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ABSTRACT. Let E be a uniformly smooth real Banach space and let A: E — E
be a bounded accretive map which satisfies the range condition. A new iterative
algorithm is constructed which converges strongly to a zero of A. This result is
achieved by means of two celebrated theorems of Simeon Reich. An application
of our theorem to convex minimization problem is also given.

1. GENERAL INTRODUCTION

Many problems in applications can be modeled in the form 0 € Az, where for exam-
ple, A: H — 2H is a monotone operator, i.e., A satisfies the following inequality:
(u—v,x—y) >0Vu € Az,v € Ay,x,y € H. Typical examples where monotone
operators occur and satisfy the inclusion 0 € Ax include the equilibrium state of
evolution equations and critical points of some functionals defined on Hilbert spaces
H. Let f: H — (—o0,+0o0] be a proper, lower-semicontinuous convex function,
then, it is known (see, e.g., Minty [7] or Rockafellar [11]) that the multi-valued map
T := Jf, the subdifferential of f, is maximal monotone, where for w € H,

wedf(x) = fly) = f2) =y —z,w) Vyec H
& x € Argmin(f — (-, w)).

In this case, the solutions of the inclusion 0 € df(x), if any, correspond to the
critical points of f, which are exactly its minimizers.

In general, consider the following problem:
(1.1) Find v € H such that 0 € Au

where H is a real Hilbert space and A is an m-monotone operator (defined below) on
H. One of the classical algorithms for approximating a solution of (1.1), assuming
existence, is the so-called prozimal point algorithm introduced by Martinet [6] and
studied further by Rockafellar [10] and a host of other authors. More precisely,
given zj, € H, an approximation of a solution of (1.1), the proximal point algorithm
generates the next iterate xp1 by solving the following equation

1 —1
(1.2) Thy1 = <I+ )\—kA) (zk) + ex,
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where A\; > 0 is a regularizing parameter. If the sequence {\;}5=; is bounded from
above, then the resulting sequence {xj}5—; of proximal point iterates converges
weakly to a solution of (1.1), provided that a solution exists (Rockafellar [10]).

Rockafellar then posed the following question:
Q1. Does the proximal point algorithm always converge strongly?

This question was resolved in the negative by Giiler [2] who produced a proper
closed convex function g in the infinite dimensional Hilbert space I3 for which the
proximal point algorithm converges weakly but not strongly. This naturally raised
the following question:

Q2. Can the proximal point algorithm be modified to guarantee strong convergence?

It is clear that the proximal point algorithm (1.2), even if it converges strongly, is
not at all convenient to use. This is because at each step of the iteration process,

-1
one has to compute (I + leA) (zx) and this is certainly not convenient. Con-

sequently, Chidume and Djitte [1] posed the following question, which perhaps, is
more important than Q2.

Q3. Can an iteration process be developed which will not involve the computation

of (I + )\—lkA) (zx) at each step of the iteration process and which will guarantee

strong convergence to a solution of (1.1)7

With respect to Q2, Solodov and Svaiter [12] were the first to propose a modifica-
tion of the proximal point algorithm which guarantees strong convergence in a real
Hilbert space. Their algorithm is as follows:

Algorithm. Choose any 2° € H and o € [0,1). At iteration k, having zj, choose
ux > 0, and find (yx, vg) an inexact solution of 0 € T'x + ug(z — ), with tolerance
o. Define

Cr:={ze H| (z—yF " <0},
and
Qr={zeH|(z—2F 20— 2F) <o}
Take
i1 = Poyng, (2°).

The authors themselves noted ([12], p.195) that ... at each iteration, there are two
subproblems to be solved... “": (i) find an inexact solution of the proximal point
algorithm, and (ii) find the projection of 2% onto Cy N Qy, the intersection of the
two halfspaces.
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Kamimura and Takahashi [3], extended the work of Solodov and Svaiter [12] to the
framwork of Banach spaces that are both uniformly convex and uniformly smooth.

Xu [14] noted that™ ... Solodov and Svaiter’s algorithm, though strongly convergent,
does need more computing time due to the projection in the second
subproblem... ”’

Xu [13] then proposed and studied the following algorithm:

(1.3) Tnt1 = anxo + (1 — ay) (I + ch> (zn) + en, n>0.

He proved that (1.3) converges strongly provided that the sequences {«,} and {¢,}
of real numbers and the sequence {e, } of errors are chosen appropriately. He argued

that once u,, := <I + ch> (xn) + e, has been calculated, the calculation of the

mean «a,zo + (1 — ap)u, is much easier than the projection of zy onto C, N @,
mentioned earlier, and so his algorithm seems simpler than that of Solodov and
Svaiter [12].

Lehdili and Moudafi [4] considered the technique of the proximal map and the
Tikhonov regularization to introduce the so-called Proz-Tikhonov method which
generates the sequence {x,} by the algorithm:

(1.4) Tp+l = J;:xn, n >0,

where T), := p,T + T, uy, > 0 is viewed as a Tikhonov regularization of 7" and
J/\T: := (I+\,T,,)~*. Using the notation of variational distance, Lehdili and Moudafi
[4] proved strong convergence theorems for the algorithm (1.4) and its perturbed
version, under appropriate conditions on the sequences {\,} and {u,}.

Xu [14] studied the algorithm (1.4). He used the technique of nonexpansive map-
pings to get convergence theorems for the perturbed version of the algorithm (1.4),
under much relaxed conditions on the sequences {\,} and {u,}.

Another modification of the proximal point algorithm, perhaps the most significant,
which yields strong convergence, is implicitly contained in the following theorem of
Reich.

Theorem 1.1 (Reich, [9]). Let E be a real uniformly smooth Banach space and
A: D(A) C E — E be an accretive mapping with cl(D(A)) convex. Suppose A
satisfies the range condition D C R(I 4+ sA), V s > 0. Suppose that 0 € R(A), then
for each x € D, the strong limit lim JSAa: exists and belongs to N(A). If we denote
lim fo by Qx, then Q : D — N(A) is the unique sunny nonexpansive retraction of
D onto N(A).

We have seen that, in response to Q2, all modifications of the classical proximal
point algorithm to obtain strong convergence so far studied still involve the com-

putation of (I + ch> (z5,) at each step of the process.
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In the case that A is maximal monotone and bounded, Chidume and Djitte [1] gave
an affirmative answer to Q3 by proving the following important theorem:

Theorem CD (Chidume and Djitte [1]). Let E be a 2-uniformly smooth real
Banach space and let A : E — E be a bounded m-accretive map. For arbitrary
x1 € E, define the sequence {x,} iteratively by

(1.5) Tt = T — MAxy — Apbp (2 — 1), n > 1,
where {\,} and {0,} are sequences in (0,1) satisfying the following conditions:

(1) lim#6,, = 0; and {60,} is decreasing;
(2) D Anbn =00, A =o0(bh);
n=1

97171

On

(3) lim ~—— 2 =0, Y X2 <.
n—00 AnOn =

Suppose that the equation Ax = 0 has a solution. Then, there exists a constant
Yo > 0 such that if A\, < b, Yn > 1, {z,} converges strongly to a solution of the
equation Ax = 0.

Remark 1.2. We note that 2-uniformly smooth Banach spaces include L, spaces,
2 < p < oo but do not include L, spaces, 1 <p < 2.

It is our purpose in this paper to prove a significant improvement of Theorem
CD in the following sense. First, our recursion formula will be simpler than the
one in Theorem CD, requiring only one iteration parameter instead of two required
in Theorem CD. Secondly, our theorem will be proved in the much more general
uniformly smooth real Banach spaces. As is well known, these spaces include L,
spaces, 1 < p < oo. These results are achieved by using two celebrated theorems
of Simeon Reich ([8], [9]). An application of our theorem to convex minimization
problem is also given.

2. PRELIMINARIES

Let A: H — H be a monotone map. A is called m-monotone if R(I + \A) = H
for some A > 0. It is well known that if A is m-monotone, it satisfies the range
condition, that is, R(I + AA) = H for all A > 0 (see, e.g., Chidume and Djitte [1]
for a recent proof).

In the sequel, we shall use the following lemmas.

Lemma 2.1 (Reich, [8]). Let E be a real uniformly smooth Banach space. Then,
there exists a nondecreasing continuous function

f:[0,00) = [0,00),

satisfying the following conditions:
(1) Blet) < cB(t) Ve > 1;
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(i) lim B(t) =0, and,
t—0+
[l +yl1? < |l=]* + 2Re(y, j(2)) + max{|||l, LYyl B(|ly|)Vz, y € E.
Lemma 2.2 (See e.g., [13]). Let {\,}n>1 be a sequence of non-negative real numbers
satisfying the condition
)\n+1 < (1 - wn>)\n + wpon, n >0,

where {wpIn>0 and {on}n>0 are sequences of real numbers such that {wy}n>1 C
(o]

[0, 1], an = 400 and limsup o, < 0. Then A\, — 0 as n — oo.

n=1

Lemma 2.3 (Xu and Roach, [15]). Let E be a real uniformly smooth Banach space.
Then, there exist constants D and C such that for all x,y € E,j(x) € J(x); the
following inequality holds:

. 1
lz + yl[* < |l=[[* + 2(y, j (@)} + D max{||z[| + ||yl 5Cheelyl)
where pg denotes the modulus of smoothness of E.

Lemma 2.4 (Lindenstrauss and Tzafriri, [5]). In Ly(or £,) spaces, 1 < p < oo,

1
P\p 1.p.
PLp(T)—{ (I+77)p =1 < rP 1<p<2

7%17'2 +0o(7?) < %7’2; p> 2.

3. MAIN RESULT

We prove the following theorem. In the theorem, f3 is the function defined in Lemma
2.1.

Theorem 3.1. Let E be a uniformly smooth real Banach space andlet A : E — E be
a bounded accretive map which satisfies the range condition. For arbitrary 1 € E,
let the sequence {x,} be iteratively defined by

(3.1) Tt := T — AAxy — Ap(2 — 1), n > 1,
where {\,} is a sequence in (0,1) satisfying the following conditions:
(1) im A\, =0
TL—>O%O
(2) 2onz1 An = oo
Suppose that the equation Ax = 0 has a solution. Then, there exists a constant

Yo > 0 such that if B(N\n) < Yo, {xn} converges strongly to a solution of the equation
Az =0.

Proof. We first prove that {z,,} is bounded. Let #* € A~1(0), since z is fixed in E
).

there exists r > 0 sufficiently large such that x1 € B(2*, ). Define B := B(x*,r).
Since A is bounded, A(B) is bounded. Define

My = max{|jlzx —2||:z € B}

M, = sup{||[Az+ (z —z1)||:xz € B} +1
2

M = ]\40]\412 and vy = I

AM®
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Observe that A\, < 7o Vn > 1 implies \,,5(\,) < )\n%. We now prove by induction
that x, € BY n > 1. By construction, z; € B. Assume that z,, € B for some n > 1.
We show that z,,41 € B. From the recursion formula (3.1) and Lemma 2.1, we have
that

|]a:n+1—x*|]2 = Hxn—m*_)‘n(Aan‘*'(xn_5‘31)H2
< ln = 2| = 20 (Azn, (2 — 27)) = 2An{zp — 21, j (20 — 27))
+max{fz, — 27|, 1| An[Azn + (20 — 21)]|
%B(1IAnlAzy + (2 — 21)]11)
< an — 2|2 = 20 (Azn, (2 — 27)) = 2\ {zp — 21, j (20 — 27))
+max{ ||z, — ||, 1} X A\p||Azp + (25 — 1)
(3.2) % (Anll Az + (20 — 20)]]).

Since A is accretive and z* € A71(0), then (A, j(x, —2*)) > 0. Hence, we obtain
that

et —a*|? < lzn — 27| = 22nllzn — 2|2 + 22021 — 2%, j(an — o))

+MOM12)‘nB()‘n)
(3.3) < (=20 [z — 2|7 4+ Aa([ler — 2| + ||z — 2*[[?)
A MB(Ay)

2 2
< (L=A)2 4 M+
< e+ 1 + 1

= (1 — %)72 <7

This implies that x,11 € B, so by induction, =, € B V n > 1. Therefore, {x,} is
bounded.

We now prove z,, — x* as n — oo. Since {x,};2; is bounded, we have that
{Az,}72 is bounded. Observe that, if for all v > 0, we define A, : E — E
by Az = yAx V x € E, then we easily see that A, is bounded and satisfies the
range condition since A satisfies the range condition. Furthermore,

ATH0) = A510) = F(IM),

where J;4 7 is the resolvent of the operator A,, Vv > 0. Observe that

[ Ayan|| = y|[Azn|| < ysup |[Az]], Vn > 1
zeB’

(where B' = B U {x1,x2,...,2p,-1}). This implies that lir%||A7:z:n|| = 0. From
Yy

Theorem 1.1, we get that limg_, Jf“’xl =z* € A71(0).
Define

Cn 1= max{(xl — ", (2, — .%'*)>,0}, Vn>1,
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then lim,, , ¢, = 0. We prove this. Since J;‘l"’ =+ SA,Y)_l, we obtain
(I + SAV)J;‘”azl = x1. Therefore,
1
A70J§4”’x1 = f(xl — Jf”:vl).
s
Since A is accretive, we have that A, is accretive and so
1 A, . A,
<A7xn - ;(xl —Js x1>,j(xn —Js x1)> >0Vs>0,v>0.
This implies that there exists a constant K > 0, such that
A . A . A
<$1 —Js ﬂ{xl;j(xn —Js 71’1)) < 3<A7$n7j($n —Js 7m1)>
< sK||Ayzall

Hence, limsup(z; — Jf”wl,j(xn — J?”m1)> < 0V n > 1. Therefore, for any € > 0,
¥—0
there exists § := d(g) > 0 such that for all v € (0, ],

(w1 — i wy, jzn — Ji @) < e
In particular, for v = §, there exists Ky > 0 such that
(w1 —a*, j(zn —a%)) = (w1 — 2", j(zn — %) — j(zn — J0m1))
oy — Joa, (e — J0a))
F (TN — 2%, (2, — J11))
< o — 2, j(an — ) = jan — S m)
+Ko||JAx, — a*]| + ¢
a1 = 2|1 (zn — 2) = Gz — Tz
+Ko||J2m — || + e

IN

This implies that

lim sup <limsup<x1 — ", j(x, — x*)>) < Ko limsup <limsup ||JAs 2 — a:*H)
S§—00

n—o0 S§—00 n—oo

+ lim sup <limsup llz1 — z*||||j(xn — %) — j(2p — Jf5:v1)||) +e.
S§— 00

n—o0

Since E is uniformly smooth, J is norm-to-norm uniformly continuous on bounded
subsets of E. Then, we have

limsup(z; — 2%, j(zn, — %)) <e.

n—oo

This implies that

(3.4) limsup(x; — 2™, j(xz, —z")) < 0.
n—oo

Using (3.4), we get that limsup(, = 0. From (3.1), we obtain

n— oo
(1 =2\ ||zn — ¥ 4 20n (21 — 2%, j (2 — 7)) + A B(A) M
(1 - 2)\,1)”1'” - ZL'*||2 + 2>\n<n + Anﬁ(kn)M
(1 =22\ ) |20 — 2*|]* + Auon,

lengs — 2] <
<

(3.5)
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where oy, := 2(, + 8(A\,) M. Clearly, limsup o,, < 0, so by conditions (i) and (ii) and
applying Lemma 2.2 to (3.5), we conclude that =, — x*, n — oo, completing the
proof. O

4. CONVERGENCE THEOREMS FOR THE SPECIAL CASE OF Lp, l<p<oo

In this section, using a result of Xu and Roach (Lemma 2.3), a result of Linden-
strauss and Tzafriri (Lemma 2.4) and following the method of proof of Theorem
3.1, the following theorems are easily proved.

Theorem 4.1. Let £ = L,,1 <p<2andlet A: E — E be a bounded accretive
map which satisfies the range condition. For arbitrary x1 € E, let the sequence {x,}
be iteratively defined by

(4.1) Tpgl = Ty — MAT, — Ap(zy, — 21), n > 1,
where {\,} is a sequence in (0,1) satisfying the following conditions:
(1) lim A, =0
nﬁoooo
(2) D021 A = 0.
Suppose that the equation Ax = 0 has a solution. Then, there exists a constant

y1 > 0 such that if A, < 71, the sequence {x,} converges strongly to a solution of
the equation Ax = 0.

Theorem 4.2. Let £ = L,,2 <p < oo and let A: E — E be a bounded accretive
map which satisfies the range condition. For arbitrary x1 € E, let the sequence {xy}
be iteratively defined by

(4.2) Tt = T — AMAxy — Ap(2 — 1), n > 1,
where {\n} is a sequence in (0,1) satisfying the following conditions:
(1) lim A\, =0
(2) 221 An = oo

Suppose that the equation Ax = 0 has a solution. Then, there exists a constant
vo > 0 such that if A\, < 72, the sequence {x,} converges strongly to a solution of
the equation Ax = 0.

Remark 4.3. Following the method of proof of Theorem 3.1 and using Lemma 2.3
and Lemma 2.4, the condition 5(\,) < 7o is replaced with the condition A\, < i in

r2

Theorem 4.1, where 71 := (m>ﬁ for some constant Mx* > 0 and with A\, < ¥

. 2
in Theorem 4.2, where v, := 4]\’;[—** for some constant M™** > 0.

Remark 4.4. Condition 1 and continuity of 8 imply that S(\,) — 0 as n — co.
Consequently, the condition B(\,) < 7o is always satisfied for sufficiently large n.

Remark 4.5. 1. As has been remarked in the Introduction, the recursion formula
(3.1) is simpler than that of Theorem CD. We note that the desirable choice A = 1
is applicable in our theorems which is not the case in Theorem CD.

2. Theorem 3.1 is applicable in arbitrary uniformly smooth real Banach spaces. In
particular, it is applicable in L, spaces for all 1 < p < oo which is not the case in
Theorem CD.
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5. APPLICATION TO CONVEX MINIMIZATION PROBLEMS

In this section, we investigate the problem of finding a minimizer of a continuously
differentiable convex function in real Hilbert spaces. In fact, let f : H — (—o00, +00]
be a proper lower semicontinuous convex function. We have observed that the
equation 0 € 0f(z) is equivalent to f(x) = HélII{l fly).

Yy

Note that if f : H — (—oo,+o0] is differentiable at a point x, then 0f(z) =
{Vf(x)}, where V f(z) is the gradient of f at x.

The following basic results are well known.
Lemma 5.1. Let f : H — R be a real-valued convex differentiable function and
a € H. Then, the following hold.

(1) The point a is a minimizer of f if and only if V f(a) = 0.
(2) If f is bounded on bounded subsets of H, then for every xo € H and r > 0,
there exists v > 0 such that f is vy-Lipschitzian on B(xzg,r), i.e.

If(z) = f(W)] <lle =yl Yo,y € B(zo, 7).

Lemma 5.2. Let f : H — R be a real-valued convex differentiable function and
a € H. Assume that f is bounded on bounded subsets of H. Then, the gradient map
Vf:H — H is bounded on bounded subsets of H.

Proof. Let xy € H and r > 0. Set B := B(xg,r). We show that V f(B) is bounded
in H. From lemma 5.1, there exists v > 0 such that
(5.1) [f(@) = Fy)l <ylz -yl Vo,y € B.

Let z* € Vf(B) and z* € B such that z* = V f(z*). Since B is open, for all u € H,
there exists t > 0 such that x* 4+ tu € B. Using the fact that z* = Vf(2*) and
inequality (5.1), it follows that

(% tu)y < f(az* +tu) — f(z")
<

tyfull
so that
(z",u) <~v|lu|| Vu e H.
Therefore ||z*|] <. Hence V f(B) is bounded. O

We now prove the following theorem.

Theorem 5.3. Let H be real Hilbert space. Assume that f : H — R is a real valued
bounded, convexr and continuously differentiable function. Let {z,} be the sequence
generated from arbitrary x1 € H by

(5.2) Tnt1 = Tn — MV f(xn) — Mp(Tn — 1), V0 > 1,
where {\n} is a sequence in (0,1) satisfying the following conditions:
(1) li_>m An =0

(2) 2oz An = 0.
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If f has a minimizer on H, then there exists a real constant vg > 0 such that if
An < 70, for all m > 1, the sequence {x,} converges strongly to a minimizer of f.

Proof. From [11] and Lemma 5.1, we have that the gradient map Vf : H — H is an
m-monotone mapping hence satisfies the range condition (see, e.g., Chidume and
Djitte, [1]), and V f(a) = 0 if and only if a is a minimizer of f in H. Using the fact
that f is continuously differentiable, bounded and Lemma 5.2, it follows that the
gradient map Vf : H — H is bounded and satisfies the range condition. Therefore,

the conclusion follows from Theorem 4.2. Il
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