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ABSTRACT. Let ¢ > 1 and let E be a g-uniformly smooth real Banach space and
K be a nonempty, closed and convex subset of E. Let CB(K) be the collection
of all closed and bounded subsets of K. Suppose that T : K — CB(K) is a
multi-valued bounded continuous pseudo-contractive mapping with a nonempty
fixed point set. A new iteration scheme is constructed and the corresponding
sequence {xz,} is proved to converge strongly to a fixed point of T" under ap-
propriate conditions on the iteration parameters. Our theorems are significant
improvements on several important recent results.

1. GENERAL INTRODUCTION

For several years, the study of fixed point theory for multi-valued nonlinear map-
pings has attracted, and continues to attract, the interest of several well known
mathematicians (see, for example, Brouwer [2], Downing and Kirk [12], Geanakop-
los [14], Kakutani [16], Nadler [22], Nash [23, 24]).

Interest in the study of fixed point theory for multi-valued maps stems, perhaps,
mainly from the fact that many problems in some areas of mathematics such as in
Game Theory and Market Economy and in Non-Smooth Differential Equations can
be written as fixed point problems for multi-valued maps. We describe briefly the
connection of fixed point theory for multi-valued mappings with game theory.

Game Theory. In game theory and market economy, the existence of equilibrium
was obtained by the application of a fixed point theorem. In fact, Nash [23, 24]
showed the existence of equilibria for non-cooperative static games as a direct con-
sequence of Brouwer [2] or Kakutani [16] fixed point theorem. More precisely, under
some regularity conditions, given a game, there exists always a multi-valued map
whose fixed points coincide with the equilibrium points of the game. A model ex-
ample of such an application is the Nash equilibrium theorem (see, e.g., [24]).

Consider a game G = (uy, K,,) with N players denoted by n, n =1,--- | N, where
K, C R™ is the set of possible strategies of the n’th player and is assumed to be
nonempty, compact and convex and u,, : K := K1 X Ko--- X Ky — R is the payoff
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(or gain function) of the player n and is assumed to be continuous. The player n
can take individual actions, represented by a vector o, € K,. All players together
can take a collective action, which is a combined vector o = (01,09, ,0n). For
each n, 0 € K and z, € K,, we will use the following standard notations:

K, =K x - XKy 1 XxXKp1 X---xKpn,

O_pn = (017' 5y O0n—1,0n41, """ 7UN)7

(Zn,O'_n) = (Ula"' yOn—152nyOn+1, """ 7UN)-

A strategy 7, € K, permits the n’th player to maximize his gain under the condition
that the remaining players have chosen their strategies o_,, if and only if

Up (O, 0_p) = nax Un(2n, 0—p).
n n

Now, let T}, : K_,, — 2% be the multi-valued map defined by

Th(o—p) = Argmax u,(zn,0_,) Yo_, € K_,.
zn€Kn
Definition. A collective action ¢ = (71, -+ ,0n) € K is called a Nash equilibrium
point if, for each n, &, is the best response for the n’th player to the action o_,,
made by the remaining players. That is, for each n,
(1.1) Up(0) = max up(zn,0_p)

Zn n

or equivalently,
(1.2) On € Tn(G_p).

This is equivalent to & is a fixed point of the multi-valued map T : K — 25 defined
by
T (o) = [T1(0-1),T2(0-2), - , Tn(o—n)]-

From the point of view of social recognition, game theory is perhaps the most suc-
cessful area of application of fized point theory of multi-valued mappings. However,
it has been remarked that the applications of this fixed point theory to equilibrium
problems are mostly static: they enhance understanding the conditions under which
equilibrium may be achieved but do not indicate how to construct a process start-
ing from a non-equilibrium point and convergent to equilibrium solution. This is
part of the problem that is being addressed by iterative methods for fized points of
multi-valued mappings.

Let E be a real normed space with dual E* and let S := {z € E : ||z|| = 1}. The
space E is said to have Gdteaux differentiable norm if the limit

oty = o]
t—0 t

exists for all x,y € S; E is said to have uniformly Gateaux differentiable norm if
for each y € S, the limit is attained uniformly for x € S.
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Let F be a real normed linear space of dimension > 2. The modulus of smoothness
of £, pg, is defined by:

r+y|l+ir—y
pE(T) := sup { ” | 5 | | —1:|z]| =1,y = T} ;17> 0.
A normed linear space FE is called uniformly smooth if lin%) ’OL(T) = 0. It is well
T— T

known (see, e.g. [10] p. 16, [20]) that pp is nondecreasing. If there exist a constant
¢ > 0 and a real number ¢ > 1 such that pg(7) < 79, then E is said to be ¢-
uniformly smooth. Typical examples of such spaces are the Ly, £, and W" spaces
for 1 < p < oo where,

. 2 — uniformly smooth if 2 <p < oc;
m — b
Ly (or 1) or W™ is { p — uniformly smooth if 1<p < 2.

Let J, denote the generalized duality mapping from E to 2F" defined by

Jo(w) = {f € B": (x, f) = |||* and || f|| = |l[|"""}

where (.,.) denotes the generalized duality pairing. Js is called the normalized
duality mapping and is denoted by J. It is well known that if F is smooth, J, is
single-valued.

Every uniformly smooth real normed space has uniformly Géteaux differentiable
norm (see, e.g., [10], p. 17).

Several iterative algorithms have been introduced and studied for approximating
fixed points of multi-valued mappings.

Let K be a nonempty subset of a normed space E. The set K is called proximinal
(see, e.g., [26, 27, 31]) if for each x € E, there exists u € K such that

d(z,u) = inf{||lz — y|| : y € K} = d(z, K),
where d(z,y) = ||z — y|| for all z,y € E. Every nonempty, closed and convex subset
of a real Hilbert space is proximinal. Let CB(K) and P(K) denote the families

of nonempty, closed and bounded subsets and nonempty, proximinal and bounded
subsets of K, respectively. The Hausdorff metric on CB(K) is defined by:

D(A, B) = max { Slelg d(a, B), 22313 d(b, A)}

for all A,B € CB(K). Let T : D(T) C E — CB(E) be a multi-valued mapping on
E. A point z € D(T) is called a fized point of T if x € Tx. The fixed point set of
T is denoted by F(T') :={x € D(T) : © € Tz}.

A multi-valued mapping T': D(T) C E — CB(FE) is called L- Lipschitzian if there
exists L > 0 such that

(1.3) D(Tz,Ty) < L||lz —y|| Yx,y € D(T).
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When L € (0,1) in (1.3), we say that T"is a contraction, and T is called nonerpansive
if L=1.

Several papers deal with the problem of approximating fixed points of multi-valued
nonexpansive mappings (see, e.g., [1, 18, 26, 27, 31], , and the references therein)
and their generalizations (see, e.g., [13]).

Sastry and Babu [27] introduced the following iterative schemes. Let T': E — P(E)
be a multi-valued mapping and z* be a fixed point of 7. Define iteratively the
sequence {z, }nen from xg € E by

(1~4) Tpy1 = (1— an>$n + nYn, Yn € Ty, ”yn - JZ*H = d(x*;Txn)7
where ay, is a real sequence in (0,1) satisfying the following conditions:
(e.9]
(1) Zan = oo and (7i) lim«, = 0.
n=1

They also introduced the following sequence {z,, }:

(1.5)
Tpp1 = (1 — an)Tn + anln, up € Tyn, Uy — 2*|| = d(z*, Ty,),

where {a,} and {3, } are sequences of real numbers satisfying the following condi-
tions:

(1) 0<ap,Bn <1, (i) nh_)ngo Br = 0 and (7i7) Zlanﬁn = 00.

They proved that if H is a real Hilbert space, K is a nonempty, compact and convex
subset of H and T': K — P(K) is a multi-valued nonexpansive map with a fixed
point p, then the sequence {z,,} defined by (1.5) converges strongly to a fixed point
of T.

Panyanak [26] extended this result to uniformly convex real Banach spaces.

Panyanak also modified the iteration schemes of Sastry and Babu [27]. Let K be a
nonempty, closed and convex subset of a real Banach space and T': K — P(K) be
a multi-valued map such that F(7T') is a nonempty proximinal subset of K.

The sequence of Mann-type (see, e.g., [21]) iterates is defined by zg € K,

(1.6) Tnt1 = (L — ap)xn + anyn, an € [a,b], 0 <a<b<1,

where y, € Tz, is such that ||y, — uy,| = d(un,Tr,) and u, € F(T) is such that
[0 — unl| = d(2n, F(T)).

The sequence of Ishikawa-type (see, e.g., [15]) iterates is defined by z¢ € K,

(1.7) Yn = (1 = Bn)xn + Bnzn, Pn €[a,b],0<a<b< 1,



ITERATIVE ALGORITHM 245

where z, € Tz, is such that ||z, — u,| = d(up, Tzy,) and u, € F(T) is such that
[0 — un|| = d(zn, F(T)).

(1.8) Tpi1 = (1 — ap)Tn + anzly, an €la,b),0<a<b<,

where z!, € Ty, is such that ||z}, — v,|| = d(v,, Ty,) and v, € F(T) is such that
[yn = vall = d(yn, F(T)).

A mapping T': K — CB(K) is said to satisfy Condition (1) if there exists a strictly
increasing function f : [0,00) — [0,00) with f(0) = 0, f(r) > 0 for all r € (0,00)
such that d(z,T(z)) > f(d(z, F(T)) Vx € D.

Panyanak [26] proved that if F is a uniformly convex real Banach space, K is a
nonempty, closed, bounded and convex subset of E and T': K — P(K) is a multi-
valued nonexpansive map that satisfies condition (I) such that F'(T") is a nonempty
proximinal subset of K, then, the sequence {z,,} defined by (1.6) converges strongly
to a fixed point of T.

Remark 1.1. In defining the recursion formula (1.4), the authors take y, € T'(zy)
such that ||y, — x*|| = d(«*,Tz,). The existence of y,, satisfying this condition is
guaranteed by the assumption that the set Tz, is proximinal. In general such a vy,
is extremely difficult to pick. Furthermore, this condition involves a fixed point z*
of T that is being approximated. So, the recursion formula (1.4) is not convenient
to use in application. Also, the recursion formulas defined in (1.7) and (1.8) are
not convenient to use in application. The sequences {z,} and {z],} are not known
precisely. The restrictions z, € Ty, ||zn — un| = d(un, Tzy), u, € F(T) and
2l € Tyn, ||zl — vnll = d(vn, Tyn), v, € F(T) make them difficult to use. These
restrictions on z, and z/, depend on F(T), the fixed points set. So, the recursions
formulas (1.7) and (1.8) are not easily useable.

As remarked by Nadler [22], the definition of the Hausdorff metric on CB(FE) gives
the following useful result.

Lemma 1.2. Let A,B € CB(E) and a € A. For every v > 0, there exists b € B
such that d(a,b) < D(A, B) 4 ~.

Song and Wang [31] used the idea of Lemma 1.2 to define the following iteration

scheme.

Let K be a nonempty, closed and convex subset of a real Banach space and T :
K — CB(K) be a multi-valued map. Let oy, 3, € [0,1] and ~, € (0,00) be such
that lim -, = 0. Choose zy € K,

n—oo
(19) Yn = (1 - /Bn)wn + Bnzn, Tnt+1 = (1 - an)xn + antnp,
where z,, € Tx,, u, € Ty, are such that

Hzn - un” S D(TxnaTyn) + Yns ||Zn+1 - un” S D(Txn+17Tyn) + Tn, T Z 0.

They then proved that if K is a nonempty, compact and convex subset of a uniformly
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convex real Banach space F and T : K — CB(K) is a multi-valued nonexpansive
mapping with F(T) # 0 satisfying T'(p) = {p} for all p € F(T), then the Ishikawa
sequence defined by (1.9) converges strongly to a fixed point of T'.

Shahzad and Zegeye [29] extended the results of Sastry and Babu [27], Panyanak [26]
and Son and Wang [31] to multi-valued quasi-nonezpansive maps (i.e., mappings
T : K — CB(K) such that F(T) # 0 and D(Tz,Tp) < ||z —p| Ve e K, p €
F(T)). Also, in an attempt to remove the condition T'(p) = {p} for all p € F(T)
in the result of Song and Wang, Shahzad and Zegeye introduced a new iteration
scheme as follows:

Let K be a nonempty, closed and convex subset of a real Banach space, T': K —
P(K) be a multi-valued map and let Pr : K — P(K) be defined as follows: Prz :=
{yeTx : ||x—y| =d(xz,Tx)}. Let o, By € [0,1]. Choose xp € K and define {z,}
as follows:

(1'10) Yn = (1 - /Bn)xn + /anna Tn+l1 = (1 — an)xn + ap Uy,

where z,, € Prx,, u, € Pry,.

They then proved that if E' is a uniformly convex real Banach space, K is a nonempty
and convex subset of £ and T : K — P(K) is a multi-valued map with F(T) # 0
such that Pr is nonexpansive, and 7" satisfies Condition (I), then, {x,} defined by
(1.10) converges strongly to a fixed point of T'.

A class of single-valued k-strictly pseudo-contractive maps on Hilbert spaces was
introduced by Browder and Petryshyn [4] as an important generalization of the
class of nonexpansive mappings. This class of mappings is a superclass of the class
of nonexpansive mappings.

Definition 1.3. Let K be a nonempty subset of a real Hilbert space H. A map
T : K — H is called k-strictly pseudo-contractive if there exists k € (0,1) such that

1T = Ty|* < llz —ylI* + kllz —y — (Tz = Ty)|]* Va,y € K.

Motivated by Definition 1.3, the present authors [11] introduced the following im-
portant class of multi-valued strictly pseudo-contractive mappings in real Hilbert
spaces which is more general than the class of multi-valued nonexpansive mappings.

Definition 1.4. A multi-valued mapping 7' : D(T)) C H — CB(H) is said to be
k-strictly pseudo-contractive if there exists k € (0,1) such that for all z,y € D(T)
we have:

2
(1.11) (D(T:C,Ty)) <z —yl? + kl|(z —u) — (y —v)||* Yu € Tz, v € Ty.

Then, they proved strong convergence theorems for this class of mappings. The
recursion formula used in [11] is of the Krasnoselskii-type [19] which is known to
be superior (see, e.g., Remark 4 in [11]) to the recursion formula of Mann [21] or
Ishikawa [15]. In fact, they proved the following theorems.
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Theorem CA1 (Chidume et al. [11]). Let K be a nonempty, closed and convex
subset of a real Hilbert space H. Suppose that T : K — CB(K) is a multi-valued
k-strictly pseudo-contractive mapping such that F(T) # (. Assume that Tp = {p}
forallp € F(T). Let {x,} be a sequence defined by

x0 € K, Zpi1 = (1 — Ny + Ayp, n >0,

where y, € Txp and X € (0,1 — k). Then, le d(zy, Txy,) = 0.

Theorem CA2 (Chidume et al. [11]). Let K be a nonempty, compact and convex
subset of a real Hilbert space H and T : K — CB(K) be a multi-valued k-strictly
pseudo-contractive mapping with F(T) # 0 such that Tp = {p} for all p € F(T).
Suppose that T is continuous. Let {x,} be a sequence defined by

x0 € K, pt1 = (1 — Ny + Ayp,n >0,

where y, € Tz, and A € (0,1 — k). Then, the sequence {x,} converges strongly to
a fized point of T.

In arbitrary real normed spaces, the following definition is known (see, e.g., [10]).

Definition 1.5. Let E be real normed linear space. A map 7' : D(T) C E — E is
called pseudo-contractive (see, e.g., [5] ) if the inequality

(1.12) [z =yl <llz =y +t((z —Tz)) = (y = Ty))|
holds for each z,y € D(T) and for all ¢ > 0. As a result of Kato [17], it follows

from inequality (1.12) that T' is pseudo-contractive if and only if for all z,y € D(T),
there exists j(z —y) € J(z — y) such that

(1.13) (Tz =Ty, j(z —y)) < llz -yl
where J : E — 27" is the normalized duality mapping.

For multi-valued pseudocontractions, we have (see, e.g., [25] ) the following definition
in arbitrary normed linear spaces.

Definition 1.6. Let E be a normed space. A multi-valued mapping 7' : D(T) — 2¥
is called pseudo-contractive if for all x,y € D(T'), we have

(1.14) (w—v,jx—y)) <|lz—yl|*> YuecTz, veTy.

The class of pseudo-contractive mappings is deeply connected with the class of
accretive operators, where an operator A with domain D(A) in E is called accretive if
the inequality ||z—y| < ||z—y+s(u—wv)]| holds for each x,y € D(A), u € Az, v € Ay
and for all s > 0. We observe that A is accretive if and only if T := I — A is pseudo-
contractive and thus, the set of zeros of A, N(A) := {x € D(A) : z € A71(0)},
coincides with the fixed point set of T. The importance of these operators is well
known (see, e.g., [7, 8, 10]).

Remark 1.7. We note that for approximating a fixed point of a multi-valued Lip-
schitz pseudo-contractive map in a real Hilbert space, an example of Chidume and
Mutangadura [7] shows that, even in the single-valued case, the Mann iteration
method does not always converge strongly even in the setting of Theorem CA2.
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Chidume and Zegeye [9] later introduced an iteration algorithm which converges in
this setting. Precisely, they introduced the following algorithm. Let x; € K and
define

(1.15) Tnt1 = (L = Ap)xpn + ATy — Apbp (2, — 1), V0 > 1,

where {\,} and {6,} are sequences in (0, 1) satisfying the following conditions:

(1) /\n<1 + en) <1
(2) lim#6,, = 0;

(3) D Anbn =00, A= 0(0y);

n=1
CE
0n
nvn n=1

Motivated by this algorithm, Ofoedu and Zegeye [25] introduced an iteration scheme
for approximating a fixed point of a multi-valued Lipschitz pseudo-contractive map-
ping. They proved the following theorem.

Theorem OZ (Ofoedu and Zegeye [25]). Let E be a reflexive real Banach space
having uniformly Gateaux differentiable norm, D be a nonempty open conver subset
of E, such that every closed convex bounded nonempty subset of D has the fired
point property for nonexpansive self-mappings. Let T : D — K(D) be a pseudo-
contractive Lipschitzian mapping with constant L > 0 and let u € D be fived. Let
{z,} be generated from arbitrary xo € D, wo € Txg by

(1.16) Tnt1 = (1 = Ap)xn + Apwy — Apbp (2 — ), wy, € Txy,.

Suppose that ||wy,—wp—1|| = d(wp—1,Tzy), n > 1. If F(T) # 0, then {x,} converges
strongly to some fixed point of T'.

Remark 1.8. To establish Theorem OZ, the authors assumed that ||wy, —wp,—1|| =
d(wp—1,Txy,) for all n > 1. A sufficient condition to guarantee this is to assume
that for each x, the set T'x is proximinal. In this case, T'x is closed. If, in addition
Tz is convex and F is, for example, a real Hilbert space, such w,, is characterized
as follows:

(Wp—1 — Wpy Wy, — Up) >0 Yuy, € Ty,

Consequently, this condition requires that a sub-programme be constructed to first
compute w, at each step of the iteration process.

Remark 1.9. Nadler [22] remarked that requiring a multi-valued mapping to be
Lipschitz is placing a strong continuity condition on the mapping. We shall there-
fore weaken this condition in our theorems. In fact, the Lipschitz condition of T" in
Theorem OZ will be weakened to continuity and boundedness for T

Moreover, in many applications, the real Banach space E' is either an L,-space, a
W™P-gpace, 1 < p < oo, m > 1, or a real Hilbert space. As has been remarked
before, all these spaces are g-uniformly smooth and reflexive.
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With Remarks 1.8 and 1.9 in mind, it is our purpose in this paper to prove strong
convergence theorems for fixed points of multi-valued bounded continuous pseudo-
contractive maps defined on g-uniformly smooth real Banach spaces. We use the
recursion formula (1.16), dispensing with the restriction that ||w, — w,—1|| =
d(wp—1,Tx,) Yn > 1. Furthermore, our iteration process, in the setting of ¢-
uniformly smooth real Banach spaces, is direct, much more applicable than the
process in Theorem OZ since it does not require the creation of a sub-programme to
first compute w,, at each step of the iteration process. In particular, in g-uniformly
smooth real Banach spaces, our theorems extend Theorem OZ from multi-valued
Lipschitz pseudo-contractive mappings to the much more general class of multi-
valued continuous, bounded and pseudo-contractive mappings.

2. PRELIMINARIES

In the sequel we shall need the following results.

Lemma 2.1 (Xu, [34]). Let {pn} be a sequence of nonnegative real numbers satis-
fying the following relation:

Pn+1 < (1 - an)pn + anopn +Yn, N > Oa

where,
(1) {an} € (0,1), > ap =o0; (i7) limsup o, < 0;

n—o0

(4) v >0, Z’yn < oo. Then, p, — 0 as n — co.

Theorem 2.2 (Xu, [32]). Let ¢ > 1 and E be a smooth real Banach space. Then
the following are equivalent.

(i) E is g-uniformly smooth.

(ii) There exists a constant dqg > 0 such that for all x,y € E,

(2.1) 2+ yll* < [[z[|” + ¢(y, Jq(x)) + dglly[[*.

For the remainder of this paper, d, will denote the constant appearing in Theorem
2.2.

Lemma 2.3. Let E be a real normed linear space and q > 1. Then, the following
inequality holds:

(22)  lz+yll? < 2|7 + @y, Jg(z + y)) Vigx+y) € Jy(x+y), Va,y € E.

Proof. Let ¢ > 1 and z,y € E. By the definition of J,, the following holds

|z +yl|? = (z+y,do(x+y))
= (z,jq(z +y)) + (. Jo(x +y))

for every jq(z+vy) € Jy(x+y). Using Schwartz and Young inequalities and the fact
that [|7,(2)|| = ||z]|97! for all 2z € E, we have

le+yll7 < lallle+yl" + (v, do(a +y))
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1 1 .
< gllxllq + ];Hw +yll?+ (y, Jo(z + ),
with % + % = 1. Observing that 1 — % = %, then the results follows. O

3. APPROXIMATION OF FIXED POINTS OF MULTI-VALUED BOUNDED
CONTINUOUS PSEUDO-CONTRACTIVE MAPPINGS

We shall make use of the following result.

Lemma 3.1 (Ofoedu and Zegeye [25]). Let D be a nonempty open convex subset
of a real Banach space E and T : D — CB(E) be continuous (with respect to the
Hausdorff metric) pseudo-contractive mapping satisfying weakly inward condition
and u € D be fized. Then, fort € (0,1) there exists y; € D satisfying y; € tTy; +
(1 = t)u. If, in addition, E is reflexive and has uniformly Géteauz differentiable
norm, and is such that every closed convex bounded subset of D has the fized point
property for nonexpansive self-mappings, then T has a fized point if and only if {y;}
remains bounded as t — 1; moreover, in this case, {y:} converges strongly to a fized
point of T ast — 1.

Remark 3.2. If F is g-uniformly smooth, then F is reflexive and every nonempty,
closed, convex and bounded subset of E has the fixed point property for nonexpan-
sive self-mappings and has uniformly Gateaux differentiable norm.

Remark 3.3. We note that in Lemma 3.1, in the case that F(T) # (), the path
{y:} is bounded. Furthermore, if F is assumed to have a uniformly Gateaux differ-
entiable norm and is such that every closed convex and bounded subset of D has
the fixed point property for nonexpansive self-mappings, then as t — 1, the path
{y+} converges strongly to a fixed point of T'.

For the rest of this paper, ¢ > 1 is a real number and {\,} and {6,} are real
sequences in (0, 1) satisfying the following conditions:

(1) limé,, = 0;
(i) An(1+6n) < 1,>  Anbn =00, A' = o0(6);
n=1
G =) o 5
On
L < q .
20 hrrln_)solip oS 0, nz_:l AL < 00

In what follows, {y,} denotes the sequence defined by y,, := v, = tnzn+ (1 —ty)z1,
where z; € D and t, = (1+ Hn)*l V n > 1, guaranteed by Lemma 3.1 and
Remark 3.3. We observe that with this ¢, the sequence {y,} satisfies the following
conditions:

(3.1) On(Yn — 1) + (Yn — 2n) =0, n > 1;

(3.2) yn — y" with y* € F(T).

for some z, € Ty,.

We now prove the following theorem.
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Theorem 3.4. Let E be a q-uniformly smooth real Banach space and D be a
nonempty, open and conver subset of E. Assume that T : D — CB(D) is a
multi-valued continuous (with respect to the Hausdorff metric), bounded and pseudo-
contractive mapping with F(T) # (). Let {x,} be a sequence generated iteratively
from arbitrary x1 € D by

(3.3) Tng1 = (L= X))z, + Ay, — ANy (2, — 1), up € Ty

Then, there exists a real constant o > 0 such that if M < Y00, for all n > 1,
the sequence {x,} converges strongly to a fized point of T

Proof. Let z* € F(T'). There exists » > 0 sufficiently large such that z; €

B(x*,7/2). Define B := B(z*,7)ND. Since T is bounded, it follows that (I —T)(B)
is bounded. So,
My :zsup{||:n—u+9(x—:v1)||q: re€BueTx,0<0< 1}+1 < 00.
Set
2071 — 1N
M = qu[); Yo ‘= (W)T .
Stepl. We prove that {xz,} is bounded. Indeed, it suffices to show that z,, is in B

for all n > 1. The proof is by induction. By construction, z; € B. Suppose that
xn € B for some n > 1. We prove that z,1 € B.

Using the recursion formula (3.3) and inequality (2.1) of Theorem 2.2, we have
[#n41 =277 = [lon — 2" = An(Tn — tn + On(2n — 21)) ||
< lzn — 27 = gAn{zn — un + On (2 — 21), Jg (20 — 7))
+ dg ALl zy — wp + Op(xn — x1)]|?
(3.4) < lzp — 2|7 — gAp(@n — Un + Op(xr — x1), Jg(zn — 27)) + MAL.

Using the fact that 7' is pseudo-contractive, we obtain
(Tn, — up + Op(n, — 1), Jg(Tn — &%) > Op|lxy — 2™||7 4+ O, (" — 21, Jg(an — z¥)).

Therefore, using inequality (3.4) and schwartz ineqality, we have the following esti-
mates:

(1= )0 — 29 = @Aab(a™ — 21, g (0 — ) + M
(1= @A)l — 2711 + @Aaballz” — 12 — 2|71 + M

[Zng1 — 2|7 <
<
x| L ¢ 1 x|
< (= aAb)llan ="+ ahabo (" =74 e — a1
+MAN,
with 1/p+1/¢ = 1. Thus,
Jnsr =20 < (1= Mb)llzm — 219 + Aballe™ — 1|9+ MAL
So, using the induction assumption, the fact that 1 € B(z*,r/2) and the condition

M1 < 406, we obtain:

1
nst — z*[7 < (1 - §Anen)rq <4,
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Therefore x,1 € B. Thus by induction, {z,} is bounded.

Step 2. We prove that {x,} converges to a fixed point of T. Let {y,} be the sequence
obtained from Lemma 3.1 and satisfying equation (3.1) and condition (3.2).

Claim: ||[zp41 — yn|| = 0 as n — 0. Since {z,} and {y,} are bounded and T is
bounded, there exists some positive constant M such that:
[Zn41 = Unll? = lon — yn — An(@n — un + O (20 — 1))
< Nz = ynll? — @Anl@n — un + On(zn — 1), Jg(Tn — Yn))
+ dg AL ||y — up + Op(zn — 21)||?
|2 = ynl|? — @An{n — un + On(Tn — 1), Jo(Tn — Yn)) + MAL.

Using equation (3.1) and the fact that T" is pseudo-contractive, we have

IN

(xn — Up + en(xn - $1),jq($n - yn)> = <($7L - Un) - (yn - Zn),jq(l'n - yn)>
+Onllzn — ynll?

+<yn —Zn + Hn(yn - xl)ajq(xn - yn)>
O

Y

q
Tn — yn|”-

Therefore,
(3.5) [#n41 = ynll? < (L= Anbn)llzn — ynll? + MAT.

Using again the fact that T is pseudo-contractive, we obtain:

et =+ - [t = 2nm0) = (3 = 20|

lYn—1— yn” < ‘

Observing from equation (3.1) that

1 O, — O
Yn—1 = Yn + 5~ [(yn—l — Zn—1) = (Yn — Zn)} = ninl(yn—l — 1),

Oy, On

it follows that
Op—1—0
(3. ot =l < (2272 s =
n
By Lemma 2.3, we have
l2n =yl = [l(@n = yn-1) + (n-1 — ya)

< lzn = g1l + @yn—1 = Yn, Jo(Tn — yn))-
Using Schwartz’s inequality, we obtain:
(3.7) 12 = ynll? < l2n — Yn—11? + qllyn—1 — ynlllzn — yanil‘

Using inequalities (3.5), (3.6), (3.7) and the fact that {z,,} and {y,} are bounded,
we have,

gn—l

—0
— — q e q
(1= Anbo)ln =y |+ O (75— + M

= (1 =Xb)llzn — Yn-1ll? + (Mbn)on +7n

IN

|lzn+1 = yall?



ITERATIVE ALGORITHM 253

for some positive constant C' where

Op = C(G;niien> = C( e;men ), Yo 1= ML

9n—1

On—1
(L — 1) e8]
On
Thus, using Lemma 2.1, the conditions limsup ——* < 0 and ZA% < 00,

it follows that z,+1 — y, — 0. From condition (3.2), we have that x,, — y* and
y* € F(T). This completes the proof. O

Corollary 3.5. Let E be a q-uniformly smooth real Banach space, ¢ > 1 and D
be a nonempty, open and convex subset of E. Assume that T : D — CB(D) is a
multi-valued Lipschitz pseudo-contractive mapping with F(T) # 0. Let {x,} be a
sequence generated iteratively from arbitrary x1 € D by

(3.8) Tng1 = (L= X))z, + Ay, — AN (z, — 1), up € Ty

Then, there exists a real constant o > 0 such that if M < Yobn, for alln > 1,
the sequence {x,} converges strongly to a fized point of T

Proof. We need only to show that T is bounded. For this, let B be a nonempty
bounded subset of K. We show that T(B) := U,epTx is bounded. Let yy € T(B)
be fixed. Then, there exists xg € B such that yo € Txg. Set r1 := diameter(B) and
ro := diameter(T'zp). We note that r and ry are finite. Let yi,y2 € T(B). Then
there exist x; € B such that y; € Tz;, i = 1,2. Using Lemma 1.2 and the fact that
T is Lipschitz, it follows that there exist z1, zo € Txg such that

ly1 — 21l + [[z1 = 22l + [[22 — 92|

2(L7‘1 + 1) + 79,

which implies that diameter(7'(B)) < co. Therefore, T'(B) is bounded. O
Corollary 3.6. Let E =Ly, 1 < p < oo and q := min{2,p}. Let D be a nonempty,
open and conver subset of E and T : D — CB(D) be a multi-valued continuous
(with respect to the Hausdorff metric), bounded and pseudo-contractive mapping
with F(T) # (0. Let {z,} be a sequence generated iteratively from arbitrary 1 € D
by

(3.9) Tnt1 = (1 = Ap)xn + At — MOp(zn, — 1), up € Ty,

ly1 — 2l

IA A

Then, there exists a real constant vo > 0 such that if M < Y00, for alln > 1,
the sequence {x,} converges strongly to a fized point of T

Proof. Since L, spaces, 1 < p < oo are g-uniformly smooth spaces with ¢ :=
min{2, p}, the proof follows from Theorem 3.4. O

Corollary 3.7. Let H be a real Hilbert space and D be a nonempty open conver sub-
set of H. Assume that T : D — CB(D) is a multi-valued continuous (with respect
to the Hausdorff metric), bounded and pseudo-contractive mapping with F(T) # 0.
Let {x,,} be a sequence generated from arbitrary x1 € D by

(3.10) Tnt1 = (L= Ap)zp, + Ay, — A\ (2, — 1), up € Ty,

where {\n} and {0,,} are real sequences in (0,1) satisfying the following conditions:
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(1) limé,, =0;
oo
(i6) An(1+6n) < 1,>  Anbn =00, Ap = 0(6n);

n=1

(9791;1 _ ) 00
i4i) limsup ~—————% <0, 2\ < 0.

Then, there exists a real constant vo > 0 such that if A, < Y90n, for all n > 1, the
sequence {x,} converges strongly to a fixed point of T.

Proof. Since Hilbert spaces are 2-uniformly smooth spaces, the proof follows from
Theorem 3.4. O

Remark 3.8. Our theorems are significant improvements on recent results of
Ofoedu and Zegeye [25] in the sense that the class of maps in our theorems is a
superclass of the class of Lipschitz pseudocontractions studied by Ofoedu and Zeg-
eye [25].
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