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THEOREMS OF DENJOY-WOLFF TYPE
FOR FAMILIES OF HOLOMORPHIC RETRACTS

MONIKA BUDZYNSKA, TADEUSZ KUCZUMOW, AND SIMEON REICH

ABSTRACT. Using the Kobayashi distance kp, we establish theorems of Denjoy-
Wolff type for certain families of holomorphic and kp-nonexpansive retracts of a
bounded and strictly convex domain D in a complex and reflexive Banach space.

1. INTRODUCTION

Using the horosphere technique and applying those properties of the Kobayashi
distance kp which are closely connected with convexity, we prove in this paper theo-
rems of Denjoy-Wolff type for certain families of holomorphic and kp-nonexpansive
retracts of a bounded and strictly convex domain D in a complex and reflexive
Banach space X (see Theorems 5.1 and 5.4 below). Theorem 5.1, our main result,
and its corollaries extend several results in [11], where either X = C*¥ or D = B,
the open unit ball of X.

Our paper is organized as follows. In the next section we recall several properties
of the Kobayashi distance kp, where D is a bounded and convex domain in a
complex Banach space. In Section 3 we briefly discuss kp-nonexpansive mappings
and kp-nonexpansive retracts. In Section 4 we introduce a new kind of horospheres
and study their properties. Section 5 is devoted to families of kp-nonexpansive
retracts. In this last section we first use the results of Section 4 to establish Theorem
5.1 and then derive a few of its consequences.

2. THE KOBAYASHI DISTANCE AND ITS PROPERTIES

Let (X,]| - ||) be a complex Banach space, D C X be a bounded and convex
domain, and let kp be the Kobayashi distance in D. It is well known that in the
case of the open unit disc A in the complex plane C, the Kobayashi distance ka
coincides with the Poincaré distance on A ( [26], [27], [28], [35], [16], and also [3], [22]
and [36]). It is also known that the Kobayashi distance kp is locally equivalent to
the norm || - || in X [21]. We also take note of the following result.

Lemma 2.1 ([24], [32], [34]). Let D be a bounded and convex domain in a complex
Banach space (X, | -|) .
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(i) If x,y,w,z € D and s € [0, 1], then
kp (sx+ (1 —s)y,sw+ (1 —s)z) <max[kp (z,w),kp (y,2)];
(ii) if x,y € D and s,t € [0,1], then
kp(st+(1—s)y,te+ 1 —t)y) <kp(z,y).
In order to recall a characterization of kp-bounded sets, we need the following

notion. Let D be a bounded and convex domain in a complex Banach space (X, ||]|).
A nonempty subset C' of D is said to lie strictly inside D if

diStH.” (C,0D) :=inf{[|lz —y| : 2 € C, y € 9D} > 0.

It is known [21] that for such a domain D, a nonempty subset C' of D is kp-bounded
if and only if C lies strictly inside D.

The following concept of a complex geodesic will play a key role in our consider-
ations.

Definition 2.2 ([15], [38]). Let D be a bounded and convex domain in a complex
Banach space (X, || - ||) and let A be the open unit disc in the complex plane C. A
holomorphic mapping ¢ : A — D is a complex geodesic (with respect to kp) if there
exist points z # w in A such that

ka(w, z) = kp(¢(w), ¢(2)).

In this case we say that ¢(w) and ¢(z) are joined by a complex geodesic. If,
moreover, w = 0 and 0 < z € R, we call ¢ a normalized complex geodesic joining

¢(w) with ¢(2).
We proceed with the following definition.

Definition 2.3 ([15], [19]). We say that a bounded and convex domain D in a

complex Banach space (X, || - ||) is strictly convez if for every x,y € b”'H, the open
segment

(,y)={z€X:z=s0+(1—s)y forsome0<s<1}

lies in D.

Using strict convexity, one can prove the following very useful theorem and
lemma.

Theorem 2.4 ([15]). Let D be a bounded and strictly convex domain in a complex
and reflexive Banach space (X, || - ||). Then any pair of distinct points in D can be
joined by a unique normalized kp-geodesic.

Lemma 2.5 ([11], [24]). Let D be a bounded and strictly convex domain in a complex
Banach space (X, |- [|). Let {z;},c; and {y;},c; be two nets in D which converge

in norm to £ € 0D and ton € ﬁ”'”, respectively. If
sup {kp (j,;):j € J} = c < 00,
then & = n.
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3. kp-NONEXPANSIVE MAPPINGS AND kp-NONEXPANSIVE RETRACTS

If Dy and Dy are bounded domains in the complex Banach spaces (X1, ||-||;) and
(X2, |Ill3), respectively, and kp, and kp, are the Kobayashi distances in D; and
Dy, respectively, then each holomorphic f : D; — D is nonexpansive, that is,

kp,(f(z), f(y)) < kp,(7,y)

for all z,y € D; [21] (see also [15], [18], [20], [22] and [37]).
In particular, if D is a bounded domain in a complex Banach space (X, || |),
then each holomorphic f: D — D is kp-nonexpansive (see [20] and [31]).

Definition 3.1. Let D be a bounded and convex domain in a complex Banach
space (X,|-])- If @ # F C D and there exists a kp-nonexpansive (holomorphic)
retraction of D onto F, then we say that F' is a kp-nonexpansive (holomorphic)
retract of D.

The following theorem will be applied in the proof of our main theorem.

Theorem 3.2 ([14], [11]). Let D be a bounded and strictly conver domain in a
complex reflexive Banach space (X, ||||). Let F be a family of holomorphic (kp-
nonexpansive) retracts of D. If F = ﬂpe]_-ﬁ’ # 0, then F is a holomorphic (kp-
nonexpansive) retract of D.

Recall that, using the Bruck method ( [7] and [8]), M. Budzynska, T. Kuczumow
and A. Stachura established the following result (see also [2], [6] and [30]).

Theorem 3.3 ([13]). Let D be a bounded and strictly convex domain in a com-
plex and reflexive Banach space (X, ||||). Then, for every family F of commuting
holomorphic (kp-nonexpansive) self-mappings of D with a nonempty common fized
point set Fix(F), this set Fix(F) is a holomorphic (kp-nonexpansive) retract of
D.

4. HOROSPHERES

The main tool which we use in the proof of our main result is the newly defined

horosphere H <$, &R, {x7}7 el“)’ which is introduced in the following way (for other
types of horospheres and their applications see [1], [4], [9], [10], [11], [12], [23], [24],
[29], [31] and [32]).
Definition 4.1. Let D be a bounded and convex domain in a complex Banach space
(X, ]|- ). Let {y}yer be an ultranet, x € D, { € 9D, R > 0, z € D for each y € T,
and assume that limyepzy = € in (X, || - ||). The horosphere H (l’,f,R, {$7}76F)
in D is defined as follows:

i _ 1
H (w,{,R, {xV}veF) = {y €D: Llen% (kD (y,2~) — kp (z,24)] < 5 logR} .

We collect several properties of these horospheres H <a:,§,R, {xv}yer> in the
following theorem (for the ideas of the proof of this theorem see [1], [4] and [9]).
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Theorem 4.2 ([10]). Let D be a bounded and convex domain in a complex and
reflexive Banach space (X, | -||). Let {y},er be an ultranet, x € D, { € 0D, R > 0,
2 € D for each v € T', and assume that lim,er 2, = .

Then the horospheres H <m,£, R, {z+}

«/eF) have the following properties:

(i) if the horosphere H (x,f, R, {337}761“) is nonempty, then it is convex;
(ii) for each 0 < Ry < Ra, we have

- [l .
[H (:U>§7R17{x’7}’yel“> DD] CH (xa‘vaQa{x’y},yeF) ;
(ili) if z,@ € D and limyer [kp (%, 24) — kg (z,2,)] < 3log L, then
F[ (i'a 55 Ra {x’Y}n/e[‘) C FI (Q?, 67 LR? {xﬁ}ygr) a

(iv) for each R > 1, we have B(m,%logR) C ]ZI(:I:,f,R, {xW}yeF)f where
B (x, % log R) is a ball in the metric space (D,kp);

(v) for each R < 1, we have B (:U, f% log R) NH (x,f,R, {1:7}76F> = (), where
B (m, f% log R) is a ball in the metric space (D,kp);

i) UH (x,g,R, {xw}ver) —Dand N H (x,g, R, {x,y}VeF) = 0;

R>0 R>0

(i) (A (z.6 R {xv}%lﬂ).” c OD:;

R>0
(viii) if D is strictly convex and each horosphere is nonempty, then

ﬂ H (az,g,R, {%}very‘” .

R>0

Observe that directly from (iii) it follows that if for some point & € D all horo-

spheres H (i‘,ﬁ, R, {xv}%lﬁ) are nonempty, then the same is true for each point

x € D. We do not know, however, whether the horosphere H <$, &R, {mw}wer
nonempty for each R > 0. It is known that this does hold for open unit balls in
complex Banach spaces (see the proofs in [24], [29], [31] and [32]; see also [9] for the
case of bounded and convex domains in C*). Now we prove this fact in the spe-
cial case where the ultranet {567}761“ is connected with a compact kp-nonexpansive
retraction r of D.

)is

Theorem 4.3. Let D be a bounded and convex domain in a complex reflexive Ba-
nach space (X, | - ||). Let r: D — F be a compact and kp-nonexpansive retraction
onto F', where ) # F C D. Let {y}yer be an ultranet and let a net {z4} er in D
be such that

li =£e€dD
7151 Ty =¢§
and

() = 2y
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for each v € T'. Then the horosphere H <$,§,R, {z+}
x € D and for each R > 0.

’yEF) 1s nonempty for each

Proof. Fix x € D. By Theorem 2.4, for each w € D, where w # z, and for each
0 < & < kp(w,x), there exists a point v, » 4 in D such that
kD(w7 x) = kD(wv yw,ﬂ:,d) + kD(yw@,d’ x)
and
kD(yw,:c,dy x) = qa.

Now fix 0 < R < 1 and let o > —%logR. Since limyerz, = £ € 0D, we may
assume, without loss of generality, that 0 < a < kp(z~, Z) for each v € I'. Then for
each Yz z o, we have

kDY, 20, T) =
and
kp(zy,x) = kp(Ty, Yz 2.0) + kD Yz 00 T) = kD( v, Yoy 2,0) +
Set
Zo o = T(Yzy 20)

for each v € I'. Since

kD(wa,x,aa r(z)) = kD(T(yxy,m,a)»T(x)) < kD(yxw,z,avx) = Q,

the ultranet {2, z.q }yer lies strictly inside D and in the compact set T'(D)”.” =7
Therefore this ultranet {2, s a}~er is convergent in the norm || - [| to a limit point
2z.a € D. Hence we get

lim kp (22,20, 2z,a) = 0
yel

and

’lyiérllﬂ[k’D(zx,aa x’y) —kp (:Ev x’y)] = ’lyigrl[kD(zzw,w,aa x’y) —kp (ZL‘, x’y)]

= hIIIl[kD(T(y:c,y,x,a)v 7’((1)7)) - kD(‘T7 xV)]
~e

. 1
< Llé% ij[(yazy,m,aal”y) - k;D(xal"y)] =-—a< 5 log R.
Therefore 2z o € H (az,f,R, {xﬁ}yer) and so the horosphere H (x,g,R, {x’y}yer)

is indeed not empty, as asserted. O

5. FAMILIES OF kp-NONEXPANSIVE RETRACTS

Before stating our main theorem, we recall that the Hausdorff distance (with
respect to the norm in a Banach space (X, || - ||)) between a set A and a point b
is given by Dist).|(A,b) := sup{[|x — b|| : # € A}. Now we are ready to state and
prove the main theorem of our paper. It extends Theorems 9.4 and 10.2 in [11],
where X = CF and D = B, the open unit ball of X, respectively.
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Theorem 5.1. Let D be a bounded and strictly conver domain in a complex and
reflexive Banach space (X,|| - ), and let {F;}icr be a family of kp-nonexpansive
retracts of D such that ﬂjeJFj # (0 for each finite set ) # J C I of indices.

If Micr Fi = 0 and there exists a nonempty finite set () # J C I of indices
~——=

such that ﬂje i Fj is compact, then there exists a point & € 0D such that
lim Disty. (N;es F5,€) = 0, where the family {J : 0 # J C I and J is a finite set}

of all nonempty finite sets of indices is partially ordered by inclusion.

Proof. Since the family {J : ) # J C I and J is a finite set} of all nonempty
finite sets of indices is partially ordered by inclusion, without any loss of generality
we may consider the family {J} ;. 7 in place of the whole family. Let {v},er be
an ultranet such that {.J,},cr is a subnet of {J} ;. 7. The subnet {.J,},cr is also
an ultranet. These considerations imply that in place of {F;},c; we may take
{ﬁ,y},yep = {ﬂjer Fj}yer. Each ]/7\7” | is compacj and by Theorem 3.2, each ﬁvis
ver Iy = 0. Now we choose x, € F,
for each v € I'. Then the ultranet {z,} er is convergent to £ and its limit point £
lies on the boundary 0D of the domain D. This holds true because ﬂ'yEF ﬁv =0,
and all retracts are closed in (D, kp) and relatively compact in (X, | -||). Next, we

also a kp-nonexpansive retract of D and [

choose 2 € D and consider the horosphere H (x, &R, {zy} which is nonempty

vyel' )»
by Theorem 4.3. For each v € T, let 7, be a kp-nonexpansive retraction of D onto
F,. Then by the inequality

. ,\ . 1
lim [kp (7 (9). ) — bp (2.2)] < lim [k (3.2,) — kp (a.2,)] < 5 log R

which holds for each y € H (a},§ R, {xy} vel“) and 7 € ', each horosphere

H (2,6 R {as}er)

is nonempty, convex, and 7./-invariant for each 4/ € I'. Now we fix z € D and let
£(z) € 0D be the limit point in the norm || - || of the ultranet {7, (2)} Observe
that for each w € D and v € I', we have

kp (7(2), 7y (w)) < kp(z, w).

Hence, applying Lemma 2.5, we see that the point £(z) is independent of the choice
of z € D, say { = &(z) for all z € D. Next, by Theorem 4.2, we obtain

el

: o
{eoy copn (Vi (0,6 Rdw b o) = 1)

R>0

Thus £ = & and this means that lim,cp 7 (w) = £ for each w € D. Finally, observe
that each ultranet {Z,}cr, where Z, € 1/5’\7 for v € T', can play the role of the above
ultranet {z},cr. This implies that lim,ecr DistH,”(ﬁV, ¢) = 0 and this leads to our
asserted result, namely, lim ; Dist”,H(ﬂjEJ F;,¢)=0. O

Directly from Theorem 5.1 we deduce the following corollaries.
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Corollary 5.2. Let D be a bounded and strictly convex domain in a complex and
reflexive Banach space (X,|| - ), and let {F;}icr be a family of kp-nonexpansive
retracts of D such that mjeJ F; # 0 for each finite set O # J C I of indices. If

Nict F5 = 0 and there exists a nonempty finite set () # J C I of indices such
~— |l
that mjei Fj

kp-nonexpansive retractions {r;} ; converges uniformly on D to the constant map
taking the value &, where the family {0 # J C I} of all nonempty finite sets J of
indices is partially ordered by inclusion and rj is a kp-nonexpansive retraction of
D onto the intersection (.., Fj for each J.

is compact, then there exists a point & € 0D such that the net of

jeJ
Corollary 5.3. Let D be a bounded and strictly convex domain in a complex and
reflexive Banach space (X,|| - ), and let {F;}icr be a family of kp-nonexpansive
retracts of D such that (\;c; Fj # 0 for each finite set~® # J C I of indices. If
Nicr Fi = 0 and there exists a nonempty finite set ) # J C I of indices such that

Njes Fjl is compact, then lim; diam | (;c; Fj) = 0, where the family {0 # J C
I} of all nonempty finite sets J of indices is partially ordered by inclusion.

Finally, applying Theorem 3.3, we obtain our last two results.

Theorem 5.4. Let D be a bounded and strictly conver domain in a complex and
reflexive Banach space (X, | - ||), and let F = {fi}icr be a commuting family of
kp-nonexpansive self-mappings of D such that mjeJ Fiz(f;) # 0 for each finite set

0 £ J C I of indices. If the family F does not have a common fized point in D and

there exists a nonempty finite set ) # J C I of indices such that mjei Fz';v(fj)”'|| 18

compact, then there exists a point § € D such that lim; Dist) (e, Fiz(f;),§) =
0, where each O # J C I is a nonempty finite set of indices and the family of all
such sets is partially ordered by inclusion.

Corollary 5.5. Let D be a bounded and strictly convex domain in a complex and
reflexive Banach space (X, || -||), and let F = {fi}ier be a commuting family of kp-
nonexpansive self-mappings of D such that (\;c; Fiz(f;) # 0 for each nonempty
finite set 0 # J C I of indices. If the family F does not have a common fized
point in D and there exists a nonempty finite set O # J C I of indices such that
Njcj F’L'l’(fj)”.” is compact, then lim; diamy.((;c; Fiz(fi)) = 0, where each O #
J C I is a nonempty finite set of indices and the family of all such sets is partially
ordered by inclusion.
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