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FIXED POINTS OF FUNCTIONALLY LIPSCHITZIAN MAPS

P. CHAOHA AND S. SONGSA-ARD

ABSTRACT. We introduce new classes of selfmaps on a normed space equipped
with the weak topology, and investigate the existence of their fixed points as well
as their weakly virtual stability in order to obtain an explicit retraction from the
weak convergence sets onto the fixed point sets.

1. INTRODUCTION

In metric fixed point theory, the fixed point set of a quasi-nonexpansive selfmap
on a convex subset of a strictly convex Banach space can be directly shown to be
convex (hence connected and contractible). Such a result also holds if we replace
“a strictly convex Banach space” in the previous statement by "a CAT(0) space”
(see [5]) or ”a uniformly convex metric space” (see [6]). On the other hand, the
celebrated Bruck’s result in [2] states that if X is a weakly compact convex subset
of a Banach space and T": X — X is nonexpansive selfmap satisfying the conditional
fixed point property, then the fixed point set of T" is a nonexpansive retract of X.
Later in [1], Bruck’s result is improved to include an even larger class of (weakly)
asymptotically nonexpansive selfmaps. An advantage of these Bruck-type results is
a connection (through a nonexpasive retraction, even though not explicitly defined)
between the fixed point set and the domain of the map that indirectly results in
(since X is convex) some interesting topological structures (such as connectedness
and contractibility) of the fixed point set. Motivated by such a connection, the first
author introduces in [3] the notion of virtually nonexpansive selfmaps generalising
various nonexpansive-type selfmaps, and shows that the fixed point set of a virtually
nonexpansive selfmap on a metric space is naturally a retract of a certain subset,
called the convergence set, of the domain of the map. Not only this work can be
considered as a more general Bruck-type result (in the sense that the convergence set
is not neccessary the domain of the map), it also gives an explicit retraction onto the
fixed point set (instead of nonexpansive retractions defined implicitly using Zorn’s
lemma in [1] and [2]). Moreover, the first author also introduces in [4] the notion of
virtually stable maps that defines on general Hausdorff spaces (rather than metric
spaces) and yet captures the essense of virtually nonexpansive maps at the same
time. This certainly allows us to obtain a Bruck-type result in a non-metrizable
setting, especially in a normed space equipped with the weak topology. However, the
continuity as well as the virtual stability with respect to the weak topology cannot
be generally duduced from the usual nonexpansive-type conditions, and surprisingly,
the discussion about suitable conditions that guarantee those properties seems to
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be missing from the liturature. Therefore, in this paper, we will introduce some new
classes of selfmaps that are naturally continuous and virtually stable with respect
to the weak topology, as well as formulate new fixed point theorems for those maps.

In the first section, we recall some backgrounds in functional analysis, topology
and fixed point theory as well as results from [4]. Then, in section 2, we introduce
the notions of a functionally lipschitzian selfmap and a functionally uniformly lip-
schitzian selfmap on a normed space, and show that they are weakly continuous
and weakly virtually stable, respectively. Together with Theorem 2.6 in [4], it is
immediate that the fixed point set of a functionally uniformly lipschitzian selfmap
is always a retract of its weak convergence set. In section 3, we prove some new
fixed point theorems for functionally uniformly lipschitzian selfmaps with respect to
certain sequences. These maps somehow resemble contractions in metric fixed point
theory. Finally, in section 4, we give some criteria for a map to be functionally uni-
formly lipschitzian in an infinite dimensional Banach space having a Shauder basis.
As a result, we obtain some explicit examples of functionally uniformly lipschitzian
selfmaps including the one in Example 5.7 that is not nonexpansive and hence falls
outside the framework of [2].

2. PRELIMINARIES

Let (E,|.||) be a normed space, X C E and E* denote its dual space (the space
of all continuous linear functionals on E). The weak topology on E is the coarsest
topology making each f € E* continuous. We will denote X equipped with the
subspace topology of the weak topology on E by X". As usual, each open set
in X% is regarded as a weakly open subset of X, and by a weak neighborhood
of x € X, we mean a weakly open subset of X containing x. It is well known
(see [7]) that E™ is always regular (but it may not be metrizable), and hence so is
X", A family F of continuous functionals on X is called weakly equicontinuous at
x € X if for each € > 0, there exists a weak neighborhood U (in X) of z such that
fU) C (f(x) —€ f(z) +¢€) for all f € F. To each selfmap T : X — X, we will
associate its weak counterpart 7% : X" — X" given by T%(z) = T'(x). Clearly,
F(T") = F(T) and we will say that T is weakly continuous if 7" is continuous.
Notice also that the continuity of 7" does not always imply the weak continuity :

Example 2.1. Consider T': f3 — ¢5 given by T'(z) = (||z]|,0,0,...) for any = € ¢5.
—th
- . . . .
Let e, = (0,...,0, 1 ,0,...). Clearly, T is continuous (being nonexpansive).
However, since the sequence (e, ) weakly converges to 0 while the sequence (T'(ey,)) =
(e1) does not converge to T'(0) = 0, the map 7" is not weakly continuous.

Also recall that a selfmap T : X — X is said to be lipschitzian if there is L > 0
such that [|[T(z) — T'(y)|| < L||z — y|| for all z,y € X. The smallest such L of a
lipschitzian map 7" will be called the Lipschitz constant of T'; and denoted by L(h).

When F is finite dimensional, a finite sequence eq, ..., ey is a basis for F if each
x € F can be uniquely written as x = 2712[21 ape, where aq,...,ay are real num-
bers. Similarly, in an infinite dimensional (real) Banach space E, a sequence (e;)
is a Shauder basis for F if each x € E can be uniquely written as ¢ = ZneN pen
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where (ay,) is a sequence of real numbers. In both situations, each coordinate func-
tional e}, : &' — R given by ey, (3, cn @nén) = auy, is continuous and we can always
assume that the basis is normalised; i.e., ||e,|| = 1 for all n (see [7] for more details).

Following [4], we will define the weak convergence set of a selfmap T': X — X
to be C(T") and simply denote it by C*(T"). Since C*(T) is generally larger
than C(T), it tends to be topologically simpler than C(T"). For instance, C"(T)
has a better chance than C(T') to be the whole domain X. Recall also that a
selfmap T : X — X is virtually stable if it is continuous, F(T) # 0, and for each
x € F(T) and each neighborhood U of z, there exist a neighborhood V' of z and an
increasing sequence (k,,) of positive integers such that 7%+ (V) C U for all n € N.
When the sequence (k) is independent of both x and U, we will call T uniformly
virtually stable. Thus, we will say that 7' is weakly (uniformly) virtually stable
if 7% is (uniformly) virtually stable. With these terminologies, Theorem 2.6 [4]
immediately gives us the following connection between the fixed point set of T" and
its weak convergence set :

Theorem 2.2. If T : X — X is weakly virtually stable, then F(T) is a retract of
cv(T).

3. FUNCTIONALLY LIPSCHITZIAN SELFMAPS

As seen in Example 2.1, nonexpansive maps do not behave well with respect to
the weak continuity. In this section, we will explore the weak continuity and the
weak virtual stability for new classes of maps whose definitions are motivated by
those of lipschitzian maps. As usual, we let X be a nonempty subset of a normed
space E and T : X — X a selfmap on X with F(T) # (). Also, for each f € E*, let
||.|l s denote the seminorm defined by ||z|/; = |f(z)| for each z € E.

Definition 3.1. T is called

e functionally lipschitzian if for each f € E*, there exist ¢1,92,...,9n € E*
such that

IT(x) =Ty <D lle —yllg,
=1

for any z,y € X.
o functionally uniformly lipschitzian if for each f € E*, there exist g1, go, ...,
gn € E* such that

n
17" () = T* W)l s <D e = yllg,
i=1
for any z,y € X and k € N.

e functionally uniformly quasi-lipschitzian if F(T) # () and for each f € E*,
there exist g1,92,...,9n € E* such that

n
IT*(x) = plly <Y llz —pllg,
i=1

for any x € X, pe F(T) and k € N.
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It is clear from the above definition that a functionally uniformly lipschitzian self-
map is both functionally lipschitzian and functionally uniformly quasi-lipschitzian.
Although one can readily extend the above definitions to a nonself map T': X — F,
we will restrict our attention only to a selfmap for the purpose of this paper.

Example 3.2. A continuous affine map on a Banach space F is always functionally
lipschitzian. For if T : E — E is a continuous affine map, says T'(z) = L(z) + ¢
for some linear map L : £ — FE and some ¢ € FE, we have for each f € E*,
|T(x) =T (y)||f = |foL(x)— foL(y)|. Hence, by letting g = fo L € E*, we clearly
obtain || T(z) — T(y)||f < ||z — yl|g for any z,y € X.

Theorem 3.3. Suppose E is finite dimensional. Then T is functionally lipschitzian
if and only if T is lipschitzian.

Proof. Let eq,ea,...,en be a normalised basis for E. So, for each x € X, we write
x = Z,]y Len(z)en and T(x) = ZnN:1(6:L o T(x))en, where e : E — R denotes the
usual n-th coordinate functional.

(=) Since T is functionally lipschitzian, for each n = 1,..., N, there are gy 1, ...,
9n i, € E* such that for any z,y € X,

len(T(x) = TY)| = [IT(x) = T(y)lle; < Z 12 = Yllg,: < Z lgn.illllz =yl

Then, for any x,y € X, we have

N
IT(2) = Tl = || So(en(T(@) = Tw)))en

< (ikZHgmn)nx—yn.

(<) Suppose || T(z) — T(y)|| < Ll|x — y|| for some L > 0 and for all z,y € X.
Without loss of generality, we may assume that L > 0.
Then for any f € E* and x,y € X, we have

3
Il
—
.
Il
A

IT(z) =T W)y = 17 (T(x) =T ()l
< AT (z) = Tl
< L fllle =yl

N
< LIFI|| Y el = ven
n=1

N
<D LI fllen (@ =)l
n=1
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N
= lle = yllyse;-
n=1

Following the proof of the previous theorem, we also have
Theorem 3.4. Suppose E is finite dimensional. Then T is functionally uniformly

lipschitzian if and only if T is uniformly lipschitzian.

When FE is infinite diemensional, the notions of functionally (uniformly) lips-
chitzian maps and (uniformly) lipschitzian maps are not equivalent. In fact, we will
see later on that the map in Example 2.1 (which is a lipschitzian) is not functionally
lipschitzian. In the next section, we will furthur explore functionally lipschitzian
maps and functionally uniformly lipschitzian maps on infinite dimensional Banach
spaces, but for now, we will show that functionally (uniformly quasi-) lipschitzian
maps behave very well with respect to the weak continuity (weak virtual stability).
First, we need the following lemmas :

Lemma 3.5. A map T : X — X is weakly continuous if and only if, for each
f e R foTl is weakly continuous.

Proof. See Corollary 2.4.5 in [7]. O

Theorem 3.6. If T': X — X is functionally lipschitzian, then it is weakly contin-
UOUS.

Proof. Let f € E*, x € X and € > 0. Then, there exist ¢1,92,...,9n € E* such
that

IT(x) = T(y)lly < leﬂf—yllgﬂ

for all z,y € X. Clearly, U := X N[, 9~ (gz(x) - £,0i(x) + %) is a weak
neighborhood (in X) of  such that for each y € U, we have

[foT(x) = foT(y)| = |T(x) Hf<ZH$—yl|gz Zlgz y)l <&
ie., T(y)e f! (f oT(x)—e€ foT(x)+ e). It follows that

UQT_l(f_1<foT(x)—e,foT(w)—i—e)) - (foT)_1<foT(x)—e,foT(:U)—i-e),

and hence f o T is weakly continuous at . Then by Lemma 3.5, T is weakly
continuous. O

Example 3.7. The map T : o — {5 as in Example 2.1 is not functionally lips-
chitzian because it is not weakly continuous.

Lemma 3.8. A weakly continuous map T : X — X is weakly uniformly virtually
stable with respect to a sequence (k) if and only if, for each f € E*, the family
{f oTkn} is weakly equicontinuous at each fized point of T.
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Proof. (=) Let f € E*, e >0and p € F(T). Since U := XN f1(f(p) —¢, f(p) +e)
is a weak neighborhood (in X)) of p, then, by weak virtual stability of 7', there exists
a weak neighborhood V' (in X) of p such that 7% (V) C U for all n € N. It follows
that f o Tk (V) C (f(p) — ¢, f(p) + €) for all n € N, and hence family {f o T*»} is
weakly equicontinuous at x.

(<) Let p € F(T) and U a weak neighborhood (in X) of p. Then, there exist
fiseooy fn € B* and € > 0 such that X N\, £, (fi(p) — ¢, fi(p) +¢) C U. By weak
equicontinuity of {foT*n} at p, for each i = 1,...,m, there is a weak neighborhood
Vi (in X) of p such that

fio TM (Vi) € (fio T™ (p) — €, fio T (p) + €) = (filp) — € filp) + ©),

for all n € N. By letting V =, Vi, we obtain a weak neighborhood V' (in X)) of
p such that for all n € N,

m m m
TH (V) = T (Vi) € ()T (Vi) € X 0 () 47 (ip) — e filp) +€) C U.
i=1 i=1 i=1
Therefore, T is weakly uniformly virtually stable with respect to (ky). O

Theorem 3.9. If T : X — X is weakly continuous and functionally uniformly
quasi-lipschitzian, then it is weakly uniformly virtually stable, and hence F(T) is a
retract of C*(T).

Proof. Let f € E*, p e F(T) and € > 0. Then, there exists g1, g2, ..., gn € E* such
that

n
IT*(@) = pliy < lle = pllg:,
=1

for all z € X and k € N. Clearly, U := X N[, gt (gi(p) — =, 9i(p) + 5) is a

n

weak neighborhood (in X)) of p such that for each x € U and k € N, we have
[foT(@) = f()| = IT@) = plly < _llz = pllg, = Y _loi(x) - @) < &
i=1 i=1

ie., TF(z) € f~1(f(p)—¢, f(p)+e). It follows that foT*(U) C (f(p)—e¢, f(p)+e) for
all £ € N, and hence { f oTk } is weakly equicontinuous at p. Since T is also assumed
to be weakly continuous, then by Lemma 3.8, T' is weakly uniformly virtually stable
with respect to the sequence of all natural numbers, and by Theorem 2.2, F(T) is
a retract of C"(T). O

The previous two theorems immediately imply :

Corollary 3.10. If T : X — X is functionally uniformly lipschitzian, then it is
weakly uniformly virtually stable, and hence F(T) is a retract of C*(T).

In particular, we obtain the following criterion for contractibility of fixed point
sets :

Corollary 3.11. If T : X — X is functionally uniformly lipschitzian and C*(T)
is connected [contractible], then F(T) is is connected [contractible].
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Remark 3.12. We may tempt to combine Corollary 3.11 with Opial’s type re-
sults (for example, see [8]) to obtain some explicit contractibility criteria for the
fixed point set of a nonexpansive functionally uniformly lipschitzian map. However,
such results are not new since in those settings, X is always convex in a strictly
convex Banach space and hence F(T') is automatically convex, connected and even
contractible. Therefore, in order that Corollary 3.11 will have some significance
in application, some new results on connectedness or contractibility of C*(T) in a
more general setting need to be established.

4. FIXED POINT THEOREMS

To prove some fixed point thorems, we need to introduce a variant of functionally
uniformly lipschitzian selfmaps. Let X be a nonempty subset of a normed space E
and T : X — X a selfmap as in the previous section, but now we will not assume
that T has a fixed point.

Definition 4.1. Let (zx) be a sequence of positive real numbers. The map T :
X — X is called functionally uniformly lipschitzian with respect to (zy) if for each
f € E*, there exist g1, 92,...,9n € E* such that

n
IT*(2) = T*W)lls < 2 Y llz = yllg,
=1

for any z,y € X and k£ € N.

Remark 4.2. A functionally uniformly lipschitzian selfmap is always functionally
uniformly lipschitzian with respect to the constant sequence (1), while a function-
ally uniformly lipschitzian selfmap with respect to a bounded sequence is always
functionally uniformly lipschitzian.

Theorem 4.3. Suppose T : X — X is functionally uniformly lipschitzian selfmap
with respect to a sequence (zx) converging to 0. If there exists xog € X such that the
sequence (T*(x0)) has a weakly convergent subsequence, then T has a unique fived
point in X.

Proof. Let (T7¢(z0)) be a subsequence of (T%(x¢)) such that (77*(xg)) converges
weakly to p € X. Then we have

1T+ (o) = plly < I T7(T(20)) — T (o)l s + 7% (o) — plls

n
< 2, S 1T (w0) = wolly, + 1T (20) — plly
i=1
Since (z) converges to 0, the sequence (T7*T!(z()) converges weakly to p. Also,
since (zx) is bounded, T' is weakly continuous (by Theorem 3.6) and hence the se-
quence (T7++1(xq)) converges weakly to T(p). Since the weak topology is Hausdorff,
it follows that T'(p) = p.

For uniqueness, suppose = and y are fixed points of T. Then for each f € E* and
keN,

n
lz = ylly = 1T"x) = T*W)ll; < 21 Iz — yllg,-
=1
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Since the sequence (zj) converges to 0, we must have = = y. O

Corollary 4.4. If X is closed and bounded subset of a reflexive Banach space, and
T: X — X is functionally uniformly lipschitzian selfmap with respect to a sequence
(z) converging to 0, then T has a unique fixed point in X.

Proof. By the assumption, every sequence in X has a weakly convergent subse-
quence, and hence, T has a unique fixed point in X by the previous theorem. [J

Theorem 4.5. Suppose X is weakly sequentially complete and T : X — X 1is
functionally uniformly lipschitzian selfmap with respect to a sequence (zx). If the
sequence (z) is summable, then T has a unique fized point in X and and CV(T) =
X.

Proof. Let x € X. Then for any f € E* and m <[, we have

IT™(@) =T (@) < Y 1T (x) = T (@)l

m<j<l
<y (ZJZH:c— )lg,)
m<j<l i=1
-(X z])ZHx— )l
m<j<l i=1

Since (z1,) is summable, (T%(x)) is a weakly Cauchy sequence in X. By the weak
sequential completeness of X, there exists p € X such that (7%(x)) converges weakly
to p. Then (T*(x)) also converges weakly to T(p) because of the weak continuity of
T. Since the weak topology is Hausdorff, it follows that 7'(p) = p. The uniqueness

is obtained in the similar manner to Theorem 4.3. O
Example 4.6. Let 0 # ¢ = (c1,¢2,...) € fo and T : f5 — {3 be defined by
1. 1. 1
T(x1,xe,...) = <§ sm(g(:n)), 3 sin?(g(z)), . . S om sin"(g(z)),...),

where g(z) = m Yool cnxy for all x = (z1,22,...) € f2. We will see in the next
section (Theorem 5.3 and Example 5.4) that 7" satisfies every conditions in previous
theorem. So, T" has a unique fixed point and C*(T') = X. Notice that (0,0,...) is
clearly a fixed point of T', but it is far from trivial to show directly that T has no
other fixed point.

5. EXAMPLES IN INFINITE DIMENSIONAL BANACH SPACES

We will now give some criteria for a map to be functionally uniformly lipschitzian
on an infinite dimensional Banach space. Suppose E an infinite dimensional Banach
space having a normalised Schauder basis (e,). As usual, X denotes a nonempty
subset of E, and T : X — X denotes a selfmap whose F(T') # (). Moreover, for a
lipschitzian selfmap h : R — R, we will use L(h) to denote the Lipschitz constant
of h.

Proposition 5.1. If T is functionally lipschitzian, then e} o T is a lipschitzian
functional for each n € N.
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Proof. Since T is functionally lipschitzian, for each n € N, there are g1, g2,...,gm €
E* such that for any z,y € X,

ey, 0 T(x) — ey, o T(y)| = [[T(x) = T(y)

<D @ =)l
i=1

=> lgilz —y)|
i=1

m
< (D lgill)llz =yl
i=1

which implies that e}, o T" is lipschitzian. O

*
€n

Lemma 5.2. Let g1,go,...,98 € E*, and for any k € N, (cF) sequences of non-
negative numbers with y > | el < oco. If for each n,k € N and z,y € X,

N
len (T (@) = TW)| < ¢k > lgi(z — ),
=1

then T is functionally uniformly lipschitzian with respect to the sequence (zy), where
2k = Do O

Proof. Let z, = >.°° | ck.
For each f € E* and z,y € X, we have

1T @) = Tl = |£(D e (@) = T(w)en)

n=1

< AN lei(TH(@) = TH)
no—ol N

SN CHACE)
n=1 =1

N
= fllz Y lgi(e — y)l
i=1

N
=21 ) llz =yl
=1

g

Theorem 5.3. Let g1,92,...,98 € E* and {h,; :n e N;i=1,...,N} a collection
on lipschitzian selfmaps on R satisfying Y .-y max{L(hn;) :i=1,...,N} < co. If
for each n € N

N
*
e ol = E hni © gl x,
i—1
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then T is functionally uniformly lipschitzian with respect to the sequence (zy), where

= [(imaX{L(hn,i) i=1,.. .,N}) (i ”92-”)]"“_1.
n=1 =1
Consequently,

(1) if (Zf;;l max{L(hn;) : i = 1,...,N})(zfil ||giH) <1, then T is func-
tionally uniformly lipschitzian.

(2) if (z;‘;lmax{L(hn,i) Di = 1,...,N}>(Zfi1 H.%’H) < 1, then T has a
unique fized point and C*(T) = X.

Proof. Let B =N ||gill, Cn = max{L(hn;) :i=1,...,N} and C = 37 C,,.
First notice that, for any n € N and z,y € X, we have

e (T(@) = T(y))] = | fj (ni © 9:(@) = hni © )|

N
< Z L(hp,i)lgi(z — )|

N
<Y lgile —y)l.
=1

Next, we claim that for each n,k € N and z,y € X,

N
len(TH(z) = T*(y))] < Cu(BC) Y |gix — y)l-
i=1
When k£ = 1, the statement immediately holds from the previous paragraph. Sup-
pose it is also true for some k € N, we then have

N
len (T"H (2) = T (y))| < Ca(BC) 'Y 1gi(T () = T(y)|

=1

N
< Co(BO (X loil) IT(@) ~ Tw)]

< Cu(BC)*'BY  |en(T(x) — T(y))l

n=1
o) N

< Cp(BO)*'BY (Cn > lgilz — y)l)
n=1 i=1

o

N
= C’n(BC)k*IB( Cn) > gilz —y)
=1

n=1
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N
= Co(BC)*'BC Y |gi(z — y)|
i=1
N
= Cu(BO" Y lgi(w — y)l,
i=1
which proves the claim.
By the previous Lemma, we have

N
IT"(@) = T*(); < (BCY Y " llz = ylleysig
i=1
and hence T is functionally uniformly lipschitzian with respect to the sequence
(z1), where z; = (BC)*~!. Therefore, if BC < 1, then (z;) is bounded and T is
functionally uniformly lipschitzian by Remark 4.2. Also, if BC' < 1, the sequence

(zx) is summable, and hence by Theorem 4.5, T has a unique fixed point and
cY(T)=X. O

Example 5.4. Consider the map T given in Example 4.6. By letting N = 1,
hp = —=sin", we have C = >°°  L(h,) < 1 and B = [|g| < 1. The previous

theorem then implies that 7" has a unique fixed point and C*(T") = X.

In the final part of this work, we will give another criterion for a map to be
functionally uniformly lipschitzian. It will help us, for the sake of completeness,
construct a simple selfmap, in the last example, whose fixed point set is not convex
and hence guaranteed be a retract of its weak convergence set only by our results.

Lemma 5.5. Let | € N, {g,; :n=1,....1;i =1,...,my,} C E* and a € R.
Suppose that e (T (x) — T(y)) = ael(x —y) for alln>1 and z,y € X.
If for each n <1, k € N and x,y € X, there is ¢, > 0

len (T*(z) = T*(y))| < ex 274 lgn,i(z — y)l.
then T is functionally uniformly lipschitzian with respect to the sequence (zy), where
2x = max{cy, |a|F}.

Proof. Let f € E*, k € Nand z,y € X. Then
1T (@) = T*(y)lly = [/(T*(2) = T*(y))|

- (X e @) - T we)

n=1
_ f(zez(Tk(x) _ Tk(y))en) + f(Ze:;(Tk(l‘) — Tk(y))en>

n<l n>l

< [F( X en@ (@)~ THw)en) | +|£ (X en(T @) = T w))en )|

n<l n>l

(+%) < el Z% gni(e =)l + | (D aFeile — y)en)

n<l =1 n>l
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=l 1SS s — )+ HCGEEED SACEIT

n<l i=1 n<l

<l fI S lonste — )l + la o — )]+ [£( X et~ ew)

n<l i=1 n<l

<allfIl Zn: |gni(@ = y)| +[a" fl@ = y)| + D |a"f(en)en(z - y)l

n<l =1 n<l

mn
< max{er, "} 30D Iz = yllisign, + e = vlly + 30 12 = vl enyies )

n<l 1=1 n<l

Therefore, T is functionally uniformly lipschitzian with respect to the sequence (z),
where z, = max{cy, |a|*}. O

Theorem 5.6. Letl € N; g1,...,91 € E*; hy,..., hy lipschitzian selfmaps on R and
a, bl-i—la bl+2, - €R satzsfymg |CL‘ <1 and Ziz:l L(hn)HgnH <1

If for each n € N,
G:LOT: hnogn’X7n§l?
aer +by, ;n>1,
then T is functionally uniformly lipschitzian and hence weakly uniformly virtually
stable.
Proof. Let R =Y"1_; L(hn)|lgnll, e1 = 1, cp = max{R*=2 |a|*=1, Y52 |a|FI 1 RI~1}
for any k > 2 and x,y € X. Also, to save some spaces, we will simply write L,

instead of L(hy). From (**) and k£ = 1 in the previous lemma, we have for any
feFE”,

)

IT() = Ty < 171D Enlgale =)l + [ £( D aci(@ = y)en)
n>l

n<l
and, in particular, for each n =1,...,1,
l9n (T (x) = T(W)] < llgnll > Lilgi(z — y)| + gn<z aef(z — y)@i) :
i<l i>l
For each n =1,...,[, we claim that for all & > 2,
len(T*(@) = T()| < Lallgal R Lilgi(z — y)]
i<l
L ga (Y €i (@ = v)es)
>l

k—2
+ Lallgall (3 lal* = R1) S L
j=1 i<l
Once the claim is proved, we will have for each k > 2

en(T (@) = T )| < a{ Lullgnl 3. Lilgi(z = )| + La|ga( 3 €i (@ = y)es)

i<l i>1

6 Y€ - e
J>1
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o (et —wes) |}
j>l
- ck{Lnugnu ZLi\gz@: ~ )|+ Lajgn (@ =9) = Y eil@—y)er)
i<l i<l
+ Lallgnll S Ziloi (2 =) = 3 e - y)ej))}
i<l j<l

< ck{LannH > Lilgi(z — y)| + Lalgn(z — )| + Lo Y _ lgn(er)ef (x — y)]

+ Lullgnl

1<l 1<l
+ Lullgnl 3 Lilgi(z = )| + Lallgall > D" Lilga(es)e} (z = v)1}-
i<l i<l j<l

Also, since |ef(T'(z) — T'(y))| < c1Ln|gn(z — y)|, the above inequality holds for
all k € N. Therefore, T is functionally uniformly lipschitzian with respect to the
sequence (z) where z; = max{cy, |a|¥}. If |a| < 1 and R < 1, then () is bounded,
o0 is (z). Therefore T is functionally uniformly lipschitzian by the previous lemma.

To prove the claim, it is clear that

e (T2() = T*W))] < Lalgn(T(x) = T(»))|
< La(llgall Y- Lilgita = )l + |90 (D aci (@ = y)es )|
1<l >0

= Lullgnll Y- Lilgi(x = )| + lalLu|gn (- €1 = w)es) |

i<l i>1

Now, assume that the claim holds for some k£ > 2. Then

len (THH (@) = T ()] < Lallgal B2 ) Lilg(T(x) = T(y))]

i<l
+ ol Lo g (D € (T(@) = T(w)e:)
>
+ Ly ugnu(Z\aW RIS Lig(Y € (T() = Tw)ey)
i<l g>l
< Lullgnl | R"- QZL[nglungjx— (Zae (e~ v)e; )|
i<l I<l j>l

+ \a|kLn

9a Dol )ei)
gi( Ze

+ Lo ugnu(Z\aV“ TRI) L
3>l
< Ln||gn||R’“—2(§jLi||giu) S Lylgste — )

i<l j<i
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i<l j>l

9a Y il v)e:)

+ L, ugnu(Z\aV“ RIS LY €5 = w)ey)|
1<l g>l
AOACEES

+ Lallgnll|

+ \a\kLn

= Lullgn|R* R Lilgi(x — y)| + |a|* L,,

i<l >l

+ Lalgnll (lal R*~ 2+Z|a|’f TR 3 L3 € = wes)|

i<l >l

= Lnlgal| R* ngi(x — )|+ [l La|gn (3 € (@ = p)er )

i<l >l

+ Ln ugnu(Z\a|k TRIT) S Ll €5 = w)ey)

1<l 3>l

and the claim is proved by induction. O

Example 5.7. Let X = {(:cn) € ly : |xy1|,|x2] < 10 and for any i > 3, |z;] <

21 DRI 22 9 23 9
compact and convex. Consider T : X — X defined by

192} and fix ¢ = (10,10,15,4,8, 1 L ...) € f5. Notice that X is weakly-

T(x1,xa,...) = (sin(g(z)),cos(g(x)), x3, x4, ... ),

where g(z) = WZHZ;’O:l ey for all z = (z1,29,...) € 3. By letting [ = 2,
g1 = g2 =g, hy =sin, hg = cos, a =1 and 0 = b3 = by = ..., we have ||g1|| =
lg2ll = llgll = 2H|<|3i|l2+1 and L(h1)||g1]|4+L(h2)|lg2]] < 1. By the previous theorem, T is
weakly uniformly virtually stable and hence F'(T') is a retract of C* (7). Notice also
that = = (0,1,0,0,—2,0,...),y = (1,0, G2t 5 oy e P(T) but La+1y =
(%, %, (2”CH6++1)”, —% —%,0, ...) & F(T); ie., F(T) is not convex. Therefore, since
lo is uniformly convex, T' is not nonexpansive.
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