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Notice that for p = 1 our definition reduces to the above mentioned definition of
a quasi-contraction map.

Let (X, d) be a metric space and let T : X → X be a mapping. For A ⊆ X let
δ(A) = sup{d(a, b) : a, b ∈ A}, and for each x ∈ X, let

O(x, n) = {x, Tx, . . . , Tnx}, n ∈ N,
O(x,∞) = {x, Tx, . . . }.

Now, we are ready to state our main result.

Theorem 2.2. Let (X, d) be a complete metric space and let p ∈ N. Let T : X → X
be a p-quasi-contraction map such that Tm : X → X is continuous for some m ∈ N.
Then T has a unique fixed point x ∈ X and for any x ∈ X the sequence {Tnx}
converges to x.

Proof. Let x ∈ X. We first show that {δ[O(x, n)]}n is a bounded sequence. On the
contrary, assume that

δ[O(x,∞)] = sup{δ[O(x, n)] : n ∈ N} = ∞.

Notice that since the sequence {δ[O(x, n)]} is non-decreasing then all of it’s sub-
sequences are also unbounded. Let n be a positive integer with n ≥ p, and let
i, j ∈ {p, p+ 1, . . . , n}. Since T is a p-quasi-contraction map then, we have

d(T ix, T jx) = d(T pT i−px, T pT j−px)

≤ cmax{d(T kT i−px, T lT j−px) : 0 ≤ k, l ≤ p and k + l < 2p}(2.1)

≤ cδ[O(x, n)].

Thus for sufficiently large n ∈ N there exist positive integers k, l with k < p and
p ≤ l ≤ n such that

(2.2) d(T kx, T lx) = δ[O(x, n)],

(note that if l < p for infinitely many n ∈ N then by (2.2) the sequence {δ[O(x, n)]}
has a bounded subsequence which is a contradiction). From (2.1) and (2.2), we get

d(T kx, T lx) ≤ d(T kx, T px) + d(T px, T lx)

≤ d(T kx, T px) + cδ[O(x, n)](2.3)

= d(T kx, T px) + cd(T kx, T lx).

Therefore from (2.3), for sufficiently large n ∈ N, we get

δ[O(x, n)] = d(T kx, T lx)

≤ 1

1− c
d(T kx, T px)

≤ 1

1− c
max{d(T ix, T px) : 1 ≤ i ≤ p}.

Thus

δ[O(x,∞)] ≤ 1

1− c
max{d(T ix, T px) : 1 ≤ i ≤ p} < ∞,

a contradiction.
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Now, we show that the sequence {Tnx} is a Cauchy sequence. Let n and m be
any positive integers with p ≤ n < m. From (2.1), we get

(2.4) d(Tnx, Tmx) = d(T pTn−px, Tm−n+pTn−px) ≤ cδ[O(Tn−px,m− n+ p)].

By (2.2), there exist positive integers k1 and l1, k1 < p and p ≤ l1 ≤ m − n + p,
such that

(2.5) δ[O(Tn−px,m− n+ p)] = d(T k1Tn−px, T l1Tn−px).

Then we have

d(T k1Tn−px, T l1Tn−px) = d(T k1+pTn−2px, T l1+pTn−2px)

≤ cδ[O(Tn−2px, l1 + p)](2.6)

≤ cδ[O(Tn−2px,m− n+ 2p)].

Therefore from (2.4), (2.5) and (2.6), we have

d(Tnx, Tmx) ≤ cδ[O(Tn−px,m− n+ p)] ≤ c2δ[O(Tn−2px,m− n+ 2p)].

Proceeding in this manner, we obtain

d(Tnx, Tmx) ≤ c
[n
p
]
δ
[
O
(
T
n−[n

p
]p
x,m− n+

[n
p

]
p
)]

≤ c
[n
p
]
δ[O(x,m+ p)].

Then

(2.7) d(Tnx, Tmx) ≤ c
[n
p
]
δ[O(x,∞)].

Since limn→∞ c
[n
p
]
= 0, then from (2.7) we get that {Tnx} is a Cauchy sequence.

Since (X, d) is a complete metric space then limn→∞ Tnx exists for each x ∈ X.
Now we show that

(2.8) lim
n→∞

Tnx = lim
n→∞

Tny for each x, y ∈ X.

To show the claim let limn→∞ Tnx = x0 and limn→∞ Tny = y0. Since T is p-quasi-
contraction then for each n ∈ N, we have

d(Tnpx, Tnpy) = d(T p(T (n−1)px), T p(T (n−1)py))

≤ cmax{d(T (n−1)p+ix, T (n−1)p+jx), d(T (n−1)p+iy, T (n−1)p+jy),(2.9)

d(T (n−1)p+ix, T (n−1)p+jy) : 0 ≤ i, j ≤ p and i+ j < 2p}.

Since

lim
n→∞

d(T (n−1)p+ix, T (n−1)p+jx) = lim
n→∞

d(T (n−1)p+iy, T (n−1)p+jy) = 0

and limn→∞ d(T (n−1)p+ix, T (n−1)p+jy) = d(x0, y0) then from (2.9), we get d(x0, y0) ≤
cd(x0, y0) and so x0 = y0 (note that c < 1).

Therefore from (2.8) we deduce that there exists x ∈ X such that limn→∞ Tnx =
x for each x ∈ X. To prove that Tx = x notice first that since Tm is continuous,
we have

x = lim
n→∞

Tm+nx = lim
n→∞

Tm(Tnx) = Tm(x).
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Then x is a fixed point of Tm. Now we show that Tm has a unique fixed point.
To prove the claim let us suppose that y is another fixed point of Tm, that is,
Tm(y) = y. Then for each n ∈ N, Tnm(y) = y and so

x = lim
n→∞

Tnm(y) = y.

Thus x is the unique fixed point of Tm. Since x = Tm(x), then

T (x) = T (Tm(x)) = Tm(T (x)),

and so T (x) is also a fixed point of Tm. Thus by the uniqueness, we get T (x) = x.
To show that x is the unique fixed point of T , let us suppose that y is another fixed
point of T . Then x and y are fixed points of Tm and so by the above x = y. �

Now, we give the following example to support our main result.

Example 2.3. Let X = R, d(x, y) = |x − y| for each x, y ∈ R and let Q denotes
the set of rational numbers. Let T : R → R be defined by

T (x) =

{ √
2, if x ∈ Q√
3. otherwise

Then T 2(x) =
√
3 for each x ∈ R and so T is a 2-quasi contraction map such that

T is discontinuous, and T 2 is continuous. Thus all of the conditions of Theorem
2.2 are satisfied and

√
3 is the unique fixed point of T . But we show that T is not a

quasi-contraction map and so we cannot invoke the above mentioned Theorem 1.1
of Ćirić to show that the mapping T has a fixed point in X. To show the claim, let

x = 3
2 and y =

√
2+

√
3

2 . Then for each 0 ≤ c < 1, we have

cmax{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
≤ max{d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}

=
√
3− 3

2

<
√
3−

√
2 = d(Tx, Ty).

Merryfield and Stein Jr. [3] and Arvanitakis [1] independently proved the follow-
ing interesting generalization of the Banach contraction principle.

Theorem 2.4 (Generalized Banach Contraction Principle(GBCP)). Let T : X →
X be a map of a complete metric space (X, d), and let 0 ≤ c < 1. Let J be a positive
integer. Assume that for each x, y ∈ X,

min{d(T kx, T ky) : 1 ≤ k ≤ J} ≤ cd(x, y).

Then T has a unique fixed point.

Now, we pose the following conjecture:

Generalized Quasi-Contraction Conjecture (GQCC). Let T : X → X be
a continuous map of a complete metric space (X, d), and let 0 ≤ c < 1. Let p ≤ q
are positive integers. Assume that for each x, y ∈ X,

min{d(T kx, T ky) : p ≤ k ≤ q}
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≤ cmax{d(T iu, T jv) : u, v ∈ {x, y}, 0 ≤ i, j ≤ p and i+ j < 2p}.
Then T has a unique fixed point.
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