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ABSTRACT. We study an iterative scheme for a finite family of nonexpansive
mappings generated by the shrinking projection method with errors. We consider
an error for obtaining the value of metric projections and show that the sequence
still has a nice property for approximating a common fixed point of the mappings.
In the proposed iterative scheme, we do not need to suppose any summability
condition for the error terms.

1. INTRODUCTION

Let C be a subset of a real Hilbert space. The fixed point problem is a problem
to find a fixed point of a mapping 7' : C' — H, that is, a point z € C satisfying
that z = Tz. It is a very simple problem and it has been applied to various types
of nonlinear problems such as convex minimization problems, variational inequality
problems, equilibrium problems, and others. Further, as a generalization of this
problem, we can consider the common fixed point problem for a family of mappings.

Approximation schemes to a solution of this problem have been investigated by
a numerous number of reserachers as well as the existence of its solution. One
branch of this study is implicit schemes; see Browder [2], Reich [17], Takahashi and
Ueda [23], and others. These schemes also have a strong relation to the proximal
point algorithm; see Rockafellar [19], Brézis and Lions [1], Pazy [15], Eckstein and
Bertsekas [4], Kamimura and Takahashi [8], and others. For the studies in Banach
spaces, see Bruck and Reich [3], Nevanlinna and Reich [14], Jung and Takahashi [7],
Reich and Zaslavski [18], Kimura and Takahashi [12], and others.

The explicit iterative schemes which guarantee strong convergence have also inves-
tigated in many papers; see Halpern [5], Wittmann [25], Shioji and Takahashi [20],
and others.

Another important scheme to approximate the solution of fixed point problems
is projection method. It was first proposed by Haugazeau [6] and was developed by
Solodov and Svaiter [21] as a modified version of the proximal point algorithm for
monotone operators. Nakajo and Takahashi [13] first adopted this scheme to solve
the fixed point problem for nonexpansive mapping.
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We will focus on another type of projection methods proved by Takahashi, Takeuchi,
and Kubota [22], which is called the shrinking projection method.

Theorem 1.1 (Takahashi-Takeuchi-Kubota [22]). Let H be a real Hilbert space and
C a nonempty closed convex subset of H. LetT' be a nonexpansive mapping of C
into itself such that F(T) ={z € C: z =Tz} is nonempty. Let {a,} be a sequence
in [0,a], where 0 < a < 1. For a point x € H chosen arbitrarily, generate a sequence
{zn} by the following iterative scheme: x1 € C, C1 = C, and

Yn = Qnp + (1 — )Ty,
Cni1={2€C:|z—ynl <z —znl|} N Cy,
Tny1 = Po, @

forn € N. Then, {z,} converges strongly to Ppryz € C, where Pk is the metric
projection of H onto a nonempty closed convexr subset K of H.

We remark that the original result of the theorem above deals with a family of
nonexpansive mappings, and it has been generalized to the setting of Banach spaces;
see also Kimura, Nakajo, and Takahashi [11], Kimura and Takahashi [12].

In this paper, we study an iterative scheme for a finite family of nonexpansive
mappings. The approximating sequence is generated by the shrinking projection
method with errors. In the practical calculation, it is a task of difficulty to calcu-
late the exact value of metric projections which is required to obtain the iterative
sequence by this method. We consider an error for obtaining the value of metric
projections and show that the sequence still has a nice property for approximating
a common fixed point of the mappings. The technique we used in the main result
has been proposed in [9, 10]. We emphasize that, in the proposed iterative scheme,
we do not need to suppose any summability condition for the error terms.

2. PRELIMINARIES

In what follows, we always assume that Hilbert spaces are over the real scalar
field. and we denote by N the set of positive intergers.

Let H be a Hilbert space with the norm ||-|| and the inner product (-,-). For
T1,22,..., T, € H and a1, 00,..., 00, € [0,1] with Y ;" ap = 1, it follows from
the parallelogram law that

m 2 m m m—1

2 2
doagmr| =Y enllwlP = D D ara |z —
k=1 k=1 l=k+1 k=1

Let C' be a nonempty subset of H. A mapping T : C — H is said to be nonex-
pansive if [|[Tz —Ty|| < ||z —y|| for all z,y € C. A point z € C is called a fixed
point of T if it holds that z = T'z. The set of all fixed point of T is denoted by
F(T). We know that if C' is closed and convex, then so is F(T).

Let C be a nonempty closed convex subset of H and u € H. Then, there exists
a unique point z, € C such that

— 2| = inf |ju—z||.
= 2]l = inf lu— 2]
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Using this correspondence, we can define the mapping Po : H — C by u +— z,
for each u € H and call it the metric projection onto C. We know that Pc is
nonexpansive.

The following lemma is easily deduced from the theorem proved by Tsukada [24].

Lemma 2.1 (Tsukada [24]). Let {C,} be a sequence of nonempty closed convex
subsets of a Hilbert space H such that Cpy1 C Cy, for everyn € N. Let u be a point
in H. Then, if Cy = (o2, Cpn is nonempty, then the sequence {Pc,u} of metric
projections onto the subsets {Cy} of u converges strongly to Po,u.

3. THE SHRINKING PROJECTION METHOD WITH ERRORS

We obtain an iterative scheme approximating a solution to the common fixed
point problem for a finite family of nonexpansive mappings. We consider calculation
errors for the metric projections used in the scheme. The main result shows that, for
an iterative sequence {z, }, we are able to estimate an upper bound of the sequence
{||zn, — Tgxn||} for each mapping T} without any summability conditions for the
error terms.

Theorem 3.1. Let C be a nonempty bounded closed convex subset of a Hilbert space
H with D = diam C' = sup, ,cc |7 — y| < oo, and let {T1,T3,...,Tn} be a finite
family of nonexpansive mappings of C to H such that (-, F(Ty) is nonempty.
Let {anr :n € Nk € {1,2,...,m}} be a family of positive real numbers such that
S jankg = 1. Let ap = liminf, ,oc e > 0 for k € {1,2,...,m}. Let {e,} be
a nonnegative real sequence such that eg = limsup,, . €, < 00. For given v € H,
generate an iterative sequece {x,} as follows: x1 € C such that |z1 —u| < €,

C, =0,

m
Yn = g an,kawm
k=1

Copr={z € C: lyn — 2[| < flzn — 2[} N Cn,
Tni1 € Cry1 such that ||zn 1 — ul]® < d(u, Cpi1)? + €1
for n € N. Then

4D(m —1
limsup ||z, — Tpzn| < <2 + (m)> €0
n—00 Qf

for each k € {1,2,...,m}. Further, if e¢¢ = 0, then {x,} converges strongly to
Pﬂ;nzl F(T,)Y S ﬂ;nzl F(Tk)

Proof. Let F = (=, F(T}). First we show that C,, is a closed convex subset such
that F' C C,, for every n € N by induction. It is trivial that F* C C1 = C and a given
point z1 is defined. It is also obvious that C,, is closed and convex for any n € N.
Suppose that each of C1,Cy,...,C; contains F'. Then, since C; is nonempty, we
can choose a point z; € Cj satisfying the condition in the theorem. Then y; and
Cj41 is also defined. Let z € (-, F(T}). Since it follows that

m m
E ok Tpr; — 2| < E ik

k=1 k=1

lyj —=2Il = Thwj — 2|l < lzj — =l
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we have that z € Cj11. Thus we have that F C Cj41. Hence {C),} is a sequence of
nonempty closed convex subset of H such that F' C ()02, Cp.

Next, Let Cy = (),—; Cr, and let wy, = P, u for each n € N. Then, since {Cy,} is
decreasing with respect to inclusion and Cy D F # (), we obtain that {w,,} converges
strongly to wyg = Pc,u by Lemma 2.1. From the definition of the metric projection,
we have that

= ul® < d(u, Cp)* + € = [lu — wy||* + €
for n € N. Since z,, € C,, and w, = P¢,u, we have that
0 <2(u— wy,w, — Tp)
= |lu = zp|* = |lu = wal* = [wn = za®
and hence
lwn = za|® < llu = 20 = [Ju = wal* < €,

for any n € N. Letting d,, = ||w,, — wo|| for every n € N, we obtain that lim,,_,~ 6, =
0 and since wq € Cy, it follows that

lyn — woll < [lzn — wol|
< |lzn — wnll + [[wn — wol
<€+ 0n

for all n € N. Then, for z € F and n € N, we have that

m 2
lyn — 1% = |3 v a T — 2
k=1
m m m—1
=Y k[ Thwn =217 = D > angan | Toan — T
k=1 I=k+1 k=1
m m—1
< ||x7l - Z||2 - Z Z Qg kOin | ”Tkxn - Tlan2 .
l=k+1 k=1

Thus, for k,l € {1,2,...,m} with k # [, we have that

k1 [ Thn — TI%H2 < lzn — ZH2 — lyn — ZH2
< (lzn = 2l + llyn — 2D Ulzn — 2l = [lyn — 21)
< 2D [lzn — ynl
< 9Dz — wal + n — woll + w0 — gal)
< 2D(en + 6y + €n + 6p)
=4D(en + 6y).

So we get that
4D(€e, + 0,
| Thn — Tz$n||2 < M
O, kCn 1
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Therefore, for each k € {1,2,...,m}, we have that

m 2

Z Oén,lTlxn — Ty

=1

< Zan,l HTlxn - TkanQ
Ik

4D )
3 A0l
12k Qi kOin, |

=4D(en +6n) Y L

12k Qn k
AD(m — 1)(en + p)

”yn - Tk$n‘|2 =

Qn k

It follows that
|20 — Thxn| < | — wall + lwn — woll + lwo — yull + lyn — Thxal|

AD(m — 1)(ey + 6n)

Qn k
<2 ((en +60) + \/D(m _;)(:” i 5”)>

for every n € N and hence we have that

§€n+5n+(€n+5n)+\/

D(m—1
limsup ||z, — Txxn|| <2 | €0 + Dm = Deo
n—o0 Qg

for every k € {1,2,...,m}.
For the latter part of the theorem, assume ¢y = 0. Then, from the last inequality,
we have that

lim ||z, — Tpxy| =0
n—oo
for k € {1,2,...,m}. We also have that
0 < lim ||z, — wol
n—o0
< lim (|lzn — wn|| + [Jwn — wol)
n—oo
< lim (€, + 6n)
n—oo
=€) = 07

and thus {z,} converges strongly to wy = Pc,u. Therefore, using the continuity of
T}, we obtain that

llwo — Trwol|| = lim ||x, — Trzn| =0
n—00
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and hence wy € F(T}) for all k € {1,2,...,m}. Since wy = Pg,u € F and F C C,
we get that

wo = Pcyu = Pru,
which is the desired result. O

As a special case, an approximating sequence of a solution to a fixed point problem
for a single mapping can be generated as follows:

Theorem 3.2. Let C' be a nonempty bounded closed convex subset of a Hilbert
space H with D = diam C' = sup, ¢ ||z —yl| < oo, and let T : C — H be a
nonezpansive mapping having a fized point. Let {e,} be a nonnegative real sequence
such that €9 = limsup,,_,., €, < 00. For given w € H, generate an iterative sequece
{zn} as follows: x1 € C such that ||z1 —u| < €1, C1 =C,

Cni1={2€C:||Txy — 2| < ||xn — 2[|} N Ch,
Tny1 € Cpyy such that ||z,41 — ul]® < d(u, Cry1)? + €1

forn € N. Then
limsup ||z, — Tzy| < 2e.
n—oo

Further, if eg = 0, then {x,} converges strongly to Pppyu € F(T).

We can also obtain the following strong convergence theorem for finding a com-
mon fixed point of a finite family of nonexpansive mappings; see [16].

Theorem 3.3. Let C be a nonempty bounded closed convex subset of a Hilbert space
H and let {T1,Ts,..., Ty} be a finite family of nonexpansive mappings of C' to H
such that (-, F(T}) is nonempty. Let {on :n € N,k € {1,2,...,m}} be a family
of positive real numbers such that Y ;" an = 1. For given uw € H, generate an
iterative sequece {x,} as follows: ©1 € C, C; = C,

m
Yn = § an,kaxnv
k=1

Cni1={2 € C:|lyn — 2|| < [lzn — 2|} N Cy,
Tpgl = Pcn+1u
forn € N. Then {x,} converges strongly to Pnm  p(r;)u € Mrey F(Tk)-
Proof. Apply Theorem 3.1 with ¢, = 0 for all n € N. O

Remark. In Theorem 3.3, it is easy to see that we do not need the assumption of
the boundedness of C' to prove the convergence of the iterative scheme. We only
use this assumption to calculate an upper bound of the sequence {||z, — Txzy| }.
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