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T from C into H is said to be widely generalized hybrid if there exist real numbers
α, β, γ, δ, ε and ζ such that

α∥Tx− Ty∥2 + β∥x− Ty∥2 + γ∥Tx− y∥2 + δ∥x− y∥2

+max{ε∥x− Tx∥2, ζ∥y − Ty∥2} ≤ 0

for any x, y ∈ C. Motivated by Kawasaki and Takahashi [11], Takahashi, Wong
and Yao [23] introduced a more broad class of nonlinear mappings than the class of
widely generalized hybrid mappings in a Hilbert space. A mapping T : C → C is
said to be symmetric generalized hybrid [23] if there exist α, β, γ, δ ∈ R such that

α∥Tx− Ty∥2 + β(∥x− Ty∥2+∥Tx− y∥2) + γ∥x− y∥2(1.1)

+ δ(∥x− Tx∥2 + ∥y − Ty∥2) ≤ 0

for all x, y ∈ C. Such a mapping T is also called (α, β, γ, δ)-symmetric generalized
hybrid. If α = 1, β = δ = 0 and γ = −1 in (1.1), then the mapping T is nonexpansive
[19], i.e.,

∥Tx− Ty∥ ≤ ∥x− y∥, ∀x, y ∈ C.

If α = 2, β = −1 and γ = δ = 0 in (1.1), then the mapping T is nonspreading [14],
i.e.,

2∥Tx− Ty∥2 ≤ ∥Tx− y∥2 + ∥Ty − x∥2, ∀x, y ∈ C.

Furthermore, if α = 3, β = γ = −1 and δ = 0 in (1.1), then the mapping T is hybrid
[20], i.e.,

3∥Tx− Ty∥2 ≤ ∥x− y∥2 + ∥Tx− y∥2 + ∥Ty − x∥2, ∀x, y ∈ C.

They proved the following fixed point theorem for symmetric generalized hybrid
mappings in a Hilbert space.

Theorem 1.2 ([23]). Let H be a real Hilbert space, let C be a nonempty closed
convex subset of H and let T be an (α, β, γ, δ)-symmetric generalized hybrid mapping
from C into itself such that the conditions (1) α + 2β + γ ≥ 0, (2) α + β + δ > 0
and (3) δ ≥ 0 hold. Then T has a fixed point if and only if there exists z ∈ C such
that {Tnz : n = 0, 1, . . .} is bounded. In particular, a fixed point of T is unique in
the case of α+ 2β + γ > 0 on the condition (1).

Furthermore, they introduced the following class of nonlinear mappings which
contains the class of symmetric generalized hybrid mappings. A mapping T from C
into C is called symmetric more generalized hybrid [23] if there exist α, β, γ, δ, ζ ∈ R
such that

α∥Tx−Ty∥2 + β(∥x− Ty∥2 + ∥Tx− y∥2) + γ∥x− y∥2(1.2)

+ δ(∥x− Tx∥2 + ∥y − Ty∥2) + ζ∥x− y − (Tx− Ty)∥2 ≤ 0

for all x, y ∈ C. Such a mapping T is also called (α, β, γ, δ, ζ)-symmetric more
generalized hybrid. They also proved the following fixed point theorem.

Theorem 1.3 ([23]). Let H be a real Hilbert space, let C be a nonempty closed
convex subset of H and let T be an (α, β, γ, δ, ζ)-symmetric more generalized hybrid
mapping from C into itself such that the conditions (1) α+2β+ γ ≥ 0, (2) α+β+
δ+ ζ > 0 and (3) δ+ ζ ≥ 0 hold. Then T has a fixed point if and only if there exists
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z ∈ C such that {Tnz : n = 0, 1, . . .} is bounded. In particular, a fixed point of T is
unique in the case of α+ 2β + γ > 0 on the condition (1).

In the case when the mappings in Theorems 1.2 and 1.3 have unique fixed points,
what kind of iterations can we use to find such unique fixed points? This question
is natural.

In this paper, motivated by Theorems 1.2 and 1.3, we prove unique fixed point
theorems for symmetric generalized hybrid mappings and symmetric more gener-
alized hybrid mappings in Hilbert spaces. Using these results, we prove unique
fixed point theorems for strict pseudo-contractions in Hilbert spaces. In particular,
we obtain an extension of the famous strong convergence theorem with implicit
iteration which was proved by Browder [4].

2. Preliminaries

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let H be a real Hilbert space with inner product ⟨·, ·⟩ and norm
∥ · ∥, respectively. We denote the strong convergence and the weak convergence of
{xn} to x ∈ H by xn → x and xn ⇀ x, respectively. Let A be a nonempty subset
of H. We denote by coA the closure of the convex hull of A. In a Hilbert space, it
is known that

(2.1) ∥αx+ (1− α)y∥2 = α∥x∥2 + (1− α)∥y∥2 − α(1− α)∥x− y∥2

for all x, y ∈ H and α ∈ R; see [19]. Furthermore, in a Hilbert space, we have that

(2.2) 2⟨x− y, z − w⟩ = ∥x− w∥2 + ∥y − z∥2 − ∥x− z∥2 − ∥y − w∥2

for all x, y, z, w ∈ H. Let C be a nonempty subset of H and let T be a mapping
from C into H. We denote by F (T ) the set of fixed points of T . A mapping T
from C into H with F (T ) ̸= ∅ is called quasi-nonexpansive if ∥Tx − u∥ ≤ ∥x − u∥
for any x ∈ C and u ∈ F (T ). A nonexpansive mapping with a fixed point is quasi-
nonexpansive. It is well-known that if T : C → H is quasi-nonexpansive and C is
closed and convex, then F (T ) is closed and convex; see Itoh and Takahashi [10]. It
is not difficult to prove such a result in a Hilbert space. In fact, for proving that
F (T ) is closed, take a sequence {zn} ⊂ F (T ) with zn → z. Since C is closed, we
have z ∈ C. Furthermore, from

∥z − Tz∥ ≤ ∥z − zn∥+ ∥zn − Tz∥ ≤ 2∥z − zn∥ → 0,

we have that z is a fixed point of T and hence F (T ) is closed. Let us show that
F (T ) is convex. For x, y ∈ F (T ) and α ∈ [0, 1], put z = αx + (1 − α)y. Then we
have from (2.1) that

∥z − Tz∥2 = ∥αx+ (1− α)y − Tz∥2

= α∥x− Tz∥2 + (1− α)∥y − Tz∥2 − α(1− α)∥x− y∥2

≤ α∥x− z∥2 + (1− α)∥y − z∥2 − α(1− α)∥x− y∥2

= α(1− α)2∥x− y∥2 + (1− α)α2∥x− y∥2 − α(1− α)∥x− y∥2

= α(1− α)(1− α+ α− 1)∥x− y∥2

= 0.
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This implies Tz = z. Thus F (T ) is convex. Let D be a nonempty closed convex
subset of H and x ∈ H. We know that there exists a unique nearest point z ∈ D
such that ∥x− z∥ = infy∈D ∥x− y∥. We denote such a correspondence by z = PDx.
The mapping PD is called the metric projection of H onto D. It is known that PD

is nonexpansive and

⟨x− PDx, PDx− u⟩ ≥ 0

for all x ∈ H and u ∈ D; see [19] for more details.
Let l∞ be the Banach space of bounded sequences with supremum norm. Let µ

be an element of (l∞)∗ (the dual space of l∞). Then we denote by µ(f) the value
of µ at f = (x1, x2, x3, . . . ) ∈ l∞. Sometimes, we denote by µn(xn) or µnxn the
value µ(f). A linear functional µ on l∞ is called a mean if µ(e) = ∥µ∥ = 1, where
e = (1, 1, 1, . . . ). A mean µ is called a Banach limit on l∞ if µn(xn+1) = µn(xn).
We know that there exists a Banach limit on l∞. If µ is a Banach limit on l∞, then
for f = (x1, x2, x3, . . . ) ∈ l∞,

lim inf
n→∞

xn ≤ µn(xn) ≤ lim sup
n→∞

xn.

In particular, if f = (x1, x2, x3, . . . ) ∈ l∞ and xn → a ∈ R, then we have µ(f) =
µn(xn) = a. See [18] for the proof of existence of a Banach limit and its other
elementary properties. Using means and the Riesz theorem, we can obtain the
following result; see [16], [17] and [18].

Lemma 2.1. Let H be a Hilbert space, let {xn} be a bounded sequence in H and
let µ be a mean on l∞. Then there exists a unique point z0 ∈ co{xn : n ∈ N} such
that

µn⟨xn, y⟩ = ⟨z0, y⟩, ∀y ∈ H.

Let H be a Hilbert space and let C be a nonempty closed convex subset of H. A
mapping U : C → H is called extended hybrid [8] if there exist α, β, γ ∈ R such that

α(1 + γ)∥Ux− Uy∥2 + (1− α(1 + γ))∥x− Uy∥2(2.3)

≤ (β + αγ)∥Ux− y∥2 + (1− (β + αγ))∥x− y∥2

− (α− β)γ∥x− Ux∥2 − γ∥y − Uy∥2

for all x, y ∈ C. Such a mapping U is called (α, β, γ)-extended hybrid. We know
the following fixed point result for strict pseudo-contractions in a Hilbert space.

Lemma 2.2 ([21]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let k be a real number with 0 ≤ k < 1 and let U : C → H be a k-strict
pseudo-contraction. Then, U is a (1,0,-k)-extended hybrid mapping and F (U) is
closed and convex. If, in addition, C is bounded and U is of C into itself, then
F (U) is nonempty.

The following lemma was proved by Takahashi, Wong and Yao [22].

Lemma 2.3 ([22]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let α > 0 and let A,U and T be mappings of C into H such that
U = I −A and T = 2α U + (1− 2α)I. Then, the following are equivalent:
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(a) A is an α-inverse-strongly monotone mapping, i.e.,

α∥Ax−Ay∥2 ≤ ⟨x− y,Ax−Ay⟩, ∀x, y ∈ C;

(b) U is a widely (1− 2α)-strict pseudo-contraction, i.e.,

∥Ux− Uy∥2 ≤ ∥x− y∥2 + (1− 2α)∥(I − U)x− (I − U)y∥2, ∀x, y ∈ C;

(c) U is a (1, 0, 2α− 1)-extended hybrid mapping, i.e.,

2α∥Ux− Uy∥2 + (1− 2α)∥x− Uy∥2

≤ (2α− 1)∥Ux− y∥2 + 2(1− α)∥x− y∥2

− (2α− 1)∥x− Ux∥2 − (2α− 1)∥y − Uy∥2, ∀x, y ∈ C;

(d) T is a nonexpansive mapping.

Using Lemma 2.3, we obtain the following result.

Lemma 2.4 ([22]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let k be a real number with k < 1 and let A,U and T be mappings of
C into H such that U = I − A and T = (1 − k)U + kI. Then, the following are
equivalent:

(a) A is a 1−k
2 -inverse-strongly monotone mapping;

(b) U is a widely k-strict pseudo-contraction;
(c) U is a (1, 0,−k)-extended hybrid mapping;
(d) T is a nonexpansive mapping.

The following lemma was also proved by Takahashi, Wong and Yao [21].

Lemma 2.5 ([21]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let α, β, γ be real numbers and let U : C → H be an (α, β, γ)-extended
hybrid mapping with 1 + γ > 0. If xn ⇀ z and xn − Uxn → 0, then z ∈ F (U).

Using Lemmas 2.2 and 2.5, we have the following result obtained by Marino and
Xu [15]; see also [1].

Lemma 2.6 ([15]). Let H be a Hilbert space and let C be a nonempty closed convex
subset of H. Let k be a real number with 0 ≤ k < 1 and U : C → H be a k-strict
pseudo-contraction. If xn ⇀ z and xn − Uxn → 0, then z ∈ F (U).

3. Unique fixed point theorems without boundedness

We first prove the following unique fixed point theorem for symmetric generalized
hybrid mappings in a HIlbert space.

Theorem 3.1. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let T be an (α, β, γ, δ)-symmetric generalized hybrid mapping from
C into itself such that the conditions (1) α+ 2β + γ > 0, (2) β ≤ 0, (3) β + γ ≤ 0,
and (4) β + δ ≥ 0 hold. Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {Tnz} converges to u.
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Proof. Let T be an (α, β, γ, δ)-symmetric generalized hybrid mapping of C into itself
satisfying four conditions (1), (2), (3) and (4). Take x ∈ C. Replacing x by Tnx
and y by Tn+1x in (1.1), we have that

α∥Tn+1x− Tn+2x∥2 + β(∥Tnx− Tn+2x∥2 + ∥Tn+1x− Tn+1x∥2)(3.1)

+ γ∥Tnx− Tn+1x∥2 + δ(∥Tnx− Tn+1x∥2 + ∥Tn+1x− Tn+2x∥2) ≤ 0

for all n ∈ N ∪ {0}. From
∥Tnx− Tn+2x∥2 = ∥Tnx− Tn+1x∥2 + ∥Tn+1x− Tn+2x∥2

+ 2⟨Tnx− Tn+1x, Tn+1x− Tn+2x⟩
≤ ∥Tnx− Tn+1x∥2 + ∥Tn+1x− Tn+2x∥2

+ 2∥Tnx− Tn+1x∥∥Tn+1x− Tn+2x∥
and (2) β ≤ 0, we have that

β∥Tnx− Tn+2x∥2 ≥ β∥Tnx− Tn+1x∥2 + β∥Tn+1x− Tn+2x∥2(3.2)

+ 2β∥Tnx− Tn+1x∥∥Tn+1x− Tn+2x∥.
From (3.1) and (3.2) we have that

(3.3) (α+ β)∥Tn+1x− Tn+2x∥2 + (β + γ)∥Tnx− Tn+1x∥2

+ 2β∥Tnx− Tn+1x∥∥Tn+1x− Tn+2x∥
+ δ(∥Tnx− Tn+1x∥2 + ∥Tn+1x− Tn+2x∥2) ≤ 0.

From (4) β + δ ≥ 0 we have that

2β∥Tnx− Tn+1x∥∥Tn+1x− Tn+2x∥ ≥ −2δ∥Tnx− Tn+1x∥∥Tn+1x− Tn+2x∥.
From (3.3) we have that

(α+ β)∥Tn+1x− Tn+2x∥2 + (β + γ)∥Tnx− Tn+1x∥2

− 2δ∥Tnx− Tn+1x∥∥Tn+1x− Tn+2x∥
+ δ(∥Tnx− Tn+1x∥2 + ∥Tn+1x− Tn+2x∥2) ≤ 0

and hence

(α+ β)∥Tn+1x−Tn+2x∥2 + (β + γ)∥Tnx− Tn+1x∥2

+ δ(∥Tnx− Tn+1x∥ − ∥Tn+1x− Tn+2x∥)2 ≤ 0.

Since δ ≥ 0 from (4), we obtain that

(3.4) (α+ β)∥Tn+1x− Tn+2x∥2 + (β + γ)∥Tnx− Tn+1x∥2 ≤ 0.

Using (1) α+ 2β + γ > 0 and (3) β + γ ≤ 0, we obtain that α+ β > −(β + γ) ≥ 0.
Then we have from (3.4) that

(3.5) ∥Tn+1x− Tn+2x∥2 ≤ −(β + γ)

α+ β
∥Tnx− Tn+1x∥2

and

(3.6) 0 ≤ −(β + γ)

α+ β
< 1.
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Putting λ = (−(β+γ)
α+β )

1
2 , we have that for any n,m ∈ N with n ≥ m,

∥Tmx− Tnx∥ ≤ ∥Tmx− Tm+1x∥+ ∥Tm+1x− Tm+2x∥+ · · ·+ ∥Tn−1x− Tnx∥
≤ λm∥x− Tx∥+ λm+1∥x− Tx∥+ · · ·+ λn−1∥x− Tx∥
≤ λm∥x− Tx∥+ λm+1∥x− Tx∥+ · · ·+ λn−1∥x− Tx∥+ . . .

= λm∥x− Tx∥(1 + λ+ · · ·+ λn−1 + . . . )

= λm∥x− Tx∥ 1

1− λ
.

Thus the sequence {Tnx} is a Cauchy sequence. Since C is complete, the sequence
{Tnx} converges. Let Tnx → u. We have from (1.1) that for every x, u ∈ C,

α∥Tn+1x− Tu∥2 + β(∥Tnx− Tu∥2 + ∥Tn+1x− u∥2)(3.7)

+ γ∥Tnx− u∥2 + δ(∥Tnx− Tn+1x∥2 + ∥u− Tu∥2) ≤ 0

for all n ∈ N ∪ {0}. Since Tnx → u, we have that

α∥u− Tu∥2 + β(∥u− Tu∥2 + ∥u− u∥2)
+ γ∥u− u∥2 + δ(∥u− u∥2 + ∥u− Tu∥2) ≤ 0

and hence

(α+ β + δ)∥u− Tu∥2 ≤ 0.

From α + β > 0 and δ ≥ −β ≥ 0, we have that α + β + δ > 0. Thus we have that
∥u − Tu∥2 ≤ 0 and hence Tu = u. Let p1 and p2 be fixed points of T . Then we
have that

α∥Tp1 − Tp2∥2 + β(∥p1 − Tp2∥2 + ∥Tp1 − p2∥2) + γ∥p1 − p2∥2

+ δ(∥p1 − Tp1∥2 + ∥p2 − Tp2∥2) ≤ 0

and hence (α+ 2β + γ)∥p1 − p2∥2 ≤ 0. We have from α+ 2β + γ > 0 that p1 = p2.
Therefore a fixed point of T is unique. This completes the proof. �

Using Theorem 3.1, we prove the following fixed point theorem.

Theorem 3.2. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let T be an (α, β, γ, δ, ζ)-symmetric more generalized hybrid map-
ping from C into itself such that the conditions (1) α + 2β + γ > 0, (2) β ≤ ζ, (3)
β + γ ≤ 0, and (4) β + δ ≥ 0 hold. Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {Tnz} converges to u.

Proof. Since T : C → C is an (α, β, γ, δ, ζ)-symmetric more generalized hybrid
mapping, there exist α, β, γ, δ, ζ ∈ R satisfying (1.2). We also have that

∥x− y−(Tx− Ty)∥2 = ∥x− Tx∥2 + ∥y − Ty∥2(3.8)

− ∥x− Ty∥2 − ∥y − Tx∥2 + ∥x− y∥2 + ∥Tx− Ty∥2

for all x, y ∈ C. Thus we obtain from (1.2) that

(α+ ζ)∥Tx− Ty∥2 + (β − ζ)(∥x− Ty∥2 + ∥Tx− y∥2)(3.9)
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+ (γ + ζ)∥x− y∥2 + (δ + ζ)(∥x− Tx∥2 + ∥y − Ty∥2) ≤ 0.

The conditions (α + ζ) + 2(β − ζ) + (γ + ζ) > 0 and β − ζ ≤ 0 in Theorem 3.1
are equivalent to (1) α + 2β + γ > 0 and (2) β ≤ ζ, respectively. Furthermore,
the conditions (β − ζ) + (γ + ζ) ≤ 0 and (β − ζ) + (δ + ζ) ≥ 0 in Theorem 3.1
are equivalent to (3) β + γ ≤ 0 and (4) β + δ ≥ 0, respectively. Thus we have the
desired result from Theorem 3.1. �

The following is an extension of Theorem 3.2.

Theorem 3.3. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let T be an (α, β, γ, δ, ζ)-symmetric more generalized hybrid map-
ping from C into itself which satisfies the conditions (1) α + 2β + γ > 0, (2) there
exists λ ∈ [0, 1) such that (α + β)λ + ζ − β ≥ 0, (3) β + γ ≤ 0 and (4) β + δ ≥ 0.
Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {(λI + (1− λ)T )nz} converges to u.

Proof. Let λ ∈ [0, 1) ∩ {λ : (α + β)λ + ζ − β ≥ 0} and define S = (1 − λ)T + λI.
Since C is convex, S is a mapping from C into itself. Since λ ̸= 1, we obtain that
F (S) = F (T ). Moreover, from T = 1

1−λS − λ
1−λI and (2.1), we have that

α

∥∥∥∥( 1

1− λ
Sx− λ

1− λ
x

)
−

(
1

1− λ
Sy − λ

1− λ
y

)∥∥∥∥2
+ β

∥∥∥∥x−
(

1

1− λ
Sy − λ

1− λ
y

)∥∥∥∥2 + β

∥∥∥∥( 1

1− λ
Sx− λ

1− λ
x

)
− y

∥∥∥∥2
+ γ∥x− y∥2

+ δ

∥∥∥∥x−
(

1

1− λ
Sx− λ

1− λ
x

)∥∥∥∥2 + δ

∥∥∥∥y − (
1

1− λ
Sy − λ

1− λ
y

)∥∥∥∥2
+ ζ

∥∥∥∥(x−
(

1

1− λ
Sx− λ

1− λ
x

))
−
(
y −

(
1

1− λ
Sy − λ

1− λ
y

))∥∥∥∥2
= α

∥∥∥∥ 1

1− λ
(Sx− Sy)− λ

1− λ
(x− y)

∥∥∥∥2
+ β

∥∥∥∥ 1

1− λ
(x− Sy)− λ

1− λ
(x− y)

∥∥∥∥2
+ β

∥∥∥∥ 1

1− λ
(Sx− y)− λ

1− λ
(x− y)

∥∥∥∥2 + γ∥x− y∥2

+ δ

∥∥∥∥ 1

1− λ
(x− Sx)

∥∥∥∥2 + δ

∥∥∥∥ 1

1− λ
(y − Sy)

∥∥∥∥2
+ ζ

∥∥∥∥ 1

1− λ
(x− Sx)− 1

1− λ
(y − Sy)

∥∥∥∥2
=

α

1− λ
∥Sx− Sy∥2 + β

1− λ
∥x− Sy∥2
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+
β

1− λ
∥Sx− y∥2 +

(
− λ

1− λ
(α+ 2β) + γ

)
∥x− y∥2

+
δ + βλ

(1− λ)2
∥x− Sx∥2 + δ + βλ

(1− λ)2
∥y − Sy∥2

+
ζ + αλ

(1− λ)2
∥(x− Sx)− (y − Sy)∥2 ≤ 0.

Therefore S is an
(

α
1−λ ,

β
1−λ ,−

λ
1−λ(α+ 2β) + γ, δ+βλ

(1−λ)2
, ζ+αλ
(1−λ)2

)
-symmetric more gen-

eralized hybrid mapping. Furthermore, we obtain that

α

1− λ
+

2β

1− λ
− λ

1− λ
(α+ 2β) + γ = α+ 2β + γ > 0,

ζ + αλ

(1− λ)2
− β

1− λ
=

λ(α+ β) + ζ − β

(1− λ)2
≥ 0,

β

1− λ
− λ

1− λ
(α+ 2β) + γ =

β + γ − λ(α+ 2β + γ)

1− λ
≤ 0,

β

1− λ
+

δ + βλ

(1− λ)2
=

β + δ

(1− λ)2
≥ 0.

Therefore by Theorem 3.2 we obtain the desired result. �

4. Unique fixed point theorems with boundedness

In this section, we first obtain a unique fixed point theorem with boundedness
for symmetric generalized hybrid mappings in a Hilbert space.

Theorem 4.1. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T be an (α, β, γ, δ)-symmetric generalized hybrid mapping
from C into itself such that the conditions (1) α + 2β + γ > 0, (2) α + β + δ > 0
and (3) δ ≥ 0 hold. Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, a subsequence {Tniz} of {Tnz} converges to u.

In particular, if β + γ ≤ 0, then {Tnz} for all z ∈ C converges to u.

Proof. Since C is bounded, {Tnz : n = 0, 1, . . .} is bounded for all z ∈ C. For an
(α, β, γ, δ)-symmetric generalized hybrid mapping T of C into itself, we have that

α∥Tx− Tn+1z∥2 + β(∥x− Tn+1z∥2 + ∥Tx− Tnz∥2) + γ∥x− Tnz∥2

+ δ(∥x− Tx∥2 + ∥Tnz − Tn+1z∥2) ≤ 0

for all n ∈ N ∪ {0} and x ∈ C. Since {Tnz} is bounded, we can apply a Banach
limit µ to both sides of the inequality. Since µn∥Tx − Tnz∥2 = µn∥Tx − Tn+1z∥2
and µn∥x− Tnz∥2 = µn∥x− Tn+1z∥2, we have that

(α+ β)µn∥Tx− Tnz∥2+(β + γ)µn∥x− Tnz∥2

+ δ(∥x− Tx∥2 + µn∥Tnz − Tn+1z∥2) ≤ 0.

Furthermore, since

µn∥Tx− Tnz∥2 = ∥Tx− x∥2 + 2µn⟨Tx− x, x− Tnz⟩+ µn∥x− Tnz∥2,
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we have that

(α+ β + δ)∥Tx− x∥2 + 2(α+ β)µn⟨Tx− x, x− Tnz⟩
+ (α+ 2β + γ)µn∥x− Tnz∥2 + δµn∥Tnz − Tn+1z∥2 ≤ 0.

From (3) δ ≥ 0, we have that

(α+ β + δ)∥Tx− x∥2 + 2(α+ β)µn⟨Tx− x, x− Tnz⟩(4.1)

+ (α+ 2β + γ)µn∥x− Tnz∥2 ≤ 0.

There exists p ∈ H from Lemma 2.1 such that

µn⟨y, Tnz⟩ = ⟨y, p⟩
for all y ∈ H. From (4.1) we have that

(α+ β + δ)∥Tx− x∥2 + 2(α+ β)⟨Tx− x, x− p⟩
+ (α+ 2β + γ)µn∥x− Tnz∥2 ≤ 0.

Since C is closed and convex, we have that

p ∈ co{Tnz : n ∈ N} ⊂ C.

Putting x = p, we have from (4.1) that

(4.2) (α+ β + δ)∥Tp− p∥2 + (α+ 2β + γ)µn∥p− Tnz∥2 ≤ 0.

We have from (2) α + β + δ > 0 and (1) α + 2β + γ > 0 that ∥Tp − p∥2 = 0 and
µn∥p− Tnz∥2 = 0. This implies that p is a fixed point of T . Furthermore, from

lim inf
n→∞

∥p− Tnz∥2 ≤ µn∥p− Tnz∥2 ≤ lim sup
n→∞

∥p− Tnz∥2,

we have that a subsequence {Tniz} of {Tnz} converges to p.
Let p1 and p2 be fixed points of T . Then we have that

α∥Tp1 − Tp2∥2 + β(∥p1 − Tp2∥2 + ∥Tp1 − p2∥2) + γ∥p1 − p2∥2

+ δ(∥p1 − Tp1∥2 + ∥p2 − Tp2∥2) ≤ 0

and hence (α+ 2β + γ)∥p1 − p2∥2 ≤ 0. We have from α+ 2β + γ > 0 that p1 = p2.
Therefore a fixed point of T is unique. In particular, if β + γ ≤ 0, then we have
that α+ β > −(β + γ) ≥ 0. We also have from (1.1) that

α∥Tz − p∥2 + β(∥z − p∥2 + ∥Tz − p∥2) + γ∥z − p∥2 + δ∥z − Tz∥2 ≤ 0.

Since δ ≥ 0, we have that

α∥Tz − p∥2 + β(∥z − p∥2 + ∥Tz − p∥2) + γ∥z − p∥2 ≤ 0

and hence
(α+ β)∥Tz − p∥2 ≤ −(β + γ)∥z − p∥2.

From α+ β > −(β + γ) ≥ 0, we have that

∥Tz − p∥2 ≤ −β + γ

α+ β
∥z − p∥2.

Since 0 ≤ − β+γ
α+β < 1, the sequence {Tnz} for all z ∈ C converges to p. This

completes the proof. �
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Using Theorem 4.1, we prove the following fixed point theorem.

Theorem 4.2. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T be an (α, β, γ, δ, ζ)-symmetric more generalized hybrid
mapping from C into itself such that the conditions (1) α+2β+ γ > 0, (2) α+β+
δ + ζ > 0 and (3) δ + ζ ≥ 0 hold. Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, a subsequence {Tniz} of {Tnz} converges to u.

In particular, if β + γ ≤ 0, then {Tnz} for all z ∈ C converges to u.

Proof. As in the proof of Theorem 3.2, we have that

(α+ ζ)∥Tx− Ty∥2 + (β − ζ)(∥x− Ty∥2 + ∥Tx− y∥2)(4.3)

+ (γ + ζ)∥x− y∥2 + (δ + ζ)(∥x− Tx∥2 + ∥y − Ty∥2) ≤ 0.

The conditions (1) α + 2β + γ ≥ 0 and (2) α + β + δ + ζ > 0 are equivalent to
(α + ζ) + 2(β − ζ) + (γ + ζ) ≥ 0 and (α+ ζ) + (β − ζ) + (δ + ζ) > 0, respectively.
Furthermore, since (3) δ + ζ ≥ 0 holds, we have the desired result from Theorem
4.1. Furthermore, since β + γ ≤ 0 is equivalent to (β − ζ) + (γ + ζ) ≤ 0, we have
that {Tnz} for all z ∈ C converges to u. �

The following theorem is an extension of Theorem 4.2.

Theorem 4.3. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T be an (α, β, γ, δ, ζ)-symmetric more generalized hybrid
mapping from C into itself which satisfies the conditions (1) α + 2β + γ > 0, (2)
α + β + δ + ζ > 0 and (3) there exists λ ∈ [0, 1) such that (α + β)λ + δ + ζ ≥ 0.
Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, a subsequence {(λI +(1−λ)T )niz} of {(λI +(1−λ)T )nz}

converges to u.

In particular, if β + γ ≤ 0, then {(λI + (1− λ)T )nz} for all z ∈ C converges to u.

Proof. Let λ ∈ [0, 1) ∩ {λ : (α + β)λ + ζ + η ≥ 0} and define S = (1 − λ)T +
λI. Since C is convex, S is a mapping from C into itself. Since C is bounded,
{Snz : n = 0, 1, . . .} is bounded for any z ∈ C. Since λ ̸= 1, we obtain that
F (S) = F (T ). Moreover, as in the proof of Theorem 3.3, we have that S is an(

α
1−λ ,

β
1−λ ,−

λ
1−λ(α+ 2β) + γ, δ+βλ

(1−λ)2
, ζ+αλ
(1−λ)2

)
-symmetric more generalized hybrid

mapping. Furthermore, we obtain that

α

1− λ
+

2β

1− λ
− λ

1− λ
(α+ 2β) + γ = α+ 2β + γ > 0,

α

1− λ
+

β

1− λ
+

δ + βλ

(1− λ)2
+

ζ + αλ

(1− λ)2
=

α+ β + δ + ζ

(1− λ)2
> 0,

δ + βλ

(1− λ)2
+

ζ + αλ

(1− λ)2
=

(α+ β)λ+ δ + ζ

(1− λ)2
≥ 0.
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Therefore by Theorem 4.2 we obtain the desired result. Furthermore, if β + γ ≤ 0,
then

β

1− λ
− λ

1− λ
(α+ 2β) + γ = β + γ − λ

1− λ
(α+ β)

≤ β + γ +
λ

1− λ
(β + γ)

≤ 0.

Thus {(λI+(1−λ)T )nz} for all z ∈ C converges to a unique fixed point u of T . �

For the case β + δ = 0 in Theorem 4.3, we have the following theorem.

Theorem 4.4. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T be an (α, β, γ,−β, ζ)-symmetric more generalized
hybrid mapping from C into itself, i.e., there exist α, β, γ, ζ ∈ R such that

α∥Tx−Ty∥2 + β(∥x− Ty∥2 + ∥Tx− y∥2) + γ∥x− y∥2(4.4)

− β(∥x− Tx∥2 + ∥y − Ty∥2) + ζ∥x− y − (Tx− Ty)∥2 ≤ 0

for all x, y ∈ C. Furthermore, suppose that T satisfies the following conditions: (1)
α+2β+γ ≥ 0, (2) α+ζ > 0 and (3) there exists λ ∈ [0, 1) such that (α+β)λ−β+ζ ≥
0. Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, a subsequence {(λI +(1−λ)T )niz} of {(λI +(1−λ)T )nz}

converges to u.

In particular, if β + γ ≤ 0, then {(λI + (1− λ)T )nz} for all z ∈ C converges to u.

5. Applications

Using Theorem 3.1, we can first prove the following fixed point theorem.

Theorem 5.1. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let T : C → C be a contractive mapping, i.e., there exists a real
number r with 0 ≤ r < 1 such that

(5.1) ∥Tx− Ty∥ ≤ r∥x− y∥

for all x, y ∈ C. Then the following hold:

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {Tnz} converges to u.

Proof. We have from (5.1) that

∥Tx− Ty∥2 − r2∥x− y∥2 ≤ 0

for all x, y ∈ C. This implies that T is (1, 0,−r2, 0)-symmetric generalized hybrid.
For α, β, γ and δ in Theorem 3.1, we have that

α+ 2β + γ = 1− r2 > 0, β = 0 ≤ 0, β + γ = −r2 ≤ 0 and β + δ = 0 ≥ 0.

From Theorem 3.1, we have the desired result. �
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Let H be a real Hilbert space and let C be a nonempty subset of H. Then
U : C → H is called a contractively strict pseudo-contraction if there exist s ∈ [0, 1)
and r ∈ R with 0 ≤ r < 1 such that

∥Ux− Uy∥2 ≤ s∥x− y∥2 + r∥(I − U)x− (I − U)y∥2, ∀x, y ∈ C.

Using Theorem 3.3, we prove the following unique fixed point theorem.

Theorem 5.2. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let U be a contractively strict pseudo-contraction from C into itself,
i.e., there exist s ∈ [0, 1) and r ∈ R with 0 ≤ r < 1 such that

(5.2) ∥Ux− Uy∥2 ≤ s∥x− y∥2 + r∥(I − U)x− (I − U)y∥2, ∀x, y ∈ C.

Then the following hold:

(i) U has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {(λI + (1 − λ)U)nz} converges to u, where

r ≤ λ < 1.

Proof. In Theorem 3.3, we have that (1) α+2β+γ = 1−s > 0, (2) (α+β)λ+ζ−β =
λ− r ≥ 0 for λ ∈ [0, 1) with r ≤ λ < 1, (3) β+ γ = −r ≤ 0 and (4) β+ δ = 0. Thus
we have desired result from Theorem 3.3. �

Using Theorem 3.1, we have the following theorem for strict pseudo-contractions
in a Hilbert space.

Theorem 5.3. Let H be a real Hilbert space, let C be a nonempty closed convex
subset of H and let T be a strict pseudo-contraction from C into itself, i.e., there
exists r ∈ R with 0 ≤ r < 1 such that

(5.3) ∥Tx− Ty∥2 ≤ ∥x− y∥2 + r∥(I − T )x− (I − T )y∥2, ∀x, y ∈ C.

Let u ∈ C and s ∈ (0, 1) with r ≤ s < 1. Define a mapping U : C → C as follows:

Ux = su+ (1− s)Tx, ∀x ∈ C.

Then U has a unique fixed point z in C. Furthermore, define a mapping S : C → C
as follows:

Sx = rx+ (1− r)
(
su+ (1− s)Tx

)
, ∀x ∈ C.

Then, for all x ∈ C, the sequence {Snx} converges to a unique fixed point z.

Proof. From (5.3), we have that for any x, y ∈ C,

(5.4) ∥Tx− Ty∥2 − ∥x− y∥2 − r∥x− y − (Tx− Ty)∥2 ≤ 0.

For u ∈ C and s ∈ (0, 1), define a mapping S : C → C as follows:

Sx = rx+ (1− r)
(
su+ (1− s)Tx

)
, ∀x ∈ C.

Since Sx = rx+ s(1− r)u+ (1− r)(1− s)Tx, we have that for any x ∈ C,

Tx− Ty =
Sx− Sy

(1− r)(1− s)
− r(x− y)

(1− r)(1− s)

and

x− y − (Tx− Ty) = x− y −
(

Sx− Sy

(1− r)(1− s)
− r(x− y)

(1− r)(1− s)

)
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=

(
1 +

r

(1− r)(1− s)

)
(x− y)− Sx− Sy

(1− r)(1− s)
.

Thus we have from (5.4) that

∥Sx− Sy∥2

(1− r)2(1− s)2
+

r2∥x− y∥2

(1− r)2(1− s)2
− 2r

(1− r)2(1− s)2
⟨x− y, Sx− Sy⟩

−∥x− y∥2 − r

(
1 +

r

(1− r)(1− s)

)2

∥x− y∥2 − r∥Sx− Sy∥2

(1− r)2(1− s)2

+ 2r

(
1 +

r

(1− r)(1− s)

)
1

(1− r)(1− s)
⟨x− y, Sx− Sy⟩ ≤ 0.

Then we have that

1

(1− r)(1− s)2
∥Sx− Sy∥2 + r2

(1− r)2(1− s)2
∥x− y∥2

− ∥x− y∥2 − r

(
1 +

r

(1− r)(1− s)

)2

∥x− y∥2

+ 2

(
r

(1− r)(1− s)
− r(1− r)

(1− r)2(1− s)2

)
⟨x− y, Sx− Sy⟩ ≤ 0

and hence

1

(1− r)(1− s)2
∥Sx− Sy∥2 + r2

(1− r)2(1− s)2
∥x− y∥2

− ∥x− y∥2 − r

(
1 +

r

(1− r)(1− s)

)2

∥x− y∥2

− 2rs

(1− r)(1− s)2
⟨x− y, Sx− Sy⟩ ≤ 0.

Since 2⟨x− y, Sx− Sy⟩ = ∥x− Sy∥2 + ∥y − Sx∥2 − (∥x− Sx∥2 + ∥y − Sy∥2) and

r2

(1− r)2(1− s)2
− 1− r

(
1 +

r

(1− r)(1− s)

)2

=
r2(1− r)

(1− r)2(1− s)2
− 1− r

(
1 +

2r

(1− r)(1− s)

)
=

r2

(1− r)(1− s)2
− 1− s+ r2(1 + s)

(1− r)(1− s)
,

we have that

1

(1− r)(1− s)2
∥Sx− Sy∥2 − rs

(1− r)(1− s)2
(∥x− Sy∥2 + ∥y − Sx∥2)

+

(
r2

(1− r)(1− s)2
− 1− s+ r2(1 + s)

(1− r)(1− s)

)
∥x− y∥2

+
rs

(1− r)(1− s)2
(∥x− Sx∥2 + ∥y − Sy∥2) ≤ 0.
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For this inequality, we apply Theorem 3.1. We first obtain that

1

(1− r)(1− s)2
− 2rs

(1− r)(1− s)2
+

r2

(1− r)(1− s)2
− 1− s+ r2(1 + s)

(1− r)(1− s)

=
1− 2rs+ r2 − (1− s)2 − r2(1− s2)

(1− r)(1− s)2

=
s(1− r)(2− s(1 + r))

(1− r)(1− s)2
> 0.

Furthermore, we have that − rs
(1−r)(1−s)2

≤ 0. From r ≤ s, we also have that

− rs

(1− r)(1− s)2
+

r2

(1− r)(1− s)2
− 1− s+ r2(1 + s)

(1− r)(1− s)
≤ 0.

Finally, we have that

− rs

(1− r)(1− s)2
+

rs

(1− r)(1− s)2
= 0.

Thus S has a unique fixed point z in C from Theorem 3.1. Since z is a fixed point
of S, we have z = rz + (1− r)(su+ (1− s)Tz). From 1− r ̸= 0, we have that

z = su+ (1− s)Tz.

From Theorem 3.1, we also have that for all x ∈ C, {Snx} converges strongly to a
unique fixed point z. This completes the proof. �

Using Theorem 4.1, we can prove the following fixed point theorems.

Theorem 5.4. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T : C → C be contractively nonspreading, i.e., there
exists a real number s with 0 ≤ s < 1

2 such that

(5.5) ∥Tx− Ty∥2 ≤ s{∥Tx− y∥2 + ∥Ty − x∥2}
for all x, y ∈ C. Then

(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {Tnz} converges to u.

Proof. From (5.5) we have that

∥Tx− Ty∥2 − s(∥x− Ty∥2 + ∥Tx− y∥2) ≤ 0

for all x, y ∈ C. That is, T is a (1,−s, 0, 0)-symmetric generalized hybrid mapping.
For α, β, γ and δ in Theorem 4.1, we also have that

α+ 2β + γ = 1− 2s > 0 , α+ β + δ = 1− s > 0 and δ = 0 ≥ 0.

From Theorem 4.1, we have the desired result. Furthermore, since β+ γ = −s ≤ 0,
we have that for every z ∈ C, the sequence {Tnz} converges to u. �
Theorem 5.5. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T : C → C be contractively hybrid, i.e., there exists a
real number s with 0 ≤ s < 1

3 such that

(5.6) ∥Tx− Ty∥2 ≤ s{∥Tx− y∥2 + ∥Ty − x∥2 + ∥x− y∥2}
for all x, y ∈ C. Then
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(i) T has a unique fixed point u in C;
(ii) for every z ∈ C, the sequence {Tnz} converges to u.

Proof. From (5.6) we have that

∥Tx− Ty∥2 − s(∥x− Ty∥2 + ∥Tx− y∥2)− s∥x− y∥2 ≤ 0

for all x, y ∈ C. Thus T is a (1,−s,−s, 0)-symmetric generalized hybrid mapping.
For α, β, γ and δ in Theorem 4.1, we also have that

α+ 2β + γ = 1− 3s > 0 , α+ β + δ = 1− s > 0 and δ = 0 ≥ 0.

From Theorem 4.1, we have the desired result. Furthermore, since β+γ = −2s ≤ 0,
we have that for every z ∈ C, the sequence {Tnz} converges to u. �

Using Theorem 4.1, we obtain an extension of Theorem 1.1 which was proved by
Browder [4].

Theorem 5.6. Let H be a real Hilbert space, let C be a nonempty bounded closed
convex subset of H and let T be a strict pseudo-contraction from C into itself, i.e.,
there exists r ∈ R with 0 ≤ r < 1 such that

(5.7) ∥Tx− Ty∥2 ≤ ∥x− y∥2 + r∥(I − T )x− (I − T )y∥2, ∀x, y ∈ C.

Let u ∈ C and sn ∈ (0, 1) for all n ∈ N. Define a mapping Un : C → C as follows:

Unx = snu+ (1− sn)Tx, ∀x ∈ C, n ∈ N.
Then the following hold:

(i) Un has a unique fixed point zn in C;
(ii) if sn → 0, then the sequence {zn} converges to PF (T )u, where PF (T ) is the

metric projection of H onto F (T ).

Proof. We first note from Lemma 2.2 that F (T ) is nonempty, closed and convex.
Then there exists the metric projection PF (T ) of H onto F (T ). For the proof of (i),
see [23]. However, for the sake of completeness, we give the proof as in the proof of
Theorem 5.3. For u ∈ C and sn ∈ (0, 1) for all n ∈ N, define a mapping Sn : C → C
as follows:

Snx = rx+ (1− r)
(
snu+ (1− sn)Tx

)
, ∀x ∈ C.

As in the proof of Theorem 5.3, from (5.7) we have that

1

(1− r)(1− sn)2
∥Snx− Sny∥2 −

rsn
(1− r)(1− sn)2

(∥x− Sny∥2 + ∥y − Snx∥2)

+

(
r2

(1− r)(1− sn)2
− 1− sn + r2(1 + sn)

(1− r)(1− sn)

)
∥x− y∥2

+
rsn

(1− r)(1− sn)2
(∥x− Snx∥2 + ∥y − Sny∥2) ≤ 0.

For this mapping Sn, we apply Theorem 4.1. We first have that

1

(1− r)(1− sn)2
− 2rsn

(1− r)(1− sn)2
+

r2

(1− r)(1− sn)2
− 1− sn + r2(1 + sn)

(1− r)(1− sn)

=
sn(1− r)(2− sn(1 + r))

(1− r)(1− sn)2
> 0.
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Furthermore, we have that

1

(1− r)(1− sn)2
− rsn

(1− r)(1− sn)2
+

rsn
(1− r)(1− sn)2

=
1

(1− r)(1− sn)2
> 0,

rsn
(1− r)(1− sn)2

≥ 0.

Thus Sn has a unique fixed point zn in C from Theorem 4.1. Since zn is a fixed
point of Sn, we have zn = rzn + (1 − r)(snu + (1 − sn)Tzn). From 1 − r ̸= 0, we
have that

zn = snu+ (1− sn)Tzn = Unzn.

To show that {zn} converges strongly to u0 = PF (T )u, we may show that each
subsequence {zni} of {zn} has a subsequence {znij} of {zni} such that znij → u0.
To show this, put vi = zni . Without loss of generality, we may assume that {vi}
converges weakly to v ∈ C. Let us show v ∈ F (T ). From sn → 0, we get that
zn − Tzn → 0. In fact, from

zn = Unzn = (1− sn)Tzn + snu,

we get
zn − Tzn = sn(u− Tzn).

Since {Tzn} is bounded, from sn → 0 we obtain that zn − Tzn → 0. Since vi =
zni ⇀ v, from Lemma 2.6 we get v = Tv. Using v ∈ F (T ), we show that {vi}
converges strongly to u0 = PF (T )u. Since vi is a fixed point of Uni , we get

vi = (1− sni)Tvi + sniu

and hence

(5.8) snivi + (1− sni)(vi − Tvi) = sniu.

From u0 ∈ F (T ) we also have that

(5.9) sniu0 + (1− sni)(u0 − Tu0) = sniu0.

Setting A = I − T , where I is the identity mapping, from (5.8) and (5.9) we obtain
that

sni⟨vi − u0, vi − u0⟩+ (1− sni)⟨Avi −Au0, vi − u0⟩
= sni⟨u− u0, vi − u0⟩.

We know from Lemma 2.4 that

⟨Avi −Au0, vi − u0⟩ ≥
1− r

2
∥Avi −Au0∥2.

Thus we get that
sni∥vi − u0∥2 ≤ sni⟨u− u0, vi − u0⟩.

Then we obtain that

∥vi − u0∥2 ≤ ⟨u− u0, vi − u0⟩
= ⟨u− u0, vi − v⟩+ ⟨u− u0, v − u0⟩.

From u0 = PF (T )u and v ∈ F (T ), we get that

⟨u− u0, v − u0⟩ ≤ 0.
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Using this inequality, we obtain that

∥vi − u0∥2 ≤ ⟨u− u0, vi − v⟩.

From vi ⇀ v, we get that vi → u0. �
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