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FORMALLY SELF-ADJOINT SCHERODINGER OPERATORS
WITH REAL MEASURABLE POTENTIAL

KIYOKO FURUYA

ABSTRACT. A Schrédinger operator, (not self-adjoint but) formally self-adjoint,
generates a (not unitary but) contraction semigroup. Our class of potentials U
in Schrédinger equation is wide enough : the real measurable potential U should
be locally essentially bounded except a closed set of measure zero.

1. INTRODUCTION

We shall construct a family of unique solutions to the Schrédinger equation in
RN
72

(1.1) h%u(t,az) %Au(t z) —iU(x)u(t,z), u(0,z) = ¢(x),

for U € L (RM\N;R) where N is a closed set of measure 0. For further informa-
tion, see (1.2) and (2.2). Here h and m are positive constants.

In the previous paper [4] we discussed this problem under the condition for
U € C(RN\WN;R") with the subdifferential of lower semicontinuous and convex
functional (see section 7).

Example 1.1. First we consider the movement of a classical particle with mass
m > 0 in the field of a (real) potential U:

mu”(t) = =U'(u(t)), u(0) = ug, v (0) = vo.
The energy E = 203 + U(uo) (which is constant) and the solution u satisfy

B = D) +Un). )=+ / B2 )

If U decreases rapidly enough, the particle vanishes in a finite time : limyy  [u(t)| =
oo for some to € (0,00). In fact, |u(t)| — oo as t — to for U(x) = —|z|™,n > 2.

Now we consider the wave function u corresponding to the classical particle above.
For such a potential U the existence probability |lu(t)||? of the particle described by
(1.1) may decrease : ||u(t)|| < [|u(0)|| for ¢ > 0. If a new particle comes from infinity
at two, the existence probability may be constant : ||u(t)|| = ||u(0)||. However the
movement of the new particle is not unique, and hence u(t) may not be unique.
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Remark 1.2. We define a sequence of functions {U, },en as follows:

n if  n<U(z),
(1.2) Up(x) = U(x) if —n<U(x)<n for meN.
-n if U(x) < —n

It is easily checked that Uy (z) = min {n, max{—n,U(z)}}. Then we shall approx-
imate the potential U by U,. The unique solution obtained by this approximation
seems to correspond to the case no particle comes from infinity in the example
above. This solution seems natural for the theory of path integrals. The physical
meaning of the solution by Nelson[11] is unclear to the author.

Definition 1.3. Let B be a densely defined operator on Hilbert space H. Then

(i) B is essentially self-adjoint if it has a unique self-adjoint extension, neces-
sarily its closure B,
(ii) B is formally self-adjoint if (B, ) = (¢, B1) for all ¢ and ¢ in H.

We consider a closed extension of (not necessarily essentially self-adjoint but)
formally self-adjoint operator iA = —(h?/2m)A + U on C$°(RV\N). Here C§°(E)
denote the set of all infinitely differentiable functions with compact support in E.
The semigroup of our solution family, which is obtained by the approximation (1.2),
is not necessarily a group of unitary operators but a semigroup of contractions. Our
result improves one of the Nelson [11]’s, which says the contraction semigroup of his
solution family exists (not for all but) for a. e. m > 0 and for any U € C(RN¥\Np; R),
where N is a closed subset of capacity 0. In these half a century, no essential
progress in this direction has been obtained as far as the author knows.

Remark 1.4. From a physical standpoint, we obtain the following conjecture :
The operator —iA = %A — U for U € C(RY;R) is essentially self-adjoint if and
only if t, = 0.

Our paper is organized in the following way: In Section 2, the fundamental
assumptions are made and a full statement of our main theorem is given. In Section
3, basic facts and preliminary properties are given. Section 4 deals with the general
theory for existence of weak limit of unitary group. Section 5 discusses our equation
with the subdifferential of lower semicontinuous and convex functional. Section 6 is
devoted to the proof of our main theorem. Previous results [4] are given in Section 7.

2. SCHRODINGER EQUATION

For simplicity we consider the following normalized equation :

(2.1) =u(t,z) = iAu(t, ) —iU(z)u(t, ), u(0,z) = p(x) for e HD(RN;C),

0
ot
where H® (RY;C) denote the Sobolev space of L>-functions with first and second
distributional derivatives also in L2 on RY to C.

If A —U is essentially self-adjoint, the operator family {T'(¢)} defined by T'(t)¢ =
u(t) is uniquely extended to a group of unitary operators from L2(RYM ;C) to
L*(RY;C). Let N be a fixed closed subset of RV of measure 0 and D = {D} be
the maximum family such that each element D ¢ D C RN¥\N is a finite union of
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connected bounded open sets. The family D = {D} satisfies Jpep D = RV\N.
We denote the restriction of f to D by f|p. We use the following notation

(2.2) o RMNN;R) = {f ‘ f(z) eR, z € RN, f|p € L™(D;R), VD € D}.

Let U € L° (RV\N;R). We assume for any neighbourhood of any point of A/, U

loc
is not essentially bounded. By this assumption, U uniquely determines A in the

following sense :

(2.3) N =[N, | U € L RM\N;R) .
Let
(2.4) Bn:{xERN’—n<U(x)<n} for neN.

We have B,,, D B,, for m > n and
(2.5) for any D € D, there exists B, such that D C D C B,,.

(Strictly speaking, D\B, is not necessarily empty, but a null set.) We denote
Up(z) = min {n, max{—n,U(z)}}. Thus U, € L®(RY;R). For U € L2 (RV\N;R)
we consider the approximative equation

d

(2.6) .

un(t) = Apun(t) where A, =i(A —U,).

In this case the operator —iA,, is essentially self-adjoint. Hence the semigroup
{T,(t)} generated by —iA, is the family of solutions to (2.6) and is a group of
unitary operators : ||Ty,(t)p|| = ||¢|| for t € R and ¢ € L*(RY;C).

The main theorem in this paper is the following :

Theorem 2.1. For any U € L (RN\N;R), there exists a closed extension of (i/A—

loc

iU)|cge v\ 0 L2(RN;C) to L?>(RN; C) which generates a unique contraction Co-
semigroup {T'(t) | t > 0} such that

(2.7) T(t)p = w- li_>m T, (t)e for all ¢ e L*RY;0),
where Ty, (t) is the solution to (2.6) and w-lim means the weak convergence.

For the proof of existence of {T'(t)}, we use an abstract theory of semigroups,
which will be give in the section 4. The proof of uniqueness is given in the section 6.2.

3. PRELIMINARIES

In this section we begin by introducing some terminology and notation and
present those aspects of the basic theory which are required in subsequent sections.
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3.1. Filter.

Definition 3.1. Given a set F, a partial ordering C can be defined on the powerset
P(E) by subset inclusion. Define a filter 7 on E as a subset of P(E) with the
following properties:
(i) 0 € F.(The empty set is not in F.)
(ii) If Ae F and B € F, then A(B € F. (F is closed under finite meets.)
(iii) If A€ F and A C B, then B € F. (Therefore E € F.)

Definition 3.2. Let B be a subset of P(E). B is called filter base on E if
(i) The intersection of any two sets of B contains a set of B,
(ii) B is non-empty and the empty set is not in 5.
Let X be a topological space.

Definition 3.3. U(z) is called the neighourhood filter at point x for X if U(x) is
the set of all topological neighbourhoods of the point z.

Definition 3.4. To say that filter base B converges to x, denoted B — z, means
that for every neighourhood U of z, there is a B € B such that B C U. In this case,
x is called a limit of B and B is called a convergent filter base

Lemma 3.5. For every neighourhood base U(z) of z, U(x) — x.
Lemma 3.6. X is a Hausdorff space if every filter base on X has at most one limit.

Definition 3.7. A filter F in a topological spacec is called ultra filter if which is
maximal, in the sense that every filter containing it coincides with it.

For details concerning the filter, we refer to Bourbak([1].
3.2. Compact open topology.

Definition 3.8. A linear topological space X is called a locally convex linear topo-
logical space, or, in short, a locally convex space, if its open sets > 0 contains a
convex, balanced and absorbing open set.

Let X and X’ be two linear spaces over the complex field C and a scalar product
(z,2') € Cfor x € X and 2/ € X’ be defined.

Definition 3.9. Let X be topological vector space. The weak topology on X,
denote by o(X, X’), is the weakest topology such that all elements of X’ remains
continuous.

Definition 3.10. The strong topology 3 of X’ is the topology of uniform conver-
gence on every o(X, X')-bounded set in X. X} denotes (X')g.

Definition 3.11. Let 79 be the locally convex topology on X, defined by the semi-
norm system P = {p, | py(f) = supgec, [(f,9)|, Cy € C}, where C = {C,} denotes
the family of the compact subsets of X’ﬁ. Equivalently, U,, = {U,}pecp, where
Up ={z € X | p(x) < 1}, is a fundamental system of 7o-neighbourhoods of zero.
is called the compact open topology.

In the case of Banach space J. Dieudonné has proved the following theorem.
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Theorem 3.12 (Dieudonné [2]). The bounded weak™ topology in a Banach space
is identical with the compact open topology.

We denote by X " the space of linear functionals bounded on every bounded set
in X},.
B

Proposition 3.13 (Komura and Furuya [9, Proposition 1]). Let X, be the com-
pletion of the space X,,. Then we have:

(Xp) € XpC X7

Lemma 3.14 (Komura and Furuya [9, Lemma 5]). Let 2” € X". 2" € X, if and
only if 2" is o(X', X)-continuous on every To-equi-continuous set {Ug|U, € Ur,}.
Here Uy 1s a polar set of Uy,.

Corollary 3.15. If X is a Banach space, we have X" = X ;.

4. EXISTENCE OF WEAK LIMIT OF UNITARY GROUPS IN ABSTRACT CASE

Let (H,]|| - ||), or simply H, denote a Hilbert space with norm || - ||. Instead of
the convergence of subsequences we use the convergence of filters. We consider an
infinite semi-ordered index set A = {a}. We assume that there exists an ultra-filter
® of infinite subsets of A satisfying

(4.1) Voe®, YVac A o' €d:ad = a.
In the following {®} denotes the family of ultra-filters whose element satisfies (4.1).

Remark 4.1. Note that we can use subsequences {oy,}72, instead of ultra-filters,
if H is separable.

Let a family {T5(t) | — 0o <t < c0}aea of groups of unitary operators in H be
given. Let A, denote the generator of {T,(t)} :

d
%Ta(t)(p = AaTa(t)% 12 € D(ACV)
Definition 4.2. For an ultra-filter ® satisfying (4.1), the operators (I — Ag)~! and

Ty (t) are defined as follows :

(4.2) (I —Ag) ' f =w- lim (I —A,)"f for VfeH,
acped
(4.3) To(t)p = w- aéidr)réé To(t)p for Yy eH.

In this section we shall show the existence of a semigroup {Te(t)} in (4.3). As is
well known, i4, is self-adjoint : (Ayp,v) = —(p, Au) for ¢, € D(A,), and the
resolvent (I — A,)~! is a contraction : ||(I — A,)~!|| < 1. Since a bounded subset
of H is relatively o(H, H)-compact, [[(I — Aa)"'¢|l < |lo]l and [Ta(t)e]l = llel,
there exist w-limaegpea (I — Aa) Lo and w-limpegeo Tu(t)p. Hence (I — Ag)~! and
T (t) are well defined. Note that Ag may be multi-valued. The following condition
implies Ag is single-valued, which will be verified later (See.Theorem 4.7).
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Condition 4.3. There exist a dense subspace Ho of H satisfying Ho C (,¢, D(4a)
and a linear operator Ag : Hg — H such that

(4.4) Vi € Ho, Ja() € A @ Agyp = Agp for Va = a(v).

By definition, (4.2) means
VfeH,Ve>0,VCs€C,Ape®: sup (I —As) 'f—(T—Ad) ' )| <e.

a€¢,QDECB
Lemma 4.4. For a fized f € H, put
(4.5) Pa=1—Aa)"f and o= (I—As)"'f.
Under the condition 4.3, we have
(a) Let
f=U—-A4y)¢ for ¢eH
then
= lim (I — A,)"'f.
o= lim ( ) f
(b) Let
_ _ -1 — . Ti
(4.6) Va=UT—Ay)"f and ¢ =w aélgglq) Doy
then
4.7 - lim A =A .
(4.7) w- lim Aapa = Aspe
Moreover if Ag is single-valued, it follows that
(4.8) Ho C D(Aq)), A<I>|’Ho = Ao
and
(4.9) (Ao, ¢) = —(p, Ag)  for Yy € D(Ae) and Vi € Ho.

Proof. Since f = (I — Ay)pq for any a € ¢ € @ such that a > a(p), we have
0o = (I—A,) "1 f. This implies (a). By the definition of Ag, we have pg € D(Ag).
Thus (4.8) is verified. (4.5) and (4.6) mean

(4.10) e — Appe = f, Yo — Aapa=f and pe=w- lim ¢p,.
acped

Therefore (4.7) follows from Aqq = Yo — f —= 0o — f = Apps by (4.10). At last
we shall show (4.9). Note that ¢ € D(Agp) means
df € H:pq—Aova=f ¢=w- lim ¢,.
acped
Since Ay = Ag for o = (1)) such that o € ¢ € @, we have

<[£2¢a?¢» ::__<@aaf4a¢» ::__<waaf40¢» __+<_<@7140w>a v¢}€ 7{0

From Definition 4.2 and Lemma 4.4 we obtain the following proposition:
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Proposition 4.5. Under the condition 4.3, the range of (I — Ag)~! : R((I —
Ag) 1) = (I — Ap)'H is dense in H.

We cite Theorem 9 in [9] as Theorem 4.6. Let X be a reflexive Banach space and
{Ts(t)}aca be a family of contraction Cp-semigroups in X.
Theorem 4.6 (Komura and Furuya [9, Theorem 9]). Suppose for some filter ®

(4.11) Ve X, Jpp =w- lim (I —A,)" f.
acped

Thus the operator (I — Ag)~" is defined. If the range R((I — Agp)~1) is dense in X,
Ag is a densely defined closed operator and generates a semigroup {Te(t)} :

(4.12) w- lim T,(t)r =Te(t)x, for Vre X.
acped

Moreover, we have {Tg(t)} is a contraction Co-semigroup in X .
Theorem 4.7. Under condition 4.3, Ag is a closed operator and generates a con-
traction Cy-semigroup {Te(t)}.

Proof. Since the range R((I — Ag)~!) is dense in H by Proposition 4.5, our Theorm
follows from Theorem 4.6. O

5. APPROXIMATIONS

5.1. Approximation by bounded domains. Let D = {D} be the maximum
family such that each element D C D C RM\N is a finite union of connected
bounded open sets. For D € D, L?(D;C) denotes the L?-space on D to C and
HMW(D; C) denotes the Sobolev space of L-functions with first distributional deriva-
tives also in L2 on D to C. H® (D;C) denote the Sobolev space of L?-functions with
first and second distributional derivatives also in L? on D to C with norm || - ||(2).
H{Y(D; C) is defined as the closure in HV(D;C) of C*(D; C). For U € L¥(D;R),
the functional WP () = 1[|(=A)2¢||2 + 1[|VU + Ce||? is lower semicontinuous
and convex, where C' = max{0, —ess inf U}. The domain of ¥ is HM(D;C).

Definition 5.1. We denote by \Ilg) if the domain of WP is restricted to the closure
of C°(D;C) : D(WP) = HY(D; ).

Definition 5.2. Let ¥ : H —] — 0co,+00] be a propery convex function. The
subdifferential of W is the (possibly multivalued) operator OV : H — H defined by

0V(z) ={we H;¥(z) — V(v) < (w,z—v), Yv € H}.
Since
~9UP =2 -U-C and DOVY)=H"(D;C)(H?(D;0),
the equation in L?(D;C) with Dirichlet condition is written as
d , .
(5.1) ﬁup(t) = —idUE (up(t)) (=i(A—=U-C)up(t)) and up(0)= .

If the boundary D of D is smooth, the normal derivative d, is defined on 0D, and
we have

—0UP = A~ U - C where D(@UP)={pec HP(D;C) | duplop = 0}.
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Hence the equation in L?(D;C) with (generalized) Neumann condition is written
as

(5.2) %uD(t) = —i0UP (up(t)) and up(0) = .

The semigroup {Tp(t)}, Tp(t)e = e *“tup(t), of solution family to (5.1) or (5.2) is
a group of unitary operators, respectively. We define an order in D as follows :

(5.3) Da,Dg €D: Dy~ Dg < D, C Dg.

We consider an ultra-filter ® = {¢} whose element ¢ consists of infinite subsets of
D satisfying (4.1) for A = D in the next section :

lim D= [J D=RM\W.

Deged
¢ Deg¢ed

Proposition 5.3. We define an operator T (t) for Tp(t) associated with (5.1) or
(5.2) by

5.4) Tp(t)p =w- lim Tp(t (: - Tt> Vo € L2(RY: C).
(5-4) To(t)p =w- lim Tpt)p(=70- lim Tp(t)p) for Vee L )
Then {Ts(t)} is a contraction semigroup.

The proof is given in the next section.

5.2. More general approximation {U, }mnen. For an approximation of U
more general than (1.2) :

m if m < U(z),
(5.5) Unp(z) = U(z) if —n < U(z) <m, for m,n eN.
-n if Ux) < —n,

the result is almost the same as the case of approximation {U, }nen.

Theorem 5.4 (Furuya [4, Theorem 9]). For any U € L=¥(RVN\N;R), there exists a
closed extension of i(A—U)|ceo v\ arc) 0 L*(RY;C) to L2(RY; C) which generates
a contraction Cy-semigroup {T'(t) |t > 0} such that
(5.6) T(t)p =w - lim Tmm(t)(p(: 0- lim Tm,n(t)g;) for Yo e LXRY;C),
n—00 m,n— 00

where Ty, (t)g is the solution to

d :
(5.7) %umn(t) = Amntmn(t), umn(0) =¢ where App=1i(A—Unny)
and w-lim means the weak convergence.

In this paper, for simplicity we discuss the case of {U, }nen.

Example 5.5. We shall show (2.7) and (5.4) give different solutions in a certain
case. We consider the one-dimensional case : N = 1. Let U(x) = |z|~'/3. In this
case, A —U is essentially self-adjoint, hence, the resolvent of A,, converges to that of
the minimal closed extension A of (iA — iU )o@\ and A =i(A —U) generates
a unitary group {7'(¢)}. Fix an initial data ¢, with supp ¢ C (0,00). We have
T(t)¢l(=00,0) # 0 for ¢ > 0 in general.
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On the other hand, N' = {0}. We may assume ® consists of subsets of D =
{D(r) = (o0, —r)J(r,00) | r > 0}. The solution up(ry to (5.1) satisfies Dirichlet
condition : wup(,(t,7) = 0 for all + > 0. Moreover upqy(t,z) = 0 for all x €
(=00, =7). up()(t) converges to the solution ug(t) satisfying ue(t,0) = 0 for all
x € (—00,0]. Thus we have

T(t) # - Jim, To(t)s

6. WEAK LIMIT OF UNITARY GROUPS

6.1. Existence in L? case. In this section we shall show the existence of a semi-
group {T}*} in (4.3).
Theorem 6.1. For each approzimation {A,}, {Ap} or {Amn}, the limit To(t) =

limg exp(tAy), limg exp(tAp) or limg exp(tAy, ) exists and {To(t)} is a contrac-
tion Co-semigroup. Here Ap = 0®F in (5.1) or 0P in (5.2).

Lemma 6.2. Condition 1 is satisfied for Ho = C5°(RN\W; C).

Proof. We have for any v € C5°(RM\N), there exists D € D and B, such that
supp ¢ C D C B,,, where By, is defined in (2.4), and if supp ¥ C D C By, then
we have Uptp = Uy and A,y = Aptp for all n > m. Thus for the case of {4,}
Condition 1 is satisfied for «(1) = m. For the case of {Ap} and {A,, }, the proof
is the same. O

We consider an ultra-filter D; = {0} by the order (5.3) whose element ¢ consists
of infinite subsets of D. D; satisfies (4.1) and

(6.1) lim D= |J) D=RM\W.

DedeD
! DeédeDy

Lemma 6.3. Let pg = w-limyepea(I— Ap) 7L f for f € L2(RY;C). Then on any
fixed D € D, the filter {om ‘ om = (I — Ap)~Lf,m € ¢ € ®} strongly converges to
po on D, that is,

(6.2) VD eD, Ve>0, dJped: H(g)@ — gpm)’DH <e forall mep,
and the filter {ps|p ’ D € Dy} strongly converges to ¢g, that is,
(6.3) Ve >0, 3D € D such that ||po — goq,‘DH <e.

Proof. (6.3) is trivial. We shall show (6.2). By (2.5) we have 3B; : D C B;. (For
the definition of By, see (2.4)). Note that for [ <m if D C B; and D C By, then

(6.4) (I = Am)p)(x) = (I — A)p)(z) for VzeD.
In fact, for ¢ € D(A4;), the relation supp ¢ C D C B; C By, implies U; = U,,, on D,
that is, A; = A, on D. O

Hence for m > [, we have

L/WﬂM%Msz/KFAM%MWMS/!Uﬂ%MMM%mﬂﬂ?
D D R

N



1012 KIYOKO FURUYA

That is, {¢m|p | m € ¢} is contained in a bounded subset of HARN.C)|p =
{¢lp ! p € H(2)(]RN;C)}, since two norms || - [[(2) and | - [|; = [[({ — A7
are equivalent on H®(RY;C)|p. A closed bounded subset of H®(RN;C)|p is a
compact subset of L?(D;C), since D is bounded in R". Since the filter {¢p|p | m €
¢ € ®} is weakly convergent in L?(D;C), it is strongly convergent in L?(D;C).

Proposition 6.4. Let A = Ag with domain D(A) = ¥ (RM\N;C). Then A is a

loc
closed operator from L (RM\N;C) to L2 (RNM\N;C).

Proof. Proof follows from Lemma 6.3. U

Proof of Theorem 6.1. From Lemma 6.2, Proposition 6.4 and Theorem 4.7 we obtain
Thorem 6.1. O

6.2. Uniqueness of T (t). In this subsection we shall show the uniqueness of T (t)
in (4.3) for the approximative equation (2.6).

Let @ = {¢ = {ng} ‘ ni € N} be an ultra-filter of subsequences of natural
numbers.

Theorem 6.5. Ty(t), defined in (4.3) , is independ of the choice of ® for the
approzimation Uy (z) = min{n, max{—n,U(z)}}.

Proof. From Theorem 4.7 it is sufficient to show the generator Ag is independent
of ®. We make the following Assumption:

Assumption 6.6. Ag, # Ag, for two ultra-filters ®; and ® with ®1#P,.

In the following we shall show that Assumption 6.6 implies a contradiction.
We shall begin with several Lemmas.

Lemma 6.7. Suppose T, (t) # To,(t). There exists g9 € CP(RN\N;C) which

satisfies

d
(6.5) Jt1 > 0,3co >0 such that £||Tq>1(t)cpo — Ta, (t)pol| . > cp.

=l1

Proof. If Ty, (t)p = Ta,(t)p for Vo € C(RN\N;C), we have Ty, (t) = To,(t),
since C§°(RM\N; C) is dense in L*(RY; C). Thus there exisits o € C§°(RV\N; C)
such that Ty, (t)po # Ta,(t)po for some t > 0. Since pg € CF(RN\N;C) C
D(As,) N D(As,), %T%(t)cpo and %T%(t)goo are continuous in ¢, and hence
%HTq)l(t)cpo — T, (t)po]| is continuous in ¢. Thus there exists ¢ty > 0 such that

to d
(6.6) 0 < [|Ta, (to)po — Ta,(to)wol = /0 @!\T%(t)wo — Ta, (t)pol|dt.

If % |Tq>1 (t)(po —Tcp2 (t)gooH S 0 fOI‘ Vit (S [0, to], we have HTcpl (to)(po —T<p2 (to)gO()” S 0.
This is cotradiction to (6.6) and (6.5) is verified. O

Put ¢1 = T, (t1)po and w2 = T, (t1)po. (6.5) means

d
(6.7) T, (o1 — Taa(Oall],_g = c0 > 0.
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Note that @1 € D(Ag,) and 2 € D(Ag,).

Case 1. In the case that @3 € D(Ag,). This means %T‘I’l(t)W?’t:o exists, where

% denotes the right derivative:

d* (ft+h)— f(2))

)= im Y :
We have

d+
(6.8) T, (D1 = Ta, (D2ll|_ <0,
or equivalently,
dr
(6.9) Re“r (T, ()02 = T, (D100 — 1)
1 dr

= 5= To (01 = To, (2| _ <0,

since Ty, (t) is a contraction. In fact,

”T<I>1 (h) (T<1>1 (t)(Pl - T¢’1 (t)QO?) ” < HTCI’l (t)(pl - T<I>1 (t)SOQH for Vh > 0,
implies
1
Lo, ¢+ h)gr — Ty (-4 B)gall = Ty (D1 — T, (0all) <O for ¥ >0

From this the relation (6.12) follows. Note that the left hand of (6.8) exists since
%Tq)l(t)golhzo and %an(t)%@?‘t:o exist for @1, 2 € D(Ag,). We have

T3, (h)p2 — To,(h)p2|l — lle2 — w2l + | Te, (R)p1 — Te, (h)p2|l — lle1 — w2l
> || Te, (h)p1 — To, (h)p2l — lle1 — w2

Hence
dr dr
1T ()2 — To, (H)p2ll|,_o + 172 ()1 = T, (H)¢2ll,_,
d+
= dt ||T‘1>1( ) $1 - T‘I>2(t)902H‘t:0‘
We have by (6.7) and (6.8)
d+
EHTCIH (t) $2 — T‘Pz(t)@?”‘tzo
d+ d+
2 I To ()1 — Ta, ®)eall|,_o — 2 1To (1 — T, (t)p2ll|,_y > 0
Hence
dr
(610)  Re((As, — s, )2, 02) = Re’ (T, (6) — Tay (D) noi00)|_

1d*

_ e - 2
= 5 (T, (8) = To, ()a]?| _ > 0.
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Thus we have Ag,p2 # As,pa. Since C§°(RN\N;C) is dense in L?(RY; C), there
exists ¢ € O (RN\N; C) such that

(A, — Aw,)p2, 1) # 0.

Nevertheless, from (6.11) of lemma 6.8 we obtain that

((Ag, — Ap) )2, 1) = (2, ("As, — A, )1b) = — (2, (Ao — Ag)1h) = 0.

This is a contradiction.

Lemma 6.8. Let Ag = A|geemm\arc) (see Condition 1). We have

(6.11) Ao = ~"Aa e @vvie) = — Ass oo @viwvie)-

Proof. Proof follows from (4.9) by Lemma 6.2. O
Corollary 6.9. Let f € L2(RY;C) and ¢ € CRN\N;C). Then (To,(t)f, ) is
differentiable in t > 0 :

d

dat <T‘I>2 (t)f7 ZZ)) = <T¢‘2 (t)A‘I)2 8 1/}> = <f7 t(T‘I)z (t)tA¢2)¢> = _<fa tT‘I’z (t)A0¢>

Case 2. In the case that @3 ¢ D(Ag,).
This means

(612 el = Jim [ [Asy gl = o,

since w2 € D(Ag,) C Hl(fc)(RN\N; C) and Ag,p2 = Aop2 € L2 (RN\N;C) by
Proposition 6.4.

Lemma 6.10. There exists 6 > 0 such that
d
(613) 0< R6£<Tq>2 (t)gOz - Tq)l(t)@l, ¢> ’t:O )
if lo2 — o1 — || < 6 and ¢ € CP(RN\N;C).
Proof. Let § satisfy
collp2 — |

0<d< .
2”A‘1>2Q02 - Aq)l 901”

From Lemma 6.7 we have

1d
collp2 — w1 < §%|!T¢>1(t)801 — T, (t)2l?],_,
d
= R6£<Tq>2 (t)()o2 - T‘bl (t)ng, Y2 — ()01> ‘t:O
< Re(Ag, 02 — Aa,p1,9) + [Re(Ag, 02 — Aa, 01, 02 — 01 — )]

< Re(Ag, 02 — Aa 01, 9) + [[Aa,p2 — A 01| - |lo2 — 01 — ¢

1 .
< Re(Ap, 02 — Av,01,7) + §Co||802 =1, if g2 =1 =Y <.
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Thus we obtain that
1
0 < Saollpz — el < Re{Aap2 — Aayp1,9).
O

Lemma 6.11. Let 0 be in Lemma 6.10. Then there exists 1 € D(Agp,) with
llp2 — 1 — Y]] < 0, such that

d
(614) R67<Tq>1 (t)QDQ - T‘I?‘l(t)gplv ¢1>’t:0 = R6<A¢‘1S02 - A<1>1§01, 17[)1> < 07

dt
where
T, (H)p2 — Ton (o1, 1) = (62— o1, T, () (z (o2 — o, iy <t>w1>>
dt 1 ! ’ dt ’ ! " dt ! ’

Proof. We recall ||Ag,p2|]| = oo (see (6.12)). That is, for any L > 0 and ¢ in
Lemma 6.10, there exists 1. € C5°(RY\N; C) such that [{Ag, p2 — As, p1,%e)| > L
and |[1.|| < §/2. Therfore (Agp, 2 — Ag, 1, €?%.) < —L for some real 6.
For 1y € C§°(RN\N; C) satisfying ||p2 — 1 — 0| < §/2, put
L :=[(Ag,(p2 = ¢1), %)l
For 11 = 1o + €4 we have ||y — @1 — ¢1| < §. Hence by Lemma 6.10
Re(Ag,pa — A, p1,91) = Re(As 02 — As, 1,900 + €092

< [{Ag, 02 — Aa,p1,%0)| + (Ap, 02 — A, 01, €71)c)

<L-L=0.
0
Lemma 6.12. For ¢, € C°(RNY\W;C) in Lemma 6.11 we have
d
(6‘15) Rea«T‘I’Q (t) —Tg, (t))9027 ¢1>‘t:0 >0,
where %((T% (t) = To, (1)) p2,91) = %(@27 (tbez (t) — tT(I)l(t)) Y1)
Proof. By using (6.13) and (6.14) we get
d d
0< Rea@% (t)p2 — Ta, (t)e1,91)|,_y + Re&@% (t)p1 — To, ()02, 1),
d
= R€%<T<I>2 (t)p2 — Ta, ()2, 91)],_q-
Il

On the other hand, from Lemma 6.8 and Corollary 6.9 it follows that

d
£<T<I>2 (t)p2 = Ta, (t)p2,P1)|,_y = Relpa, ("Aa, —Ap, )¢1)
= R6<QOQ, (A() — A0)¢1> =0.

This is a contradiction to (6.15). Thus in both cases we get a contradiction and the
proof of Theorem 6.5 is complete. O

Proof of Theorem 2.1. Now Theorem 2.1 follows from Theorem 4.7 and Theorem
6.5, since the weak topology is equal to 79 on a bounded set of L?. O

Re
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7. PREVIOUS RESULT

Note that for U € C(RV\N,RY), RT = {z € R: x > 0}, the functional ¥(yp) =
HIV|? + 3 IVU|? is lower semicontinuous and convex. The subdifferential O¥ of
U is a self-adjoint positive operator. (In this case OV is single-valued.) Our previous
result is that:

Theorem 7.1 (Furuya [4, Theorem 6)). If a function U € C(RN\N;RT) then the
Schriodinger equation
d
—u
dt
has a unique solution. The operator family {T'(t)} defined by T(t)p = u(t) is
uniquely extended to a group of unitary operators {T'(t)}.

(t) = =0V (u(t)) (=4i(A—U)u(t)) and u(0)=¢ € D(OV)

In this case {T,,(t)p} defined by (2.6) weakly converges to {T'(t)¢} and
lell = lim (| To(t)ell = [| lim T (@)ell = [T@)ell = llell;

hence lim ||T'(¢) ]| = || limy,— 00 Th(t) || and {T5,(t)¢} strongly converges to {T'(t)p}.
Note that D(¥) = {¢ € L*(RY;C) | ¥(y) < oo}, effective domain of ¥, is a Hilbert

space with respect to the norm ||| = /U (p).
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