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AN ABSTRACT POINT OF VIEW ON ITERATIVE
APPROXIMATION OF FIXED POINTS OF NONSELF
OPERATORS

V. BERINDE, §T. MARUSTER, AND I. A. RUS

ABSTRACT. In a previous paper by the third author [I. A. Rus, An abstract point
of view on iterative approximation of fized points: impact on the theory of fized
point equations, Fixed Point Theory 13 (2012), No. 1, 179-192], a new approach
to fixed point iterative methods, based on the concept of admissible perturbation
of a self operator, has been established. In continuation of that study, in the
present paper we are concerned with the same problem but in the case of nonself
operators.

1. INTRODUCTION

There exist a vast literature on the iterative approximation of fixed points, see
for example [5] and [14] and the huge list of references therein. This literature
includes explicit fixed point iterative methods as well as implicit fixed point iterative
methods. The most important important explicit fixed point iterative methods
are, see [b]: Picard iteration (also named sequence of successive approximations),
Krasnoselskij iteration, Mann iteration and Ishikawa iteration. The main interest
with respect to a certain fixed point iterative method is to obtain a (weak or strong)
convergence theorem for a class of contractive operators defined in a concrete setting
(generally, a Banach space with special geometric properties, see [14]). Starting with
the paper by the third author [35], a new approach to fixed point iterative methods
for self operators, based on the concept of admissible perturbation of an operator,
has been established, see also [6].

The theory of admissible perturbations of an operator introduced in [35] opened
a new direction of research and unified the most important aspects of the iterative
approximation of fixed point for single valued self operators.

As the interest for nonself operators in fixed point theory is considerable and
comes from their important applications in proving existence theorems for differen-
tial equations, see [30], in continuation of the study [35], in the present paper we
are concerned with the same problem but in the case of nonself operators.
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2. RETRACTIONS. RETRACTIBLE OPERATORS. EXAMPLES

In this section we shall present some notions, results and examples from the
retraction theory (see , [1], [2], [10], [11], [12], [13], [20], [22], [36], -...).

Let X be a nonempty set and Y C X a nonempty subset of X. An operator
r: X — Y is a set retraction if r(X) =Y and r’Y =ly.
If X is a structured set (partial ordered set, topological space,...) then r : X — Y
is a retraction with respect to that structure if r is a set retraction and r is a
morphism with respect to that structure (increasing, continuous,...). So, we can
have set retractions, ordered set retractions, topological retractions etc.

An operator f : Y — X is retractible with respect to a retraction r : X — Y if
Fy = Fiof, where Fy:={x € Y : f(x) = x} denotes the set of fixed points of f.

Example 2.1 (The radial retraction). Let (X,+,R,|| - [[) be a Banach space and
Bpr :={x € X : ||z|| < R}. The operator r : X — Bp defined by

v if o] <R

r(r) = R
(@) —x if ||z|| > R,
]l

is a set retraction.
Let f: Bp — X be an operator such that:

(2.1) reX, ||z =R, NeRL, f(x) =Xz=A<1

Then f is retractible with respect to the radial retraction r.

Condition (2.1) is called the Leray-Schauder boundary condition.

It is clear that the radial retraction is a continuous retraction, i.e., a topolog-
ical retraction. If X is a Hilbert space (see [19]), then the radial retraction is a
nonexpansive operator.

Example 2.2 (Ordered set retraction). Let (X, <) be a partially ordered set with
the least element, 0. Let Y C X be a nonempty subset such that:

(i) 0 eY;

(ii) (Y, <) is conditionally complete, i.e., if Z C Y is a nonempty bounded subset,
then there exist sup Z and inf Z.

Let 7 : X — Y be defined by

() = x if zeY
= supy ([0,z] NY), if z€ X \Y.

The operator r is an increasing set retraction, i.e., an ordered set retraction of X
onto Y.
Let f:Y — X be an operator such that:

zeY, f(x) e X\Y = sgp([O,f(x)] nY) # x.

Then the operator f is retractible with respect to the retraction r.

Example 2.3. Let (X, +,R) be a linear space and Y C X a nonempty subset. A
set retraction r : X — Y is by definition a sunny retraction if

r(r(x) + t(x —r(z))) =r(z),Ve € X and Vt € R;..
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(Note that this concept and term first appear in [12] and [29]). For example, if X
is a Banach space and Y := Bp, then the radial retraction is a sunny retraction.

Example 2.4. If (X, —,<) is an ordered L-space and f : X — X is a weakly
Picard operator, then f*° : X — F, defined by

f(x) = z*, where z* := lim f"(z),
n—oo

is a set retraction. Moreover, if f is increasing, then f° is increasing, too, but if

f is continuous, then f°° is not continuous, in general. (Recall, see [32], that f is

a weakly Picard operator if there exists lim f"(x) € Fy, f*(z) := lim f"(z), for
n—00 n—00

all z € X).

Problem 2.5. Let X be a structured set (e.g., partial ordered set, linear space,
topological space etc.), Y C X a nonempty subset of X and f : Y — X an operator.
Under which conditions there exists a retraction r : X — Y such that f is retractible
with respect to r 7

3. ADMISSIBLE PERTURBATIONS OF AN NON-SELF OPERATOR

Let X be a nonempty set, Y C X a subset of X, G :Y XY — Y an operator,
r: X — Y aset retraction and f: Y — X. We suppose that (see [35]):

(A1) G(z,z) =z, Yz €Y

(A2) G(z,y) =z =y =u.
We consider the operator fg, :Y — Y defined by

for(x) = G(z,ro f(x)),Vr €Y.
We have

Lemma 3.1. We suppose that:
(i) G satisfies (A1) and (As2);
(ii) f is retractible with respect to .
Then

Fro, = Fy-
Proof. 1t is clear that Fy C Fy, . Now, let x€ Fy, . We have G(z,ro f(r))=z. By

(A2) it follows that ro f(z) = x. Since f is retractible with respect to the retraction
r,ie., Fy = F.of ., we have f(z) = . O

Definition 3.2. If G satisfies (A1) and (A2) and f is retractible with respect to r,
then by definition fg, is called an admissible perturbation of f.

Example 3.3. Let (X,+,R) be a linear space, Y C X a nonempty convex subset,
A €]0,1[, f: Y — X an operator, r : X — Y a set retraction and G: Y XY =Y
be defined by

G(z,y) = (1 — XNz + A\y.
If f is retractible with respect to r, then fg, is an admissible perturbation of the
operator f.
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Example 3.4. Let (X,d) be a metric space and W : X x X x [0,1] — X an
operator. If

d(u, W(z,y,\) < Md(u,x) + (1 = N)d(u,y),Vz,y,u € X, € [0,1],
then by definition (X,d) is said to be endowed with the Takahashi’s W-convex
structure. Moreover, we suppose that
A €|0, 1, W (z,y,\) =2 =y = z.

Let A €]0,1[, Y C X be a W-convex subset, f:Y — X and G(z,y) := W(z,y, ).
Let also 7 : Y — X be a set retraction such that f is retractible with respect to r.
Then the operator fg, is an admissible perturbation of the operator f.

4. ITERATIVE ALGORITHMS IN TERMS OF ADMISSIBLE PERTURBATIONS

Let (X,—) be an L-space, Y C X a subset, 7 : X — Y a set retraction, and the
operators G, G, : Y xY — Y, n € N. We suppose that fg,, fa n € N, are
admissible perturbations of f with respect to r.

In this section we present some examples of iterative algorithms in terms of
admissible perturbations. For the case of self operators see [35].

n,r?

Example 4.1 (The GK,-algorithm). We consider the algorithm
(4.1) 29 €Y, xpy1 = G(ay,ro f(xy,)), n € N
First of all, we note that
Ty = fG,(x0), n €N
By definition, the algorithm (4.1) is convergent if and only if
Ty = 2" (x0) € Fy as n— 00, Vg €Y.

So, the algorithm (4.1) is convergent if and only if the operator fg is a WPO (see
[32] and [33] for the theory of weakly Picard operators). If fg, is an admissible
perturbation of f and fg, is a WPO, then

fer: X = Fy, fo,(z) = z*(x), Vz €Y,

is a set retraction.
The algorithm (4.1) is called the Krasnoselskij algorithm corresponding to G and
r or the GK,-algorithm.

Remark 4.2. For the classical Krasnoselskij algorithm see [5], [7], [14], [15], [24],
[28], [34] and [42].

Example 4.3 (GM,-algorithm). Let us consider the following algorithm
(4.2) o €Y, Tny1 = fa,,(2n) = Gu(zn,r 0 f(x,)), n € N.
By definition, the algorithm (4.2) is convergent if and only if
xn, — 2" (z9) € Fy as n— 00, Vag €Y.
If the algorithm (4.2) is convergent, then as in the previous example, the operator

fGr : X = Fy, fg(z) =2"(x), Vz €Y,
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is a set retraction.
The algorithm (4.2) is called the Mann algorithm corresponding to G = (Gp)nen=
and r or the GM,-algorithm.

Remark 4.4. For the classical Mann algorithm see [5], [14] and [15].

Example 4.5 (GH,-algorithm). Let v € X. We consider the operator fg, ., :
Y — Y defined by

Juru(@) = Gr(u,r 0 f(2)), €Y, neN,
and the algorithm
(4.3) o €Y, Tny1 = fa,,..(Tn), n € N".
We suppose that the algorithm (4.3) is convergent, i.e.,

Ty — & (u,x0) € Fy, as n — 00, Yu,z9 € Y.
In this case, we define the operator

feu, 1Y = Fy, f&u (v) :=a"(z,x).

We remark that fg7; is a set retraction.

The algorithm (4.3) is called the Halpern algorithm corresponding to G = (Gp)nen
and r, or the GH,-algorithm.

Remark 4.6. For the classical Halpern algorithm see [5], [14], [15].

Example 4.7 (G1Gal,-algorithm). Let G1,,Gay, : Y XY — Y, n € N be two
sequences of operators and r : X — Y a set retraction. We suppose that fq,, ,,
fGan.. are admissible perturbations with respect to r, for all n € N* and that the
algorithm

(4.4) 20 €Y, xpy1 = Gop (xp, 70 f(Gin(xn, 70 f(2,))), n €N
is convergent, i.e.,

xn — 2 (x0) € Fy asn — 00, Vag €Y.
If we consider the operator

f(Eongr : X — Fy, féolG2r(:c) =z (z),
then we note that the operator fgc,, is a set retraction. Let us denote
[61Gor () := Gop, (x,7 0 f (Gin(z,7 0 f(2))).

The algorithm (4.4) is called the Ishikawa algorithm corresponding to G; = (Gin)nen,
1 =1,2 and to retraction r, or the G1Gol -algorithm.
Remark 4.8. For the classical Ishikawa algorithm see [5], [14], [15].
Problem 4.9. Study the convergence of the above algorithms, in terms of ¥ C X,
f:Y = X and G(Gp, Gin, G2y), in the following cases for X:

e X is a Hilbert space;
e X is a Banach space;
e X is a metric space.

In what follow we shall study the following problem:
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Problem 4.10. Which properties have the solutions of a fived point equation for
which a given iterative algorithm converges ¢

5. DATA DEPENDENCE

Let (X,d) be a metric space, Y C X a subset of X and f,g : ¥ — X two
operators. Let fg, and gg, be the corresponding admissible perturbations with
respect to r associated to f and g, respectively.

Let us first remind, see [32], that a map 7' : X — X is a Picard operator (PO) if:
(i) Fr = {z*}; (ii) T™(x) — z*, asn — oo for all z € X. The PO T is called a ¢-PO
with respect to d if there exists an increasing function ¥ : Ry — R, continuous at
0 with ¥(0) = 0 and such that

(5.1) d(z,z*) < Y(d(z,T(x))), Vz € X.
We have

Lemma 5.1. We suppose that:
(i) far is a p — PO with respect to d;
(ii) there exists m > 0 such that

d(f(z),g(x)) <n, Ve €Y;
(iii) there exists lo > 0 such that
d(G(x,y),G(x,2)) < ld(y,2),Vx,y,z €Y;
(iv) there exists I, > 0 such that
d(r(z),r(y)) < lrd(z,y), Vo,y €Y;

(v) Fy #0.
If we denote by x} the unique fized point of f, then

d(z},zy) < Y(lalim), Va, € Fy.

Proof. From (i) we have
d(m,x}) <Y(d(z, far(z)), Yz €Y.
For x = x7, we have
d(xg, x7) < Y(d(xy, far(zy))) = P(d(ga.r(y), far(zy))).
On the other hand, from (ii), (iii) and (iv) it follows that
d(gar(x), far () = d(G(z,r 0 g(x)),G(z, o f(x)))

< lad(r o g(z),7 0 f(2)) < bolrd(f(2), 9(x)) < lalr.

So,
d(zg, x3) < Y(lalrm).
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In order to state and prove the next Lemma we shall need the following condition
that appears in the WPO theory [32]: let (X, d) be a metric space and let f : X — X
be a ¥-WPO, i.e., a mapping f which satisfies

(5.2) d(z, f*(z)) < P(d(z, f(z)), Vo € X,
where ¢ : Ry — Ry is increasing, continuous at 0 and #(0) = 0.

Lemma 5.2. We suppose that:
(i) far and gg, are -WPOs;
(ii) there exists n > 0 such that
d(f(z),9(x)) <m, Vz €Y;
(iii) there exists la > 0 such that
d(G(z,y),G(x,2)) < ld(y,z),Vz,y,z €Y;
(iv) there exists I, > 0 such that
d(r(z),r(y)) < ld(z,y), Yo,y €Y.
Then,
Hq(Fy, Fy) < ¢(lalyn).
Proof. We have
d(gar(2), far(x)) < Lol

Now the proof follows from the corresponding data dependence lemma for 1)-WPOs,
see [32]. O

Now we give some applications of the above lemmas.

Example 5.3. Let X be a real Hilbert space, Y C X a closed convex subset of X
and f:Y = X a contraction with contraction coefficient c.
Let r : X =Y be the metric projection of X onto Y, defined by

|z —r(x)| :=min |z —y|, foralz e X.
yey

It is known, see for example [26], that r is a nonexpansive set retraction. Consider
now the Krasnoselskij averaged mapping

G($7y) = )\l’-f— (1 - A)ya T,y € Y7

with X\ € (0,1). Then the admissible perturbation associated to f and G with respect
to r, given by

far(x)=Xx 4+ (1= Nr(f(x)),z € X,

is a -PO with ¥(t) = t,teR,.

1
(I—-0c)(1=X)

Indeed, since r is nonexpansive and f is a c-contraction, we have
Ifar(x) = far Wl = Az —y) + (L= A) [r(f(2)) — r(F ()]l
SAa—yll+ A=) [f@) = fFWI < A+c—cA) flz =yl

If we also assume that

fOK)C K
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then f is retractible with respect to r. Since rof is c-contraction, it follows that f has
a unique fized point in'Y', say x%, and that the GK,-algorithm {zn}, p = f?;,r(mo),
converges strongly to x}, for any xg € Y.

Now, let g : Y — X be a mapping with Fy # () for which there exists n > 0 such
that (ii) in Lemma 5.1 is satisfied.

Then we have the following data dependence result:

An
(1—c)(1—N\)

To prove the previous assertion we apply Lemma 5.1 and use the fact that in this
case lo = X and I, = 1.

(ETRA = Vg € Fy.

Example 5.4. Using the same setting and notations as in the previous erxample
and based on a theorem due to Browder and Petryshyn (see [5], Theorem 3.3), we
can similarly deduce a data dependence result for the case of nonself mappings.

Here we shall have a bounded closed convex subset Y C X, f:Y — X isa
nonexpansive operator with a unique fixed point in Y and the convergence of the
GK,-algorithm is only weak.

Example 5.5. Let X be a real Hilbert space, Y C X a nonempty closed convex
subset of X and f :'Y — X a generalized pseudo-contraction with contraction
coefficient ¢ € (0,1), see [4], that is, a mapping satisfying

1 (2) = FWII* < Pl =yl + 1f (@) = f(y) — ee = )|

forallx,y €Y. Also suppose that f is Lipschitzian with constant L > 0, and ¢ < L.
If we consider now the Krasnoselskij averaged mapping

G(I‘,y) = )\I“F (1 - A)y’ T,y € Y)

with XA € (0,1), then the admissible perturbation associated to f and G with respect
to the metric projection v of X onto Y,

far(@)=Xx+ 1 -Nr(f(z)),z € X,

2(1—¢)

1
is a ¥-PO with ¢(t) = ——t, t € Ry, where 0 = 1oL+ L2

4 ils).
1—9 (see [4] for details)

If we also assume that
f(OK)C K

then by the main theorem in [18], it follows that f has a unique fized point in'Y,
say =}, and that the GK,-algorithm {xn}, T = f . (0), converges strongly to x7%,

2(1-c¢)
1-2L+L%)

Let g : Y — X be a mapping with Fy # 0 for which there exists n > 0 such that
(ii) in Lemma 5.1 is satisfied.

Then, similarly to Example 5.3, we have the following data dependence result:
M
(I—c)(1 =X

for any xg € Y and any X € <0,

e - =51l < vy €



AN ABSTRACT POINT OF VIEW ON ITERATIVE APPROXIMATION OF FIXED POINTS 859

Remark 5.6. In the iterative approximation of fixed point the following condition
appears (named condition (D) in [5], condition (A) in [40], [16], and condition [ in
[34]; see also [39]).

Condition (D) : Fy # () and there exists an increasing function 6 : R, — R
with 6(0) =0, 6(t) > 0 for t > 0 such that

(5.3) d(z, f(z)) > 0(d(z, Fy)), Vo € X.

Clearly, (5.2) is related to the -PO and -WPO conditions (5.1) and (5.2). For
example, if the function 6 is a bijection and Fy = {z*}, then by (D) we get exactly
the ¥-PO condition (5.1) with 1 := 6~

Problem 5.7. Study the data dependence in the case of: (i) GM,-algorithm; (ii)
GH,-algorithm; (iii) G1G2y/,-algorithm.

6. STABILITY OF AN ITERATIVE ALGORITHM

Taking into account the various notions of stability in Difference equations, Dy-
namical systems, Differential equations, Operator theory and Numerical analysis,
in this section we try to unify these notions (see [4], [25], [35], ...).

Let (X,d) be a metric space, ¥ C X a subset of X, f : Y — X an operator,
r: X =Y aset retraction and G, Gy, G1n,Gan : Y XY — Y be such that fg, fg,,
fc,, and fg,,, n € N, are admissible perturbations of f.

Definition 6.1. The operator f has a stable GK,-sequence at xo € Y if for every
e > 0, there exists d(¢) > 0 such that:

xo €Y, xpy1 = G(ap,ro f(zy)), n €N,
Y0 €Y, Ynt1=G(Yn,70 f(yn)), n €N,

and
d(zo,yo0) < () implies that d(xy,,y,) < €, for alln € N.

The operator f has stable GK,-sequences on Y if it has a stable GK -sequence at
each g € Y.
The operator f has attractive G K,-sequence at xq if there exists § > 0 such that

d(xo,y0) < 6 = d(zpn,yn) — 0 as n — co.

Definition 6.2. The operator f has a stable GM,-sequence at xg € Y if for every
e < 0, there exists d(¢) > 0 such that:

To € Ya Tn41 = f(xn)v ne Na Yo € Yv Yn+1 = fGnJ’(yn)v ne N7

and
d(zo,yo0) < () implies that d(xy,,y,) < €, for alln € N.

The operator f has stable GM,-sequences on Y if it has stable GM,-sequence at
each g € Y.
The operator f has attractive GM,-sequence at xg if there exists é > 0 such that

d(xo,y0) < 6 = d(zpn,yn) — 0 as n — co.
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Definition 6.3. The operator f has a stable GH,-sequence at zg € Y if for every
e > 0, there exists d(g) > 0 such that:

T € }/7 Tnt+1 = Gn(l'(),f(l'n)), ne Nv

Yo €Y, Ynt1 = Gn(vo, f(yn)), n €N,

and
d(xo,y0) < () implies that d(z,,y,) < &, for alln € N.

The operator f has stable GH,-sequences on Y if is has a stable GH,-sequence at
each xg €Y.
The operator f has attractive GH,-sequence at x if there exists d > 0 such that

d(xo,y0) < 6 = d(zpn,yn) — 0 as n — 0.

Definition 6.4. The operator f has a stable G1Gol,-sequence at zg € Y for every
e > 0 there exists 6(¢) > 0 such that:

To € Y> Tn+l = szn,r © fGln,T (wn)v ne Na

yo 6 Y7 yn+1 = fG2n,r o fGln,'r (yn)7 n E N7

and
d(xo,y0) < 6(¢), imply that d(zy,yn) < €, for alln € N.

The operator f has stable G;Gsl-sequences on Y if it has a stable GG I-sequence
at each zg € Y.
The operator f has attractive G1Gol,-sequence at xg if there exists 6 > 0 such
that
d(xo,y0) < 6 = d(xn,yn) — 0 as n — oo.

By definition, the operator f has asymptotically stable sequence at xg generated by
an algorithm if this sequence is both stable and attractive.

Definition 6.5. The operator f has the limit shadowing property with respect to
G K, -algorithm if

yn €Y, n €N, d(yn+1, fa,(yn)) > 0asn — oo
implies that there exists xg € Y such that
d(yn, £, (x0)) — 0 as n — oo.

Definition 6.6. The operator f has the limit shadowing property with respect to
GM,-algorithm if

yn €Y, n €N, dynt1, fa,, (Yn)) = 0asn — oo
implies that there exists zg € Y such that
Ad(Yn, fGp © fGpor,y @ 0 fGo,(20)) = 0 asn — 0.

Definition 6.7. The operator f has the limit shadowing property with respect to
GH,— algorithm if

yn €Y, n €N, d(yn+1,Gn(yo,7 0 f(yn)) = 0asn — oo
implies that there exists o € Y such that
A(yn, Gp(zo, 70 f(+)) o...Go(xg, 70 f(x0)) = 0 as n — oo.
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Definition 6.8. The operator f has the limit shadowing property with respect to
G1Go I -algorithm if

yn €Y, n €N, d(Ynt1, fGo,G1,r(Un)) = 0asn — oo
implies that there exists zg € Y such that

d(yrw fGQnGlnT‘ ©:--0 fGQnGln’l“(mO)) — 0 as n — oQ.

Definition 6.9. An iterative algorithm (Picard-retraction algorithm, G K,-algorithm,
GM,-algorithm, G H,-algorithm, GG2I,- algorithm) is stable with respect to an op-
erator f : Y — X if it is convergent with respect to f and the operator f has the
limit shadowing property with respect to this algorithm.

For a better understanding of the above definitions see the remarks and examples
in section 6 of the paper [35].

Problem 6.10. Study the stability of: (i) GK,-algorithm; (ii) GM,-algorithm;
(iii) GH,-algorithm; (iv) G1Gal,-algorithm.

7. GRONWALL LEMMAS

We begin our considerations with the GK,-algorithm.

Let (X, —,<) be an ordered L-space, Y C X a subset of X, f : Y — X an
operator and fg, an admissible perturbation of f with respect to the set retraction
r: X =Y, where . We have

Lemma 7.1. We suppose that:
(i) fgyr is PO;
(ii) G,r and f are increasing.
Then, Fy = {x*} and
(a)zeY,z< flx) =z < a%;
(b)zeY, x> f(z)=x>a".

Proof. The fact that fc , is an admissible perturbation of f implies that fr, = FY.
From (i) it follows that fs, = {z*}. So, Fy = {z*}. Now, let us prove (a). The
condition (ii) implies that fg, is increasing.

Let x € Y be such that z < f(z). From (ii) and (A1) we have z < r o f(z) and
hence z = G(z,z) < G(z,70 f(x)) = fa.,(x).

The proof follows from Gronwall lemma for POs ([32], [33]). O

In a similar way we have

Lemma 7.2. We suppose that:
(i) far is a WPO;
(ii) G,r and f are increasing.
Then:
(@) zeY,x< flz) =z < f&.(2);
b)zeY,z> flx)=x> fgjr(x).
Remark 7.3. In the above lemmas, instead of condition (ii) we can put the condi-

tion:
(ii’) G, f and r o f are increasing.
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Remark 7.4. The above results are partial answers to Problem 1 and Problem 2
in [33], which are presented for convenience in the following.
Let (X, <) be an ordered set and let f : X — X be an operator.

Problem 1 ([33]). If Fy = {«*}, in which conditions we have that:
(a)re X, rv< f(z) = o <2*7
b)reX, x> flr) =z >2"?

Problem 2 ([33]). If Fy # 0, in which conditions there exists a set retraction
r: X — Fy such that

(a)ze X,z < f(x) =z <r(x)?

b)rzeX,z> f(zx)=x>r(x)?

Remark 7.5. We have similar results in the cases of the algorithms: GM,., GH,
and G1Gsl.

Remark 7.6. In some particular cases there are conditions which imply condition
(i) in Lemma 7.1 and Lemma 7.2 (see [5], [14], [15], [3], [16], [21], [39], [44], [31], ...).

Example 7.7. The following convergence result is well known:

Theorem 7.8 (Browder-Petryshyn [9]). Let X be a Hilbert space, Y := {z € X :
|lz|| <1}, G(z,y) =Xz + (1 =Ny, with0O <A< 1,r: X —Y the radial retraction
and f:Y — X an operator. We suppose that:

(i) f is nonezpansive;

(ii) f satisfies the Leray-Schauder boundary condition.

Then the GK,-algorithm associated to f is convergent.

Corresponding to this convergence result we have the following Gronwall type
result.

Lemma 7.9. Let X be an ordered Hilbert space in the sense that the ordered rela-
tion, <, and X are such that the set {(z,y) € X x X : x <y} is weakly closed. Let
f:Y — X be such that:

(i) f is as in Theorem 7.8;

(ii) G, f and r o f are increasing.

Then

(a) z€ X, < f(z) = o < f&.(2);

b)zeX,z> flx)=z> fgor(l‘)

8. COMPARISON LEMMAS

Let (X, —, <) be an ordered L-space, Y C X, f,g,h: Y — X be three operators
and r : X — Y a set retraction. Let fg,, gg, and hg, be the corresponding

admissible perturbations associated to f, g and h, respectively.
We have

Lemma 8.1. We suppose that:
(i) far, 9ar and hg, are POs;
(ii) G,r and g are increasing;
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(i) f < g < h.
Then:
(a) Fy ={z}}, Fy ={a3} and F), = {a}, };
(b) 3 < xy < 3.

Proof. From (i) it follows that
FfG,r = {x}?}, FgG,r = {xZ} and FhG,r = {z}},

S0,
Fy={x%}, Fy = {xy} and F), = {z},}.
The condition implies that g, is increasing. From condition (iii) and (ii) we have
that
fG,r < 9G,r < hG,r-
Now, the proof follows from the comparison lemma for WPOs ([32]). O

In a similar way we have

Lemma 8.2. We suppose that:
(1) fG,’/‘z 9G,r and hG,’r‘ are WPOs;
(ii) G,r and g are increasing;
(i) < g < h.
Then
z,y,2 €Y, x <y<z= f&.(z) < ga,.(y) <hg,(2)

Remark 8.3. In the above lemmas, instead of condition (ii) we can put the follow-
ing condition:
(i’) G, g and r o g are increasing.

Remark 8.4. In the case of the convergence result of Browder-Petryshyn (Theorem
7.8) we have the following comparison result:

Lemma 8.5. Let X, Y and f,g,h: Y — X be as f in Theorem 7.8. We suppose
that:

(i) G, g and r o g are increasing;

(i) f < g < h.

Then

z,y,2€Y, v <y<z= f&.(v) <gF,.(y) <hF,(2)
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