems, J.
Optim. Theory Appl. 90 (1996), 31-43.

E. Blum and W. Oettli, From optimization and variational inequalities to equilibrium problems,
Math. Student 63 (1994), 123-145.

S. S. Chang, Variational Inequalities and Complementary Problems: Theory and Applications,
Shanghai Scientific and Technical Press, Shanghai, 1991.

Y. J. Cho and N. Petrot, On the system of nonlinear mized implicit equilibrium prob-
lems 1in Hilbert spaces, J. Inequal. Appl. 2010 (2010), Article ID 437976, 12 pp,
doi:10.1155/2010/437976.

X. P. Ding, Auziliary principle and algorithm for mized equilibrium problems and bilevel mized
equilibrium problems in Banach spaces, J. Optim. Theory Appl. 146 (2010), 347-357.

X. P. Ding, Sensitivity analysis for a system of generalized mized implicit equilibrium problems
in uniformly smooth Banach spaces, Nonlinear Anal. 73 (2010), 1264-1276.

F. Facchinei and J.-S. Pang, Finite Dimensional Variational Inequalities and Complementarity
Problems, I and II, Springer-Verlag, New York, Berlin, 2003.

F. Flores-Bazan, FExistence theorems for generalized noncoercive equilibrium problems: the
quasi-convez case, SIAM J. Optim. 11 (2000), 675-690.

A. M. Harder and T. L. Hicks, Stability results for fixed-point iteration procedures, Math.
Japonica 33 (1998), 693-706.

A. Hassouni and A. Moudafi, A perturbed algorithm for variational inequalities, J. Math. Anal.
Appl. 185 (1994), 706-712.

N. J. Huang and C. X. Deng, Auziliary principle and iterative algorithms for generalized set-
valued strongly nonlinear mized variational-like inequalities, J. Math. Anal. Appl. 256 (2001),
345-359.

N. J. Huang and Y. P. Fang, A new class of general variational inclusions involving mazimal
n-monotone mappings, Publ. Math. Debrecen 62 (2003), 83-98.

N. J. Huang, H. Y. Lan and Y. J. Cho, Sensitivity analysis for nonlinear generalized mized
implicit equilibrium problems with non-monotone set-valued mappings, J. Comput. Appl. Math.
196 (2006), 608-618.

K. R. Kazmi and F. A. Khan, Ezistence and iterative approximation of gemeralized mized
equilibrium problems, Comput. Math. Appl. 56 (2008), 1314-1321.

L.-J. Lin and Q. H. Ansari, Collective fized points and mazximal elements with applications to
abstract economies, J. Math. Anal. Appl. 296 (2004), 455-472.

A. Moudafi, Mized equilibrium problems: sensitivity analysis and algorithmic aspect, Comput.
Math. Appl. 44 (2002), 1099-1108.

A. Moudafi and M. Thera, Proxzimal and dynamical approaches to equilibrium problems, in
Lecture Notes in Econom. and Math. System, vol. 477, Springer-Verlag, Berlin, 2002. pp.
187-201.

S. B. Nadler, Multi-valued contraction mappings, Pacific J. Math. 30 (1969), 475-488.

J. F. Nash, Non-cooperative games, Ann. Math. 54 (1951), 286—295.

J. F. Nash, Two-persons cooperative games, Econometrica 21 (1953), 128-140.



906 Q. H. ANSARI AND J. BALOOEE

[27] S. M. Robinson, Normal maps induced by linear transformations, Math. Oper. Res. 17 (1992),
691-714.

[28] P. Shi, Equivalence of variational inequalities with Wiener-Hopf equations, Proc. Amer. Math.
Soc. 111 (1991), 339-346.

[29] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal. 16 (1991), 1127—
1138.

[30] L.-C, Zeng, Q. H. Ansari, S. Schaible and J.-C. Yao, [terative methods for generalized equilib-
rium problems, systems of general generalized equilibrium problems and fized point problems
for nonezpansive mappings in Hilbert spaces, Fixed Point Theory 12 (2011), 293-308.

Manuscript received March 9, 2013
revised June 21, 2013

Q. H. ANSARI
Department of Mathematics, Aligarh Muslim University, Aligarh 202 002, India, and Department
of Mathematics and Statistics, King Fahd University of Petroleum & Minerals, Dhahran, Saudi
Arabia

E-mail address: ghansari@gmail.com

J. BALOOEE
Department of Mathematics, Sari Branch, Islamic Azad University, Sari, Iran
E-mail address: javad.balooee@gmail.com



