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If φ = 0, then problem (1.1) reduces to the following generalized equilibrium
problem of finding x ∈ C such that

Θ(x, y) + ⟨Fx, y − x⟩ ≥ 0, ∀ y ∈ C,

which was studied by Takahashi and Takahashi [14].
If φ = 0 and F = 0, then problem (1.1) reduces to the following equilibrium

problem of finding x ∈ C such that

Θ(x, y) ≥ 0, ∀ y ∈ C.(1.2)

The set of solutions of problem (1.2) is denoted by EP.
If Θ = 0, φ = 0 and F = A, then problem (1.1) reduces to the following classical

variational inequality problem of finding x ∈ C such that

⟨Ax, y − x⟩ ≥ 0, ∀ y ∈ C.(1.3)

The set of solutions of problem (1.3) is denoted by V I(C,A).
The problem (1.1) is very general in the sense that it includes, as special cases,

numerous problems in physics, optimization, variational inequalities, minimax prob-
lems, the Nash equilibrium problem in noncooperative games and others; see, for
instant [1–5], [7–11], [13–18].

In 1999, Atsushiba and Takahashi [1] defined the mapping Wn as follows:

Un,1 = λn,1T1 + (1− λn,1)I,
Un,2 = λn,2T2Un,1 + (1− λn,2)I,
Un,3 = λn,3T3Un,2 + (1− λn,3)I,

...
Un,N−1 = λn,N−1TN−1Un,N−2 + (1− λn,N−1)I,
Wn = Un,N = λn,NTNUn,N−1 + (1− λn,N )I,

where {λn,1}, {λn,2}, . . . , {λn,N} ⊂ [0, 1]. This mapping is called the W−mapping
generalized by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N . In 2000, Takahashi and
Shimoji [15] proved that if X is a strictly convex Banach space, then F (Wn) =
∩N
i=1F (Ti), where 0 < λn,i < 1, i = 1, 2, . . . , N.
Very recently, A. Kangtunyakarn and S. Suantai [5] defined the mapping Sn as

follows:

Un,0 = I

Un,1 = αn,1
1 T1Un,0 + αn,1

2 Un,0 + αn,1
3 I,

Un,2 = αn,2
1 T2Un,1 + αn,2

2 Un,1 + αn,2
3 I,

Un,3 = αn,3
1 T3Un,2 + αn,3

2 Un,2 + αn,3
3 I,

...

Un,N−1 = αn,N−1
1 TN−1Un,N−2 + αn,N−1

2 Un,N−2 + αn,N−1
3 I,

Sn = Un,N = αn,N
1 TNUn,N−1 + αn,N

2 Un,N−1 + αn,N
3 I,(1.4)

where for each n ∈ N, and j = 1, 2, . . . , N, let α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) be such

that αn,j
1 , αn,j

2 ,αn,j
3 ∈ [0, 1] with αn,j

1 + αn,j
2 + αn,j

3 = 1. This mapping Sn is called

the S-mapping generalized by T1, T2, . . . , TN and α
(n)
1 , α

(n)
2 , . . . , α

(n)
N . Furthermore,
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they showed that if X is a strictly convex Banach space, then F (Sn) = ∩N
i=1F (Ti)

if αn,j
1 ∈ (0, 1) for all j = 1, 2, . . . , N − 1, αn,N

1 ∈ (0, 1] and αn,j
2 , αn,j

3 ∈ [0, 1) for all
j = 1, 2, . . . , N. It is easy to see S−mapping is the generalization of W−mapping.

On the other hand, for finding a common element of F (S) and V I(C,A) for a
monotone, Lipschitz continuous mapping, Ceng and Yao introduced an extragradient-
like approximation method and established the following strong convergence theo-
rem.

Theorem 1.1 ( [4, Theorem 3.1]). Let C be a nonempty closed convex subset of a
real Hilbert space H. Let f : C → C be a contractive mapping with a contractive
constant α ∈ (0, 1), A : C → H be a monotone, L−Lipschitz continuous mapping
and S : C → C be a nonexpansive mapping such that F (S) ∩ V I(C,A) ̸= ∅. Let
{xn}, {yn} be the sequences generated by x0 = x ∈ C

yn = (1− γn)xn + γnPC(xn − λnAxn),
xn+1 = (1− αn − βn)xn + αnf(yn) + βnSPC(xn − λnAyn),

(1.5)

where n ≥ 0, {λn} is a sequence in (0,1) with
∑∞

n=0 λn < ∞, and {αn}, {βn}, {γn}
are three sequences in [0,1] satisfying the conditions:

(i) αn + βn ≤ 1 for all n ≥ 0;
(ii) limn→∞ αn = 0,

∑∞
n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
Then the sequences {xn}, {yn} converge strongly to the same point q =

PF (S)∩V I(C,A)f(q) if and only if {Axn} is bounded and limn→∞⟨Axn, y − xn⟩ ≥ 0
for all y ∈ C.

Recently, for finding a common element of F (T )∩V I(C,A)∩EP , Plubtieng and
Punpaeng [10] introduced the following iterative scheme: x1 = u ∈ H and

Θ(un, y) +
1

rn
⟨y − un, un − xn⟩ ≥ 0, ∀ y ∈ C,

yn = PC(un − λnAun),
xn+1 = αnu+ βnxn + γnTPC(yn − λnAyn), ∀ n ≥ 1,

under suitable conditions, some strong convergence theorems are proved which ex-
tend some recent results of Yao and Yao [16].

For finding a common element of Ω, where Ω = ∩N
i=1F (Ti) ∩ V I(C,A) ∩MEP ,

Peng and Yao [9] introduced the following iterative scheme: let v be an arbitrary
point in C and

x1 = x ∈ C

Θ(un, y) + φ(y)− φ(un) +
1

rn
⟨y − un, un − xn⟩ ≥ 0,

∀ y ∈ C,
yn = PC(un − γnAun),
xn+1 = αnv + βnxn + (1− αn − βn)WnPC(un − γnAyn),
∀ n ≥ 1,

(1.6)

under suitable conditions, some strong convergence theorems are proved which ex-
tend some recent results in [7], [8], [13], [16] and [18].
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Innovated and inspired by the above work, we raise two questions: (I) for iterative
sequence generated by (1.6), can we use Sn to replace the mapping Wn? Further-
more, can we consider generalized mixed equilibrium problems?(II) Can we use the
extragradient-like method in [4] and viscosity approximation method to establish
some strong convergence theorems? In this paper, we present a positive answer for
the above questions.

2. Preliminaries

Let H be a real Hilbert space endowed with a norm ∥ · ∥ and an inner product
⟨·, ·⟩. Let C be a nonempty closed convex subset of H. Let symbols ⇀ and →
denote weak and strong convergence, respectively. For every point x ∈ H, there
exists a unique nearest point of C, denoted by PCx, such that ∥x−PCx∥ ≤ ∥x− y∥
for all y ∈ C. We know that PC is a firmly nonexpansive mapping of H onto C, i.e.,

⟨x− y, PCx− PCy⟩ ≥ ∥PCx− PCy∥2, ∀ x, y ∈ H.

Moreover, PCx, is characterized by the following properties: PCx ∈ C and

⟨x− PCx, y − PCx⟩ ≤ 0,(2.1)

∥x− y∥2 ≥ ∥x− PCx∥2 + ∥y − PCx∥2,(2.2)

for all x ∈ H, y ∈ C. In a real Hilbert space H, it is well known that

∥λx+ (1− λ)y∥2 = λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)∥x− y∥2

for all x, y ∈ H and λ ∈ [0, 1]. It is easy to see that the following is true:

u ∈ V I(C,A) ⇔ u = PC(u− λAu), ∀ λ > 0.

It is well known that H satisfies the Opial condition, i.e., for any sequence {xn}
with xn ⇀ x, the inequality

lim inf
n→∞

∥xn − x∥ < lim inf
n→∞

∥xn − y∥

holds for every y ∈ H with y ̸= x.
A mapping A : C → H is called k−Lipschitz continuous if there exists some

constant k > 0 such that

∥Ax−Ay∥ ≤ k∥x− y∥, ∀ x, y ∈ C.

A mapping A of C is called α-inverse-strongly monotone, if there exists a positive
real number α such that

⟨x− y,Ax−Ay⟩ ≥ α∥Ax−Ay∥2, ∀ x, y ∈ C.

It is easy to see that if A is α−inverse-strongly monotone, then A is monotone and
Lipschitz continuous. The converse is not true in general, see [9].

Let A be a strongly positive bounded linear operator on H, i.e., there exists a
constant γ > 0 such that

⟨Ax, x⟩ ≥ γ∥x∥2, ∀ x ∈ H.

A set-valued mapping T → 2H is called monotone if, for all x, y ∈ H, f ∈ Tx and
g ∈ Ty imply ⟨x − y, f − g⟩ ≥ 0. A monotone mapping T : H → 2H is maximal
if its graph G(T ) is not properly contained in the graph of any other monotone
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mapping. It is known that a monotone mapping T is maximal if and only if , for
(x, f) ∈ H×H, ⟨x−y, f−g⟩ ≥ 0 for every (y, g) ∈ G(T ) implies f ∈ Tx. Let A be a
monotone, k−Lipschitz continuous mapping of C into H and let NCv be a normal
cone to C at v ∈ C, i.e., NCv = {w ∈ H : ⟨v − u,w⟩ ≥ 0,∀ u ∈ C}. Define

Tv =

{
Av +NCv, v ∈ C,
∅, v /∈ C.

Then T is maximal monotone and 0 ∈ Tv if and only if v ∈ V I(C,A)(see [11]).
For solving the GMEP , let us give the following assumptions for the bifunction

Θ, φ and the set C:
(H1) Θ(x, x) = 0 for all x ∈ C;
(H2) Θ is monotone, i.e., Θ(x, y) + Θ(y, x) ≤ 0 for any x, y ∈ C;
(H3) for each y ∈ C, x → Θ(x, y) is weakly upper semicontinuous;
(H4) for each x ∈ C, y → Θ(x, y) is convex and lower semicontinuous;
(A1) for each x ∈ H and r > 0, there exist a bounded subset Dx ⊆ C and yx ∈ C

such that for any z ∈ C/Dx,

Θ(z, yx) + φ(yx)− φ(z) +
1

r
⟨yx − z, z − x⟩ < 0;

(A2) C is a bounded set.

Lemma 2.1 (see [3]). Let C be a nonempty closed convex subset of H. Let Θ :
C ×C → R be a bifunction satisfying conditions (H1)-(H4) and let φ : C → R be a
lower semicontinuous and convex function. For r > 0 and x ∈ H, define a mapping

T
(Θ,φ)
r : H → C as follows:

T (Θ,φ)
r (x) =

{
z ∈ C : Θ(z, y) + φ(y)− φ(z) +

1

r
⟨y − z, z − x⟩ ≥ 0, ∀ y ∈ C

}
for all x ∈ H. Assume that either (A1) or (A2) holds. Then the following results
hold:

(i) T
(Θ,φ)
r (x) ̸= ∅ for each x ∈ H and Tr is single-valued;

(ii) T
(Θ,φ)
r is firmly nonexpansive, i.e., for any x, y ∈ H,

∥T (Θ,φ)
r x− T (Θ,φ)

r y∥2 ≤ ⟨T (Θ,φ)
r x− T (Θ,φ)

r y, x− y⟩;

(iii) F (T
(Θ,φ)
r ) = MEP ;

(iv) MEP is closed and convex.

We also need the following lemmas.

Lemma 2.2 (see [17], Lemma 2.5). Assume that {αn} is a sequence of nonnegative
real numbers such that

αn+1 ≤ (1− δn)αn + δnsn + vn,

where {δn}, {sn} and {vn} satisfy the conditions:
(i){δn} ⊂ [0, 1],

∑∞
n=1 δn = ∞;

(ii) lim supn→∞ sn ≤ 0;
(iii)vn ≥ 0(n ≥ 0),

∑∞
n=1 vn < ∞.

Then limn→∞ αn = 0.
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Lemma 2.3. In a real Hilbert space H, there holds the following inequality

∥x+ y∥2 ≤ ∥x∥2 + 2⟨y, x+ y⟩, for all x, y ∈ H.

Lemma 2.4 ([6]). Assume that B is a strongly positive linear operator on a Hilbert
space H with coefficient γ > 0 and 0 < ρ < ∥B∥−1. Then ∥I − ρB∥ ≤ 1− ργ.

Lemma 2.5 ([12]). Let {xn} and {yn} be bounded sequences in a Banach space X
and {βn} be a sequence in [0,1] with

0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1.

Suppose that
xn+1 = (1− βn)yn + βnxn

for all integer n ≥ 0 and

lim sup
n→∞

(∥yn+1 − yn∥ − ∥xn+1 − xn∥) ≤ 0.

Then, limn→∞ ∥yn − xn∥ = 0.

3. Strong convergence theorems

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F : C → H be an α−inverse-strongly monotone mapping, and f : C → C
be a contractive mapping with a contractive constant θ ∈ (0, 1). Let Θ : C ×C → R
be a bifunction satisfying (H1)-(H4) and φ : C → R ∪ {+∞} be a proper lower
semicontinuous and convex function with assumptions (A1) or (A2). Let A : C →
H be a monotone and k−Lipschitz continuous mapping. Let T1, T2, . . . , TN be a
family of finitely nonexpansive mapping of C into H such that Ω = (∩N

i=1F (Ti)) ∩
V I(C,A) ∩ GMEP ̸= ∅. Let B be a strongly positive bounded linear operator on
H with efficient γ > 0. Assume that 0 < γ < γ/θ. For j = 1, 2, . . . , N , let

α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) be such that αn,j
1 , αn,j

2 , αn,j
3 ∈ [0, 1], αn,j

1 + αn,j
2 + αn,j

3 =

1, {αn,j
1 }N−1

j=1 ⊂ [η1, θ1] with 0 < η1 ≤ θ1 < 1, {αn,N
1 } ⊂ [ηN , 1] with 0 < ηN ≤ 1 and

{αn,j
2 }Nj=1, {α

n,j
3 }Nj=1 ⊂ [0, θ3] with 0 ≤ θ3 < 1. For any x1 = x ∈ C. Let {xn}, {yn}

and {un} be sequences defined by
Θ(un, y) + φ(y)− φ(un) + ⟨Fxn, y − un⟩+

1

rn
⟨y − un, un − xn⟩ ≥ 0,

∀ y ∈ C,
yn = (1− ξn)un + ξnPC(un − γnAun), (⋆)
xn+1 = αnγf(yn) + βnxn + ((1− βn)I − αnB)SnPC(un − γnAyn),
∀ n ≥ 1,

where {Sn : C → C} is the sequence defined by (1.4), {αn}, {βn},{ξn} and {γn} are
four sequences in [0,1], {rn} is a sequence such that {rn} ⊂ (0, 2α). If the following
conditions are satisfied:

(C1) limn→∞ αn = 0 and Σ∞
n=1αn = ∞;

(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1;
(C3) Σ∞

n=1γn < ∞;
(C4) 0 < lim infn→∞ rn ≤ lim supn→∞ rn < 2α and limn→∞ |rn+1 − rn| = 0;

(C5) |αn+1,j
1 −αn,j

1 | → 0 and |αn+1,j
3 −αn,j

3 | → 0(n → ∞), for all j ∈ {1, 2, . . . , N}.
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Then {xn}, {yn} and {un} converge strongly to z ∈ Ω if and only if {Aun} is
bounded and lim infn→∞⟨Aun, y − un⟩ ≥ 0 for all y ∈ C, where z is the unique
solution of variational inequality

⟨(γf −B)z, w − z⟩ ≤ 0, ∀ w ∈ Ω,

that is z = PΩ(((I −B) + γf)z).

Proof. (=⇒). Suppose that {xn}, {yn} and {un} converge strongly to z ∈ Ω. Then
from the Lipschitz continuity of A it follows that {Aun} is bounded. Further,

|⟨Aun, y − un⟩ − ⟨Az, y − z⟩|
≤ |⟨Aun, y − un⟩ − ⟨Aun, y − z⟩|+ |⟨Aun, y − z⟩ − ⟨Az, y − z⟩|
≤ ∥Aun∥∥un − z∥+ ∥Aun −Az∥∥y − z∥
≤ ∥Aun∥∥un − z∥+ k∥un − z∥∥y − z∥ → 0(n → ∞),

which implies that

lim
n→∞

⟨Aun, y − un⟩ = ⟨Az, y − z⟩ ≥ 0, ∀ y ∈ C

due to z ∈ V I(C,A).

(⇐=). Note that un can be rewritten as un = T
(Θ,φ)
rn (xn − rnFxn) for every

n = 1, 2, . . . . Put tn = PC(un − γnAyn), ∀ n = 1, 2, . . . . By (C1) and (C2), we may
assume, with no loss of generality, that αn ≤ (1−βn)∥B∥−1 and 1−αn(γ− θγ) > 0
for all n. From Lemma 2.4, we have ∥(1− βn)I − αnB∥ ≤ 1− βn − αnγ.

Next we divide the proof in five steps.
Step 1. First we show that the sequence {xn} is bounded.

Let p ∈ Ω, then p = PC(p− γnAp) = T
(Θ,φ)
rn (p− rnFp). From un = T

(Θ,φ)
rn (xn −

rnFxn) and F is α−inverse-strongly monotone and {rn} ⊂ (0, 2α), we know that
for any n ≥ 1

∥un − p∥2 = ∥T (Θ,φ)
rn (xn − rnFxn)− T (Θ,φ)

rn (p− rnFp)∥2

≤ ∥xn − p− rn(Fxn − Fp)∥2

= ∥xn − p∥2 − 2rn⟨Fxn − Fp, xn − p⟩+ r2n∥Fxn − Fp∥2

≤ ∥xn − p∥2 − rn(2α− rn)∥Fxn − Fp∥2

≤ ∥xn − p∥2.(3.1)

From (2.2), the monotonicity of A, and p ∈ V I(C,A), we have

∥tn − p∥2

≤ ∥un − γnAyn − p∥2 − ∥un − γnAyn − tn∥2

= ∥un − p∥2 − ∥un − tn∥2 + 2γn⟨Ayn, p− tn⟩
= ∥un − p∥2 − ∥un − tn∥2 − 2γn(⟨Ayn −Ap, yn − p⟩

+⟨Ap, yn − p⟩+ ⟨Ayn, tn − yn⟩)
≤ ∥un − p∥2 − ∥un − tn∥2 + 2γn⟨Ayn, yn − tn⟩
= ∥un − p∥2 − ∥un − yn∥2 − ∥yn − tn∥2

−2⟨un − yn, yn − tn⟩+ 2γn⟨Ayn, yn − tn⟩
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= ∥un − p∥2 − ∥un − yn∥2 − ∥yn − tn∥2 + 2⟨un − γnAyn − yn, tn − yn⟩.
(3.2)

Since yn = (1 − ξn)un + ξnPC(un − γnAun) and A is k−Lipschitz continuous, we
have

2⟨un − γnAyn − yn, tn − yn⟩
≤ 2∥un − γnAyn − yn∥∥tn − yn∥
≤ ∥un − γnAyn − yn∥2 + ∥tn − yn∥2

= ∥un − yn∥2 + ∥tn − yn∥2 + 2γn⟨Ayn, yn − un⟩+ γ2n∥Ayn∥2

= ∥un − yn∥2 + ∥tn − yn∥2

+2γnξn⟨Ayn, PC(un − γnAun)− PC(un)⟩+ γ2n∥Ayn∥2

≤ ∥un − yn∥2 + ∥tn − yn∥2 + 2γ2nξn∥Ayn∥∥Aun∥+ γ2n∥Ayn∥2

≤ ∥un − yn∥2 + ∥tn − yn∥2 + γ2n(∥Aun∥+ ∥Ayn∥)2.(3.3)

Since {Aun} is bounded, A is k−Lipschitz continuous and {γn} ⊂ [0, 1], we have

∥Ayn −Aun∥ ≤ k∥yn − un∥ ≤ kξn∥PC(un − γnAun)− PC(un)∥ ≤ k∥Aun∥,
which implies that {Ayn} is bounded. Put M1 = sup{∥Aun∥ + ∥Ayn∥ : n ≥ 1}.
Then it follows from (3.3) that

2⟨un − γnAyn − yn, tn − yn⟩ ≤ ∥un − yn∥2 + ∥tn − yn∥2 + γ2nM
2
1 .

This together with (3.2) implies that

∥tn − p∥2 ≤ ∥un − p∥2 − ∥un − yn∥2 − ∥yn − tn∥2 + ∥un − yn∥2

+∥tn − yn∥2 + γ2nM
2
1

= ∥un − p∥2 + γ2nM
2
1 ,(3.4)

which implies that

∥tn − p∥ ≤ ∥un − p∥+ γnM1.(3.5)

From (⋆), p ∈ V I(C,A) and the monotonicity of A, we get

∥yn − p∥ = ∥(1− ξn)un + ξnPC(un − γnAun)− p∥
≤ (1− ξn)∥un − p∥+ ξn∥PC(un − γnAun)− PC(p− γnAp)∥
≤ (1− ξn)∥un − p∥+ ξn∥un − p− γn(Aun −Ap)∥
≤ ∥un − p∥+ ξnγn∥Aun −Ap∥
≤ ∥un − p∥+ γn(M1 + ∥Ap∥).(3.6)

By (⋆), (3.1), (3.5) and (3.6), and by induction, we have

∥xn+1 − p∥ ≤ αn∥γf(yn)−B(p)∥+ βn∥xn − p∥
+∥((1− βn)I − αnB)(Sntn − p)∥

≤ αnγ∥f(yn)− f(p)∥+ αn∥γf(p)−B(p)∥+ βn∥xn − p∥
+((1− βn)− αnγ)∥Sntn − Snp∥

≤ αnγθ∥yn − p∥+ αn∥γf(p)−B(p)∥
+βn∥xn − p∥+ ((1− βn)− αnγ)∥tn − p∥
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≤ αnγθ∥xn − p∥+ αnγθγn(M1 + ∥Ap∥)
+αn∥γf(p)−B(p)∥+ βn∥xn − p∥
+((1− βn)− αnγ)(∥xn − p∥+ γn(M1 + ∥Ap∥))

≤ (1− αn(γ − γθ))∥xn − p∥+ αn∥γf(p)−B(p)∥+ γn(M1 + ∥Ap∥)
≤ (1− αn(γ − γθ))∥xn − p∥

+αn(γ − γθ)
1

(γ − γθ)
∥γf(p)−B(p)∥+ γn(M1 + ∥Ap∥)

≤ max
{
∥x1 − p∥, 1

(γ − γθ)
∥γf(p)−B(p)∥

}
+

n∑
j=1

γj(M1 + ∥Ap∥).

Thus by (C3), we know that {xn} is bounded. From (3.1), (3.5), (3.6) and the as-
sumptions, we have {un}, {tn},{yn}, {F (xn)}, {f(xn)} and {Sn(xn)} are all bounded.
Step 2. We shall prove that limn→∞ ∥xn+1 − xn∥ = 0.

∥tn+1 − tn∥ = ∥PC(un+1 − γn+1Ayn+1)− PC(un − γnAyn)∥
≤ ∥un+1 − un − γn+1Ayn+1 + γnAyn∥
≤ ∥un+1 − un∥+ γn+1∥Ayn+1∥+ γn∥Ayn∥
≤ ∥un+1 − un∥+ (γn+1 + γn)M1.(3.7)

Since un = T
(Θ,φ)
rn (xn − rnFxn) and un+1 = T

(Θ,φ)
rn+1 (xn+1 − rn+1Fxn+1), put kn =

xn − rnFxn,we have un = T
(Θ,φ)
rn kn and un+1 = T

(Θ,φ)
rn+1 kn+1. So by (⋆) for ∀ y ∈ C

we have

Θ(un, y) + φ(y)− φ(un) +
1

rn
⟨y − un, un − kn⟩ ≥ 0,(3.8)

Θ(un+1, y) + φ(y)− φ(un+1) +
1

rn+1
⟨y − un+1, un+1 − kn+1⟩ ≥ 0.(3.9)

Take y = un+1 in (3.8) and y = un in (3.9), then add two inequalities. By using
Condition (H2), we have⟨

un+1 − un,
un − kn

rn
− un+1 − kn+1

rn+1

⟩
≥ 0

and hence⟨
un+1 − un, un − un+1 + un+1 − kn − rn

rn+1
(un+1 − kn+1)

⟩
≥ 0.

From (C4), we assume that there exists a real number a such that rn > a > 0 for
all n ∈ N+. Thus,

∥un+1 − un∥2 ≤
⟨
un+1 − un, un+1 − kn − rn

rn+1
(un+1 − kn+1)

⟩
≤ ∥un+1 − un∥

{
∥kn+1 − kn∥+ |rn − rn+1|

1

a
∥un+1 − kn+1∥

}
.

And further,

∥un+1 − un∥ ≤ ∥kn+1 − kn∥+ |rn − rn+1|
1

a
∥un+1 − kn+1∥.(3.10)
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Since F is α−inverse-strongly monotone, similarly to the proof of (3.1), we get

∥(I − rn+1F )xn+1 − (I − rn+1F )xn∥ ≤ ∥xn+1 − xn∥.

It follows the above inequality and (3.10) that

∥un+1 − un∥ ≤ ∥(I − rn+1F )xn+1 − (I − rn+1F )xn∥

+|rn − rn+1|∥F (xn)∥+ |rn − rn+1|
1

a
∥un+1 − kn+1∥

≤ ∥xn+1 − xn∥+ |rn − rn+1|∥F (xn)∥

+|rn − rn+1|
1

a
∥un+1 − kn+1∥

≤ ∥xn+1 − xn∥+ |rn − rn+1|M2,(3.11)

where M2 = supn≥1

{
∥F (xn)∥+

1

a
∥un+1 − kn+1∥

}
. From (3.7) and (3.11), we have

∥tn+1 − tn∥ ≤ ∥xn+1 − xn∥+ |rn − rn+1|M2 + (γn+1 + γn)M1.(3.12)

Let M3 = supn≥1{∥f(xn)∥, ∥Sn(tn)∥}, and xn+1 = βnxn + (1 − βn)zn, ∀ n ≥ 1.
Then, we have

zn+1 − zn =
xn+2 − βn+1xn+1

1− βn+1
− xn+1 − βnxn

1− βn

=
αn+1γf(yn+1) + [(1− βn+1)I − αn+1B]Sn+1tn+1

1− βn+1

−αnγf(yn) + [(1− βn)I − αnB]Sntn
1− βn

=
(αn+1γf(yn+1)

1− βn+1
− αnγf(yn)

1− βn

)
+ (Sn+1tn+1 − Sntn)

+
(
− αn+1BSn+1tn+1

1− βn+1
+

αnBSntn
1− βn

)
.(3.13)

Next we estimate ∥Sn+1tn+1 − Sntn∥. Since Sn is nonexpansive and from the defi-
nition of Sn, for any k ∈ {2, 3, . . . , N} we get

∥Un+1,ktn − Un,ktn∥
= ∥αn+1,k

1 TkUn+1,k−1tn + αn+1,k
2 Un+1,k−1tn + αn+1,k

3 tn

−(αn,k
1 TkUn,k−1tn + αn,k

2 Un,k−1tn + αn,k
3 tn)∥

≤ αn+1,k
1 ∥TkUn+1,k−1tn − TkUn,k−1tn∥+ |αn+1,k

1 − αn,k
1 |∥TkUn,k−1tn∥

+αn+1,k
2 ∥Un+1,k−1tn − Un,k−1tn∥

+|αn+1,k
2 − αn,k

2 |∥Un,k−1tn∥+ |αn+1,k
3 − αn,k

3 |∥tn∥
≤ αn+1,k

1 ∥Un+1,k−1tn − Un,k−1tn∥+ |αn+1,k
1 − αn,k

1 |∥TkUn,k−1tn∥
+αn+1,k

2 ∥Un+1,k−1tn − Un,k−1tn∥+ |αn,k
1 + αn,k

3 − αn+1,k
1 − αn+1,k

3 |
×∥Un,k−1tn∥+ |αn+1,k

3 − αn,k
3 |∥tn∥

≤ ∥Un+1,k−1tn − Un,k−1tn∥+ |αn+1,k
1 − αn,k

1 |
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×(∥TkUn,k−1tn∥+ ∥Un,k−1tn∥) + |αn+1,k
3 − αn,k

3 |(∥tn∥+ ∥Un,k−1tn∥).

Hence by induction we have

∥Sn+1tn − Sntn∥
= ∥Un+1,N tn − Un,N tn∥
≤ ∥Un+1,1tn − Un,1tn∥+ΣN

j=2|α
n+1,j
1 − αn,j

1 |(∥TjUn,j−1tn∥+ ∥Un,j−1tn∥)

+ΣN
j=2|α

n+1,j
3 − αn,j

3 |(∥tn∥+ ∥Un,j−1tn∥)

≤ |αn+1,1
1 − αn,1

1 |(∥T1tn∥+ ∥tn∥) + ΣN
j=2|α

n+1,j
1 − αn,j

1 |

×(∥TjUn,j−1tn∥+ ∥Un,j−1tn∥) + ΣN
j=2|α

n+1,j
3 − αn,j

3 |(∥tn∥+ ∥Un,j−1tn∥)

≤ M4(|αn+1,1
1 − αn,1

1 |+ΣN
j=2|α

n+1,j
1 − αn,j

1 |+ 2ΣN
j=2|α

n+1,j
3 − αn,j

3 |),

where

M4 = max{sup
n≥1

{∥T1tn∥+ ∥tn∥}, sup
n≥1

{∥TjUn,j−1tn∥+ ∥Un,j−1tn∥, j = 1, 2, . . . , N}}.

This together with (C5), we obtain

lim
n→∞

∥Sn+1tn − Sntn∥ = 0.(3.14)

It follows from (3.12) that

∥Sn+1tn+1 − Sntn∥ ≤ ∥Sn+1tn+1 − Sn+1tn∥+ ∥Sn+1tn − Sntn∥
≤ ∥tn+1 − tn∥+ ∥Sn+1tn − Sntn∥
≤ ∥xn+1 − xn∥+ |rn − rn+1|M2

+(γn+1 + γn)M1 + ∥Sn+1tn − Sntn∥.(3.15)

By (3.13) and (3.15), we have

∥zn+1 − zn∥

≤ αn+1

1− βn+1
(γ∥f(yn+1)∥+ ∥B∥∥Sn+1tn+1∥)

+
αn

1− βn
(γ∥f(yn)∥+ ∥B∥∥Sntn∥) + ∥Sn+1tn+1 − Sntn∥

≤ αn+1

1− βn+1
(γ∥f(yn+1)∥+ ∥B∥∥Sn+1tn+1∥)

+
αn

1− βn
(γ∥f(yn)∥+ ∥B∥∥Sntn∥) + ∥xn+1 − xn∥+ |rn − rn+1|M2

+(γn+1 + γn)M1 + ∥Sn+1tn − Sntn∥.

This together with (C1)–(C4) and (3.14), we get

lim sup
n→∞

(∥zn+1 − zn∥ − ∥xn+1 − xn∥) ≤ 0.

Hence by Lemma 2.5, we have limn→∞ ∥zn − xn∥ = 0. Consequently

lim
n→∞

∥xn+1 − xn∥ = lim
n→∞

(1− βn)∥zn − xn∥ = 0.(3.16)

Step 3. Next we prove that limn→∞ ∥Snyn − yn∥ = 0.
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(a) First, we prove that limn→∞ ∥xn − Sntn∥ = 0. Indeed, observe that

∥xn − Sntn∥ ≤ ∥xn − xn+1∥+ ∥xn+1 − Sntn∥
≤ ∥xn − xn+1∥+ ∥αnγf(yn) + βnxn − βnSntn − αnBSntn∥
≤ ∥xn − xn+1∥+ αnγ∥f(yn)∥+ βn∥xn − Sntn∥+ αn∥B∥∥Sntn∥

and hence

∥xn − Sntn∥ ≤ 1

1− βn
∥xn − xn+1∥

+
αn

1− βn
(γ∥f(yn)∥+ ∥B∥∥Sntn∥) → 0(n → ∞).(3.17)

(b) Then we prove that ∥un−yn∥ → 0, ∥tn−yn∥ → 0 and ∥un−tn∥ → 0(n → ∞).
In fact, notice that ∥ · ∥2 is convex, for p ∈ Ω, it follows from (3.4) and Lemma 2.3
that

∥xn+1 − p∥2 = ∥βn(xn − p) + (1− βn)(Sntn − p) + αn(γf(yn)−BSntn)∥2

≤ ∥βn(xn − p) + (1− βn)(Sntn − p)∥2

+2αn⟨γf(yn)−BSntn, xn+1 − p⟩
≤ βn∥xn − p∥2 + (1− βn)∥Sntn − p∥2

+2αn∥γf(yn)−BSntn∥∥xn+1 − p∥
≤ βn∥xn − p∥2 + (1− βn)∥tn − p∥2

+2αn∥γf(yn)−BSntn∥∥xn+1 − p∥
≤ βn∥xn − p∥2 + (1− βn)∥un − p∥2 + γ2nM

2
1

+2αn(γ∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥.(3.18)

This together with (3.1), we can conclude that

∥xn+1 − p∥2 ≤ βn∥xn − p∥2 + (1− βn)∥xn − p∥2 + (1− βn)(r
2
n − 2αrn)

×∥Fxn − Fp∥2 + γ2nM
2
1 + 2αn∥γ(∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥.

This implies that

(1− βn)rn(2α− rn)∥Fxn − Fp∥2 ≤∥xn − p∥2 − ∥xn+1 − p∥2 + γ2nM
2
1

+ 2αn(γ∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥
≤∥xn − xn+1∥(∥xn − p∥+ ∥xn+1 − p∥) + γ2nM

2
1

+ 2αn(γ∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥.
Therefore, by the assumptions and (3.16), we deduce

lim
n→∞

∥Fxn − Fp∥ = 0.(3.19)

It follows from Lemma 2.1 and (3.1) that

∥un − p∥2 = ∥T (Θ,φ)
rn (xn − rnFxn)− T (Θ,φ)

rn (p− rnFp)∥2

≤ ⟨xn − rnFxn − (p− rnFp), un − p⟩

=
1

2
{∥xn − p− rn(Fxn − Fp)∥2 + ∥un − p∥2

−∥xn − un − rn(Fxn − Fp)∥2}
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≤ 1

2
{∥xn − p∥2 + ∥un − p∥2 − ∥xn − un∥2

+2rn⟨Fxn − Fp, xn − un⟩ − r2n∥Fxn − Fp∥2}.
This implies that

∥un − p∥2 ≤ ∥xn − p∥2 − ∥xn − un∥2

+2rn∥Fxn − Fp∥∥xn − un∥ − r2n∥Fxn − Fp∥2.(3.20)

Combining (3.20) and (3.18), we obtain

∥xn+1 − p∥2 ≤ ∥xn − p∥2 − (1− βn)∥xn − un∥2

+2rn(1− βn)∥Fxn − Fp∥∥xn − un∥
+γ2nM

2
1 + 2αn(γ∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥,

and thus

(1− βn)∥xn − un∥2 ≤∥xn − p∥2 − ∥xn+1 − p∥2 + 2rn(1− βn)∥Fxn − Fp∥∥xn − un∥
+ γ2nM

2
1 + 2αn(γ∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥

≤(∥xn− p∥+∥xn+1 − p∥)∥xn− xn+1∥+ 2rn(1− βn)∥Fxn − Fp∥
× ∥xn − un∥+ γ2nM

2
1 + 2αn(γ∥f(yn)∥+ ∥BSntn∥)∥xn+1 − p∥,

which implies that ∥xn−un∥ → 0(n → ∞). Since un ∈ C, we have un = PCun, and
by (C3)

∥yn − tn∥ = ∥(1− ξn)(PCun − PC(un − γnAyn))

+ξn(PC(un − γnAun)− PC(un − γnAyn))∥
≤ (1− ξn)∥PCun − PC(un − γnAyn)∥

+ξn∥PC(un − γnAun)− PC(un − γnAyn)∥
≤ (1− ξn)γn∥Ayn∥+ ξnγn∥Aun −Ayn∥ → 0(n → ∞),(3.21)

∥un − yn∥ = ξn∥un − PC(un − γnAun)∥ = ξn∥PC(un)− PC(un − γnAun)∥
≤ ξnγn∥Aun∥ → 0(n → ∞).(3.22)

Since

∥Snyn − yn∥ ≤ ∥Snyn − Sntn∥+ ∥Sntn − xn∥+ ∥xn − un∥+ ∥un − yn∥
≤ ∥yn − tn∥+ ∥Sntn − xn∥+ ∥xn − un∥+ ∥un − yn∥,

then it follows from (3.17), (3.21), (3.22) and limn→∞ ∥xn − un∥ = 0 that

lim
n→∞

∥Snyn − yn∥ = 0.

Observe that PΩ((I −B) + γf) is a contraction. Indeed, for any x, y ∈ H, we have

∥PΩ((I −B) + γf)(x)− PΩ((I −B) + γf)(y)∥
≤ ∥((I −B) + γf)(x)− ((I −B) + γf)(y)∥
≤ ∥I −B∥∥x− y∥+ γ∥f(x)− f(y)∥
≤ (1− γ)∥x− y∥+ γθ∥x− y∥ = (1− (γ − γθ))∥x− y∥.

Banach’s contraction mapping principle guarantees that PΩ((I − B) + γf) has a
unique fixed point, say z ∈ H. That is, z = PΩ((I −B) + γf)(z).
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Step 4. Next we show that lim supn→∞⟨γf(z)−Bz, xn− z⟩ ≤ 0, where z = PΩ((I−
B) + γf)(z). Indeed, we pick a subsequence {xni} of {xn} so that

lim
i→∞

⟨γf(z)−Bz, xni − z⟩ = lim sup
n→∞

⟨γf(z)−Bz, xn − z⟩.

Since {xni} is bounded, there exists a subsequence {xnij
} of {xni} which converges

weakly to w. Without loss of generality, we can assume that xni ⇀ w. From ∥xn −
un∥ → 0, we have uni ⇀ w. From ∥un − tn∥ → 0, ∥un − yn∥ → 0, we also have
tni ⇀ w, yni ⇀ w. Since {uni} ⊂ C and C is closed and convex, we obtain w ∈ C.

Next we show that w ∈ Ω.
(a) We first show that w ∈ GMEP. By un = T

(Θ,φ)
rn (xn − rnFxn), we know that

Θ(un, y) + φ(y)− φ(un) +
1

rn
⟨y − un, un − (xn − rnFxn)⟩ ≥ 0, ∀ y ∈ C.

From (H2),

φ(y)− φ(un) +
1

rn
⟨y − un, un − (xn − rnFxn)⟩ ≥ Θ(y, un), ∀ y ∈ C.

Hence for any y ∈ C,

φ(y)− φ(uni) +
1

rni

⟨y − uni , uni − (xni − rniFxni)⟩ ≥ Θ(y, uni).(3.23)

Put zt = ty + (1 − t)w for all t ∈ (0, 1] and y ∈ C. Then we have zt ∈ C. Taking
y = zt in (3.23), we have

⟨zt − uni , F zt⟩ ≥ ⟨zt − uni , F zt⟩ − φ(zt) + φ(uni)

−
⟨
F (xni), zt − uni⟩ − ⟨zt − uni ,

uni − xni

rni

⟩
+Θ(zt, uni)

= ⟨zt − uni , F zt − F (uni)⟩+ ⟨zt − uni , F (uni)− F (xni)⟩ − φ(zt)

+φ(uni)−
⟨
zt − uni ,

uni − xni

rni

⟩
+Θ(zt, uni).(3.24)

Since ∥uni − xni∥ → 0, we have ∥F (uni) − F (xni)∥ → 0. Further, from the mono-
tonicity of F , we have

⟨zt − uni , F zt − F (uni)⟩ ≥ 0.

So from (3.24), (H4), the weakly lower semicontinuity of φ,
uni − xni

rni

→ 0 and

uni ⇀ w, as i → ∞, we have

⟨zt − w,Fzt⟩ ≥ −φ(zt) + φ(w) + Θ(zt, w).

From the above inequality and (H1), (H4), we obtain

0 = Θ(zt, zt) + φ(zt)− φ(zt)

≤ tΘ(zt, y) + (1− t)Θ(zt, w) + tφ(y) + (1− t)φ(w)− φ(zt)

= t(Θ(zt, y) + φ(y)− φ(zt)) + (1− t)(Θ(zt, w) + φ(w)− φ(zt))

≤ t(Θ(zt, y) + φ(y)− φ(zt)) + (1− t)⟨zt − w,Fzt⟩
= t(Θ(zt, y) + φ(y)− φ(zt)) + (1− t)t⟨y − w,Fzt⟩
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and hence

0 ≤ Θ(zt, y) + φ(y)− φ(zt) + (1− t)⟨y − w,Fzt⟩.
Let t → 0, for each y ∈ C, from the above inequality and (H3) we have

φ(w) ≤ Θ(w, y) + φ(y) + ⟨y − w,Fw⟩.

That is

Θ(w, y) + φ(y)− φ(w) + ⟨y − w,Fw⟩ ≥ 0.

This implies that w ∈ GMEP.
(b) We prove that w ∈ V I(C,A). For this purpose, we define a set-valued

mapping T : H → 2H by

Tw1 =

{
Aw1 +NCw1, w1 ∈ C,
∅, w1 /∈ C.

where NCw1 is the normal cone to C at w1 ∈ C. Then T is maximal monotone and
0 ∈ Tw1 if and only if w1 ∈ V I(C,A). Let (w1, g) ∈ G(T ). Then Tw1 = Aw1+NCw1

and hence g−Aw1 ∈ NCw1. So, we have ⟨w1−t, g−Aw1⟩ ≥ 0 for all t ∈ C. Therefore,
from lim infn→∞⟨Aun, y − un⟩ ≥ 0, we obtain

⟨w1 − w, g⟩ = lim inf
i→∞

⟨w1 − uni , g⟩

≥ lim inf
i→∞

⟨w1 − uni , Aw1⟩

= lim inf
i→∞

[⟨w1 − uni , Aw1 −Auni⟩+ ⟨w1 − uni , Auni⟩]

≥ lim inf
i→∞

⟨w1 − uni , Auni⟩ ≥ 0.

Hence we have ⟨w1 − w, g⟩ ≥ 0. Since T is maximal monotone, we have w ∈ T−10
and hence w ∈ V I(C,A).

(c) We next show that w ∈ F (Sn) = ∩N
i=1F (Ti). Suppose the contrary, w /∈ F (Sn).

From the Opial condition and step 3, we have

lim inf
i→∞

∥yni − w∥ < lim inf
i→∞

∥yni − Snw∥

≤ lim inf
i→∞

∥yni − Snyni∥+ lim inf
i→∞

∥Snyni − Snw∥

≤ lim inf
i→∞

∥Snyni − Snw∥

≤ lim inf
i→∞

∥yni − w∥,

which is a contraction. So we get w ∈ F (Sn). This implies w ∈ Ω. Therefore, by
z = PΩ(γf(z) + (I −B)z) and (2.1), we have

lim sup
n→∞

⟨γf(z)−Bz, xn − z⟩ = lim
i→∞

⟨γf(z)−Bz, xni − z⟩

≤ ⟨γf(z)−Bz,w − z⟩
= ⟨γf(z) + (I −B)z − z, w − z⟩ ≤ 0.(3.25)

Step 5. Finally we show that xn → z, un → z, yn → z and tn → z, where z =
PΩ(γf(z) + (I −B)z). Indeed, by Lemma 2.3, (3.1), (3.4) and (3.6), we have
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∥xn+1 − z∥2

≤ ∥αnγf(yn) + βnxn + ((1− βn)I − αnB)Sntn − z∥2

≤ ∥((1− βn)I − αnB)(Sntn − z) + βn(xn − z)∥2

+2⟨αnγf(yn)− αnBz, xn+1 − z⟩

= ∥(1− βn)((1− βn)I − αnB)(Sntn − z)

(1− βn)
+ βn(xn − z)∥2

+2αnγ⟨f(yn)− f(z), xn+1 − z⟩+ 2αn⟨γf(z)−Bz, xn+1 − z⟩

≤ (1− βn)∥
((1− βn)I − αnB)(Sntn − z)

(1− βn)
∥2 + βn∥xn − z∥2

+2αnγθ∥yn − z∥∥xn+1 − z∥+ 2αn⟨γf(z)−Bz, xn+1 − z⟩

≤ (1− βn)[
(1− βn − αnγ)∥tn − z∥

(1− βn)
]2 + βn∥xn − z∥2

+2αnγθ
∥yn − z∥2 + ∥xn+1 − z∥2

2
+ 2αn⟨γf(z)−Bz, xn+1 − z⟩

≤ ((1− βn)
2 − 2αnγ(1− βn) + α2

nγ
2)(∥xn − z∥2 + γ2nM

2
1 )

(1− βn)
+ βn∥xn − z∥2

+2αnγθ
[∥xn − z∥+ γn(M1 + ∥Az∥)]2 + ∥xn+1 − z∥2

2
+2αn⟨γf(z)−Bz, xn+1 − z⟩

≤ ((1− βn)
2 − 2αnγ(1− βn) + α2

nγ
2)(∥xn − z∥2 + γ2nM

2
1 )

(1− βn)
+ βn∥xn − z∥2

+2αnγθ
∥xn − z∥2 + 2γn(M1 + ∥Az∥)∥xn − z∥+ γ2n(M1 + ∥Az∥)2

2

+αnγθ∥xn+1 − z∥2 + 2αn⟨γf(z)−Bz, xn+1 − z⟩

≤ (1− αn(2γ − γθ))∥xn − z∥2 + αnγθ∥xn+1 − z∥2 + α2
nγ

2

1− βn
∥xn − z∥2

+2αn⟨γf(z)−Bz, xn+1 − z⟩+ (1 + 2γ + γ2)γ2nM
2
1

(1− βn)

+αnγθ[2γn(M1 + ∥Az∥)∥xn − z∥+ γ2n(M1 + ∥Az∥)2],

which implies that

∥xn+1 − z∥2 ≤ (1− αn(2γ − γθ))

1− αnγθ
∥xn − z∥2 + 2αn

1− αnγθ
⟨γf(z)−Bz, xn+1 − z⟩

+
(1 + 2γ + γ2)γ2nM

2
1

(1− βn)(1− αnγθ)
+

α2
nγ

2

(1− βn)(1− αnγθ)
∥xn − z∥2

+
αnγθ

1− αnγθ
[2γn(M1 + ∥Az∥)∥xn − z∥+ γ2n(M1 + ∥Az∥)2]

≤ (1− 2αn(γ − γθ)

1− αnγθ
)∥xn − z∥2
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+
2(γ − γθ)αn

(γ − γθ)(1− αnγθ)
⟨γf(z)−Bz, xn+1 − z⟩

+
(1 + 2γ + γ2)γnM

2
1

(1− βn)(1− αnγθ)
+

2(γ − γθ)α2
nγ

2

2(γ − γθ)(1− βn)(1− αnγθ)
∥xn − z∥2

+
γθ

1− αnγθ
[2(M1 + ∥Az∥)∥xn − z∥+ (M1 + ∥Az∥)2]γn

= (1− δn)∥xn − z∥2 + δnsn + vn,

where

δn =
2αn(γ − γθ)

1− αnγθ
,

sn =
1

γ − γθ
⟨γf(z)−Bz, xn+1 − z⟩+ αnγ

2

2(γ − γθ)(1− βn)
∥xn − z∥2,

vn =
{ (1 + 2γ + γ2)M2

1

(1− βn)(1− αnγθ)
+

γθ

1− αnγθ
[2(M1+ ∥Az∥)∥xn− z∥+(M1+ ∥Az∥)2]

}
γn.

Since δn ≥ 2αn(γ − γθ), we have Σ∞
n=1δn = ∞. By Lemma 2.2, (C1)-(C3) and

(3.25), we have xn → z. And it follows from (3.1) that un → z. Therefore, from
(3.5), (3.6) and (C3), we obtain yn → z and tn → z. �

By Theorem 3.1, we can obtain some new and interesting strong convergence
theorems. Now give some examples as follows:

Let Ti = I for i = 1, 2, . . . , N, by Theorem 3.1 we have the following result.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F : C → H be an α−inverse-strongly monotone mapping, and f : C → C
be a contractive mapping with a contractive constant θ ∈ (0, 1). Let Θ : C ×C → R
be a bifunction satisfying (H1)-(H4) and φ : C → R ∪ {+∞} be a proper lower
semicontinuous and convex function with assumptions (A1) or (A2). Let A : C → H
be a monotone and k−Lipschitz continuous mapping such that Ω = V I(C,A) ∩
GMEP ̸= ∅. Let B be a strongly positive bounded linear operator on H with efficient
γ > 0. Assume that 0 < γ < γ/θ. For any x1 = x ∈ C. Let {xn}, {yn} and {un} be
sequences defined by

Θ(un, y) + φ(y)− φ(un) + ⟨Fxn, y − un⟩+
1

rn
⟨y − un, un − xn⟩ ≥ 0,

∀ y ∈ C,
yn = (1− ξn)un + ξnPC(un − γnAun),
xn+1 = αnγf(yn) + βnxn + ((1− βn)I − αnB)PC(un − γnAyn),

where n ≥ 1, {αn}, {βn},{ξn} and {γn} are four sequences in [0,1] and {rn} is a
sequence such that {rn} ⊂ (0, 2α) satisfying the conditions (C1)-(C4) in Theorem
3.1. Then {xn}, {yn} and {un} converge strongly to z ∈ Ω if and only if {Aun}
is bounded and lim infn→∞⟨Aun, y − un⟩ ≥ 0 for all y ∈ C, where z is the unique
solution of variational inequality

⟨(γf −B)z, w − z⟩ ≤ 0, ∀ w ∈ Ω,

that is z = PΩ(((I −B) + γf)z).

Let A = 0, by Theorem 3.1, we obtain the following result.
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Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let F : C → H be an α−inverse-strongly monotone mapping, and f : C → C
be a contractive mapping with a contractive constant θ ∈ (0, 1). Let Θ : C ×
C → R be a bifunction satisfying (H1)-(H4) and φ : C → R ∪ {+∞} be a proper
lower semicontinuous and convex function with assumptions (A1) or (A2). Let
T1, T2, . . . , TN be a family of finitely nonexpansive mapping of C into H such that
Ω = (∩N

n=1F (Ti))∩GMEP ̸= ∅. Let B be a strongly positive bounded linear operator
on H with efficient γ > 0. Assume that 0 < γ < γ/θ. For j = 1, 2, . . . , N , let

α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) be such that αn,j
1 , αn,j

2 , αn,j
3 ∈ [0, 1], αn,j

1 + αn,j
2 + αn,j

3 =

1, {αn,j
1 }N−1

j=1 ⊂ [η1, θ1] with 0 < η1 ≤ θ1 < 1, {αn,N
1 } ⊂ [ηN , 1] with 0 < ηN ≤ 1 and

{αn,j
2 }Nj=1, {α

n,j
3 }Nj=1 ⊂ [0, θ3] with 0 ≤ θ3 < 1. For any x1 = x ∈ C. Let {xn} and

{un} be sequences defined by
Θ(un, y) + φ(y)− φ(un) + ⟨Fxn, y − un⟩+

1

rn
⟨y − un, un − xn⟩ ≥ 0,

∀ y ∈ C,
xn+1 = αnγf(un) + βnxn + ((1− βn)I − αnB)Snun, ∀ n ≥ 1,

where {Sn : C → C} is the sequence defined by (1.4), {αn} and {βn} are two
sequences in [0,1], {rn} is a sequence such that {rn} ⊂ (0, 2α) satisfying the con-
ditions (C1)-(C2) and (C4)-(C5) in Theorem 3.1. Then {xn} and {un} converge
strongly to z ∈ Ω, where z is the unique solution of variational inequality

⟨(γf −B)z, w − z⟩ ≤ 0, ∀ w ∈ Ω,

that is z = PΩ(((I −B) + γf)z).

Let φ = 0, F = 0 and Θ(x, y) = 0 for all x, y ∈ C in Theorem 3.1, then un =
PCxn = xn. By Theorem 3.1, we obtain the following result.

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let f : C → C be a contractive mapping with a contractive constant θ ∈
(0, 1). Let A : C → H be a monotone and k−Lipschitz continuous mapping. Let
T1, T2, . . . , TN be a family of finitely nonexpansive mapping of C into H such that
Ω = (∩N

n=1F (Ti)) ∩ V I(C,A) ̸= ∅. Let B be a strongly positive bounded linear
operator on H with efficient γ > 0. Assume that 0 < γ < γ/θ. For j = 1, 2, . . . , N ,

let α
(n)
j = (αn,j

1 , αn,j
2 , αn,j

3 ) be such that αn,j
1 , αn,j

2 , αn,j
3 ∈ [0, 1], αn,j

1 + αn,j
2 + αn,j

3 =

1, {αn,j
1 }N−1

j=1 ⊂ [η1, θ1] with 0 < η1 ≤ θ1 < 1, {αn,N
1 } ⊂ [ηN , 1] with 0 < ηN ≤ 1 and

{αn,j
2 }Nj=1, {α

n,j
3 }Nj=1 ⊂ [0, θ3] with 0 ≤ θ3 < 1. For any x1 = x ∈ C. Let {xn} and

{yn} be sequences defined by{
yn = (1− ξn)xn + ξnPC(xn − γnAxn),
xn+1 = αnγf(yn) + βnxn + ((1− βn)I − αnB)SnPC(xn − γnAyn),

where n ≥ 1, {Sn : C → C} is the sequence defined by (1.4), {αn}, {βn},{ξn} and
{γn} are four sequences in [0,1] satisfying the conditions (C1)-(C3) and (C5) in
Theorem 3.1. Then {xn} and {yn} converge strongly to z ∈ Ω if and only if {Axn}
is bounded and lim infn→∞⟨Axn, y − xn⟩ ≥ 0 for all y ∈ C, where z is the unique
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solution of variational inequality

⟨(γf −B)z, w − z⟩ ≤ 0, ∀ w ∈ Ω,

that is z = PΩ(((I −B) + γf)z).

Remark 3.1 Theorem 3.1 generalizes, extends and improves Theorem 3.1 of Ceng
and Yao [4] in the following aspects:

(i) One nonexpansive mapping is replaced by S−mapping;
(ii) Our iterative process (⋆) is more general than (1.5) because it can be applied

to solve the problem of finding a common element of the set of GMEP , the set of
fixed point problems and the set of solutions of variational inequality problems.
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