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ABSTRACT. In this paper we present some simple solvability results applicable to
the study of the theory of projected dynamical systems. In particular, we study
the existence of solutions to a variational inequality using the existence of critical
points of a projected dynamical system on a Hilbert space, as well as some results
about the existence of periodic orbits for the above projected dynamical systems
are also presented.

1. INTRODUCTION.

The theoretical study of projected dynamical systems (PDS for short) started in
the early 90s. The original motivation for the study of a (PDS) is found in finite
dimensional equilibrium problems. The equilibrium is an important state considered
in Physics, Engineering sciences and Economics etc (see [16]). For instance, the
problem to find the equilibrium of an economical system is exactly the problem to
find the solutions of a variational inequality (see [13]). On the other hand, for many
equilibrium problems in Elasticity, Fluid Mechanics and Engineering it is necessary
to develop the theory of projected dynamical systems in an infinite dimensional
Hilbert space. The solutions of a variational inequality yields a static information
about an equilibrium state. In many problems in Economics, in Mechanics etc. we
are interested to know the evolution of equilibrium with respect to the parameter
“time”.

When we associate to a variational inequality a local projected dynamical system
[14], the critical points ( i.e., the equilibrium points) of this system are exactly the
solutions of the variational inequality and therefore are the equilibrium points of
considered practical problems (see [15, 23]).

In this paper we present some simple solvability results applicable to the study of
the theory of projected dynamical systems. Moreover, as in [11], we give sufficient
conditions to solve the question of existence of periodic orbits.

2. PRELIMINARIES

Let (H,(-,-)) be a real Hilbert space and let D be a nonempty closed convex
subset of H.
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Given a mapping f : D — H, the variational inequality defined by f and D is

~J find zg € D such that
(2.1) VI(f,D): { (f(z0),y — x0) >0, for all y € D.

We refer the reader to [26], for background material on theory of variational
inequalities.
Given a point x € D recall that the closed convex cone

Np(z):={¢€ H: ({y—=x) <0, forall y € D},

is called the normal cone of D at the point = € D.
As usual, denote Pp : H — D the metric projection operator. For each x € H,
Pp(z) is the unique point of D such that

|z — Pp(z)|| < ||z — vy, for all y € D.

The directional derivate of the metric projection operator Pp at any point x € D
and at any arbitrary direction v € H exists [31]. We denote

. Pp(x+dv)—=
IIp(x,v) ::52%1+ 2] 5 ) :

Given the problem VI(f, D), we consider the ordinary differential equation

W/ (t) = Hp(u(t); — f(u(t)))
(2.2) { where u :If(), +o0) — H.

The projected dynamical system defined by the mapping f on the set D (PDS(f,D)
for short), is defined as the mapping ¢ : D x Rt — D where ¢(z,t) = ¢.(t) solves
the following initial value problem associated to Equation (2.2), that is,

¢/z(t) =1I (¢x(t)a _f(¢x(t)))
(2:3) { 6o(0) = zo € D.

The importance of the notion of PDS for the study of variational inequalities is
related to the following result.

Proposition 2.1 ([23]). A point xg € D is an equilibrium point of the PDS(f, D),
i.e. IIp(xo,—f(x0)) =0 if, and only if, xo is a solution of the VI(f, D).

In the infinite dimensional case, we must study the existence of solution of Prob-
lem (2.3) and the stability of stationary points of PDS(f, D) using the following
differential inclusion

(2.4) u'(t) + Np(u(t)) 2 —f(u(t),

and considering its viable solutions.

Generally, if T' is a positive real number or 7' = +o00 a function u : [0,7) — D is
said to be a viable solution of (2.4) if u is absolute continuous on compact subsets
of [0,T") and it satisfies

u'(t) + Np(u(t)) > —f(u(t))
for almost all ¢ € [0, 7).
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Then, the initial value problem (2.3) consists of finding the slow solution ( the
viable solution of minimal norm) to the differential inclusion (2.4) under the initial
condition u(0) = zg.

Proposition 2.2 ([23]). A point o € D is a solution of the VI(f, D) if and only
if, xo is a equilibrium point of the (2.4), that is 0 € —f(xo) — Np(xo).

The study of existence results for the initial value problem (2.3) in infinite dimen-
sional Hilbert spaces has difficulties since IIp can have discontinuities. However in
[11], the following existence theorem was presented.

Theorem 2.3. Let H be a real Hilbert space, D C H 1is a nonempty closed convex
subset and f : D — H is a lipschitzian mapping. Then Eq. (2.3) has a solution on
[0, +o00.

Let X be a real Banach space and X* its topological dual. Let B,(z) := {y € X :
|z =yl <r} and Sp(z) :={y € X : |z —y|| = r}. Denote by C(0,7; X) the space
of X-valued continuous functions on [0, 7] with the norm |[ul/cc = sup{||u(t)| : t €
[0,77}, and given z € X a set Wy (2) := {u € C(0,T;X) : |Ju— 2||c < r}. Finally,
denote by L'(0,7T; X) the space of X-valued Bochner integrable function on [0, 7]
with the norm [Jully = [ [[u(t)|dt.

If x € X, we shall denote by J(z) the normalized duality mapping at = defined
by J(x) := {j € X*: j(x) = ||z||?, ||5]| = ||=||}. We shall often use the mappings
(94, (,)— + X x X — R defined by (y,z)y := max{j(y) : j € J(z)} and
(y,z)- == min{j(y) : j € J(2)}.

Notice that if (H,(-,-)) is a Hilbert space, then (-,-)y = (-,-)_ = (-, ).

A mapping A : D(A) € X — 2% will be called an operator on X. The domain
of A is denoted by D(A) and its range by R(A). An operator A on X is said to be
accretive if and only if, (u — v,z —y)4 > 0 for every (z,u), (y,v) € A.

If, in addition, R(I + AA), is for one, then for all, A > 0, precisely X, hence
A is called m-accretive. We say that A satisfies the range condition if D(A) C
Mxso R(L + AA). Accretive operators were introduced by F.E. Browder [9] and T.
Kato [24] independently. In this sense, it is interesting to notice that the concept
of m-accretive operator and the concept of maximal monotone operator coincide
on Hilbert spaces (see, for instance [10]). Those accretive operators which have the
range condition play an important role in the study of nonlinear partial differential
equations.

If f € L'(0,T,X) and we consider the Cauchy problem

(2.5)

{w@+mmm9ﬂmte@ﬂ,
w(0) = zo € D(A),

where A is accretive with the range condition on X. It is well known that (2.5)
has a unique integral solution in the sense of Bénilan [6] i.e., there exists a unique
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continuous function w : [0,7] — D(A) such that u(0) = z, and moreover, for each
(r,y) € Aand 0 < s <t < T, we have

(2.6) Hmo—xW—HM@—stzjkﬂﬂ—ym&v—w+m.

It is also well known that (2.6) yields the inequality

t
Hmw—xusmm—ﬂwyéuﬂ@—ywa
for all (z,y) € Aand 0 <t <T.

If u,v are integral solutions of u/(t) + A(u(t)) > f(t) and v'(t) + A(v(t)) > g(t),
respectively, with f,g € L'(0,T, X), then
o [ju(t) = o(®)] < lju(0) = w(0) | + [ 1£(5) = ()| ds.
t u(T)—v(T
o u(®) —v®)] < luls) = v(s)l| + [L{F(T) = 9(7), TaD s+ dr.

A strong solution of Problem (2.5) is a function u € W1>°(0,T; X), i.e., u is a
locally absolutely continuous and differentiable almost everywhere, such that u'(¢)+
A(u(t)) > f(t) for almost all ¢t € [0,T] and u(0) = zo.

Concerning the existence of strong solutions, the following theorem is known (see
[7] and page 133 of [4]).

Theorem 2.4. If X is a Banach space with the Radon-Nikodym property, A :
D(A) € X — 2% is an m-accretive operator, and f € BV(0,T;X), i.e., f is a
function of bounded variation on [0,T], then Problem (2.5) has a unique strong
solution whenever o € D(A).

When we work on a Hilbert space the above results can be summarized in the
following theorem:

Corollary 2.5. Let H be a real Hilbert space, A : D(A) C H — 29 is a mazimal
monotone operator, and f € BV (0,T;X), i.e., f is a function of bounded variation
on [0,T], then Problem (2.5) has a unique strong solution whenever xy € D(A).

We refer the reader to [4, 7, 10, 32|, for background material on accretivity.

We are also going to work with Bellman’s inequality (see [32]).

Lemma 2.6. Ifx : [tg,T] — R is a continuous function, g € R, k € L}, (to, T;R™),

and
t

x(t) < xp+ t k(s)x(s)ds

for each t € [to, T, then
l‘(t) < .Toeftto k(s)ds
for all t € [to, T

We now go to fixed point theory.



PROJECTED DYNAMICAL SYSTEMS ON HILBERT SPACES 329

Definition 2.7. Let (X, | -||) be a Banach space and B(X) the family of bounded
subsets of X. By a measure of non-compactness on X, we mean a function & :
B(X) — RT satisfying:

(1) @(22) =0 if and only if ©2 is relatively compact in X

(2) () =2(9),

(3) ®(conv(Q2)) = ®(Q), for all bounded subsets 2 € B(X), where conv denotes

the convex hull of
(4) for any subsets Q1,9 € B(E) we have

Q) CQy = P() < D(Q2),

(5) @(Ql U QQ) = maX{CI)(Ql),CI)(Qg)}, 0,04 € B(X),
(6) ®(AQ) = [A|2(R2) for all A € R and Q2 € B(X),
(7) @(Q21 + Q2) < (1) + ().

The most important examples of measures of noncompactness are the Kuratowski
measure of noncompactness (or set measure of noncompactness)

a(Q) =inf{r >0 : © may be covered by finitely many sets of diameter < r},

and the Hausdorff measure of noncompactness (or ball measure of noncompactness)

B(2) =inf{r >0 : there exists a finite r-net for Q in X}.

A detailed account of theory and applications of measures of noncompactness
may be found in the monographs [1, 3] ( see also [2]).

Definition 2.8. Let ® be a measure of non-compactness on X and let D be a
nonempty subset of X. A mapping T : D — X is said to be a & — k-set contraction,
k € (0,1}, if T is continuous and if, for all bounded subsets C' of D, ®(T(C)) <
E®(C). T is said to be ®-condensing if T is continuous and ®(7T'(A4)) < ®(A) for
every bounded subset A of D with ®(A) > 0.

The following theorems will be the key in the proof of some of our results. The
first one was proved by Sadowskii [30] in 1967. In 1955 Darbo [12] proved the same
result for ® — k-set contractions, k£ < 1. Such mappings are obviously ®-condensing.
The second one is a sharpening of the first one and it is due to W.V. Petryshyn
[29].

Theorem 2.9 (Darbo-Sadovskii). Suppose M is a nonempty bounded closed and
convex subset of a Banach space X and suppose T : M — M 1is ®-condensing. Then
T has a fized point.

Theorem 2.10 (Petryshyn). Let C be a closed, conver subset of a Banach space
X such that 0 € C. Consider T : C — C' a ®-condensing mapping. If there exists
r > 0 such that Tx # \x for any A > 1 whenever x € CNS,(0). Then T has a fized
point in C.

e A mapping T : D(T) C X — X is said to be nonexpansive if the inequality
|IT(x) —T(y)| < ||z —y| holds for every x,y € D(T'). Recall that a Banach
space X is said to have the fixed point property for nonexpansive mappings
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(FPP for short) if for each nonempty bounded closed and convex subset C
of X, every nonexpansive self-mapping 7" has a fixed point (see [21, 25]).

e The mapping T is said to be pseudocontractive if for every x,y € D(T) and
for all » > 0, the inequality

[z =yl < |1+ 7)(z —y) +r(Ty - Tx)

holds. Pseudocontractive mappings are easily seen to be more general than
nonexpansive ones. The interest in these mappings also stems from the fact
that they are firmly connected to the well known class of accretive mappings.
Specifically, T' is pseudocontractive if and only if I — T is accretive, where
I is the identity mapping.

We say that the mapping 7" : D(T) — X is weakly inward on D(T) if
lim d((1 — Nz + AT (x),D(T)) =0,
A—0F

for allz € D(T'). Such condition is always weaker than the assumption of T mapping
the boundary of D(T') into D(T). Recall that if A : D(A) — X is a continuous
accretive mapping, D(A) is convex and closed and I — A is weakly inward on D(A),
then A has the range condition, (see [27]).

3. FIXED POINT THEORY ON UNBOUNDED DOMAINS

Let C be a nonempty subset of X and let T : C — X be a mapping. A se-
quence (zy) in C is said to be an almost fixed point sequence for T' whenever
limy, o0 || T(xp) — zp]| = 0.

In [19] the authors considered several fixed point results for nonlinear mappings
with unbounded domains in terms of a function G : X x X — R under the following
assumptions:

(gl) G(A\z,y) < AG(x,y) for every z,y € X and every A > 0,

(g2) there exists R > 0 such that G(z,z) > 0 for any = € X with [|z| > R,

(g3) Gz +vy,2) < G(x,2) + Gy, z) for any x,y,z € X,

(g4) for each y € X there exists t > 0 (depending on y) such that if ||| > ¢ then

Gy, z)| < G(z,z).

Next, we shall show that assumption (gl) along with (g3) implies the following
property

(el”) G(Az,y) = AG(z,y) for every z,y € X and every A > 0.

Lemma 3.1. Let X be a real Banach space and suppose G : X x X — R satisfies
conditions (g1) and (93). Then G satisfies the condition (g1’).

Proof. Let x,y € X and A > 0. First we suppose 0 < A < 1. We have that
G(z,y) < G(Az,y) + G((1 = Naz,y) <AG(z,9) + (1 - NG(z,y) = G(z,y)

and thus G(z,y) = G(Az,y) + G((1 — Nz, y), that is

(3.1) G(A\z,y) = G(z,y) — G((l — Az, y)
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On the other hand, since G((1 — A)z,y) < (1 — A\)G(z,y) we obtain that —G((1 —
Naz,y) > —(1— A)G(z,y). By this and by (3.1) we get that

G(Az,y) = G(z,y) = G((1 = Nz,y) = G(z,y) — (1 = NG(z,y) = AG(z,y).
Consequently we conclude that G(Az,y) = AG(z,y). Now we suppose A > 1.

Define p = 1/X and z = Ax. By the above we get that G(uz,y) = pG(z,y), that is,
G(z,y) = (1/A\)G(Az,y) and then AG(z,y) = G(Az,y). O

Proposition 3.2. Let C be a closed convex and unbounded subset of a Banach space
X and let T : C — C be an ®-condensing mapping. Suppose there exist R > 0 and
G : X x X — R satisfying conditions (g1’) and

(e2) G(z,z) >0 for any x € Sgr(0).

If there exists xg € C such that G(T(x) — xg,x — x0) < G(x — zo,x — x0) for all
x € CNSr(xo) then T has a fized point.

Proof. Let F': C'N Br(zg) = C N Br(xp) be the mapping given by
o 7@ + (1= pr@ysan) 20, i [17(2) = 20l > .

)—oll
Clearly F' is continuous. Let K be a subset of C' N Bg(zg) such that ®(K) > 0.
Define K1 = {z € K : |[T(z) — xo|]| < R} and Ko = {zx € K : | T(x) — zo|| > R}.
It is clear that F(K;) = T(K;) and thus ®(F(K;)) = ®(T(K1)). Since for every
z € Ko
F(z) u T(x) + <1 ul >l‘ € conv(T(K2) U {zo})
=TT ETr=ve——Tl R 2 0
1T () — ol 1T () — ol

we have F(K3) C conv(T(K2) U{zo}). Hence ®(F(K>)) < ®(T(K3)) and then
P(F(K)) = (F(K1) U F(K,)) = max{®(F(K1)), ®(F(K2))}
< max{®(T(K1)),®(T(K2))} < max{®(K;),P(K2)} = ®(K).

Consequently F' is ®-condensing and thus, by Theorem 2.9, there exists z; € C'N
Bpgr(xo) such that F(z1) = x1. Now we will prove that | T(x1) — xzg|| < R. Assume

that ||T(x1) — xo|| > R. We have that
R R
o1 =Fle) = —— " T(x1) + (1 - >x0
1) = ) = ol 7@ = o]

and then x1 —z¢ = HT(QH%(T(QH) —1xp). Consequently x; € CNSgr(zp) and thus
G(xy — xg, 1 — x9) > G(T(:Ul) —x9,T1 — x())

=G 7“T($11%_x0|| (x1 —x0), 21 — a:0>

T(x1)—z
= =20l Gay — @, 21 — 10)

> G(z1 — o, @1 — 20)
which is not possible. Then ||T'(z1) — zo|| < R and consequently T'(zo) = F(zo) =
Zo. ]

The relationship between the above result and Theorem 2.10 can be seen in the
following result.
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Lemma 3.3. Let C be a subset of a Banach space X and let T : C — C be a
mapping. The following statements are equivalent:

(a) There exist R > 0, xg € C and G : X x X — R satisfying conditions
(91°) and (¢92°) such that G(T(z) — xo,z — x09) < G(x — zg,x — x) for all
x € C'N Sgr(xg).

(b) There exist R > 0 and xg € C such that T'(x) — xo # Az —x0) for all A > 1
and for all x € C' N Sg(xo).

Proof. First we will prove (a) = (b). Let R > 0, zp and G be as condition (a) and
suppose there exist z € C'()Sr(zo) and A > 1 such that T'(z) — xg = Az — zo).
Since G satisfies conditions (g1’) and (g2’) we have G(T(z) — o,z — o) = G(A(z —
x0),x — x0) = AG(x — xo,x — x9) > G(x — x9, T — x0), which is a contradiction. To
prove (b) = (a) define G : X x X — R by

| A, if x = Ay for some A >0 and y # 0
Glo,y) = { 0, otherwise

It is easy to see that G satisfies conditions (gl’) and (g2’) (in fact G also satisfies
conditions (g1)-g(4)). Clearly for every 2 € CNSg(zo) we have that G(T'(z)—zo, z—
xo) =0or G(T(x) —wo,x—xo) = )\ for some A < 1 and thus G(T(a:) — 0, w—xo) <
1 =G(z — xo,x — ) for every x € C' N Sg(xp). O

Proposition 3.4. Let C be a closed conver and unbounded subset of a Banach
space X and let T : C — X be a weakly inward on C continuous pseudocontractive
mapping. Suppose there exist R > 0 and G : X x X — R satisfying conditions (g1)-
(94). If G(T'(z),z) < G(x,x) for all x € C with ||| > R then T has a bounded
almost fized point sequence.

Proof. Let A : C — X be the mapping A = I —T. Since C is convex and closed
and T is a continuous pseudocontractive mapping weakly inward on C, then A
is a continuous accretive with the range condition, that is, C' C (5o R(I + AA)
(see [27]). Fix & € C. For each positive integer n there exists x,, € C' such that
& = xn+nA(x,). We will prove that (z,) is a bounded sequence. Indeed, otherwise
there exists a subsequence (x, ) of (z,) such that ||z, || — oco. By (g4) we have
that there exists ¢ > 0 such that if ||z| > ¢ then |G(&,x)| < G(x,z). Without loss
of generality we may assume that |z, | > max{R,t} for all positive integer k. It
is easy to see that
n 1
— P _T_ : (2, — Alzn,)) + ]

o

Ty,

and then

0< G(-Tnkaxnk) = G(n:il (ﬂjnk - A(.’Enk)) + ﬁéo, $nk)
nknilG(xnk - A(xnk)? Can) + ﬁG(fm xnk)
n:ilG(T(wnk)7 xnk) + ﬁG(&), fl:nk)
n:j-lG(w”k’x”k) + ﬁG(xnwwnk) = G(xnkaxnk)~

A

A

This is a contradiction which proves our claim. Finally, since A(z,) = L (£ — )
we get that |A(x,)|| — 0, that is, ||z, — T'(z,)]| — 0 as n — oo. O
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Proposition 3.5. Let C' be a closed convex and unbounded subset of a Banach
space X and let T : C — X be a weakly inward on C continuous pseudocontractive
mapping. Suppose there exist R > 0, xg € C and G : X x X — R satisfying
conditions (g1) and (92°) such that G(T (x) — xo,z — x9) < G(x — x0,x — x0) for all
x € CNSg(xo). Then T has a bounded almost fixed point sequence.

Proof. Let A =1 — T as in Proposition 3.4 and for each A > 0 let x) € C be such
that xo = =) + AA(x)). Denoting the resolvent of A by Jy := (I + A A)~! we will
prove that {Jx(zg) : A > 0} is bounded. Indeed, otherwise there exists A\; > 0
such that ||.J), (z0) — @0l > R. Since for every = € [),5o R({ + AA) the mapping
A — Jyz is continuous we have that the mapping f : [0, +oo[— [0, +o0o[ given by
f(A) = [|Jx(x0) — ol is continuous. Since f(0) =0 and f(A;) > R we obtain that
there exists A2 € [0, +o00[ such that ||Jy,(z0) — zo|| = R, that is, ||z, — 20| = R.
Since xy, = ﬁ(wh — A(zy,)) + ﬁxo we get that

0< G($)\2 — X0, Ty — .CUQ) = G(ﬁ(l‘h — A(I)\Z) — xo),ﬁ)\2 — xo)
< 22:G(T(zx,) — 0, Tr, — T0)

< >\2j_1 (x)\g — T, Ty — xO) < G(:CAQ — L0, Txy — 1170).

This is a contradiction which proves our claim. Since z,, = J,(zo) for each positive
integer n, we obtain by the above that (x,) is a bounded sequence. Finally, since
A(zy) = L(zo — zn) we get that ||A(zy,)|| — 0, that is, ||z, — T(zy)|| — 0 as
n — o0. U

Lemma 3.6. Let (wy,) be a bounded sequence in a Banach space X. Let G : X X
X — R be the mapping defined by G(x,y) = limsup,,(z,y — wy)+ for v,y € X.
Then G satisfies conditions (g1)-(g4).

Proof. Tt is clear that G satisfies conditions (gl) and (g3). Let x € X. For each
positive integer n there exists j, € J(z —wy,) such that (z,z —w,)+ = jn(z). Since
Jn(=wn) < |ljnll[lwnll = (|2 — wnll[lwn]| we have that

(T, 2 —wp)y = jn(®) = Jn(r — wn) + Jn(wn) > ||z — wnH2 — |z — wa|[lwn]|-

Let M > 0 be such that ||w,| < M. We have for every n that ||« —w,||(||x — w,| —
lwnll) > (||z]] — M)(||z]| — 2M). Let R > 2M. We obtain that (x,z — wy)4+ >
(R— M)(R—2M) > 0 for every x € X with [|z]| > R and consequently G satisfies
(g2). Now we will prove (g4). Let y € X and define ¢ = ||y|| + 2M. Since for each
positive integer n we have that ||z —wy,|| — ||w,|| > ||z|| —2M > ||y|| for every x € X

with ||z|| > t, we get that
[y, 2 = wa) | < lylllle — wnll < (o = wal = [[wnl)[|2 = wal < (2,2 = wn)
and thus |G(y,z)| < G(x,x) for every z € X with ||z| > t. O

Definition 3.7. We say that a mapping T': D(T') — X is strong pseudocontractive
if for all z,y € C' we have that

(I =T)(x) = (I =T)(y),z—y)- =0

It is clear that every nonexpansive mapping is strong pseudocontractive and every
strong pseudocontractive mapping is pseudocontractive. If X is a smooth Banach
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space then (-, -); = (-,-)— and consequently strong pseudocontractive mappings and
pseudocontractive mappings defined in X coincide.

Proposition 3.8. Let C' be a closed convex and unbounded subset of a Banach
space X and let T : C'— X be a strong pseudocontractive mapping with a bounded
almost fized point sequence (x,) in C. Then for each xog € C there exist R > 0
and a mapping G : X x X — R satisfying conditions (g1)-(g4) such that G(T(x) —
x0,x — z9) < G(xr — x0,2 — 0) for all z € C.

Proof. Let xg € C and define G : X x X — R by G(x,y) = limsup,,{(z,y+ o —zn)+
for x,y € X. Taking w, = x, —zo in Lemma 3.6 we have that G satisfies conditions
(gl)-(g4). Let = € C. For each positive integer n there exists j, € J(xr — z,) such
that (T'(z) — 20, — 2n)+ = jun(T(x) — o). We have that

<T($) — X0, L — xn)-{- = ]n (T(LU) — 1,‘0)

= ju(T(@) = T(n)) + jn (T (2n) — x0)

< 3alIT @) — 2all + (@ — 20,2 — 2n)s

= llo = 2nllIT(zn) = 2all + (z = 20, @ = Zn)+

and then
G(T(w) — T, % — xo) = limsup,,(T'(z) — o, — Tpn)+

< limsup,,(x — g, & — Tp)+
= G(z — xo,x — x0).

Summarizing the above results on pseudocontractive mappings, we have.

Theorem 3.9. Let C be a closed convex and unbounded subset of a Banach space
X and let T : C — X be a continuous strong pseudocontractive mapping weakly
inward on C. The following statements are equivalent:

(i) There exists a bounded almost fized point sequence for T in C.

(ii) For each xg € C there exist R > 0 and a mapping G : X x X — R satisfying
conditions (g1)-(g4) such that G(T(x) — xo,x — xo) < G(x — z9,x — x0) for
allz € C.

(iii) There exist 9 € C, R > 0 and a mapping G : X x X — R satisfying
conditions (g1°) and (92°) such that G(T(x) —xo,x —x0) < G(x — 20, —20)
for all x € C' N Sg(xo).

(iv) There exist xg € C and R > 0 such that T(xz) —x0 # Na —xo) for all A > 1
and for all x € C N Sg(xp).

Remark 3.10. At this point it is interesting to notice that Theorem 3.9 says that,
in some sense, Leray-Schauder’s condition is the best one to guarantee the existence
of a bounded almost fixed point sequence, among those which come defined by a
function G satisfying either (gl)—(g4) or (gl’)—(g2’).

On the other hand, if X is a Banach space with the (FPP) then [17, Theorem
4.3] guarantees that if C' is a nonempty closed convex subset of X and T': C' — X
is a continuous pseudocontractive mapping weakly inward on C' and T admits a
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bounded almost fixed point sequence then 7" has a fixed point in C. This comment
along with Theorem 3.9 allows us to obtain the relationship between the results
showed here and those given in [19]( for instance see [19, Theorem 4.1]).

4. EXISTENCE

Let D be a nonempty closed convex subset of real Hilbert space H. The function
Ip : H— [0,400] defined by

In(x) = 0, if z € D,

DW= +o0ifz € H\ D,
is called the indicator function of D. In [5], it is really seen that Ip is proper convex
lower semi continuous function and its subdifferential 0Ip : H — 29 given by

Olp(z)={(€ H: ({,y—x) <Ip(y) — Ip(x), forally e H},

is clearly a maximal monotone operator on H where its effective domain is D(91p) =
D. Moreover, it is easy to see that

0Ip(z) = Np(z) for every z € D.

The above argument shows that differential inclusion (2.4) can be seen as follows:

W (t) + OIp(u(t) 5 —f(u(t)), t € (0,T),
(@1 { ) 2 omt

Theorem 4.1. Problem 4.1 has a unique strong solution whenever f: D — H is a
Lipschitzian mapping.

Proof. 1t is well known that Problem 4.1 has a unique integral solution (see [20,
Lemma 3.1]). This fact along with [8, Theorem 3.6] yields that the integral solution
obtained is a strong solution since given a function u € C(0,T; D) it is clear that
f(u(.) € L*(0,T; H). O

Theorem 4.2. Under the following assumptions:
(1) For any | > 0 there exists a number k; € RT such that ||f(z) — f(y)]| <
Bl — yl| for cvery 2,y € By(0),
(2) There exist z € D and r > ||xg — z|| such that (f(x),x — z) > 0, for each
x € DNS(z).

Equation (4.1) has a unique strong solution.

Proof. Let 7 > 0 be as in assumption (2). Let us introduce the following function

x, if |z —z|| <r
,O(LU): L.@—i—(l—' r

=] )z, if ||z —z|| > r

|lz—2]]
By assumption (1) it is not difficult to see that the function f(p(.)) is 2k,-
lipschitzian, where v :=r + ||z||.
Therefore, by Theorem 4.1, the equation

(4.2) { Z’((gt)) + iolf)(“(m > f(p(u(t))), t € (0,T)

has a unique strong solution u. Let us see that u lies in W, (2).
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If u ¢ W,(z) since u is a continuous function and u(0) = xg, there exists 0 < ¢ty <
T such that [|u(t) — z|| > r for every t € (to,to + 9) and ||u(ty) — z|| < r.
Since z € D, and 0 € 9Ip(z) we have that for ¢ € (tg,t9 + )

r2 < lu(t) =z < Julto) — 2% +2 [ (- (plu(r) ~0,u(r) = 2)dr
< Jlulto) - 2|2 =2 f! “““ =L f(p(u(r), plu(r)) = 2)dr
< [lu(to) - =1
< r?

which is a contradiction, thus v € W, (z) and therefore p(u(t)) = u(t) for all ¢ €
[0,T]. This means that u is, in fact, a strong solution of Eq. (4.1).

Finally, let us see the uniqueness. Suppose that u,v are two integral solutions
of Eq.(4.1). Since both functions are continuous there exists ¢ > 0 such that
u,v € W,(0). Therefore,

Ju(t) — v(t)| < /0 1F(u(r)) — Flo(r))dr < /0 By llu(r) — o(r) |dr,

Now, in order to obtain the uniqueness it is enough to apply Bellman’s inequality.
O

Remark 4.3. In Theorems 4.1 and 4.2 has been proved that Eq.(4.1) admits a
unique strong solution. It is not difficult to see that such solution can be extended
to [0,4+00). On the other hand, if in Theorem 4.2 we assume that there exist z € D
and r > 0 such that (f(z),x — z) > 0, for each z € D with ||z — z|| > r, then
Problem (4.1) admits a unique strong solution for any intial date zg € D.

Theorem 4.4. Equation (4.1) has a unique strong solution whenever f : D — H
is a monotone mapping with the range condition.

Proof. Since dIp is an m-accretive operator on H, it is clear that A := 0Ip + f
is an accretive operator. Let us see that A satisfies the range condition. Indeed,
let x € D, since f: D — H has the range condition, there exists y € D such that
x =y + f(y). Moreover, since 0 € Ip(y)then we infer that x € (I + A)(y). Now
we can rewritten the Eq. (4.1) as follows:

u'(t) + A(u(t)) 20, t € (0,7),
(4.3) { u(0) =xz9 € D,

Finally, since A is accretive with the range condition and we are working in a
Hilbert space H, it is clear that the above problem admits a unique strong solution
for t € (0, +00). O

Next, we will study under what conditions the Problem VI(f, D) has a solution.

Theorem 4.5. The variational inequality VI(f, D) has a solution whenever f :
D — H is monotone mapping with the range condition and there exist R > 0 and
z € D such that (f(x),x — z) > 0 for all x € DN Sg(z).
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Proof. By Proposition 2.2 it is enough to see that 0 € R(9Ip + f). In the proof
of Theorem 4.4 we have seen that A := dIp + f is an accretive operator with the
range condition on the Hilbert space H.

First, we will see that

(4.4) sup (x —y,z — z) < (z,x — z) whenever x € DN Sg(z),
YyEA(x)
holds.

In order to show Inequality (4.4), consider x € D N Sg(z) and let & € 9Ip(x)
such that y = £ + f(z). Then,

(r—y,x—2)=(x—-&§— fla),z—2),
Since z € D and & € OIp(z) we have that (§, z—x) < 0. Moreover, by hypothesis
we know that (f(z),x — z) > 0 for all x € DN Sgr(z). Consequently,

(r—y,z—2)=(z, 2 —2) +({,z —2) — (f(2),2 — 2) < (z,2 — 2),
this allows us to obtain our claim.

Second, since A is an accretive operator with the range condition, we know that
g:= (I+A)~': D — D is a nonexpansive mapping. Let us see that g has an almost
fixed point sequence. Indeed,

Since z € D, for each A > 0 there exists ) € D and yy) € A(zx)) such that

z =)+ Ayy.
Hence, z = (1 + A)xy + A(yx — z)). Consequently,
A+1 1
TA YA = TN A

We claim that {z) : A > 0} is a bounded set. Otherwise, we can assume that
there exists \; such that ||z, — 2|| > R. Since the function A — (I +\A)~"lz = )
is continuous, there exists Ag € (0, A1) such that ||z, — z|| = R. Therefore, we have

A
(E o o) + gz, =)
< 135 (@0 = Yres Tag — 2) F 3oig (2,200 — 2)-

(45) <x)\07x)\0 _Z>

On the other hand, since R? = (x), — 2,7, — 2), we obtain that (z,z), — 2) <
(ngs Ty, — 2). Consequently
(4.6)
Ao 1

<5U/\ovm>\o —2z) < (1 T Ao <x)\0,33)\0 —z)+ m

This is a contradiction which proves our claim.

Now, consider A = n € N, then the sequence (z,) is a bounded sequence, it is
clear that (y,) goes to 0 as n goes to infinity. Consider for each positive integer n,
Wy, = Tp + Ypn. It is easy to see that g(w,) = x, because y, € A(x,). In this case
we obtain that

<x>\ovx/\o - Z>> = <5U/\ovm>\o - z)

Wn _g(wn) =Yn — 0
This means that (w,,) is an almost fixed point sequence for g.
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Finally, we may apply Remark 3.10 in order to conclude that g has a fixed point,
which implies that 0 € R(A). O

Remark 4.6. If f : H — H is a continuous monotone mapping, by [4, Theorem
3.2] we have that A := 9Ip + f is m-accretive on H. and thus, A has the range
condition. Therefore, by theorem 4.4, we may conclude that Eq. (4.1) has also
a unique strong solution and applying Theorem 4.5 that the variational inequality
VI(f,D) has a solution.

Definition 4.7. Let ¢ : H — [0,400) be a continuous function such that ¢(0) = 0,
¢(x) > 0 if x # 0 and which satisfies the following condition: For every sequence
(zn) in H such that (||x,||) is decreasing and ¢(zy) — 0 as n — oo then ||z, || — 0.

e An accretive operator A : D(A) C H — 27 is said to be ¢-accretive when-
ever there exists z € D(A) such that the inequality

(u,x — z) > ¢(x — z), for all (z,u) € A holds.

Remark 4.8. In [18] was introduced the concept of operator ¢-accretive at zero as
follows: an accretive operator A is ¢-accretive at zero if it satisfies the conditions
of the above definition and 0 € Az. Using this concept in [18] was proved that if H
is a Hilbert space and A : D(A) C H — 2" is ¢-accretive at zero with the range

condition, then for each x € D(A) the solution u, of the problem

' (t) + A(u(t)) 20, t € (0,00),
{ u(0) =z € D(A),

converges strongly to z as t — oc.

Theorem 4.9. If f becomes ¢-accretive with the range condition, then each strong
solution of Problem 4.1 converges strongly as t — +oo to the solution of VI(f, D).

Proof. Let z be the element in D such that (f(x),x—z) > ¢(x—2), for all (z, f(z)) €
G(f). Let us see that 0 € 9Ip(z)+ f(z). Since we are under the assumption of The-
orem 4.5, there exists w € D such that 0 € dIp(w) + f(w).

First, we infer that w = z. Otherwise, since —f(w) € 0Ip(w), we have

0 < o(w—=2)
< (f(w),w —2)
= (—f(w),z —w)
<0.

Which is a contradiction and therefore z is the unique element in D such that
0€dIp(z)+ f(z).

Second, we show that dIp + f is ¢-accretive at zero. Indeed,

Consider (z,u) € dIp + f, this means that there exists £ € dIp(x) such that
u=~&+ f(z). Hence

<f—|—f(l‘),$—2>
&z —2)+ (flzx),z—2)
(f

(z),2 = 2)
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Finally, since we know, by Theorem 4.4, that given a x € D there exists a unique
strong solution uy : [0, +00) — D of Problem 4.1. The above argument shows that
OIp + f is ¢-accretive at zero and thus we can apply [18, Theorem 8]. O

5. PERIODIC ORBITS

Consider Problem 4.1, when it admits a unique strong solution ug,(-) : [0, +00[—
D. For T > 0 we can define the mapping Q7 : D — D by Q7 () := u,(T). Here,
our stated goal, that of finding periodic orbits of a PDS, that is, to showing that
QT has a fixed point for some 7' > 0.

Proposition 5.1. Under condition of Theorem 4.2 the mapping QT : D — D is
continuous.

Proof. Let (z1) be a sequence of elements of D such that z; — = as k — oco. Since
D is closed, then z € D. Consider, s := max{||x,|, ||z|,r}. Proof of Theorem 4.2
shows that if uy;, and u, are the solution of Problem 4.1 with initial datum z,, and
x respectively, then ||ug, (t)| V ||uz(t)]| < s for all ¢ € [0,T]. Then

T
[t (T) = ua(T)|| < [l2n — 2| +/0 1f (e, (7)) = f (ua(7))[|dT.

Since f is locally lipschitzian, the above inequality yields

T
107 (z0) — Q" (@) = l[tw, (T) = ua(T)|| < [l — 2| + ks/O [t (7) = u(7)||dT
Bellman’s inequality deals
10" (2n) = QT (@)[| < [ln — xlle™,
which means that Q7 is a continuous mapping. O

Theorem 5.2. Under condition of Theorem 4.2, if there exists T > 0 such that
the mapping QT : D — D is ®-condensing for some ® measure of noncompactness,
then QT has a fized point.

Proof. By hypothesis there exists 7' > 0 such that Q7 is ®-condensing. We achieve
the proof applying Proposition 3.2 and Lemma 3.3. Indeed, let us see that

(5.1) QT(z)—2# MNa—2) forall A\>1 and z € DN Sg(2).

Suppose that there exists € D N Sr(z) such that Eq. (5.1) does not hold. In
this case, there exists A > 1 such that u,(7") — z = A(x — 2), which means, among
other things, that ||u,(T") — z|| > R.

Since u(-) is a continuous function and |Ju;(0) — z|| = R, we infer that there
exists § > 0 such that 0 < T — ¢ and |Ju(t) — z|| > R for every t € (T — 6,T] and
lu(T - 8) — 2| < .

Consequently

T

e (T) — 2|2 < ua(T — 8) — 2|2 — 2 / (F(ua(r)) s (7) — 2)dr,

T—6
which implies that ||ugy(7T) — z|| < R, and this is a contradiction. O
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Remark 5.3. In Theorem 5.2 we give a sufficient condition for the existence of a
periodic orbit of the Projected Dynamical System. This condition yields, of course,
the existence of an almost periodic orbit in the sense of [22, Theorem 6]. Moreover,
the assumptions of Theorem 5.2 are weaker than those given in [22, Theorem 6.

If we assume that H is a finite dimension Hilbert space we have the following
result.

Corollary 5.4. Under condition of Theorem 4.2 the mapping QT : D — D has a
fixed point.

Proof. Since the dimension of H is finite and by Proposition 5.1 Q7 is a continuous
mapping, then Q7' is completely continuous (and hence ®-condensing for any mea-
sure of noncompactness ®). Thus, we obtain the result applying Theorem 5.2. [

Remark 5.5. In [11] the following open question is posed: Do periodic cycles for
PDS exist in absence of monotony conditions? From the above two results we obtain
an affirmative answer (also see [22]).

Theorem 5.6. Let H be a real Hilbert space, D C H a nonempty closed and
convez subset and f : D — H a monotone mapping with range condition. If there
exit r > 0, T > 0 and z € D such that QT (z) — 2z # \(x — 2) for every X > 1 and
x € DN S,.(2), then exists a point in xg € D N B,.(z) such that QT (z¢) = zo.

Proof. First, we see that for every T > 0, the mapping QT : D — D is nonexpansive.
Indeed, by proof of Theorem 4.4 we have that given x,y € D there exist u;, u, strong
solution of problem

o' (t) 4+ 0Ip(u(t)) + f(u(t)) 20, t € (0,T),

with initial datum x,y respectively. Therefore,

T
17 () — QW) = ua(T) — uy(T)] < 1z — w]l + / 0dr,

which means that QT is nonexpansive.

Second, if there exist T > 0 and r > 0 as in the hypothesis, by Theorem 3.9
we obtain that @7 has a bounded almost fixed point sequence and thus invoking
Remark 3.10 we achieve the conclusion. O

Theorem 5.7. Let H be a real Hilbert space, D C H a nonempty closed and convex
subset and f: D — H a monotone mapping and lipschitz continuous. If there exit
r>0,T >0 and z € D such that QT (z) — z # Xz — 2) for every A > 1 and for
every x € DN S,(2), then exists a point in xg € D N B,(2) such that QT (xq) = x.

Proof. [11, Theorem 3.1] shows that Q7 : D — D is a continuous pseudocontractive
mapping. This means that, if 7 > 0 is like in the hypothesis, then Q7 satisfies
the assumptions of Theorem 3.9 and therefore the conclusion follows from Remark
3.10. 0

Remark 5.8. In [11] is defined the following open question: Do the periodic cycles
for PDS exist over constraint sets that do not satisfy the condition 0 € int(D)?
From The above two results we obtain an affirmative answer.
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6. FORMULATION OF A TIME-CONTINUOUS MIGRATION MODEL

6.1. Formulation. Next, we are going to develop the model on human migration
which was introduced in [28]. Let there be N discrete locations in space.

Let f(t) = (fi2(t),..., fin(t), fo1(t), ..., fnv(v—1)(t)) denote the vector flows of
the population between locations, where f;;(t) represents the flow of population
from location i to location j at time ¢. Let p(t) = (p1(t), ..,pn(t)) denote the vector
of population distribution at time t, where p;(t) is the population at location i at
time t.

It is assumed that there is no population growth and consequently,

N
(6.1) Zpi(t) =C, for all t,
i=1

where C' > 0 is a constant.

Also, let u(p(t)) = (ui(p(t)), ua(p(t)),...,un(p(t))) denote the vector of utility
functions, where w;(z) is the utility of locating in location i for a population dis-
tribution z := (z1,...,zn). Finally, ¢(f(t)) = (c;;(f(¥)); ¢, =1,...,N, i # j)
represents the vector of migration or transaction cost associated with migrating
between locations, with ¢;;(y) denoting the cost associated with migrating between
locations ¢ and j for a flow y.

It is assumed that the rate of flow is directly related to the difference between
the utility values minus the migration cost. More specifically, mathematically, the
rate of change of migration flows may be expressed as:

(62 D (), - Po), 1))
where I i (f(t), —F(p(t), f(t))) is the projection of the net gains in utility —F(p(t), f(t))
on K :={f(t) > 0} at f(t) € K, with component Fj; defined by

(6.3) —Fii(p(t), f(t)) = u;(p(t)) — ui(p(t)) — ci(f(1))-

Next, we must determine the relationship between the population distribution,
p(t), and migration flows, f(t). The rate of change of the population at a location
1 must be equal to the difference between the inflow and outflow of that location.
Moreover, the vector of population distribution must be nonnegative and, bounded
by the no growth condition. Thus, the vector force field should be projected on the

set K1 :={p(t) = (p1(t),...,pn(t)) : pi(t) >0, Zi]ilpi(t) = ('}, that is,

dp(t)

(64) 7 = HKl (p(t), _G(f(t)))

By the above sections we know that (6.2 and 6.4) may be rewritten for determin-
ing p(t) and f(t) > 0 such that
d(p(t), f(t)) N T = N F
0 Tk (), f(t)) > —(G(f(1)), F(p(1), f(t))).

The initial condition for the problem may be specified by the initial population
distribution and the rate of migration.

(6.5)
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6.2. Development. Consider the Hilbert space H := RY x RVN(N=1) The elements
of H will be represent by (z,y) where z = (21,...,2n) € RN and y = (y;5 : i,j =
1,2,...,N i#j) € RNOW=1 Let D be the subset of H defined by D := K; x K,
where K1 := {x = (z1,...,2x) € RN : z; >0, Zz]\ip’fz =C}t and K :={y =
(yij: i #4) e RNNTD g5 >0},

Now, consider G : D — R¥ defined by G(z,y) = (Zjvzl(ym —yji);t=1,2,...,N,
j#i)and F : D — RVYNW=1 defined by F(z,y) = (Fij(z,y) :4,j = 1,...,N, i # j)
with Fj;(z,y) = ui(z) — uj(x) + ¢;5(y). This allows us to introduce the function

w:D — H as w(z,y) = (G(z,y), F(z,y)).

Finally, consider v : [0,7] — H defined by v(t) := (p(t), f(¢)). With the above
comments the description of the model can be written as follows:

(6.6) V() + 8Ip(v(t)) > —w(v(t)).

Theorem 6.1. If u: RN — RY is an R-Lipschitzian mapping and c : RNWN-1)
RNIN=1) s o continuous monotone operator. Then Equation (6.6) has a unique
strong solution for each initial data in the domain.

Proof. As in the above paragraph, consider w : H — H defined by w(z,y) =
(G(z,y), F(z,y)). It is easy to see that G : H — RY is a linear operator and then
there exists M > 0 such that ||G(z,y)| < M||(x,y)|.
On the other hand, we are assuming that u : RV — RY is an R-lipschitzian
mapping, hence for any z1, 2o € RY we have that ||u(z1) — u(x2)|| < R||z1 — x2.
Now, Let (z1,91), (z2,y2) € H. Then

(w(zy,y1) — w2, ¥2), (T1 — 22,91 — ¥2)) = (G(w1,y1) — G(22,92), 21 — T2)
+(F(r1,91) — F(72,92), y1 — y2)
> —M]||(z1 — x2,y1 — y2)||||z1 — 22|
—2R|[|x1 — x2||[|y1 — vl
+(c(y1) — c(y2), y1 — y2)

Having in mind that that ¢ is a monotone operator, we obtain that
(6.7)
(w1, y1) — w(za, y2), (x1 — 22,91 — y2)) > —M||(x1 — 22,91 — y2)
—2R|[|z1 — z2[[[y1 — 2|
> —(M + R)||(z1 — x2,51 — y2)|?

I

Inequality (6.7) yields that w : H — H becomes (M + R)-accretive.

Since w : H — H is a continuous mapping, we infer, by [10, Theorem 4.12], that
w is (M + R)-m-accretive operator on H.

Finally, it is clear (see [5, Theorem 2.6]), that A = 9Ip + w is a (M + R)-
m-accretive operator on H and consequently by [5, Theorem 4.5] the differential
inclusion

V' (t) + AIp(v(t)) o —w(v(t))

admits a unique strong solution for each initial data in D. O
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