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RAYS OF EQUIVALENT NORMS WITH THE FIXED POINT
PROPERTY IN SOME NONREFLEXIVE BANACH SPACES

C. A. HERNANDEZ-LINARES AND M. A. JAPON

ABSTRACT. We consider a vector space X endowed with a family of seminorms
p = {pr(-) }r which separates points and it is pointwise bounded. Define the norm
|z|, := sup,, p(x) for all x € X. We study sufficient conditions over the family
{px(-)} & to obtain fixed point results for mappings which are nonexpansive for the
|-|p-norm. We consider Banach spaces that are isomorphic to a one-direct sum of
finite dimensional Banach spaces, as for instance £1, the Fourier-Stieltjes B(G) for
separable compact groups or L1 (M) for M a finite atomic von Neumann algebra.
We apply the above technique to obtain linear rays of equivalent norms with the
fixed point property, which proves that certain linear structure can be found in the
subset of all equivalent norms that verify the fixed point property. Some closed
subspaces of L1]0,1] will also be considered. In case of function spaces Li(u)
or noncommutative Li(M) spaces, where M is a finite von Neumann algebra,
our technique provides rays of equivalent norms with the fixed point property
for affine nonexpansive mappings. In fact, all the fixed point results obtained in
this manuscript are extended to a more general class of mappings: the (L)-type
mappings for which the nonexpansive mappings are a particular subclass.

1. INTRODUCTION

Metric Fixed Point Theory studies the existence of fixed points under conditions
which depend on the metric and that are not invariant if we change the metric
by an equivalent one. The most common aim of Renorming Theory is to find an
equivalent norm which satisfies (or which does not satisfy) certain specific proper-
ties. Metric Fixed Point Theory and Renorming Theory have been usually studied
as independent topics. However, in the last years, some interesting results have
appeared which show the interrelation between both theories. In this manuscript
we continue this field of research studying new connections between Metric Fixed
Point Theory and Renorming Theory in some nonreflexive Banach spaces and for
nonexpansive mappings.

Recall that a mapping 71" defined from a metric space M into M is said to be
nonexpansive if d(Tz, Ty) < d(x,y) for every x,y € M. It is well known that the
Contractive Mapping Principle fails for nonexpansive mappings. Actually, the first
fixed point results for nonexpansive mappings appeared in 1965 in the setting of
Banach spaces and they are strongly connected with the geometry of the space.
Recall that a Banach space X is said to have the fixed point property (FPP) if
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every nonexpansive mapping T : C — C, where C is a closed convex bounded
subset of X, has a fixed point. In this sense, every uniformly convex space or more
generally every reflexive Banach space with normal structure verify the FPP [20].
Two important monographs which collect the advances in the development of the
Fixed Point Theory for nonexpansive mappings are [13] and [21].

Notice that the nonexpansiveness of a mapping depends strongly on the norm
which is considered in the Banach space. If we replace the original norm by an
equivalent one, the set of nonexpansive mappings may change. In fact, the FPP
is not preserved by isomorphisms which implies that the FPP is a condition that
depends on the given norm in the Banach space.

For a long time it was unknown whether the fixed point property could imply
reflexivity. This question was solved in 2008 by P.K. Lin [24] in a negative way: he
proved that there exists an equivalent norm in ¢; with the FPP. His result showed
the first known nonreflexive Banach space with the FPP and opened new fields of
research in Fixed Point Theory for nonexpansive mappings. We say that a Banach
space X is FPP-renormable if there exists some equivalent norm p on X such that
(X, p) satisfies the FPP. Although it is a long open question whether every reflexive
Banach space satisfies the FPP, T. Dominguez-Benavides [5] proved that all reflexive
Banach spaces are FPP-renormable, even in a dense way, that is, in [8] the authors
proved that the subset of all renormings in a reflexive Banach space with the FPP
is dense in the set of all equivalent norms on X. The case of nonreflexive Banach
spaces is quite different. Firstly, there are nonreflexive (and nonseparable) Banach
spaces which are not FPP-renormable: /., ¢1(I') and ¢y(I') (for I' uncountable)
cannot be renormed to have the FPP [21](Chapter 9). In the case of nonreflexive
and separable Banach spaces, it is known that ¢; fails the FPP but it is still FPP-
renormable [24]. Whether the sequence space ¢y is FPP-renormable is unknown.
Some other nonreflexive Banach spaces which are FPP-renormable can be found in
[15]. However, the structure of the subset of all equivalent norms with the FPP in ¢;
is not well-understood. In this manuscript we obtain new equivalent norms in some
nonreflexive Banach spaces verifying the FPP and we prove that the subset of such
norms has certain linear structure, in the sense that it contains linear rays. These
are new results in Fixed Point Theory since it is unknown whether the sum of two
norms with the FPP keeps the FPP. In Section 4 we particularize our results for the
sequence space £1 and for those Banach spaces that can be isomorphically written as
a one-direct sum of finite dimensional Banach spaces, such as the Fourier-Stieltjes
algebra B(G) of a separable compact group G or Li(M) for a finite atomic von
Neumann algebra on a separable Hilbert space. Some closed subspaces of L;]0,1]
such as the Bergman space will also be considered.

In Section 5 we use the techniques introduced in Section 3 in order to obtain
some linear rays of equivalent norms in L;[0, 1] and, more generally in noncommu-
tative L (M) spaces, which verify the fixed point property for affine nonexpansive
mappings.

All the renormings included in the papers [24], [25], [15], [16], [17] and [18] with
the FPP can be derived from Theorem 3.1 and Theorem 3.5 in Section 3. We
will prove that the applications achieved by using the techniques introduced in this
manuscript go beyond those obtained in the previous articles.
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More precisely, the fixed point results proved in this paper are given for (L)-type
mappings, which form a class of mappings that includes the nonexpansive mappings
as a particular subclass. This shows that all the equivalent norms given in [24], [25],
[15], [16], [17] and [18] verify the fixed point property for mappings with the (L)-
condition. The class of (L)-type mappings was defined in [28] and they contain
strictly the class of nonexpansive mappings, mappings satisfying condition (C') of
Suzuki [34], most of generalized nonexpansive mappings and certain mappings with
the (E) condition introduced in [12].

This manuscript is organized as follows:

In Section 2 we give the notation and the definitions that will be used throughout
the paper. Section 3 includes Theorem 3.1, which provides a fixed point result for
mappings that verify the (L)-condition for norms defined as the supremum of a
family of seminorms satisfying certain properties. Also Theorem 3.5 is proved in
this section, which is the technical key to let us obtain open rays of equivalent
norms with the fixed point property. In Section 4 we apply these results to produce
new equivalent norms with the fixed point property in certain nonreflexive Banach
spaces. As far as we know, we collect all known equivalent norms with the FPP in ¢
as a consequence of Theorem 3.1. We add new examples and the existence of open
rays of equivalent norms with the FPP in /; and in some other nonreflexive Banach
spaces, which are not isomorphic to ¢1. It will be remarkable the existence of many
norms failing to have the FPP but that they can be considered as the initial points
of different open rays composed of equivalent norms verifying the FPP. Finally, in
Section 5 we will study how apply our results to Li(u) function spaces and to non-
commutative Li-spaces. In these spaces, we will obtain equivalent norms with the
fixed point property for affine nonexpansive mappings and the existence of some
open rays of equivalent norms with such property. We finish the paper with a short
section of comments and some open problems connecting Renorming Theory with
Fixed Point Theory for nonexpansive mappings

2. PRELIMINARIES

We start this section by introducing some notation which will be used throughout
the manuscript.

For a Banach space X we define by P(X) the set of all equivalent norms on X.
The set P(X) can be endowed with the structure of a metric space by the distance
[10]:

d(p,q) = sup{|p(z) —q(@)| : |=| <1}, if p,q € P(X).
Moreover, P(X) is a convex cone, in the sense that Ap; + ups € P(X) if p1,p2 €
P(X) and A\, p > 0 with max{\, u} > 0. Given pi,p2 € P(X) we say that the
subset {p1 + Ap2 : A > 0} is a (linear) open ray contained in P(X) and that p; is
its initial point.

By using Banach’s Contraction Principle, it can be proved that every nonexpan-
sive mapping has an approximate fixed point sequence {z,} C C whenever C' is a
convex closed bounded subset of X and T : C — C. Recall that a sequence {x,} is
called an approximate fixed point sequence (a.f.p.s.) for a mapping 7" if

lim ||z, — Tz,|| = 0.
n
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Notice that every subsequence of an a.f.p.s. is again an a.f.p.s.

In this manuscript we will obtain fixed point results for a family of mappings
which contain the nonexpansive mappings as a particular subclass. Next we intro-
duce the (L)-type mappings:

Definition 2.1. Let (X, || -||) be a Banach space and C' a subset of X. It is said
that a mapping T : C' — C satisfies condition (L), (or it is an (L)-type mapping),
if it fulfills the following two properties:
(1) Every closed, convex, bounded, T-invariant and nonempty subset D of C'
contains an a.f.p.s.
(2) For any a.f.p.s. {z,,} in C and each z belonging to C

limsup ||z, — Tz| < limsup ||z, — z||.
n n

The definition of (L)-type mappings was introduced by E. Llorens-Fuster and E.
Moreno-Galvez in [28]. They prove that different classes of mappings which often
appear in metric fixed point theory are (L)-type mappings. It is worth noticing that,
whereas condition (1) is invariant by renorming, condition (2) strongly depends on
the given norm and it can fail if we replace the norm by an equivalent one.

Nonexpansive mappings are the classical examples of (L)-type mappings. How-
ever, we can find in the literature different classes of mappings which satisfy condi-
tion (L) and are not nonexpansive in general.

The following definition was introduced by T. Suzuki in [34]:

Definition 2.2. Let C be a nonempty subset of a Banach space X. It is said that
T : C — X satisfy condition (C) if

1 . .

glle =Tzl < e =yl implies [Tz — Tyl < [l —y],
for all z,y € C.

Every nonexpansive mapping trivially satisfies condition (C'). However, several
examples of noncontinuous mappings satisfying condition (C') are given in [34].

Definition 2.3. A mapping T : C — X is called a generalized nonexpansive
mapping if there exist a, b, ¢ > 0 which satisfy a + 2b + 2¢ < 1 such that

1Tz =Tyl < allz = y[ + b(llz = Tz|| + ly = Tyl)) + c(ll= = Tyl + [ly = T),
for all z,y € C.
The following class of mappings was introduced in [12]:

Definition 2.4. For > 1, a mapping T': C — X is said to satisfy condition (E,,)
on C if

[z =Tyl < plle — Tzl + [l - y]
for all z,y € C. It is said that T satisfies condition (E) on C if T satisfies condition
(E,) on C for some p > 1.

It can be proved that the class of (L)-type mappings contains strictly the class of
nonexpansive mappings, mappings satisfying condition (C') of Suzuki, generalized
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nonexpansive mappings ( if b # 1/2) and mappings satisfying condition (F) which
in turn satisfy condition (1) in the definition of (L)-type mappings [28].

We say that a Banach space X has the fixed point property for (L)-type mappings
(FPP for (L)-type mappings) if every self-mapping satisfying condition (L) has a
fixed point when it is defined from a closed convex bounded subset of X. Obviously,
FPP for (L)-type mappings implies the FPP.

The following remark, which easily follows from the definition, will be essential
throughout the proof of the main theorem in the next section:

Remark 2.5. Let C be a closed convex bounded subset of a Banach space and
T :C — C an (L)-type mapping. Let {z,,} be an a.f.p.s. in C and d > 0. If the set
D= {x € C : limsup ||z, —z| < d}

n

is nonempty, then D is a convex closed T-invariant subset of C.

For 2 € X and a bounded sequence {z,} C X, the asymptotic radius of {z,} at
x is defined as

r({zn}, ) := limsup ||z, — z|.
For a subset C' C X, the value
r({zn},C) = inf{r({z,},x): =€ C}

is called the asymptotic radius of {x,} relatively to C.
The following lemma holds for all Banach spaces and all (L)-type mappings. It
can be proved in a similar way as the remark after Lemma 1 in [15]:

Lemma 2.6. Let C be a nonempty closed convexr bounded subset of a Banach space
(X, ]| -1) and T : C — C an (L)-type mapping. If T is fixed point free, there exist
some constant a > 0 and a convex closed T-invariant nonempty subset D C C' such
that

T({%n}, D) Z a
for each a.f.p.s. {xn} in D.
We make the following observation:

Remark 2.7. Let D be the subset given in Lemma 2.6. If we assign to every
a.f.p.s. {z,} in D, satisfying certain property P, a vector & € X depending on the
sequence, there holds

inf {r {zn},%): {xn}is an a.f.p.s. in D satisfying P } > 0.
Indeed, from Lemma 2.6, we have

a < limsup limsup ||z, — zp,|| < 2limsup ||z, — Z|.
n m n

Hence r({zn}, ) > a/2 for all {x,} an a.f.p.s. satisfying P in the subset D .
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3. TECHNICAL RESULTS

This section contains the technical part of this manuscript. It consists mainly of
two theorems. Theorem 3.1 is a general fixed point result for (L)-type mappings
defined for a certain norm given by a family of seminorms. We will introduce the
background setting and conditions (I), (II), (III), which have to be verified by the
family of seminorms in order to assure the fixed point results. The arguments used
in the proof are inspired in [24] and [15]. However, we will discover that the scope
of its applications goes beyond the results obtained in [15], [16], [17], [18] and [24].

Given a family of seminorms with conditions (I), (II) and (III), in Theorem 3.5
we will prove how to obtain new families of seminorms in the same conditions. This
will be the key point for obtaining rays of equivalent norms verifying the fixed point
property.

Since the results are given for (L)-type mappings, they can be particularized for
nonexpansive mappings, mappings with the condition (C') of Suzuki and for cer-
tain generalized nonexpansive mappings and mappings with condition (E) defined
previously.

Our general framework will be the following:

Let X be a vector space. Assume that X can be endowed with a topology T for

which the convergence is invariant by translations, in the sense that z, Ty 2 if and
only if z, — x T 0.

Assume that there is a family p = {pi(:) : £ € N} of seminorms on X which
separates points and it is pointwise bounded. In this case the function

||, = Sl}ippk(x)

defines a norm on X. Assume that (X,|-|,) is complete and that the family of
seminorms satisfy the following properties:

(I) There exists a positive sequence (0y) with limy, §;, = 1 such that for all k € N
there holds

lim sup py,(zn) + px(z) < 0 limsup py(zn + )
n n

whenever z € X and {z,} is a pg-bounded sequence with x,, )
(IT) There exist two sequences (ay) and (f) satisfying 0 < oy, < S < 1 with
limy o, = 1 such that for all k € N

oy limsup [z, |, < limsup pg(zn) < Bg lim sup [zy |,
n n n

whenever {z,,} is a pgp-bounded sequence with T 0.

(III) There exists some « > 1 such that for every 7-null sequence {x,} there
holds

lim sup,, |x|,

lim sup py (o) <
k (6]

for some zq € col'le ({x,}).
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Theorem 3.1. Under the above conditions the following holds: Let C' be a convex,
||p-closed, |-|,-bounded subset of X and T : C — C' a mapping which satisfies condi-
tion (L). Then T has a fized point whenever T has some T -convergent approximate
fized point sequence in every | - |,-closed convex T-invariant subset of C.

Notice that condition (L) lets us assure the existence of approximate fixed point
sequences in every | - |,-closed convex T" invariant subset of C'. In the absence of
compactness hypotheses, it can not be deduced one of these sequences to be T-
convergent.

Before going to the proof we need the following previous lemmas:

Lemma 3.2. Under the above conditions, the following inequality holds: if {x,}
and {yn} are | - |,-bounded sequences in X such that xp, Ty 2 and Yn 1 y then

lim sup lim sup |z, — Ym|, > limsup |z, — |, + imsup |ym — |,
m n n m

Proof.

lim sup lim sup |z, — ¥m|, > limsup lim sup pg(xn — Ym)
m n m n

1
> 5 lim sup {lim sup pg(zn, — x) + pr(x — ym)] (by (I))

k m
1
=— [lim sup pg(xn, — x) + limsup pg(z — ym)]
5k n m

> ;k [limnsup oy — ) + ;k (limnfup Pe(Y — Ym) + pr(x — y))] (by (1))

1 . 1.,

> — limsup pg(zn — ) + - limsup p(Yym — y)
Qg .. ag ..

> — limsup |z, — 2|, + <5 limsup [ym — yl, (by (II))
5]{: n 5k m

Taking limit when k goes to infinity we have

lim sup lim sup |z, — Ym|, > limsup |z, — |, + imsup |ym — |,
m n n m

g

Lemma 3.3. Under the above conditions, let C be a convez, |-|,-closed, |-|,-bounded
subset of X and T : C — C an (L)-type mapping. If T is fized point free, let D be
as in Lemma 2.6. If K is any closed convexr T-invariant subset of D and

r = inf {limsup |zn — x|, {zn} C K is an a.fp.s. and z, XN a:} )
n

then r > 0 and for every a.f.p.s. {x,} C K which is T-convergent and for every
z € K we have

limsup |z, — 2|, > 2r.
n

Proof. For a sequence {z,} we define the property P as being 7 -convergent and
consider & as its 7-limit (see Remark 2.7). This implies that » > 0. Now using
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Lemma 3.2 and the same arguments as in the proof of Lemma 3 in [15] we obtain
the result. 0

Now we prove Theorem 3.1.

Proof. Assume the contrary, that is, there exist a convex bounded subset C of
(X,|-1]p) and an (L)-type mapping T : C' — C without fixed points.

We introduce the following notation: for a | - |,-closed convex T-invariant subset
K of C we define

A(K) = {{zn} C K : {z,,} is an a.f.p.s T-convergent to some x € X }.

Notice that A(K) always contains an approximate fixed point sequence by hypothe-
ses.

Let D be as in the conclusion of Lemma 2.6.

Take

¢ = inf {limsup \zp — x|, : {zn} € A(D), xp XN a:} ,
n
which is strictly greater than cero from Lemma 3.3.

We choose some constants m, €1 > 0 such that

(3.1) 96, 4 S

<m<ec.

Take an a.f.p.s. {z,} C D such that z,, 7, 2 and lim sup |z, — x|, < c+e1. Now,
by translation we can suppose that x = 0.
Define

K= {z € D :limsup |z, — 2|, < 2c—|—2€1} .
n
Notice that K is nonempty, closed, convex, bounded and T-invariant. In fact, there

exists ng € N such that z,, € K for n > ny.
Define

(3.2) dy, == 02(2¢ + 2€1) — ap( + 1)c

Notice that (dg) is a bounded sequence and limy, dy, = 2¢;.

Let us prove that for all {y,} € A(K) with y, 1 y there holds
(3.3) Pe(y) < dy
for all k£ € N. Indeed, in this case

2c+2¢; > limsuplimsup |z, — Ym|, > limsup limsup pg(zn — Ym)
m n m n

> limsup 5,;1 <limnsup pr(Tn) + pk(ym)> (by (I)

m

> (5,;1 lim sup pg(z,) + (5k_2 <lim sup pk(Ym — y) + pr (y)) (by (1))

> 5];10% limsup |z, |, + 5,;2 <ozk lim sup |ym — Y|, + pk(y)) (by (I1))

> 6 tae + 6,7 (ane + pr(y))

which implies that pg(y) < dj for all k € N.
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Define r by

. . T
r :=inf {hmsup lyn — ylp : {un} € A(K), yn — y} )
n
From definition of » we have
(3.4) c<r <limsup|z,|, <c+e
n

In what follows we will prove the existence of a T-convergent sequence {y,} C K
which is an a.f.p.s. and

r({yn}, K) < 2r
which is a contradiction with Lemma 3.3.
By (III) there exists some xq € éol'l»({,}) C K such that

lim sup,, |zn |, - c+er

. i <
(3.5) imsup pi z0) < .

From (3.1) we can choose kg such that
(3.6) di + pr(z0) <m

for all k& > kg.
Since the set K is bounded, and so is the sequence dj, defined in (3.2), there is a
constant P > 0 such that

(3.7) pr(zo —y) < P

whenever y is the T-limit of any a.f.p.s. in K.
Define By := max{fy : k =1,...,ko} which is strictly less than 1.
Take some A € (0,1) such that

Bo(2 = N+ AP < 2r,

what is possible because limy_,g+ So(2 — \)r + AP = 2[r < 2r.
Moreover
(2=XNr+Am=2r—Ar—m) <2r
since m < ¢ <.
Therefore, we can find €2 > 0 such that

(3.8) Bo(2—=XN)(r+e2)+ AP < 2r.
(3.9) 2=N(r+e)+Im < 2r
Set

M :=max{(2 — \)(r + e2) + Am, Bo(2 — X\)(r + £2) + AP},
which is strictly less than 2r.
Take (y,) C K an a.f.p.s. such that y, N y and

(3.10) limsup |yn, —y|, <+ €2.
n
Take Ny € N such that |y, —y|, < r + &2 for all n > Nj.
Moreover, using (II), we have

lim sup pg(yn, — y) < Bo(r + €2), for ke {1,...,ko}.
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Therefore we can find N7 > Ny such that

(3.11) Pe(yn —y) < Bo(r + e2)

foralln > Ny and k=1,...,kg.
Define the vector
z=Arg+ (1= Nyn,

which belongs to K, because K is convex.
We are going to prove that limsup,, |y, — 2|, < M. In order to do this, we will
check that for all £k € N and all n > N; we have

Pe(yn — 2) < M.
Notice that
Yn—2=yn—y— (1 =Ny~ —y) — Mzo — 9).
Fix n > N;. We split the proof into two cases:

Case 1: k > k.
Pr(yn = 2) < pr(yn =) + (1= Nprlyny — ) + Aow(zo) + pr(y)]
< yn —ylp + (1= Nlyn, = ylp + Apr(xo) + pr(y)]
(by definition of | - |,)
< (2=XN)(r+e2) + Xpr(xo) + di] (by 3.10 and 3.3)
< (2=XN)(r+e2)+Im (from 3.6)
< 2r (from 3.9)
Case 2: k < k.
P —2) < pr(yn —y) + (1= Npr(yny —y) + Apr(z0 —y)
< Bo(2=A)(r+e2) + App(zo — v) (from 3.11)
< Bo(2—=A)(r+e2) + AP (by 3.7)
< 2r (by 3.8)

Then py(yn —2) < M for all k € N and for all n > Ny. This implies that |y, —z|, <
M for all n > Np. Therefore

limsup |y, — 2|, < M < 2r,
n

which is a contradiction with Lemma 3.3 and this finishes the proof. O

First notice that Theorem 3.1 is an strict improvement of of Theorem 1 in [15] if
we define the family of seminorms by pg(x) := xRk (z) in the notation introduced
in [15]. Conditions (I), (II), (IIT) introduced in this manuscript are less restrictive
than conditions included in [15]. Therefore, all the equivalent norms with the FPP
for some nonreflexive Banach spaces studied in [15] are included in the framework of
Theorem 3.1. Moreover, in the next section we will obtain new families of equivalent
norms with the FPP that can not be derived from [15]. Theorem 3.1 also let us
include previous examples obtained by P.K. Lin in [25] as a consequence of a new
theorem with sufficient conditions so that a renorming in ¢; has a FPP. We will
explain the details in the next section.
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Also, Theorem 3.1 lets extend the fixed point results for nonexpansive mappings
in the above articles to the setting of mappings with the (L) condition.

In the remaining of this section we will prove another technical result which will
let us obtain new scopes of Theorem 3.1 which are not included in [15].

We introduce the following definition:

Definition 3.4. Let X be a Banach space endowed with a topology 7. Let p €
P(X). We say that the norm p has the 7 (%) condition if the following equality is
satisfied:

lim sup p(z,, + ) = limsup p(x,,) + p(x)
n n
for every 7T-null (norm)-bounded sequence {z,} and for all z € X.

The condition 7 (x) and the following theorem will be the key tool to generate
open rays with the FPP in the following two sections.

Theorem 3.5. Let X be a Banach space endowed with an equivalent norm given by
|z|, = supy, pi(x) where {pr(-)}x is a sequence of seminorms satisfying conditions
(I), (II), (III) with respect to a topology T introduced previously. Let p € P(X)
satisfying the T (x) condition. If X is any positive constant, the equivalent norm

p() + Al p-
can be defined through a family of seminorms which again verify conditions (1), (II)
and (III).

Proof. Without loss of generality, we can assume that A = 1. Notice that for all
x € X we can write

p(@) + [2lp = px) + sup p(z) = sup(p(z) + pi())
Define the family of seminorms p’ = {p}.(-)}» given by

() = p(x) + pi(z)
for all x € X and for all £ € N. Using the notation introduced in the previous
section we can write
||y = Sgppz(-) =p()+1 1o

Since | - |, satisfies (I), (II) and (III) of Section 3, there exist some constants dy,
ag, B, a according to the notation of the above properties. We will use the corre-
sponding symbols d;., o}, B}, ' for the new seminorms pj(-).
Let us check that the family {p}.(-)}x again verifies condition (I), (II) and (III).
(I): It is easy to check that condition (I) holds for &; = d.
(II): Fix k € N and take {z,} a T-null sequence. We can extract a subsequence
{xn,}s such that limg |2y, |y = limsup, |2,y and limg p(xy,), limg |2, |,,
limg pg (2, ) exist. Hence

lim sup pj, () > limsup pj,(z,,) = lim p(z,,) + lim pg (@, )
n s S S

> lignp(mns) + g li;fn ok (xn,)
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> ay. [t p(an,) + i |
S S
= ag lim |z, |y = o limsup |2,
S n
On the other hand, define a = inf{|z|, : p(x) = 1} which is strictly
greater than zero because both norms are equivalent. This implies that
ap(z) < |z|, and p(z) < ﬁmp’ for all z € X. Let {z,} be a T-null

sequence and {z,,} a subsequence such that limsup,, p} (z,) = lim, p} ()
and limg p(xy, ), limg pg(zy, ), limg |2, |, exist. Therefore

lim sup pf () = lim pf (¢5,) = lim p(zy,) + lim py(2,,)
n
< limp(zn,) + B lim|zn,|,
= By, [lim p(wn,) +lim [z, |,] + (1 = B) limp(en,)

1
1+a

< B tim [, |y + (1= B) —— lim |z, |

1 .
< [ﬁk + (1= Bg) T a] lim sup |2y |
We can take o = oy, B, = B + (1 — Bk)?la < 1 for all ¥k € N and
condition (II) holds.

Let {2} be a T-null sequence. Take the constant a as above and consider

€ > 0 with
1+(1+) L1 <1
- €) — —
« all+4+a

Choose a subsequence {z,, } such that lim, p(z,,) and limg |z,,]|, exist.

Let sg be such that p(x,,) < (1 + €)limgp(x,,) for all s > so. For
the sequence {25, }s>s, take zo € Cl'le ({xn, }s>s,) C @0/'le({z,,}) satisfying
condition (III) for the family of seminorms {py(-)}x. Then

ﬁmksup pi(z0) = p(z0) + hmksup pr(wo)

.
<(l+e) lignp(l‘ns) + mgzw

1
B B T N
a] im p(zn,)

1.
= ahgn\xnsb/ + [(1 +¢€)

1 1
< —limsup |z, |y + [(1 +€) — ] lim sup p(zn)
«Q n o n
<Eilaro-t 1| timsupleal
= €) — — | —— | limsup |z,
T o all4+a n P 1Enlp

From the above, there exists some o/ > 1 satisfying condition (III) for
{p,.(-)}x and the proof is complete.

g
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4. APPLICATIONS: EQUIVALENT NORMS AND RAYS OF EQUIVALENT NORMS WITH
THE FIXED POINT PROPERTY

In this section we will apply the fixed point theorems obtained in Section 3 for
(L)-type mappings to several classes of nonreflexive Banach spaces. Firstly we
introduce some notation and obtain some general results.

If X is endowed with a topology 7 we denote by

Pr(X) :=={p € P(X): (X,p) verifies the T (x) condition}

Since nonexpansive mappings are the classical examples of mappings satisfying
condition (L), we will state the following theorems and examples for such class of
mappings although they are valid in the more general context.

Set

Prpp(X) :={p € P(X): (X,p) has the FPP}.

Notice that Pz(,)(X) could be empty. Also the set Prpp(X) could be empty. The
last happens for £, ¢1(I") and ¢(I") for I uncountable, that is, these spaces cannot
be renormed to satisfy the FPP because it can be proved that every equivalent
norm contains either an asymptotically isometric copy of ¢; or ¢y [21](Chapter 9).
However, whenever X is a reflexive Banach space, it is known that Prpp(X) is
nonempty [5] and dense in P(X) for the topology induced by the above metric (in
fact, it is of the second category) [8].

We emphasize the following remarkable fact:

Lemma 4.1. For every Banach space, Prpp(X) N Pry(X) = 0.

Proof. The proof of the above assertion cames from Proposition 1 in [11], where it
is shown that if a Banach space (X, || - ||) contains a normalized sequence {z} such
that

limsup ||z, + y|| = limsup ||z,| + [|y|
n n

for every y belonging to the span{z, : n € N}, and the span{z, : n € N} is
infinite dimensional, then the sequence {z,} contains a subsequence which spans
an asymptotically isometric copy of ¢; and therefore (X, || - ) fails the FPP [21]
(Chapter 9). O

In the following statement we summarize two important consequences of the
results obtained in the previous sections.

Corollary 4.2. Let X be a Banach space which can be endowed with a topology T
and an equivalent norm |-|, given by a family of seminorms p = {pi(-) }x satisfying
conditions (I), (II) and (III) introduced in Section 3. Assume that every (norm)
bounded sequence has a T -convergent subsequence. Then every p € PT(*)(X) 1s the
initial point of an open ray of equivalent norms contained in Prppp(X).

Proof. The proof is direct by using Theorem 3.1 and Theorem 3.5, since for every
P € Pr)(X) and for every A > 0 the family of equivalent norms

p() + Al o
has the FPP for every A > 0. O
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Next we give some examples of different classes of nonreflexive Banach spaces
where Corollary 4.2 can be applied. We will use Theorem 3.1 and Theorem 3.5 to
obtain new equivalent norms with the FPP.

We will start by considering the sequence Banach space ¢1. Next we will study
Banach spaces which can be written as a one direct sum of finite dimensional Banach
spaces. Examples of such spaces are the Fourier-Stieltjes algebras for separable
compact groups and the preduals of a finite atomic von Neumann algebras. Also
some subspaces of L0, 1] will be considered.

We denote by || - |1 the usual norm in ¢;. It is a classical result that (¢1,] - ||1)
fails to satisfy the FPP. In £; we can consider the topology T as the weak® topology
o(¢1,¢0). The unit ball of ¢; is T-sequentially compact so every (norm) bounded
sequence has a weak*-convergent subsequence.

Example 4.3. In 2008, P.K. Lin proved that there is an equivalent norm in ¢;
which satisfies the FPP [24]. This norm can be defined as follows:

Take any sequence (vx)r C (0,1) with limg vy, = 1 and for x = {z(n)}, € 4
define

oo
llall] := sup > fx(n)].
n==k

Notice that the ||| - |||-norm belongs to P(¢;) and satisfies conditions of Theorem
3.1 if we define a family of the seminorms given by

pr() = Y lx(n)].
n=~k

In this case, taking 0 = 1,a = Bx = 7 for all k € N, conditions (I) and (II)
are satisfied. Moreover, the constant a > 1 in condition (III) can be chosen as any
positive constant, since limg pi(z) = 0 for all x € ¢;. Therefore (¢1,][|| - |||) is a
renorming of #; which has the fixed point property for nonexpansive mappings and,
more generally, for (L)-type mappings (see also [27]).

In what follows we set Py(z) := 0 and Py(z) = ZZ:l z(n)ey if z = {x(n)}, for
x € ¢1. The following equivalent norms in ¢ are inspired in the examples introduced
in [25], where the author shows that they satisfy the FPP.

Example 4.4. Consider a sequence of norms vg(-) on the finite dimensional space
R¥ for k € N. Define

pr(x) =k | D |(n)] + ve1(Pre1 ()
n=~k

Set
¢k = sup{og(Py(2)) « || Pe(2)][1 = 1}

which implies that vg(Py(x)) < c||Pg(z)||1 for all z € ¢1. Consider ¢y = lim supy, ¢
and assume that ¢y < ;. Then the corresponding | - |, norms belong to P(¢;) and
satisfy the conditions of Theorem 3.1.
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Proof. Indeed, notice that if {x,} is a weak* null sequence and k € N, then

limsup vg—1(Pp—1(2n)) = 0

which implies that (I) holds. Moreover,

lim sup pk(xn) = Yk lim sup Hl’nHl = limsup ’xn’p
n

so property (II) is satisfied with o = By = i for all £ € N. Let us check that
property (III) also holds.
Notice that for any = € /¢4,

lim sup py,(2) = lim sup vy, (P (2)) < limsup e || Pe(2)[[1 = coll|x
k k k

With this notation

. . Ck Co
limsup pg(z) < limsup —1|lz[1 < —lz|,
k k it g4l

Take € > 0 such that (1+€)£> <1 and let {z,} be a weak* null sequence. Take ng
such that |z,,|, < (1 + €)limsup,, |z,|,. Therefore for such no,
. €0 o .
lim sup pi(2ny) < —|2nelp < (1 +€)— limsup |z,|,
k gt M on
as we wanted to check. g

Adapting the notation of the examples included in [25] to our setting, we can
check that they are particular cases of the above family of equivalent norms in
P(tr).

We can enlarge the set of equivalent norms in ¢; which are in the conditions of
Theorem 3.1 considering the norms introduced in the following example:

Example 4.5. Take (g;)r C (1,400) with limy g, = 1 and (y4)r C (0,1) with
limg v, = 1. Define the seminorms

1
pr(@) = (1 = Pe) @I + | Pe(em)|[§:] 1/
for some ¢ < 1 and for all £ € N, where by I we denote the identity operator and
Py (-) was defined previously. If we define as usual

|z, := Sippk(w),

the norm |- |, belongs to P(¢;) and satisfies the conditions in Theorem 3.1.

q—1

Proof. Indeed, it is not difficult to check that (I) is satisfied taking d =2 % . On
the other hand, if {x,} is weakly* null, then limsup,, pr(zr) = vk limsup,, ||zn|1
and limsup,, |z,|, = limsup,, ||z,]|1 so (II) holds with o, = By =y, for all k € N.
Take € > 0 with ¢(1 + ¢€) < 1. Consider {x,} a weak* null sequence and ng such
that
|Znoll1 < (1 + €)limsup [|z,|1 = (1 +¢€) limksup |z ,-
n

Therefore
lm sup pg(2ne) = cl|zn, [l1 < ¢(1 + €) limsup |zn |,
k k

and (III) holds. O
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More examples of equivalent norms in ¢; given by seminorms verifying Theorem
3 with d; # 1 in condition (/) can be found in [2]

Now, as a consequence of Lemma 4.1 and Corollary 4.2 we can deduce that the
set of equivalent norms in ¢; satisfying the FPP contains rays whose initial points
are renomings which fail to have the FPP:

Corollary 4.6. Let p(-) be any equivalent norm in €1 satisfying the w*(x) condition,
that is

lim sup p(xy, + ) = limsup p(x,) + p(x)
n n

for every weak*-null sequence {x,,} and for all x € ¢1. Then (X, p) fails to have the
FPP. However, p is the initial point of several open rays of equivalent norms with
the FPP.

Typical examples of norms in ¢; which satisfy the w*(x) condition are the usual
|| - |li-norm and every equivalent norm which separates disjoint supports. They fail
to have the FPP themselves, but it is remarkable that they provide different families
of open rays composed of equivalent norms with the FPP.

Notice that Theorem 2.1 in [18] is a very particular case of the above result by
using P.K. Lin’s norm introduced in Example 4.3. Also in [18] the reader can find
more examples of equivalent norms in ¢; satisfying the w*(*) condition and which
do not separate disjoint supports.

Next, let us check how Theorem 3.1 and Theorem 3.5 can be applied to more
general classes of nonreflexive Banach spaces.

Corollary 4.7. Let (X,,) be a sequence of finite dimensional Banach spaces. Define
the one-direct sum of (X,) as

X =d ZX” = {x = (xp) 1y € Xy, ||2]| = Z |lznllx, < —i—oo} :
n n
Let T be the the weak* topology generated by the predual
X = {0 = (o) 00 € Xolim Lz, = 0.l = sup v, |
n

Then every equivalent norm satisfying the T (x) condition fails the FPP and it is
the initial point of different families of open rays composed of equivalent norms with
the FPP.

Proof. Notice that the original norm in X verifies the 7 (%) condition.
Consider () any sequence in (0, 1) with limy, v, = 1 and define |z|, := supy, pi(z),
where

oo
pr() =6 Y llonllx,
n=k

if v = (z,) with z,, € X,, for all n € N. Now it is easy to check that {px(-)}x
verifies Theorem 3.1. Then (X, |- |,) has the FPP and p+ A| - |, € Prpp(X) for
every p € Pr(,)(X) and A > 0. Similar rays can be constructed following the ideas
in Examples 4.4 and 4.5. O
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Example 4.8. Fix any p > 1. We can apply the above corollary to the Banach
space X = @1, £y

It is worth mentioning that the above space is a nonreflexive Banach space which
is not isomorphic to any subspace of ¢; (this can be checked by comparing the type
and cotype of both Banach spaces).

Example 4.9. Let G be a separable compact group and B(G) its Fourier-Stieltjes
algebra. Then the set of equivalent norms which satisfy the FPP for (L)-type
mappings contains rays.

Proof. Using the arguments in the proof of [23, Lemma 3.1] and [14, Corollary 6.9]
we deduce that B(G) can be written as

B(G) = &1 S T(H,),

where H,, is a finite dimensional Hilbert space and 7 (H,,) is the trace class operators
on H,. O

Notice that the Fourier-Stieltjes algebra B(G) endowed with its original norm
fails to have the FPP unless that G is a finite group [22].

Example 4.10 ([16]). Let M be any finite atomic von Neumann algebra. Then
its predual L;(M) can be endowed with rays of norms with the FPP for (L)-type
mappings.

Proof. The proof is again based on the fact that Li(M) is isomorphic to a one-
direct sum of finite dimensional Banach spaces whenever M is a finite atomic von
Neumann algebra (see Proposition 2.2 in [33]). O

We now consider some closed subspaces of L1 (u)-spaces which we know that can
be renormed to have the FPP:

Let (X,9Q, 1) be a o-finite measure. Let || - ||; the usual norm in L;(p)C given by
|zl = Jq 2| du. Tt is well-known that (Li(x), || - [|1) fails the FPP. In fact, it is an
open question whether there is some equivalent Lq(u) which satisfies the FPP.

Corollary 4.11. Let (X,9Q, 1) be a o-finite measure space and X a closed subspace
of L1(p). If the unit ball of X is relatively compact for the topology of the local
convergence in measure, then the set Pppp(X) contains rays. In particular, the
usual || - |1 norm in X in the initial point of different open rays in Prpp(X).

Proof. In Section 5 of [15] it is proved that L;(u) can be endowed with a family of
seminorms that verify conditions (I), (II) and (III) of Theorem 3.1. If we restrict
these seminorms to the subspace X and define the corresponding | - [, norm, the
space (X,|-|,) verifies the FPP since Theorem 3.1 holds for the topology 7T of
the local convergence in measure. Since || - ||; verifies the 7 (%) condition for this
topology, according to Theorem 3.5, ||-||1 is the initial point of some open rays with
the FPP. We can modify the semimorns introduced in [15] and obtain different open
rays of norms in Prpp(X) with initial point the || - [|; norm. O
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Example 4.12. Let D denote the open unit disc. The Bergman space L, (D) is the
subspace of L1 (D) of all analytic functions on D. J. Lindenstrauss and A. Pelczynski
[26] proved that the Bergman space and the sequence space ¢1 are isomorphic, which
implies that Ly (D) is FPP-renormable by P.K. Lin’s result [24]. However, these
authors did not give an explicit definition of the above isomorphism. In fact, it
turns out to be a difficult problem to find a system of functions which is a basis in
L,(D) equivalent to the unit vector basis in ¢; (see Notes and Remarks in Chapter
III.A of [35] and the references therein). This makes specially difficult to give an
specific renorming in the Bergman space with the FPP through P.K. Lin’s norm.
On the other hand, the Bergman space is a dual Banach space and for bounded
sequences weak™® convergence is equivalent to uniform convergence on compact sets
[30]. This shows that the weak™ topology is finer than the topology of convergence
in measure on the unit ball of L,(D) and consequently these two topologies coincide
on By, ). Therefore, by the family of seminorms introduced in Section 5 of [15] and
Theorem 3.5, for every sequences (Vi )k, (0x)r C (0,1) with limg v, = 1, limg §, = 0,

the norms
/ |z| dm + A sup’yksup{/ |z| dm : m(FE) < 5k}
D k E

gives an open ray of equivalent norms with the FPP.

In Example 6 of [15] and the references therein, we can find new subspaces of
L1 (p) that are not isomorphic to any subspace of ¢, and for which we can construct
rays of equivalent norms verifying the FPP following the same seminorms as above.

5. RAYS OF EQUIVALENT NORMS WITH THE FIXED POINT PROPERTY FOR AFFINE
MAPPINGS

The above arguments to find equivalent norms with the fixed point property
fail in case of the Banach space L1[0,1] or more generally in case of Lj(u) when
(©,%, 1) is any o-finite measure space. In L;(u) we can consider the topology T
as the topology of the local convergence in measure (clm), or the topology of the
convergence in measure (cm) in case that the measure is finite. The usual || - ||;
norm satisfies the 7 (%) condition and a family of seminorms with properties (I), (II)
and (III) introduced in Section 3 can be given [15]. The problem arises when we
try to find 7 -convergent approximate fixed point sequences, since the unit ball of
Li(p) is not T-sequentially compact. We can overcome this situation if we assume
that the mapping T is affine. Recall that a mapping 7" defined from a convex subset
into itself is affine if

Tz + (1= Ny) = \T(z) + (1 = NT(y)

for all z,y € C and A € [0,1]. Affine mappings play an important role in fixed
point theory. For instance, they let characterize weakly compactness in Banach
spaces through fixed point results. In [7] it is proved that a convex bounded subset
C of a Banach space is weakly compact if and only if for every closed convex
subset K C C and for every affine continuous mapping 7" : K — K, there exists a
fixed point. In fact, the continuity condition can be replaced by nonexpansiveness
whenever X = L;[0, 1] or more generally whenever X is an L-embedded Banach
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space [7], [9]. Notice that the affine condition in the previous characterization of
weakly compactness can not be omitted [1].

A Banach space is said to have the affine fixed point property (A-FPP) if every
affine nonexpansive mapping defined from a closed convex bounded subset into
itself has a fixed point. It is well-known that L;(u) fails the A-FPP and the same
holds for every Banach space which contains an asymptotically isometric copy of ¢;
[21] (Chapter 9). It is proved in [17] that for the function space L;i(x) and more
generally, for the the predual of any finite von Neumann algebra L;(M), there
exists an equivalent norm with the A-FPP. In this section we will check that we can
extend these renormings and obtain rays of equivalent norms with the affine fixed
point property. Notice that all the fixed point results obtained in this section also
hold for affine mappings which verify the (L) condition.

Let M be a finite von Neumann algebra on a separable Hilbert space and let
7 be a finite normal faithful trace on M. Let L;(M) be the corresponding non-
commutative Lj-space with its usual norm ||z||; = 7(|z|), where by |z| we denote
the absolute value of the operator € Li(M). For definition and examples of
non-commutative Li-spaces, the reader can consult [32], [16] and the references
therein. Since every commutative von Neumann algebra is finite, the function spaces
Li(p) for (£2,%, 1) any o-finite measure are particular cases of non-commutative
L1 Banach spaces associated to a finite von Neumann algebra. Another example of
such space is L1(R), R being the hyperfinite II; factor. Notice that L;(R) contains
strictly L;[0,1] as an isometric subspace [33].

In [16] and [17] the following family of seminorms is considered:

p1(7) = mllz|1 = n7(z])
and for k£ > 2

pute) = s { vl s € PV, 7() < 1}
where () is any sequence in (0,1) with limgy; = 1 and P(M) here denotes the
collection of all orthogonal projections in M. These seminorms verify properties
(I), (IT) and (III) of Theorem 3.1 (see [16]) when we consider the topology T as the
measure topology in Li(M) which has, as a fundamental system of neighborhoods
of zero, the following sets:

N(g,0) = {x € M :3p € P(M) such that ||zp|le < € and 7(pt) < (5} ,

where ¢ and § are positive real numbers [29].
We consider the following extension of Komlés Theorem due to N. Randrianan-
toanina [31] (Proposition 3.11).

Theorem 5.1. Let (M, T) be a finite von Neumann algebra and suppose that {x,}
is a bounded sequence in Li(M). Then there exists a subsequence {g,} C {x,} and
a vector x € Li(M) such that for every further subsequence {hy,} C {gn},

1 n
— E hi —=n with respect to the measure topology.
n

i=1
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If the mapping T is affine, it is easy to check that the sequence formed by the
arithmetic means of an approximate fixed point sequence {x,} is again an approx-
imate fixed point sequence. Hence, the hypotheses of Theorem 3.1 are satisfied
when the mapping 7T is an affine nonexpansive mapping, or more generally an affine
(L)-type mapping. Therefore, similar statements can be deduced.

Since every renorming which contains an asymptotically isometric copy of ¢ also
fails the A-FPP, we can deduce that every equivalent norm in L; (M) with the 7 (x)
condition fails the A-FPP, whereas it provides a ray of equivalent norms with the
A-FPP. This assures that the set of equivalent norms verifying the A-FPP is dense
in the set of equivalent norms with the 7 (%) condition.

Corollary 5.2. Let M be a finite von Neumann algebra and Li(M) its predual.

Let (vi)r C (0,1) with limg v, = 1. Then for every equivalent norm || - || verifying
the T (x) condition, in particular for the usual || - ||1 norm, the equivalent norms
defined by

1
-1+ A Sl;pyk sup {pr||1 :pePM),7(p) < k:}

for A > 0 form an open ray of equivalent norms with the A-FPP, and more generally
with the fized point property for affine (L)-type mappings.

In particular for function spaces we obtain

Corollary 5.3. For every o-finite measure space (2,2, p), the function space Ly (1)
can be renormed to have the A-FPP and every norm satisfying the clm(x) condition
fails to have the A-FPP but it is the initial point of an open ray formed by equivalent
norms with the A-FPP.

When the measure space is finite and nonatomic, the previous renorming can be
rewritten by using maximal functions. Indeed,

sup{ [y |fldp : p(A) < 1/k} =SL}pifA\f\du: u(A) =1/k}
= s = L (1)
where f* denotes the decreasing rearrangement of the function f and f** is the

1 t

maximal function defined by f**(¢t) = t/ f*(s)ds for t > 0 (see [3, Chapter 2],
0

Lemma 2.5.). In particular, in L]0, 1], taking v, = 1 — 1/2k for every k > 1, the

equivalent norms
[[fll1+ A sup {1 L lf** 1
trA ey o)k \&)

forms an open ray of equivalent norms in L1[0, 1] with the fixed point property for
affine (L)-type mappings (and the same holds if we replace the sequence {1/k} by
any sequence tending to zero).

Concluding remarks and some open problems:
In the last years new results have been published which interrelate Metric Fixed

Point Theory for nonexpansive mappings with Renorming Theory in Banach spaces.
We would like to point out some open problems in this line of research:
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1. We do not know if the affine condition can be dropped from the statement
of Corollary 5.2. In fact it is an open problem if there exists some equivalent
norm in L1[0, 1] with the fixed point property for nonexpansive mappings.
Notice that we can not argue as in the nonseparable case ¢1(I") where it is
proved that every renorming in ¢;(I") contains an asymptotically isometric
copy of £1. Since L1[0,1] and more generally L;(M) are separable Banach
spaces, we know that there exist some equivalent norms without asymptot-
ically isometric copy of /1. In fact it can be proved that for all separable
Banach spaces, the subset of all equivalent norms which fail to have an
asymptotically isometric copy ¢; is of the second category in P(X) and that
always there exists an equivalent norm without asymptotically isometric
copies of both ¢o and ¢; [19].

2. Notice that as “close” as we like from the usual || - ||; norm in ¢; we can find
a renorming with the FPP (take 7, close to one in the P.K. Lin’s norm).
Also as close as we like from a norm verifying the FPP in ¢; we can find
an equivalent norm failing to have such property [6]. This implies that
the subset Prpp(¢1) is neither open nor closed in P(¢;) with respect to
the topology induced by the above metric. Actually not much is known
about the topological structure of Prpp(¢1). In [6] it is proved that the
complementary of Prpp(f1), that is, the subset of all equivalent norms
which fail to have the FPP, is dense in P(¢;). We do not know whether
Prpp(£1) is dense in the set of all equivalen norms in ¢;. The same question
could be raised for every separable nonreflexive Banach space.

More generally, is every norm in P(¢1) the initial point of an open ray of
equivalent norms with the FPP? This is true is we consider rays of norms
failing to have an asymptotically isometric copy of ¢1, that is, every norm
in P(¢1) is the initial point of an open ray of norms in P(¢1) which fail to
have an asymptotically isometric copy of ¢; [19] so we still could have some
chance in proving that this ray is composed of norms satisfying the FPP.
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