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APPROXIMATING FIXED POINTS IN THE HILBERT BALL

EVA KOPECKA AND SIMEON REICH

ABSTRACT. We establish a strong convergence theorem for an iterative algorithm
that approximates fixed points of those self-mappings of the Hilbert ball which are
nonexpansive with respect to the hyperbolic metric. We also prove an analogous
strong convergence theorem regarding the behavior of approximating curves.

1. INTRODUCTION

Our main purpose in this note is to establish a strong convergence theorem (see
Theorem 3.1 below) for an iterative procedure which approximates fixed points
of those self-mappings of the Hilbert ball B which are nonexpansive (that is, 1-
Lipschitz) with respect to the hyperbolic metric p. This result improves upon a
theorem [7, Theorem 4.1] we established a few years ago. It provides, in particular,
positive answers to two questions raised on page 366 of [7]. We also prove an anal-
ogous strong convergence theorem (see Theorem 4.1 below) regarding the behavior
of approximating curves. This result improves upon [8, Theorem 3.12] and solves
an open problem that was left open on page 3193 of [8]. Our theorems may be
considered Hilbert ball analogues of the Hilbert space theorems in [11] and [18].
Other such analogues are presented in [10].

In the next section we recall several relevant properties of the hyperbolic metric
p:BxB — Rt and of p-nonexpansive (in particular, holomorphic) self-mappings
of B. In the third section we state and prove our main result. In the fourth and
last section we establish our strong convergence theorem for approximating curves.

2. THE HYPERBOLIC METRIC

In this section we collect several pertinent properties of the hyperbolic metric p on
the Hilbert ball B [4]. For more recent results concerning (B, p) and p-nonexpansive
mappings see, for example, [1, Section 9], [5], [6, Theorem 2.10], [7], [10], [9] and
[15].

Let (H,(-,-)) be a complex Hilbert space with inner product (-,-) and induced
norm |- |, and let B := {z € H : |z| < 1} be its open unit ball. We denote the sets
of natural numbers, the real line, the interval [0,00) and the complex plane by N,
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R, RT and C, respectively. The hyperbolic metric p : B x B — RT [4, page 98] is
defined by

N

(2.1) plz,y) = argtanh(l — O'(:L’,y)) ,

where

— 12121 — [ul2
(22) I e (U )

1= (z,p))>
This metric is the infinite-dimensional analogue of the Poincaré metric on the open
unit disk A := {z € C: |z] < 1}. We let B(a,r) := {x € B : p(a,z) < r} stand
for the p-ball of center a and radius r. A subset of B is called p-bounded if it is
contained in a p-ball. We say that a mapping e : R — B is a metric embedding of
the real line R into B if p(e(s),e(t)) = |s — t| for all real s and ¢. The image of
R under a metric embedding is called a metric line. The image of a real interval
[a,b] = {t € R : a <t < b} under such a mapping is called a metric segment.
It is known [4, page 102] that for any two distinct points x and y in B, there is
a unique metric line (also called a geodesic) which passes through = and y. This
metric line determines a unique metric segment joining x and y. For each 0 <¢ <1,
there is a unique point z on this metric segment such that p(z,z) = tp(z,y) and
p(z,y) = (1 —t)p(z,y). This point will be denoted by (1 — t)z @ ty.

The following inequality [4, page 104] shows that the metric space (B, p) is hy-
perbolic in the sense of [14].

xz,y €B.

Lemma 2.1. For any four points a,b,x and y in B, and any number t € [0,1],
(2.3) p(Il=thadtx, (1 -t)bdty) < (1 —1t)p(a,b) +tp(z,y).

Next, we mention another useful property of the hyperbolic metric.
Lemma 2.2. For any three points u,v,w € B and any number 0 <t <1,
(2.4) PPty @ (1 — thw,u) < tp*(v,u) + (1 —t)p*(w, u) — t(1 —t)p*(v, w).

This is Lemma 2.3 on page 315 of [17]. It shows that the hyperbolic metric p is
hyperbolically uniformly convex [14, page 541]. Since it also shows, in particular,
that the CN inequality (courbure négative) [3, page 63] holds in the Hilbert ball
(B, p), we see that (B, p) is a CAT(0) space [2, page 163].

Recall that the Mobius transformations of B [4, page 98] are biholomorphic map-
pings M, : B — B of the form

(2.5) Ma(2) = (V(1 = |a*)Qa + Pa)ma(2), z€B,

where a € B, P, is the orthogonal projection of H onto the one-dimensional subspace
spanned by a, Q, = I — P,, and m,(z) :== (2 + a)/(1 + (z,a)). Every Mobius
transformation is an automorphism of B and hence a p-isometry. As a matter of
fact, any automorphism of B is of the form U o M, for some unitary operator U on
H and a point a € B [4, Theorem 14.1].

To each x € B, we associate a Hilbert space H, the elements of which are denoted
by {[z,y] : y € B} [16, page 638]. Both the vector space structure and the inner



APPROXIMATING FIXED POINTS IN THE HILBERT BALL 821

product of H, are determined by the (surjective) mapping i : H, — H defined by

(2.6) i([z,y]) = (p(2,9)/IM-a(y)]) M=o (y)

when y # x and by i([z,y]) := 0 when y = x. In particular, the inner product in
H, is given by

__plzy)-pz,2) B
(27) <[$,y],[l‘,2]> - |M,I(y)\|M,I(z)]<M_I(y)’M_I( )>7

where y # x and z # x, and the norm of the element [z,y] € H, is p(x,y), that is,
\lz,y]|n, = p(x,y). The spaces H, and H,, where z,y € B, are isometric Hilbert
spaces via, for example, the isometry U, , : H, — H, defined by

(2.8) Upylz, 2] := [y, My(M_5(2))], =€ B.

The vector [z,y] € H, may be identified with the vector v in the tangent space at
x for which exp,(v) = y, where exp,, is the exponential map at x.
The following “law of cosines” is Lemma 2.2 on page 638 of [16].

Lemma 2.3. For any three points u,v,w € B,

(2.9) P (v,w) > p2(u,v) + p?(u,w) — 2 Re[u, v, [u, w).
Combining Lemmata 2.2 and 2.3, we obtain another useful inequality.

Lemma 2.4. For any three points u,v,w € B and any number 0 <t <1,

(2.10) p*(tv® (1 —t)w,u) < t2p2 (v, u) + (1 —1)?p*(w, u) +2t(1 —t)Re([u, v], [u, w]).
We may also rewrite the “law of cosines” as follows.

Lemma 2.5.

(2.11) |[w, v] = [u, w]|a, < p(v, w).

Now let K be a nonempty, p-closed and p-convex subset of B. We denote by Pk
the nearest point projection of B onto K defined by

Pr(p) ={po € K : p(p,po) < p(p,q) Vg€ K}, peB.

Lemma 2.6. For any point p € B, Px(p) is a singleton and the following inequality
holds for all q € K:

Re([Pk (p), pl, [Pk (p), q]) < 0.

Proof. A proof of the existence and uniqueness of the point Pk (p) can be found in
[4, page 108].

Next, recall [16, page 642] that a self-mapping T" of B is firmly nonexpansive (of
the first kind) [4, page 124] if and only if

Re{([Tz, Ty}, [T, 2]) + ([Ty, T}, [Ty,y])} <0

for all x,y € B. Since Pg : B — B is known to be firmly nonexpansive (of the
first kind) [4, page 124], we may take x = p € B and y = ¢ € K, and obtain that
Pgq = q and Re([Pk (p),pl; [Pk (p), q]) <0, as claimed. O
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Let {x,}52, be a p-bounded sequence in B, and let K be a nonempty, p-closed
and p-convex subset of B. Consider the functional g : B — [0, 00) defined by

g(z) = limsup p(z,,x), x € B.
n—oo

A point z in K is said to be an asymptotic center of the sequence {z,} 2, with
respect to K if g(z) = min{g(x) : = € K}. The minimum of g over K is called the
asymptotic radius of {x,}22 , with respect to K.

Proposition 2.7 ([4, page 116]). Every p-bounded sequence in (B, p) has a unique
asymptotic center with respect to any nonempty, p-closed and p-convex subset of B.

The asymptotic center of {x,}2°, with respect to K is denoted by A(K,{x,})
and its asymptotic radius by r(K,{z,}). If K = B we shall write A({z,}) and
r({zn}), respectively.

Lemma 2.8 ([4, page 116]). If {z,} C K, then A({z,}) = A(K,{z,}).

Proposition 2.9. [4, page 117] If a p-bounded sequence {x,}5>, converges weakly
to x, then v = A({zp}).

We say that a mapping T': K — K is p-nonexpansive (that is, 1-Lipschitz) if for
any two points x,y € K, the following inequality holds:

p(Tz, Ty) < p(z,y).
It is known that every holomorphic self-mapping of B is p-nonexpansive [4, page
118].
Let T : K — K be a p-nonexpansive mapping. We shall call a sequence {y, }7>, C
K an approximating sequence for T if lim, o0 p(Yn, Tyn) = 0.

Theorem 2.10 ([4, page 120]). Let T : K — K be a p-nonexpansive mapping. The
following statements are equivalent:
(a) T has a fized point;
(b) There exists a point x in K such that the sequence of iterates {T"x}°, is
p-bounded;
(c) The sequence of iterates {T"x}72  is p-bounded for each x in K;
(d) There exists a p-bounded approzimating sequence for T .

The asymptotic centers of the sequences in parts (b) and (d) are fized points of T.

We also need the following result concerning the structure of the fixed point set
of a p-nonexpansive mapping 7.

Theorem 2.11 ([4, page 120]). The fized point set of a p-nonexpansive mapping
T: K — K is p-closed and p-convex.

Finally, we recall a lemma [18] (see also [13, Theorem 1]) regarding a certain
recursive inequality.

Lemma 2.12. Let {3,}°2, and {b,} 2 be two real sequences satisfying the fol-
lowing conditions:

(i) {Butnzo € (0,1
b

(i) limsup,,_, . bn

] and Y207 Bn = 005
<0.
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Let {a,}5°, be a sequence of non-negative real numbers such that
An+1 < (1 - /Bn)an + /Bnbnu n > 0.

Then lim,,_,s a, = 0.

3. AN ITERATIVE ALGORITHM

In this section we study an iterative procedure for approximating fixed points
of p-nonexpansive self-mappings of B. In particular, we state and prove our main
result (Theorem 3.1 below). It is a strong convergence theorem for this algorithm.

Let a sequence {ay,}02, C (0, 1) satisfy the following three conditions:

(3.1) lim o, =0;

n—oo
oo

(3.2) Z ay, = 00;
n=0

o
(3.3) either Z lop+1 — ap| <00 or nh_)ngo ap—1/c, = 1.

n=0

Given a p-nonexpansive mapping 71" of B, a holomorphic mapping f : B — oB,
where 0 < a < 1, and a point zy € B, we consider the sequence {z,}7°, defined by
the recursion

(3.4) Tnt1 = anf(xn) ® (1 —ap)Tx,, n=0,1,2,....

Let F = F(T) = {x € B: 2 = Tz} denote the fixed point set of a self-mapping
T of B.

Theorem 3.1. Let (B, p) be the Hilbert ball equipped with the hyperbolic metric
p:BxB — R" and let T : B — B be a p-nonexpansive mapping with a fized
point. Let f : B — aB be holomorphic, where 0 < a < 1, and let the sequence
{an}sey C (0,1) satisfy (3.1), (3.2) and (3.3). Then, given an arbitrary point
zo € B, the sequence {x,}02, generated by algorithm (3.4) converges in norm to
v € B, the unique solution of the equation z = Pr(f(z2)), where Prp : B — F is the
nearest point projection of B onto the nonempty fized point set F = F(T) of T

Proof. The equation z = Pp(f(z)) has indeed a unique solution v € B because the
holomorphic mapping f : B — oB is a strict p-contraction [7, Lemma 2.4], the
nearest point mapping Pr : B — F' is p-nonexpansive [4, Theorem 19.2] and the
metric space (B, p) is complete.

We divide the proof into four steps.

Step 1. The sequences {zy}22, and {T'z,}5°, are p-bounded.
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Given a point y € B and a subset S of B, let h(y,S) := sup{p(y,s) : s € S}.
Now fix a point z € F and set M := max{p(zg,z), h(x, f(B))}. Assuming that
p(zn,x) < M, we have, by Lemma 2.1,

p(@nt1,2) = planf(@n) ® (1 — an)Tan, )
< anp(f(n), 2) + (1 — an)p(Tn, x)
< anp(f(zn),2) + (1 = an)p(zn, )

Hence p(Tzp,x) < p(xn,z) < M for all n € N, as claimed.
Step 2. limy, 00 p(Zp41, Tn) = 0.

For each n € N, consider the metric segment [f(z,—1),Tx,—1] as the metric
embedding of the real interval [s,t] under e : R — B. Namely, e(s) = f(z,—1) and
e(t) = TJJn,l.

By Step 1, we know that there is a number C € R such that p(z,,z,_1) < C
and h(Tx,, f(B)) < C for all n € N. We also know [7, Lemma 2.4] that the
holomorphic mapping f : B — aB is a strict p-contraction with a p-Lipschitz
constant a. Therefore we have

P(Tni1,Tn) = planf(wn) © (1 — an)Ton, an-1f(xn-1) (1 — an_1)Trn 1)
< planf(zn) ® (1 — an) Ty, an f(2n-1) & (1 — an)Tzn-1)
+planf(rn-1) © (1 —an)Tzn 1,00 1f(n-1) © (1 — an_1)TTn1)
< anp(f(zn), f(@n-1)) + (1 — o) p(Txp, Trn-1)
+ ple(ans + (1 — ap)t), e(ap—15 + (1 — ap—1)t))
< anap(Tp, n-1) + (1 — ap)p(xn, Tn—1) + |an — an—1||s — t|
= (1= (1 = a)an)p(®n, Tn-1) + an — an—1|p(f(@n-1), TTn-1)
<(1—=(1=a)an)p(zn, xp—1) + Clan — ap—1|.

Thus, if lim, oo @p—1/an = 1, then we can at this point apply Lemma 2.12 to

conclude that lim, o p(Zp41,2,) = 0, as claimed.
When Y >° ) |ant1 — o | < 00, we first fix 1 < k < n. We then have

p(ang1,2n) SC T = (1= a)ai) + CD i — aial.
i=k i=k

Since [[;24(1 — (1 — @)a;) = 0 for each k > 1, letting n — oo, we get
oo
Hm sup p(zn11,20) < C Y o — a1

Letting k — oo, we now see that in this case too we have lim, 00 p(Znt1,Zyn) = 0,
as claimed.

Step 3. limsup,,_,. Re([v, f(v)], [v, Tz,]) < 0.
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By Step 1, the real sequence {Re([v, f(v)], [v, Txn])}22, is bounded; hence its
upper limit is finite. Clearly, there is a subsequence {2}, of {z,}02,, 2k =
Zn,, k > 1, so that, defining

Ck = Re([’u, f(v)L [v’ Tzk]>v
we have

lim sup Re([v, f(v)], [v, Txy]) = kli_)m C-

n—oo
Since {z,}72 is p-bounded by Step 1, we may assume, without any loss of gen-
erality, that zy — T as k — oo for some Z € B, where — denotes weak convergence.
Then, by Proposition 2.9,  is the asymptotic center of {2z;}72 ;. Next we show that
{z1}32, is an approximating sequence for T'. Indeed,

p(zka Tzk:) = P(xnkaTxnk) < p(mnmxnk—&—l) + P(mnk—&-la T.Tnk)
By Step 2, limy_yo0 p(Tnj+1,Zn,) = 0. Also, using the definition of our algorithm
and the properties of metric segments, we see that

P(Tng+1, Tny) = plamy f(zn,) © (1 — an, ) Twn,, Tey,)

= an, p(f (wny), Tom,),

and since, by Step 1, the real sequence {p(f(xn, ), Txn,)}32, is bounded, it follows
that

(3.5) lim p(zg, Tz) = 0.
k—o0

Thus {z;}72, is indeed an approximating sequence for 7' and applying Theorem
2.10, we conclude that its asymptotic center Z is a fixed point of T'. Namely, z € F'.
From (3.5) it also follows that 2z — Tz — 0 as k — oo [4, page 91]. Hence Tz, — T
as k — oo.

Using the definition of the inner product in the tangent Hilbert space, we see
that without loss of generality we may write

ek = Re(i([v, f(0)]), i([v, Tz]))

= Re(i([v, f(v)]), m

If = v, then using the weak continuity of the M&bius transformation M_, [4, page
116], we have

va(Tzk»

Re(i([v, f(v)]), M—o(T21)) = 0

as k — oco. By Step 1, the real sequence {p(v,Tz;)}?°, is bounded and so, if the
real sequence {1/(|M_,(Tz)|)}72, is also bounded, then limy_, ¢ = 0.

Assume there exists a subsequence {M_,(Tz,)};2, that tends to the origin as
I — oo. Applying M,, we get Tz, — M,(0) = v as | — oo. Hence in this
case p(v, Tz,) — 0 as | — oo, the subsequence {(M_,(T'zy,))/(|M—o(Tz,)]) }12, is
obviously bounded, and once again we have lim;_,, ¢, = 0.

Assume now that Z # v. In this case we see that

¢k = ay - by,
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where
ay ‘= ’M—U(f)’ . ,O(U,Tzk)
o op(v,z) [ Moy(Tz)
and )
L ) plv, &
bk T Re@([va f(?))]), MM_U(TZk».

Combining the weak continuity of the Mdobius transformation M_, with Lemma
2.6, we see that

klggo by, = Re([v, f(v)], [v, Z]) < 0.

As for the sequence {ay}32,, it is clearly non-negative.

We claim that it is also bounded. To see this, we need to make sure that the
sequence { M_,(Tz)}72 , is bounded away from the origin. As before, assume to the
contrary that there exists a subsequence {M_,(Tzy,)};°, which tends to the origin
as [ — oo. Applying M, we get Tz, — M,(0) = v as | — oo and so T = v. This,
however, contradicts our assumption that z # v, and so we see that the sequence
{ar}32, is indeed bounded. We conclude that limy_, ¢ <0, as claimed.

Step 4. lim,, 00 p(v, 25,) = 0.

Using Lemmata 2.2 — 2.5, we see that
PP (€n41,0) = p*(an f(zn) ® (1 = @) Ty, 0)

< anPQ(f(l‘n)’ v) + (1 - O‘n)p2(Ta7na v) —an(l — an)p2(f(a7n)v Tzy)

< aiP2(f(xn)’ v)+(1— an)2P2(Txm v)

+ 20, (1 — an)Re([v, f(zn)], [v, Txy))

< (L= an)?p?(wn, 0) + e p?(f(0),0)

+ 20, (1 — ap)Re([v, f(zy), [v, Txy))

=(1- an)zﬁ’Z(fEm v) + ozipz(f(xn), v)

+ 20 (1 — an)Re([v, f(zn] = [v, f (V)] [v, Tzn])

+ 20, (1 — ap)Re([v, fF(0)], [v, Txy])

< (1= an)?p?(xn, 0) + A p*(f (), 0)

+ 20 (1 = an)p(f (2n), f(0))p(v, Tizp)

+ 20, (1 — ap)Re([v, f(0)], [v, Txy])

<[(1- QN>2 + 2an(1 — O‘n)a]PQ(xnv v)

+ g’ (fn), v) + 200 (1 — an)Re([v, f(v)], [v, Tn)).
Setting B, := an(2 — ap, — 2a + 2a,0), we see that

P*(@n41,0) < (1= Bn)p*(@n, v) + Bubn,

where, by Step 3, limsup,, , ., b, < 0. Therefore we can at this point invoke Lemma
2.12 and conclude that lim,_,~ p(v,z,) = 0, as claimed.
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Hence the sequence {z,} 2, converges in norm to v [4, page 91], as asserted.
This completes the proof of Theorem 3.1. O

This theorem improves upon [7, Theorem 4.1] and provides positive answers to
two questions raised on page 366 of [7]: the mapping f : B — aB is no longer
assumed to be compact and the assumptions imposed on the parameter sequence
{an}52, are weaker than those in [7]. When f is a constant we obtain [15, Theorem
3.1]. Related results, established by employing other methods, can be found in [12].

4. APPROXIMATING CURVES

Given a p-nonexpansive self-mapping T" of B, a holomorphic mapping f : B — aB,
where 0 < o < 1, and a number 0 < ¢t < 1, we define the point z; € B as the unique
fixed point of the strict p-contraction S : B — B defined by

(4.1) Se:=tf(x)®(1—-t)Tz, x€B.

Note that S is indeed a strict p-contraction by Lemmata 2.4 and 2.5 in [7]. It has
a (unique) fixed point because the metric space (B, p) is complete. In other words,

(42) Zt = tf(Zt) D (1 — t)TZt, 0<t<l.

In this section we prove the following strong convergence theorem regarding the
behavior of the approzimating curve {z; : 0 <t < 1}.

Theorem 4.1. Let (B, p) be the Hilbert ball equipped with the hyperbolic metric
p:BxB — RT and let T : B — B be p-nonexpansive. Let f : B — oB be
holomorphic, where 0 < ao < 1, and let z;, 0 <t < 1, be defined by (4.2). If T has
a fized point, then the strong lim, o+ 2; = v, the unique solution of the equation
z = Pp(f(z)), where Pr : B — F is the nearest point projection of B onto the
nonempty fized point set F = F(T) of T.

Proof. Using Lemmata 2.4 and 2.5, we obtain
02 (,0) = PP () & (1 — )T 2,0) < 252(f (20),0) + (1 — 1)203(T0,0)

+2t(1 — t)Re([v, f(21)], [v, Tz])
< (1= 1)20% (21, ) + 24(1 — Rel[v, F(0)] [0, T )
241 — Re([o, f(20)] — [0 £ )], [0, To]) + 202 (1), v)
< (1= 1)%p*(zt,0) + 26(1 = )p(f (1), f (v))p(v, T )
241 = ORe([o, )], [, Ta) + 202 (F (), )
< (1 =1)2p% (2, v) + 2t(1 — t)ap® (2, v)
T 24(1 = ORe([o, )], [0, Ta) + £202(F (), )

Hence

(4.3) (2=t —2a+ 2at)p*(z,v) < tp*(f(2),v) + 2(1 — t)Re([v, f(v)], [v, Tz]).

Since

Pty 0) < tp( (1), 0) + (1 — Dp(To,0) < tp(f (1), 0) + (1 — p(a1,0)
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by Lemma 2.1, we see that p(z;,v) < p(f(2¢),v). Consequently, the approximating
curve {z; : 0 < t < 1}, as well as the curve {T'z; : 0 <t < 1}, are p-bounded and

lim p(Zt,TZt) = lim tp(f(zt)szt) =0.

t—0t t—0+t

Therefore, applying lim sup,_,o+ to both sides of (4.3) and using the arguments in
Step 3 of the proof of Theorem 3.1, we may conclude that lim; ,o+ p(z:,v) = 0.
Hence the strong lim;_,o+ z: = v [4, page 91], as asserted. This completes the proof
of Theorem 4.1. O

Since the mapping f : B — aB is no longer assumed to be compact, this theorem
improves upon [8, Theorem 3.12] and solves a problem that was left open on page
3193 of [8].
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