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turns out to be essential. Given C a closed convex subset of a Hilbert space H, a
mapping T : C → H is firmly nonexpansive if for all x, y ∈ C

(1.1) ∥Tx− Ty∥2 ≤ ⟨x− y, Tx− Ty⟩.

A basic example of firmly nonexpansive mappings is the metric projection

PC(x) = argmin
y∈C

{∥x− y∥}.

This operator appears in many iterative methods for convex minimization problems,
and its asymptotic behavior plays an essential role in the convergence of these
algorithms, see [24] for a detailed treatment of this question.

Another prominent example of firmly nonexpansive mapping is the resolvent of
monotone operators. Given a maximal monotone operator A : H → 2H and µ > 0,
its associated resolvent of order µ, defined by

JA
µ := (I + µA)−1,

where I denotes the identity operator, is a firmly nonexpansive mapping from H to
H with full domain and the set of fixed points of JA

µ coincides with the set of zeros
of A. We refer to [12] for a very nice presentation of this correspondence in Hilbert
spaces.

In his study of nonexpansive projections on subsets of Banach spaces, Bruck [21]
defined a firmly nonexpansive mapping T : C → E, where C is a closed convex
subset of a real Banach space E, to be a mapping such that for all x, y ∈ C and
t ≥ 0,

(1.2) ∥Tx− Ty∥ ≤ ∥(1− t)(Tx− Ty) + t(x− y)∥.

In Hilbert spaces this definition turns into the one introduced by Browder, and
also in Banach spaces a firmly nonexpansive mapping is characterized by being the
resolvent of an accretive operator, see [37]. As Bruck showed, to any nonexpansive
self-mapping T : C → C that has fixed points, one can associate a “large” family of
firmly nonexpansive mappings having the same fixed point set as T . Hence, from
the point of view of the existence of fixed points on convex closed sets, nonexpansive
and firmly nonexpansive mappings exhibit a similar behavior. However, this is no
longer true in non-convex domains [92].

If T is firmly nonexpansive and has fixed points, it is well known [17] that the
sequence of Picard iterates {Tnx}n∈N is asymptotically regular and, in more par-
ticular settings, converges weakly to a fixed point of T for any starting point x [86],
while this is not true for nonexpansive mappings in general (take, for instance,
T = −I).

A fruitful research direction is the extension of techniques and results from
normed spaces to metric spaces without linear structure. For instance, minimiza-
tion problems associated to convex functionals have been studied in the setting of
Riemannian manifolds [32, 59], and some problems have been modeled as abstract
Cauchy equations in the framework of nonpositive curvature geodesic metric spaces,
see [64,96] and references therein. Although the framework and the conceptual ap-
proach in the previous problems are seemingly quite different, it is possible, as in the
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case of normed spaces, to find a bridge between them through firmly nonexpansive
mappings.

Other two apparently unrelated theories are the ones which deals with nonexpan-
sive mappings and holomorphic mappings. Nevertheless, one of the links between
them is the fact that holomorphic mappings are nonexpansive with respect to certain
pseudo-metrics. In connection with this problem, Goebel and Reich [37] initiated
the study of firmly nonexpansive mappings in a nonlinear metric setting, to be pre-
cise in the Hilbert ball with the Poincare metric. The extension of their results to
hyperbolic metric spaces is due to Reich and Shafir [87]. In [60] the authors go
further over the relationship between monotone operators and firmly nonexpansive
mappings in the particular case of Hadamard manifolds.

To study the validity of Trotter-Kato formula [45] in the setting of gradient flows
on geodesics spaces [6,8,95,96], if one wants to follow the argument of the proof in
Hilbert spaces, it is necessary a counterpart of the approximation of semigroups and
their resolvents in these spaces. This fact motivates the study of firmly nonexpansive
mappings in this setting. A first step in this direction has been already taken in [4],
and related works are in progress [7,68]. Further steps pass for a suitable definition
of monotone operators in geodesic spaces, being achieved in the particular case of
the Hilbert ball [55, 90] and Hadamard manifolds [60].

The remainder of the paper is organized as follows. In Section 2 we fix the nota-
tion and introduce some basic facts on geodesic metric spaces. For a comprehensive
treatment of geodesic metric spaces one may check for example [14,71]. In Section 3
we focus on the different characterizations of firmly nonexpansive mappings, which
turn out to depend strongly on the framework space considered. Section 4 is de-
voted to the relationship between firmly nonexpansive mappings and other classes of
mappings: contractions, nonexpansive mappings, strongly nonexpansive mappings,
λ-firmly nonexpansive mappings, metric projections and resolvents of accretive op-
erators. The existence and approximation of fixed points is the topic of Sections 5
and 6. In the former the existence of fixed points and periodic points is analyzed.
The treatment given to the approximation problem is grounded on the asymptotic
center concept.

2. Notations and preliminaries

In this section, we collect some basic definitions and facts which will be used in
the following sections. Through out this paper, a Hilbert space will be denoted by
H, and a normed or metric space by X.

Recall that a geodesic space X is a metric space satisfying that every pair of
points x and y in X can be joined by a geodesic, that is, a map γ from a closed
interval [0, l] to X such that γ(0) = x, γ(l) = y, and d(γ(s), γ(t)) = |s− t| for all
s, t ∈ [0, l]. The image γ([0, l]) is called a geodesic segment joining x and y. This
geodesic segment will be denoted [x, y], provided that there is no possible ambiguity.
If for any points there exists a unique geodesic joining them, then X is said to be
uniquely geodesic.

A geodesic triangle ∆(x1, x2, x3) in a geodesic space X consists of three points
x1, x2, x3 in X (called vertices of ∆) and a geodesic segment between each pair of
vertices (so-called the edges of ∆). A comparison triangle for a geodesic triangle
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∆(x1, x2, x3) in X is a triangle ∆̄(x1, x2, x3) := ∆(x̄1, x̄2, x̄3) in (R2, ∥·∥) such that
d(xi, xj) = ∥x̄i − x̄j∥ for all i, j ∈ {1, 2, 3}. Notice that comparison triangles always
exist and are unique up to isometry. See [14, Lemma 2.14].

We are considering hyperbolic spaces which encompasses normed linear spaces [52].
In order to distinguish these spaces from Gromov hyperbolic spaces [14], or from
other notions of “hyperbolic space” which can be found in the literature (we refer
to [53, p.384] for a nice comparison analysis), we shall adopt the terminology first
used in [58]: W -hyperbolic spaces.

Definition 2.1. A W -hyperbolic space (X, d,W ) is a metric space (X, d) to-
gether with a convexity mapping W : X ×X × [0, 1] → X satisfying the following
four properties

(W1) d(z,W (x, y, λ)) ≤ (1− λ)d(z, x) + λd(z, y),

(W2) d(W (x, y, λ),W (x, y, λ̃)) = |λ− λ̃| · d(x, y),
(W3) W (x, y, λ) =W (y, x, 1− λ),
(W4) d(W (x, z, λ),W (y, w, λ)) ≤ (1− λ)d(x, y) + λd(z, w),

for all x, y, z, w ∈ X and λ, λ̃ ∈ [0, 1].

From now on, if X is a W -hyperbolic space, given x, y ∈ X and λ ∈ [0, 1],
(1− λ)x⊕ λ y stands for W (x, y, λ).

Remark 2.2. Notice that condition (W1) implies that all balls are convex in the
following sense: a nonempty subset C of a W -hyperbolic space (X, d) is said to be
convex if (1− λ)x⊕ λ y ∈ C for all x, y ∈ C and λ ∈ [0, 1]. The reciprocal impli-
cation, in general, is not true, see [33]. On the other hand, condition (W2) can be
interpreted as the continuity (with respect to the third variable) of the mappingW ,
which implies that every W -hyperbolic space is a geodesic space. Condition (W3)
yields the symmetry in the third variable, and as a consequence of the last condi-
tion (W4), we deduce the equivalence between W -hyperbolic spaces and Busemann
spaces, when the convexity mapping is unique, see [4, Proposition 2.6].

Examples of W -hyperbolic spaces are the following.

• Normed linear spaces. It is easy to check that the class of W -hyperbolic
spaces includes the convex subsets of normed linear spaces, just setting
(1− λ)x⊕ λ y = (1− λ)x+ λy.

• The Hilbert ball. Let B be the open unit ball of a complex Hilbert space H.
The Hilbert ball is B with the hyperbolic distance, also called Kobayashi
distance, defined by

d(x, y) := argtanh
(
1− σ(x, y)

)1/2
,

where

σ(x, y) :=
(1− ∥x∥2)(1− ∥y∥2)

|1− ⟨x, y⟩|2
.

The Hilbert ball B is a uniquely geodesic space. Then, in this case, (1 −
λ)x⊕ λ y stands for the unique point z ∈ B such that

d(x, z) = λd(x, y) and d(y, z) = (1− λ)d(x, y),
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being the convexity mapping which makes B aW -hyperbolic space. See [37]
for a book treatment.

• CAT(0) spaces. A geodesic space is said to be a CAT(0) space if all
distances between points on the sides of a geodesic triangles ∆ are no larger
than the distances between the corresponding points on any comparison
triangle ∆̄ in R2. Every CAT(0) space is a W -hyperbolic space where the
convexity mapping is defined as in the case of the Hilbert ball. For more
details, see [14].

• Busseman spaces. This class of spaces was introduced by Busemann [23] to
define a notion of “nonpositively curved space”. Let us recall that a map
γ : [a, b] → X is an affinely reparametrized geodesic if γ is a constant
path or there exist an interval [c, d] and a geodesic γ′ : [c, d] → X such
that γ = γ′ ◦ ψ, where ψ : [a, b] → [c, d] is the unique affine homomorphism
between the intervals [a, b] and [c, d]. A geodesic space X is a Busemann
space if for any two affinely reparametrized geodesics γ : [a, b] → X and
γ′ : [c, d] → X, the function Dγ,γ′ : [a, b]× [c, d] → R, defined by

Dγ,γ′(s, t) = d(γ(s), γ′(t))

is convex. CAT(0) spaces are Busemann spaces, see [71, Example 8.1.3] for
more examples, and all Busemann spaces are W -hyperbolic spaces with the
same convexity mapping as CAT(0) spaces, see [4, Proposition 2.6].

In 1936 Clarkson [27] introduced and studied a new class of Banach spaces called
uniformly convex spaces. In geometrical terms the uniform convexity means that
the midpoint of a variable chord of the unit sphere of the space cannot approach
the surface of the sphere unless the length of the chord goes to zero. Following [37,
p. 105], Leuştean [57] defined a counterpart of this concept in the setting of W -
hyperbolic spaces.

Definition 2.3. A W -hyperbolic space (X, d,W ) is said to be uniformly convex
if for any r > 0 and any ε ∈ (0, 2] there exists δ ∈ (0, 1] such that for all a, x, y ∈ X,

d(x, a) ≤ r
d(y, a) ≤ r
d(x, y) ≥ εr

 ⇒ d
(
1
2x⊕ 1

2y, a
)
≤ (1− δ) r.

Remark 2.4. It should be pointed out that, unlike Banach spaces setting where
there exists a natural modulus of convexity for each space which only depends
on ε, in W -hyperbolic spaces we need to assume that the modulus depends on
two variables: the radius of the ball and the separation condition given by ε. A
mapping η : (0,∞) × (0, 2] → (0, 1] providing the existence of such a δ := η(r, ε)
for a given r > 0 and ε ∈ (0, 2] is called a modulus of uniform convexity. We
say that η is monotone if it decreases with r (for a fixed ε). Following [58], we
shall refer to uniformly convex W -hyperbolic spaces with a monotone modulus of
uniform convexity η as UCW -hyperbolic spaces and denote it by (X, d,W, η).
Any UCW -hyperbolic space is a Busemann space [4].

Remark 2.5. Uniformly convex Banach spaces with the natural modulus of con-
vexity are UCW -hyperbolic, see [57]; and so are CAT(0) spaces with a modulus of
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uniform convexity η(r, ε) = ε2

8 , that does not depend on r and is quadratic in ε. For
more information about the modulus of convexity of CAT(κ) spaces see [30,31,37].

3. Definitions and main properties

Let us start by giving the definition of a firmly nonexpansive mapping in a Banach
space (X, ∥·∥).

Definition 3.1 (In Banach spaces). Let D be a nonempty subset of a Banach space
X. We say that a mapping T : D → X is firmly nonexpansive if, for all x, y ∈ D,
the convex function Φ : [0, 1] → [0,+∞] defined by

(3.1) Φ(s) = ∥(1− s)(x− y) + s(Tx− Ty)∥

is nonincreasing.

Recall that in any metric space (X, d), a map T : D ⊂ X → X is said to be
nonexpansive if for all x, y ∈ D,

d(Tx, Ty) ≤ d(x, y).

Then firmly nonexpansive mappings constitute a subclass of nonexpansive map-
pings.

Proposition 3.2 (Equivalent definitions in Banach spaces [37, Lemma 11.1]). Let
D be a nonempty subset of a Banach space (X, ∥·∥), T a mapping from D into X,

and J the duality map of X, that is, J(x) :=
{
j ∈ X∗ : ⟨x, j⟩ = ∥x∥2 = ∥j∥2

}
, for

x ∈ X. Then the following statements are equivalent:

(a) T is firmly nonexpansive.

(b) For each x, y ∈ D, there is j ∈ J(Tx−Ty) such that ∥Tx− Ty∥2 ≤ ⟨x−y, j⟩.
(c) For each x, y ∈ D, ∥Tx− Ty∥ ≤ ∥r(x− y) + (1− r)(Tx− Ty)∥ for all r >

0.
(d) For each x, y ∈ D, ∥Tx− Ty∥ ≤ ∥(1− s)(x− y) + s(Tx− Ty)∥ for all 0 ≤

s ≤ 1.

In a Hilbert space (H, ⟨·, ·⟩), since the duality mapping is the identity, the in-
equality in Proposition 3.2 (b) turns into the classical definition within this setting:
T : D ⊂ H → H is firmly nonexpansive if for all x, y ∈ D

∥Tx− Ty∥2 ≤ ⟨x− y, Tx− Ty⟩,

which yields the following equivalences.

Proposition 3.3 (Equivalent definitions in Hilbert spaces [35, Theorem 12.1], [11]).
Let D be a nonempty subset of a Hilbert space H. For a mapping T : D → H the
following are equivalent.

(a) T is firmly nonexpansive.
(b) 2T − I is nonexpansive.
(c) T = 1

2(I + S) with S nonexpansive.
(d) 0 ≤ ⟨Tx− Ty, (I − T )x− (I − T )y⟩, for all x, y ∈ D.

(e) ∥Tx− Ty∥2 ≤ ∥x− y∥2 − ∥(x− Tx)− (y − Ty)∥2, for all x, y ∈ D .
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Remark 3.4 (Averaged mappings). Proposition 3.3 (b) means that every firmly
nonexpansive mapping T in a Hilbert space is averaged, that is, T = αI+(1−α)S
for some nonexpansive mapping S and some α ∈ (0, 1). In particular, we say
that every firmly nonexpansive mapping is 1/2-averaged. This is no longer true
when it comes to a general Banach space. Still there is a class of Banach spaces
(see definition bellow) containing the Hilbert spaces where firmly nonexpansive
mappings are averaged.

Definition 3.5 (Property (S)). We say that a Banach space X has property (S)
if there exists a constant b > 0 such that if ∥x+ r y∥ ≥ ∥x∥ for all r ≥ 0, then
∥x+ y∥ ≥ ∥x− b y∥.

Proposition 3.6 ([22]). Let X be a Banach space having property (S). If T is firmly
nonexpansive, then T is averaged for 1

1+b ≤ α ≤ 1. Moreover, if T is averaged for

0 ≤ α ≤ b
1+b , then T is firmly nonexpansive.

Remark 3.7. A Hilbert space has property (S) with b = 1, and thus Proposition 3.6
implies the equivalence between (a) and (c) in Proposition 3.3. There are also non-
Hilbert spaces with this property, for instance, any Lp space, with 1 < p < ∞,
has property (S) (for more details, see Proposition 3.1 in [22]). Note that if X has
property (S), then it is strictly convex.

The concept of firmly nonexpansive mappings was also defined in metric spaces
with hyperbolic geometry; in particular, in the Hilbert ball it was called firmly
nonexpansivity of the first kind, see [37,86].

Definition 3.8 (In the Hilbert ball). Let B be the Hilbert ball with its metric d.
We say that a mapping T : B → B is firmly nonexpansive if, for all x, y ∈ B, the
convex function Φ : [0, 1] → [0,+∞) defined by

(3.2) Φ(s) = d((1− s)x⊕ sTx, (1− s)y ⊕ sTy)

is nonincreasing. Recall that the notation (1−s)x⊕sTx stands for the unique point
z ∈ B such that d(x, z) = sd(x, Tx) = and d(Tx, z) = (1− s)d(x, Tx).

Remark 3.9. The fact that a mapping T is firmly nonexpansive if and only if is 1/2-
averaged on Hilbert spaces does not carry over to this setting, see [37]. Furthermore,
this definition seemingly does not enjoy the corresponding equivalences shown in
Proposition 3.2 for Banach settings. However, firmly nonexpansive mappings were
also studied in other metric spaces with non-linear structure: Hadamard manifolds,
see [60]. In this case the formulation given in Definition 3.8 is equivalent to the one
appearing in Proposition 3.2 (d). This fact motivates the next definition given in
more general metric spaces: W -hyperbolic spaces, see [4].

Definition 3.10 (InW -hyperbolic spaces). Let (X, d,W ) be aW -hyperbolic space.
We say that a mapping T : D ⊂ X → X is firmly nonexpansive if, for all x, y ∈ D,

d(Tx, Ty) ≤ d((1− λ)x⊕ λTx, (1− λ)y ⊕ λTy),

for all λ ∈ (0, 1).
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Remark 3.11. It is worth mentioning that in this framework every firmly nonex-
pansive mapping is nonexpansive as well, see [4]. However, whether this definition
would be consistent with Definition 3.8 in this setting, as happens in Hadamard
manifolds, remains un-known.

Among all nonexpansive mappings, the class of firmly nonexpansive mappings is
probably the closest to the class of projections (see Subsection 4.5) and contains the
class of resolvents (see Subsection 4.6). It possesses, however, a serious drawback:
the class of firmly nonexpansive mappings is not closed under composition as shown
in the following example.

Example 3.12. Consider in H = R2 the mappings

T1(x, y) := Pspan{(1,0)}(x, y) = (x, 0)

and
T2(x, y) := Pspan{(1,1)}(x, y) =

1
2(x+ y, x+ y).

Then, T2T1(x, y) =
1
2(x, x) and

⟨T2T1(1,−2)− T2T1(0, 0), (1,−2)− (0, 0)⟩ = −1

2
� 0.

Thus, T2T1 is not firmly nonexpansive while both T1 and T2 are firmly nonexpansive.

An useful substitute to overcome this gap was provided by Bruck and Reich [22]
who introduced the class of strongly nonexpansive mappings in a Banach space
(see Subsection 4.3) which is closed under composition and preserves characteristic
features of projections. However, in a Hilbert space the class of firmly nonexpansive
mappings is closed under convex combination thanks to the fact that so is the class
of nonexpansive mappings and the characterization in Proposition 3.3 (c).

Other concepts of firmly nonexpansive type mappings have been considered, see
for instance [1–3] and inequality (6.6).

4. Relationship with other mappings

We have already pointed out that the class of firmly nonexpansive mappings
is contained in the class of nonexpansive mappings. This section is devoted to the
analysis of this class in relation with other classes of mappings, such as, contractions,
strongly nonexpansive mappings, λ-firmly nonexpansive mappings, projections and
resolvents of accretive and monotone operators. See the diagram in Figure 1, at the
end of this section.

4.1. Contractions. In a metric space (X, d), a mapping T : X → X is said to be
a contraction if there exists a constant α ∈ (0, 1) such that, for all x, y ∈ X,

d(Tx, Ty) ≤ αd(x, y).

It is obvious that every contraction is a nonexpansive mapping. But there is no
relationship between contractions and firmly nonexpansive mappings. Indeed, it is
easy to see just considering the identity map that firmly nonexpansive mappings
are not contractions in general. Conversely, taking the mapping T : R → R, in
(R, | · |), defined by Tx = −kx for some k ∈ (0, 1) and all x ∈ R, here is an example
of contraction which is not firmly nonexpansive.
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4.2. Nonexpansive mappings. Firmly nonexpansive mappings belong to the class
of nonexpansive mappings even in W -hyperbolic spaces, see [4]. Furthermore, these
mappings turn out to characterize nonexpansive mappings in the following sense.

Proposition 4.1 ([4, 37]). Let C be a nonempty closed convex subset of either a
Banach space or a complete Busemann space X. If T : C → C is a nonexpansive
mapping, then we can associate a family of firmly nonexpansive mappings with the
same fixed point set, defined by

Ut : C → C, Ut(x) = zxt ,

where zxt is the unique fixed point of the contraction T x
t = (1− t)x+ tT (if X is a

Banach space) or T x
t = (1− t)x⊕ tT (if X is a complete Busemann space).

Remark 4.2. The most recent version of Proposition 4.1, for complete Busemann
spaces, generalizes the counterpart proved previously in the Hilbert ball [37] and in
Hadamard manifolds [60]. A consequence of this result is that, from the point of view
of fixed point theorems for the class of closed convex subsets C, firmly nonexpansive
mappings T : C → C do not exhibit better behavior than nonexpansive mappings.
However, this fact is no longer true if C is nonconvex. For more details, see Section 5.

4.3. Strongly nonexpansive mappings. In 1977 Bruck and Reich [22] intro-
duced the concept of strongly nonexpansive mappings in Banach spaces so that it is
a class of nonexpansive mappings properly containing the class of firmly nonexpan-
sive mappings and with the advantage of being closed under composition opposite
to firmly nonexpansive mappings which are not.

Definition 4.3. A mapping T : D → X, where D is a nonempty subset of a Banach
space (X, ∥·∥), is strongly nonexpansive if T is nonexpansive and

lim
n→∞

xn − yn − (Txn − Tyn) = 0

whenever {xn}n∈N and {yn}n∈N are sequences in D such that {xn − yn}n∈N is
bounded and

lim
n→∞

∥xn − yn∥ − ∥Txn − Tyn∥ = 0.

Proposition 4.4 (Proposition 2.1 in [22]). Let D be a nonempty subset of a uni-
formly convex Banach space (X, ∥·∥). If T : D → X is firmly nonexpansive, then T
is also strongly nonexpansive. And the class of strongly nonexpansive mappings is
closed under composition.

The assumption on uniform convexity is necessary since T : C[0, 1] → C[0, 1]
defined by (Tf)(t) = t f(t), for 0 ≤ t ≤ 1, is firmly nonexpansive but is not strongly
nonexpansive. This lager class of mappings, apart from the closedness under com-
position, still enjoy good properties, for example, regarding the approximation of
fixed point, see [22].

Remark 4.5. Notice that in Banach spaces the class of strongly nonexpansive
mappings contains the contractions. Indeed, given T : D ⊆ X → X a contraction
with constant α ∈ [0, 1), then if {xn}n∈N and {yn}n∈N are sequences in D such that
{xn − yn}n∈N is bounded and

lim
n→∞

∥xn − yn∥ − ∥Txn − Tyn∥ = 0,
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we have that

∥(xn − yn)∥ − ∥(Txn − Tyn)∥ ≥ ∥xn − yn∥ − α ∥xn − yn∥ = (1− α) ∥xn − yn∥ .
Thus limn→∞ ∥xn − yn∥ = limn→∞ ∥Txn − Tyn∥ = 0, and so

lim
n→∞

xn − yn − (Txn − Tyn) = 0.

4.4. λ-firmly nonexpansive mappings. There exists a class of nonexpansive
mappings that encompasses the firmly nonexpansive mappings and for which some
fixed point results remain true. This extension has been widely analyzed in W -
hyperbolic spaces, see [4]. It consists in requiring the condition in Definition 3.10
just for some λ ∈ (0, 1).

Definition 4.6. Let (X, d,W ) be a W -hyperbolic space and λ ∈ (0, 1). We say
that a mapping T : D ⊂ X → X is λ-firmly nonexpansive if, for all x, y ∈ D,

d(Tx, Ty) ≤ d((1− λ)x⊕ λTx, (1− λ)y ⊕ λTy).

Obviously, given λ ∈ (0, 1), every firmly nonexpansive mapping is λ-firmly non-
expansive. Nevertheless, the converse is not true in general because contractions
with constant α are λ-firmly nonexpansive for λ = 1−α

1+α . Furthermore, from the
proof of Proposition 4.4 it can be deduced, in uniformly convex Banach spaces, that
every λ-firmly nonexpansive mapping is strongly nonexpansive.

4.5. Metric projection and Sunny nonexpansive retractions. Let (X, d) be
a metric space and K be a nonempty subset of X. For every x ∈ K, the distance
between the point x and K is denoted by d(x,K) and is defined by the following
minimization problem:

d(x,K) := inf
y∈K

d(x, y).

The metric projection operator, also called the nearest point mapping onto
the set K is the mapping PK : X → 2K defined by

PK(x) := {z ∈ K : d(x, z) = d(x,K)} ∀x ∈ X,

If PK(x) is singleton for every x ∈ X, then K is said to be a Chebyshev set.

Proposition 4.7 ( [37, Proposition 3.1], [14]). Every closed convex subset of either
a uniformly convex Banach space or a CAT(0) space is a Chebyshev set.

Remark 4.8. Actually it is well-known that any nonempty closed convex subset of
a normed space (X, ∥·∥) is a Chebyshev set if and only if X is reflexive and strictly
convex [50].

In a Hilbert space, a classic example of firmly nonexpansive mapping is in fact the
metric projection onto a closed convex set C, see [17, Proposition 2]. Furthermore,
this remains true in a CAT(0) space [4].

Proposition 4.9. The metric projection onto a nonempty closed convex set of a
CAT(0) space is a firmly nonexpansive mapping.

Out of the setting of Hilbert and CAT(0) spaces, whether the projection is firmly
nonexpansive in general is an open question. However, in some particular situation,
one is able to prove the extension of this fact, as we now show.
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Lemma 4.10. Let C be a Chebyshev set in a geodesic space (X, d) and x ∈ X.
Then,

(4.1) PC

(
(1− λ)x⊕ λPCx

)
= PCx for all λ ∈ [0, 1].

Proof. If the result was false, then there would exist 0 < λ < 1 and z ∈ C such that

d((1− λ)x⊕ λPCx, z) < d((1− λ)x⊕ λPCx, PCx).

Hence,

d(x, z) ≤ d(x, (1− λ)x⊕ λPCx) + d((1− λ)x⊕ λPCx, z)

< d(x, (1− λ)x⊕ λPCx) + d((1− λ)x⊕ λPCx, PCx)

= λ d(x, PCx) + (1− λ) d(x, PCx)

= d(x,C),

which is a contradiction. �

Definition 4.11 ([72]). We say that a metric space (X, d) has property (P) if
the metric projection onto any Chebyshev set is a nonexpansive mapping.

Note that any CAT(0) space has property (P). On the other hand, property (P)
characterizes inner product spaces of dimension ≥ 3, see [72, Theorem 5.2], for more
details.

Theorem 4.12. Let C be a Chebyshev set in a geodesic space (X, d) with prop-
erty (P). The metric projection onto C is a firmly nonexpansive mapping.

Proof. Let x, y ∈ X and λ ∈ (0, 1). Using (4.1) and the fact thatX has property (P),
we get

d(PCx, PCy) = d
(
PC((1− λ)x⊕ λPCx), PC((1− λ)y ⊕ λPCy)

)
≤ d((1− λ)x⊕ λPCx, (1− λ)y ⊕ λPCy).

That is, PC is λ-firmly nonexpansive, for all λ ∈ (0, 1). Therefore, PC is a firmly
nonexpansive. �

In general cases, despite not counting with the projection, there exist other tools
playing a similar role which generalize the projection and characterize the firm
nonexpansivity, see for instance [99]. This is the case of the sunny nonexpansive
retractions in Banach spaces.

Given a subset K of C in a Banach space (X, ∥·∥) and a mapping T : C → K.
Recall that T is a retraction of C onto K if Tx = x for all x ∈ K. We say that T
is sunny if for each x ∈ C and t ∈ [0, 1], we have

T (tx+ (1− t)Tx) = Tx,

whenever tx+ (1− t)Tx ∈ C. Furthermore, T is a sunny nonexpansive retrac-
tion from C onto K if T is a retraction from C onto K which is also sunny and
nonexpansive.

The following result [21, 37, 73] characterizes sunny nonexpansive retractions on
a smooth Banach space.
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Lemma 4.13. Let (X, ∥·∥) be a smooth Banach space and let K ⊆ C be nonempty
closed convex subsets of X. Assume that Q : C → K is a retraction from C onto
K. Then the following three statements are equivalent.

(a) Q is sunny and nonexpansive.
(b) Q is firmly nonexpansive.
(c) ⟨x−Qx, J(y −Qx)⟩ ≤ 0 for all x ∈ C and y ∈ K.

Consequently, there is at most one sunny nonexpansive retraction from C onto K.

Note that when X is a Hilbert space the unique sunny nonexpansive retraction
from C to K is the metric projection onto K since (c) turns into its characterization
inequality.

The first result regarding the existence of sunny nonexpansive retractions on the
fixed point set of a nonexpansive mapping is due to Bruck [21].

Theorem 4.14. If (X, ∥·∥) is strictly convex and uniformly smooth and if T : C →
C is a nonexpansive mapping having a nonempty fixed point set Fix (T ), then there
exists a sunny nonexpansive retraction of C onto Fix (T ).

In a more general setting within the framework of smooth Banach spaces, Re-
ich [80] and O’Hara-Pillay-Xu [69] provided constructive proof for the existence of
the sunny nonexpansive retraction from C onto Fix (T ).

4.6. Resolvent of accretive and monotone operators. The concepts of mono-
tonicity and accretivity in Banach spaces constitute a valuable tool in studying
important operators which appear in different areas.

Definition 4.15. Let A : X → 2X be a set-valued operator with domain D(A) =
{x ∈ X : A(x) ̸= ∅} and range R(A) = {x ∈ X : x ∈ A(y) for some y ∈ X} in a
Banach space (X, ∥·∥). The operator A is said to be

• accretive if for each x, y ∈ D(A) and any u ∈ A(x), v ∈ A(y), there exists
j(x− y) ∈ J(x− y) such that

⟨u− v, j(x− y)⟩ ≥ 0,

where J is the normalized duality map.
• m-accretive if it is accretive and R(I +A) = X.

Definition 4.16. Let A : X → 2X
∗
be a set-valued operator with domain D(A)

and range R(A) in the dual X∗ of a Banach space (X, ∥·∥). The operator A is said
to be

• monotone if for each x, y ∈ D(A) and any u ∈ A(x), v ∈ A(y),

(4.2) ⟨u− v, x− y⟩ ≥ 0;

• maximal monotone if it is a monotone operator which is not proper con-
tained in any other monotone operator on X; in other words, for any x ∈ X
and u ∈ X∗, the inequality

(4.3) ⟨u− v, x− y⟩ ≥ 0, for all y ∈ D(A) and v ∈ A(y),

implies that u ∈ A(x);
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Remark 4.17. Note that when the underlying space is a Hilbert space (H, ⟨·, ·⟩), the
normalized duality mapping is the identity operator and then the notions of accre-
tive and monotone operator coincide. As a consequence of the well-known Minty’s
Theorem (see Theorem 4.20), the notions of m-accretive and maximal monotone
coincide as well, see [9, Page 100].

Definition 4.18. Let A : X → 2X be a set-valued operator with domain D(A) and
range R(A) in a Banach space (X, ∥·∥). Given λ > 0, the resolvent of order λ of
A is the set-valued mapping Jλ : X → 2X defined as

(4.4) Jλ = (I + λA)−1.

Theorem 4.19 (Firm nonexpansivity of the resolvent [22,37]). Let A : X → 2X be
an accretive operator in a Banach space (X, ∥·∥). Then the resolvent Jλ is single-
valued and firmly nonexpansive, for any λ > 0. Moreover, any firmly nonexpansive
mapping is the resolvent of an accretive operator for some λ > 0.

Recall the important Minty’s Theorem in Hilbert spaces for monotone operators.

Theorem 4.20 (Minty’s Theorem [65]). Let A : H → 2H be a monotone operator
defined on a Hilbert space (H, ⟨·, ·⟩). Then A is maximal monotone if and only if
D(Jλ) = H, for any λ > 0.

An example of resolvent is the proximal mapping in the sense of Moreau.

Definition 4.21 (Proximal mapping). Given a lower semicontinuous convex func-
tion f : H → R, and λ > 0, the proximal or proximity mapping of f is the
operator proxf : H → H defined by

(4.5) proxf (x) = argmin
y∈H

{
λf(y) +

1

2
∥x− y∥2

}
.

This mapping is well-defined because the minimizer exists and is unique for
x ∈ H. Moreover, it turns out to be the resolvent of the subdifferential of f ,
whose maximal monotonicity was established by Moreau [67] (in Banach spaces the
fact that the subdifferential of a lower semicontinuous convex function is maximal
monotone is due to Rockafellar [88]).

The concept of proximal mapping and therefore resolvent for a lower semicontin-
uous convex function was extended to the setting of CAT(0) spaces in [4].

Definition 4.22 (Resolvent of a lower semicontinuous convex function in CAT(0)
spaces). Let (X, d) be a CAT(0) space and f : X → R be a lower semicontinuous
convex function. The resolvent of order λ > 0 of f is defined by

(4.6) Jf (x) = argmin
y∈H

{
λf(y) +

1

2
d2(x, y)

}
.

Jost [42] proved that this operator is well-defined and nonexpansive. The firm
nonexpansivity was proved later in [4]. There exists another example of resolvent of
coaccretive operators in the Hilbert ball that is firmly nonexpansive due to Kopecka
and Reich [55].
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Figure 1. Relationship among several classes of mappings in Ba-
nach spaces

5. Existence of fixed points

By Remark 4.2 it is clear that the problem of existence of fixed point for firmly
nonexpansive self-mappings and nonexpansive self-mappings is the same when the
domain is convex. Recall that a Banach space X has the fixed point property for
nonexpansive mappings (FPP for short) if every nonexpansive mapping T : C → C
defined on a bounded closed convex subset C ⊂ X has a fixed point. In 1965,
Kirk [46] proved that all reflexive Banach spaces with normal structure (for instance,
uniformly convex or uniformly smooth Banach spaces) have the FPP. Moreover
it is known that there exist Banach spaces without the FPP [44]. The study of
geometrical conditions on a normed space to assure the existence of fixed point
has been a very active and fruitful research field in the last 50 years and many
important problems regarding this question remain open. In the framework of
UCW -hyperbolic spaces the more general known result so far is the following [58].

Proposition 5.1. Let (X, d,W ) be a complete UCW -hyperbolic space, C a
nonempty closed convex bounded subset of X, and T : C → C a nonexpansive
mapping. Then the set of fixed point of T is nonempty.

In this section we are going to show that the situation is different if we do not
assume the convexity of the domain but that the domain is the union of closed
convex sets. We start by introducing the notions of orbit and periodic point that
will play an essential role in our analysis.

Definition 5.2. Given a subset C of a metric space (X, d), a nonexpansive mapping
T : C → C and x ∈ C, the orbit O(x) of x under T is defined by O(x) = {Tnx : n ∈
N}. As an immediate consequence of the nonexpansivity of T , if O(x) is bounded
for some x ∈ C, then all other orbits O(y), for y ∈ C, are bounded. If this is the
case, we say that T has bounded orbits. Obviously, if T has fixed points, then T
has bounded orbits.
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Definition 5.3. A periodic point of a self-mapping T with domain C is a point
x ∈ C such that there exists m ≥ 0 with the property that Tm+1x = x.

Regarding the existence of periodic points it is known the following result [4].

Proposition 5.4. Let (X, d,W ) be a complete UCW -hyperbolic space, C =
∪p

k=1Ck

a union of nonempty closed convex subsets Ck of X, and T : C → C a nonexpansive
mapping having bounded orbits. Then T has periodic points.

The connection between the existence of fixed point and periodic fixed point for
firmly nonexpansive mappings was first studied in [4].

Proposition 5.5. Let (X, d) be a Busemann space, C ⊂ X nonempty and T : C →
C firmly nonexpansive. Then any periodic points of T is a fixed point of T .

As a consequence of the previous results one gets the following one.

Theorem 5.6. Let (X, d,W ) be a complete UCW -hyperbolic space, C =
∪p

k=1Ck

be a union of nonempty closed convex subsets Ck of X, and T : C → C be firmly
nonexpansive. The following two statements are equivalent:

(a) T has bounded orbits.
(b) T has fixed points.

As an immediate consequence, we get a strengthening of Smarzewski’s fixed point
theorem for uniformly convex Banach spaces [92], obtained by weakening the hy-
pothesis of Ck being bounded for all k = 1, . . . , p to T having bounded orbits. Gen-
eralizations of Smarzewski’s Theorem for linear spaces have been analyzed in [26,43].

Corollary 5.7. Let X be a uniformly convex Banach space, C =
∪p

k=1Ck a union
of nonempty closed convex subsets Ck of X, and T : C → C firmly nonexpansive.
Then T has fixed points if and only if T has bounded orbits.

Remark 5.8. It turns out that the results in this section remain true for the
larger class of λ-firmly nonexpansive mappings for some λ ∈ (0, 1). And it is worth
mentioning that fixed points are not guaranteed in Theorem 5.6 if T is merely
nonexpansive, as the following trivial example shows. Let x ̸= y ∈ X, take C1 =
{x}, C2 = {y}, C = C1 ∪ C2 and T : C → C, T (x) = y, T (y) = x. Then T is fixed
point free and nonexpansive. If T was λ-firmly nonexpansive for some λ ∈ (0, 1),
the we would get a contradiction:

0 < d(x, y) = d(Tx, Ty) ≤ d((1− λ)x⊕ λTx, (1− λ)y ⊕ λTy)

= d((1− λ)x⊕ λy, λx⊕ (1− λ)y) = |2λ− 1|d(x, y) by (W2)

< d(x, y).

6. Approximation of fixed points

This section is devoted to a survey of diverse approximation methods for fixed
points of firmly nonexpansive mappings. For the sake of simplicity we just consider
Picard, Mann and Halpern iterations, however, it must be pointed out that there
are other iterative methods for firmly nonexpansive mappings, such as the shrink-
ing projection method, see for instance [1, 2]. Some results regarding the rate of
asymptotic regularity are gathered.
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6.1. Picard iteration. In general, the Picard iterates {Tnx}n∈N of a nonex-
pansive mapping T with a fixed point do not converge either weakly or strongly.
However, we do have positive results for firmly nonexpansive mappings. The essen-
tial core of these results are due to Reich.

Proposition 6.1 ([17], Theorem 15.1 of [37]). Let C be a closed convex subset of a
Banach space (X, ∥·∥) and T : C → C a firmly nonexpansive mapping with a fixed
point. If X and its dual X∗ are uniformly convex, then for each x ∈ C, the sequence
of iterates {Tnx}n∈N converges weakly to a fixed point of T .

Remark 6.2. The above result is not true for mappings that are merely nonex-
pansive; consider, e.g., T = −I. Neither is it for all Banach spaces; for example,
consider T : C[0, 1] → C[0, 1] defined by (Tf)(t) = t f(t), for 0 ≤ t ≤ 1. And the
conclusion of weak convergence can not be replaced by strong convergence [34]. We
do have, however, the following result [22].

Proposition 6.3. Let T be a firmly nonexpansive self-mapping on a closed convex
subset C of a uniformly convex Banach space. If C = −C and T is odd, then
{Tnx}n∈N converges strongly to a fixed point of T .

Using Schauder’s Theorem and similar arguments that in [70] it is easy to prove
the following result.

Proposition 6.4. Let T be a firmly nonexpansive and compact self-mapping on a
closed convex subset C of a uniformly convex Banach space. Then the set of fixed
points of T is nonempty and {Tnx}n∈N converges strongly to a fixed point of T .

The asymptotic behavior of Picard iterates in the case of uniformly convex
normed linear spaces is very well described by the following result [22, Theorem
2.4(c)].

Proposition 6.5. Let T be a firmly nonexpansive self-mapping on a closed convex
subset C of a uniformly convex Banach space. Then, T is fixed point free if and
only if lim

n→∞
∥Tnx∥ = ∞ for all x in C.

The above result is not true if T is merely nonexpansive, even in Hilbert spaces,
as the following example shows [28].

Example 6.6. Consider the mapping T : ℓ2 → ℓ2 defined as T (x1, . . . , xn, . . .) =

(y1, . . . , yn, . . .) where yn = e
2πi
n! (xn − 1) + 1. Then T is a fixed point free isometry

and Tn!(0) converges to 0.

The validity of Proposition 6.5 in the setting of UCW -hyperbolic spaces is an
open question.

Definition 6.7. A self-mapping T on a metric space (X, d) is said to be asymp-
totically regular at x0 ∈ X if

lim
n→∞

d(Tnx0, T
n+1x0) = 0.

If this is true for all x0 ∈ X, we say that T is asymptotically regular [19].
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Reich and Shafrir have studied the asymptotic regularity for nonexpansive map-
pings in the setting of normed linear spaces and the Hilbert ball, proving the fol-
lowing theorem and its corollaries, see [86].

Theorem 6.8. Let D be a subset of a Banach space (X, ∥·∥) and T : D → X a
firmly nonexpansive mapping. If T can be iterated at x ∈ D, then for all k ≥ 1,

lim
n→∞

∥∥Tn+1x− Tnx
∥∥ = lim

n→∞

∥∥Tn+kx− Tnx
∥∥

k
= lim

n→∞

∥∥∥∥Tnx

n

∥∥∥∥ .
Corollary 6.9. A firmly nonexpansive mapping which has a fixed point is asymp-
totically regular at each point where it can be iterated.

The next result identifies the common limit of Theorem 6.8.

Corollary 6.10. Let T : D → D be firmly nonexpansive, and set d = inf{∥y − Ty∥ :
y ∈ D}. Then for each x in D,

lim
n→∞

∥∥Tn+1x− Tnx
∥∥ = d.

Corollary 6.11. Let C be a bounded closed convex subset of a Banach space (X, ∥·∥)
and T : C → C a firmly nonexpansive mapping. If X has the FPP, then T is fixed
point free if and only if limn→∞ ∥Tnx∥ = ∞ for all x in C.

Remark 6.12. This result improves Proposition 6.5 because each bounded closed
convex subset of a uniformly convex Banach space does indeed have the FPP. It
cannot, however, be obtained by the approach of [22] because in general not every
firmly nonexpansive mapping is strongly nonexpansive.

Proposition 6.13 (Corollary 2.1 in [22]). Let (X, ∥·∥) be a Banach space. Suppose
T : X → X is linear and firmly nonexpansive. Then, {Tnx}n∈N converges if and
only if so does { 1

n

∑n
i=1 T

ix}n∈N.
The previous results were proved for the Hilbert ball in [90]. In the case of UCW -

hyperbolic spaces the asymptotic behavior for Picard iterates was considered in [4].

Theorem 6.14. Let C be a subset of a W -hyperbolic space X and T : C → C be a
firmly nonexpansive mapping. Then for all x ∈ X and k ≥ 1,

lim
n→∞

d(Tn+1x, Tnx) =
1

k
lim
n→∞

d(Tn+kx, Tnx) = lim
n→∞

d(Tnx, x)

n
= rC(T ),

where rC(T ) := inf{d(x, Tx) : x ∈ C} is the minimal displacement of T .

Corollary 6.15. The following statements are equivalent:

(a) T is asymptotically regular at some x ∈ C.
(b) rC(T ) = 0.
(c) T is asymptotically regular.

Corollary 6.16. If T has bounded orbits, then T is asymptotically regular.

In 1976, Lim [61] introduced a concept of convergence in the general setting of
metric spaces, which is known as ∆-convergence. Jost [41] introduced a notion
of weak convergence in CAT(0) spaces, which was rediscovered by Esṕınola and
Fernández-León [30], who also proved that it is equivalent to ∆-convergence. We
refer to [94] for other notions of weak convergence in geodesic spaces.
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Definition 6.17 (∆-convergence). Let {xn}n∈N be a bounded sequence of a metric
space (X, d). We say that {xn}n∈N ∆-converges to x if x is the unique asymptotic
center of {un}n∈N for every subsequence {un}n∈N of {xn}n∈N. In this case we call
x the ∆-limit of {xn}n∈N.

The following ∆-convergence result for the Picard iteration of a firmly nonexpan-
sive mapping is proved in [4].

Theorem 6.18. Let (X, d,W ) be a complete UCW -hyperbolic space, C ⊂ X a
nonempty closed convex set and T : C → C a firmly nonexpansive mapping. Assume
that Fix (T ) ̸= ∅. Then for all x in C, the sequence {Tnx}n∈N ∆-converges to a
fixed point of T .

Remark 6.19. Theorems 6.14 and 6.18 remain true if T is λ-firmly nonexpansive
for some λ ∈ (0, 1), see [4].

A generalization of Schauder’s fixed point Theorem in Busemann spaces has been
proved in [5], and, as a consequence, the following fixed point theorem for the strong
convergence of Picard iterates is deduced.

Proposition 6.20. Let T be a firmly nonexpansive and compact self-mapping on
a closed convex subset C of a Bussemann space. Then the set of fixed point of T is
nonempty and {Tnx}n∈N converges strongly to a fixed point of T .

We finish this section with a result about the convergence of the projection of
Picard iterates on the set of fixed points, which extends Theorem 3.4 in [101] to the
setting of UCW -hyperbolic spaces.

Theorem 6.21. Let C be a nonempty closed convex subset of a complete UCW -
hyperbolic space (X, d,W ) and T : X → X a firmly nonexpansive mapping with
Fix (T ) ̸= ∅. Let P be the metric projection of X onto Fix (T ) and xn := Tnx0, for
each n ∈ N, the Picard iteration starting at x0 ∈ C. Then

(i) the sequence {yn}n∈N, given by yn := Pxn for each n ∈ N, is well-defined
and converges to p ∈ Fix (T );

(ii) the sequence {xn}n∈N ∆-converges to the convergence point of {yn}n∈N p ∈
Fix (T ).

Proof.

(i) By Lemma 6.2 in [4], we know that Fix (T ) is closed and convex, and then
Fix (T ) is a Chebyshev set, see [58, Proposition 2.4]. Hence, the sequence
{yn}n∈N is well defined. Next we shall prove that {yn}n∈N converges to p.

Notice that {d(yn, xn)}n∈N is decreasing. Indeed, since Pxn ∈ Fix (T ),
we have that

d(yn+1, xn+1) = d(Pxn+1, xn+1) ≤ d(yn, xn+1) = d(Tyn, Txn) ≤ d(yn, xn).

Then, there exists d ≥ 0 such that d(yn, xn) → d as n→ ∞.
Using the nonexpansivity of T and the fact that yn ∈ Fix (T ) for all n ∈ N,

we get that

(6.1) d(yn, xn+m+1) ≤ d(yn, xn) for all n,m ∈ N.
We consider two cases.
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Case 1. If d > 0. Set

ℓ := lim sup
n,m→∞

d(yn, ym).

Suppose that ℓ > 0. Using the fact that X has a modulus of convexity
δ which is decreasing with respect to the first variable (fixed the second
one) and is increasing with respect to the second variable (fixed the
first one), we can assure the existence of ε in (0, 1] such that

(6.2) (d+ ε)
[
1− δ

(
d+ ε, ℓ

2(d+ε)

)]
< d.

Since d(yn, xn) → d as n → ∞, there exists a positive integer n0 such
that d(yn, xn) < d+ ε for all n ≥ n0. Then,

d(yn, xn+m+1) < d+ ε and d(ym, xn+m+1) < d+ ε for all n,m ≥ n0.

On the other hand, there exists n1 ∈ N such that

d(yn, ym) ≥ ℓ

2
=

ℓ

2(d+ ε)
· (d+ ε) for all n,m ≥ n1.

Then, by the definition of each yn and the uniform convexity, for all
n,m ≥ max{n0, n1} we get

d ≤ d(Pxn+m+1, xn+m+1)

≤ d(12yn ⊕ 1
2ym, xn+m+1)

≤
(
1− δ(d+ ε, ℓ

2(d+ε))
)
· (d+ ε),

which is a contradiction with (6.2). We therefore must have that
{yn}n∈N is a Cauchy sequence.

Case 2. If d = 0. Using (6.1), we have

d(yn, ym) ≤ d(yn, xn+m+1) + d(xn+m+1, ym) ≤ d(yn, xn) + d(xm, ym).

Then, {yn}n∈N is a Cauchy sequence.
In both cases, we obtain that {yn}n∈N converges to p ∈ Fix (T ). Notice that
using the definition of {yn}n∈N we get that

(6.3) lim
n→∞

d(xn, p) = min
{
lim
n→∞

d(xn, z) : z ∈ Fix (T )
}
.

(ii) By Theorem 6.4 in [4], we know that {xn}n∈N ∆-converges to q ∈ Fix (T ).
We need to prove that p = q. By contradiction, suppose that p ̸= q. Then,

lim sup
n→∞

d(xnk
, q) < lim sup

n→∞
d(xnk

, p),

for all subsequence xnk
of xn which implies that there exists a subsequence

such that

lim
nk→∞

d(xnk
, q) < lim

nk→∞
d(xnk

, p) = lim
n→∞

d(xn, p),

which is a contradiction with (6.3).

�
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6.2. Krasnosel’skĭı-Mann iteration. Bearing in mind that for nonexpansive map-
pings Picard iterates do not converge in general, an alternative iterative method,
known as Krasnosel’skĭı-Mann iteration, has been extensively studied; see [13,
38, 76] and references therein. For the sake of simplicity, from now on we will refer
to this algorithm as Mann iteration.

Let C be a nonempty closed convex subset of a real Banach space (X, ∥·∥). For
a self-mapping T on C we consider the following iterative scheme: x0 ∈ C,

(6.4) xn+1 = xn + αn (Txn − xn) ∀ n ∈ N,
where {αn}n∈N is a real sequences in [0, 1]. Next result can be found in [13].

Theorem 6.22. Let X have a uniformly convex and Fréchet differentiable norm
and T be a nonexpansive mapping. Let {xn}n∈N be the sequence defined by Mann
iteration (6.4), where the sequence of parameters satisfies the conditions

∑∞
n=0 αn =

∞ and lim supαn < 0. Then either {xn}n∈N converges weakly to a fixed point of T
or {∥xn∥}n∈N tends to infinity.

In the setting of Hilbert spaces, if T is firmly nonexpansive then the relaxation
parameters can be in the interval [0, 2], see [102].

Theorem 6.23. Let (H, ⟨·, ·⟩) be a Hilbert space and T a firmly nonexpansive map-
ping. Let {xn}n∈N be the sequence defined by Mann iteration (6.4), where the se-
quence of parameters satisfies the conditions αn ∈ [0, 2] and

∑∞
n=0 αn(αn−2) = ∞.

Then either {xn}n∈N converges weakly to a fixed point of T or {∥xn∥}n∈N tends to
infinity.

Recently, Sharma and Sahu [91] have studied the convergence of Mann and
Ishikawa iterations for firmly nonexpansive mappings without convex domain.

6.3. Halpern iteration. Let C be a nonempty closed convex subset of a real Ba-
nach space (X, ∥·∥). For a self-mapping T on C, Halpern iteration, first presented
in [39], generates a sequence via the recursive formula:

(6.5) xn+1 = αnu+ (1− αn)Txn, n ∈ N
where the initial guess x0 ∈ C and anchor u ∈ C are arbitrary (but fixed) and the
sequence {αn}n∈N is a subset of the unit interval [0, 1].

In contrast with Mann iteration, Halpern iteration for nonexpansive mappings
provides strong convergence requiring the underlying space to be smooth enough.

Halpern initially considered the case where C is the unit closed ball and u = 0.
He proved that {xn}n∈N converges strongly to the fixed point of T which is closest
to u from Fix (T ), that is, PFix (T )u, essentially when αn = n−a with a ∈ (0, 1). He
also showed that the following two conditions

(C1) limn→∞ αn = 0, and
(C2)

∑∞
n=0 αn = ∞

are necessary for the convergence of the sequence {xn}n∈N to a fixed point of the
mapping T .

In [62,84,100,101] the strong convergence of Halpern iteration (6.5) was proved in
the case when X is uniformly smooth Banach space and the sequence of parameters
{αn}n∈N satisfies (C1) and (C2) and an additional suitable condition.
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Since conditions (C1) and (C2) are necessary for Halpern iteration (6.5) to con-
verge in norm for all nonexpansive mappings T , a natural question is whether they
are also sufficient. This question was answered in the negative in [98]. However,
some positive answers have been given in particular cases. For averaged mappings
Chidume [25] and, independently, Suzuki [97] proved that conditions (C1) and (C2)
are sufficient.

Theorem 6.24. Let C be a closed convex set of a Banach space (X, ∥·∥) whose
norm is uniformly Gâteaux differentiable and T : C → C be an averaged mapping
with Fix (T ) ̸= ∅. For arbitrary initial value x0 ∈ C and fixed anchor u ∈ C, define
iteratively a sequence as in (6.5), and assume that the sequence {αn}n∈N satisfies
(C1) and (C2). Then {xn}n∈N converges strongly to a fixed point of T .

Remark 6.25. Proposition 3.6 ensures that the theorem above remains true for
firmly nonexpansive mappings when the space has the property (S), for example,
Hilbert spaces and Lp, 1 < p < ∞. The question in the context of W -hyperbolic
spaces is still open.

An alternative result was given in [93] for a firmly nonexpansive typemapping
T , that is, assuming that there exists k ∈ (0,∞) such that

(6.6) ∥Tx− Ty∥2 ≤ ∥x− y∥2 − k ∥(x− Tx)− (y − Ty)∥2 ,
for all x, y ∈ D(T ).

Theorem 6.26. Let X be a real reflexive Banach space with a uniformly Gâteaux
differentiable norm and with the FPP. Let C ⊂ X be nonempty closed convex and
T : C → C firmly nonexpansive type with Fix (T ) ̸= ∅. For arbitrary initial value
x0 ∈ C and fixed anchor u ∈ C, define iteratively a sequence as in (6.5), and assume
that the sequence {αn}n∈N satisfies conditions (C1) and (C2). Then the sequence
{xn}n∈N converges strongly to a fixed point of T .

Remark 6.27. It is clear that in Hilbert spaces firmly nonexpansive mappings are
firmly nonexpansive type mappings (k = 1). An interesting question is whether this
is true in the setting of Banach spaces (or UCW -hyperbolic spaces) so that Halpern
iteration converges for firmly nonexpansive mappings in this framework.

6.4. Rate of asymptotic regularity. Asymptotic regularity is a fundamental
concept in Metric Fixed Point Theory. This notion was formally introduced by
Browder and Petryshyn in [19], although it was implicitly used in [28,56,89] to study
the weak convergence of the iterates of an averaged mapping in uniformly convex
spaces. Extension of these results to general linear spaces are due to Ishikawa [40]
and Edelstein and O’Brein [29].

Recall that a mapping T : D → X is said to be asymptotically regular at
x ∈ D if T can be iterated at x and

lim
n→∞

d(Tnx0, T
n+1x0) = 0.

Goebel and Kirk [35, Theorem 9.4] stated that any method which establishes the
point-wise asymptotic regularity of an averaged mapping in linear spaces, actually
provides estimates which are uniform over all the starting point and all averaged
mapping.
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Theorem 6.28. Let X be an arbitrary Banach space and C a bounded closed convex
subset of X. Let F denote the collection of all nonexpansive self-mappings on C.
Fix α ∈ (0, 1) and for any T ∈ F , set Tα = (1−α)I+α. Then Tα is asymptotically
regular on C. Moreover, the sequence {∥Tn+1

α x−Tn
αx∥}n∈N converges to 0 uniformly

for x ∈ C and T ∈ F . Precisely, for any ε > 0 there exists an integer N depending
only on ε and C such that, for n ≥ N , ∥Tn+1

α x − Tn
αx∥ ≤ ε, for any x ∈ C and

T ∈ F .

For the case of uniformly convex spaces the following quantitative version of the
previous result is known, see [49].

Theorem 6.29. Let X be an uniformly convex Banach space and C a bounded
closed convex subset of X with diam C = d. Let ε > 0 (ε ≤ d/2). If T : C → C is
nonexpansive and if S = 1

2(I + T ), then for any x ∈ C, ∥Sn+1x− Sn
αx∥ ≤ ε for all

n satisfying
(1− δ(2ε/d))n ≤ ε/d.

Further results on quantitative rates of convergence for averaged mappings and
firmly nonexpansive mappings in the setting of Banach spaces were obtained by
Bruck and Baillon [10].

One of the basic tools for a quantitative study of the asymptotic regularity is the
concept of rate of asymptotic regularity.

Definition 6.30. Let {xn}n∈N be a sequence in a metric space (X, d). We say that
γ : (0,∞) → N is a rate of asymptotic regularity for {xn}n∈N if for all ε > 0 we
have that d(xk, xk+1) ≤ ε for each k ∈ N with k ≥ γ(ε).

By a logical analysis of the proof of the result in [13] (which generalizes Ishikawa
result to unbounded sets), Kohlenbach [51] obtained for the first time explicit
bounds on the asymptotic regularity. Subsequently, Kohlenbach and Leuştean [54]
extended these results to the very general setting of hyperbolic spaces. Following
the ideas of these works, the following results were obtained in [4] regarding the
rate of asymptotic regularity for firmly nonexpansive mappings.

For x ∈ C and b, ε > 0, let us denote

Fixε(T, x, b) := {y ∈ C : d(y, x) ≤ b and d(y, Ty) < ε}.
If Fixε(T, x, b) ̸= ∅ for all ε > 0, we say that T has approximate fixed points in
a b-neighborhood of x.

Theorem 6.31. Let b > 0. For all UCW -hyperbolic spaces (X, d,W, η), nonempty
subsets C ⊂ X, firmly nonexpansive mappings T : C → C and all x ∈ C such that
T has approximate fixed points in a b-neighborhood of x, the following holds:

(6.7) ∀ε > 0∀n ≥ Φ(ε, η, b)
(
d(Tnx, Tn+1x) ≤ ε

)
,

where

(6.8) Φ(ε, η, b) :=



 4(b+ 1)

ε η

(
b+ 1,

ε

b+ 1

)
 for ε < 2b,

0 otherwise.
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Remark 6.32. If, moreover, η(r, ε) can be written as η(r, ε) = ε · η̃(r, ε) such that η̃
increases with ε (for a fixed r), then, for ε < 2b, the bound Φ(ε, η, b) can be replaced
by

(6.9) Φ̃(ε, η, b) =

 4(b+ 1)

ε η̃

(
b+ 1,

ε

b+ 1

)
 .

Corollary 6.33. Let b > 0. For all UCW -hyperbolic spaces (X, d,W, η), bounded
subsets C ⊂ X with diameter dC ≤ b, firmly nonexpansive mappings T : C → C
and all x ∈ C,

∀ε > 0∀n ≥ Φ(ε, η, b)
(
d(Tnx, Tn+1x) ≤ ε

)
,

where Φ(ε, η, b) is given by (6.8).

Thus, for bounded C, we get that T is asymptotically regular with a rate Φ(ε, η, b)
that only depends on ε, on X via the monotone modulus of uniform convexity η,
on C via an upper bound b on its diameter dC . The rate of asymptotic regularity
is uniform in the starting point x ∈ C of the iteration and other data related with
X,C and T .

CAT(0) spaces are UCW -hyperbolic spaces with a quadratic (in ε) modulus of

uniform convexity η(ε) =
ε2

8
, which has the form required in Remark 6.32. As an

immediate consequence, we get a quadratic (in 1/ε) rate of asymptotic regularity
in the case of CAT(0) spaces.

Corollary 6.34. Given b > 0, for all CAT(0) space X, bounded subset C ⊂ X with
diameter dC ≤ b, firmly nonexpansive mapping T : C → C and x ∈ C, the following
holds

∀ε > 0∀n ≥ Ψ(ε, b)
(
d(Tnx, Tn+1x) ≤ ε

)
,

where

Ψ(ε, b) :=


[
8(b+ 1)

1

ε2

]
for ε < 2b,

0 otherwise.

In [57] the author presented a comparison analysis of the rate of asymptotic
regularity of Mann iteration for nonexpansive mappings, obtained by diverse au-
thors, [10, 20,47–49,54,57].
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241–500.

[34] A. Genel and J. Lindenstrauss, An example concerning fixed points, Israel J. Math. 22 (1975),
81–86.

[35] K. Goebel and W. A. Kirk, Topics in Metric Fixed Point Theory, Cambridge University Press,
Cambridge, 1990.

[36] K. Goebel and S. Reich, Iterating holomorphic self-mappings of the Hilbert ball, Proc. Japan
Acad. 58 (1982), 349–352

[37] K. Goebel and S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive Map-
pings, Marcel Dekker, New York, 1984.

[38] C. W. Groetsch, A note on segmenting Mann iterates, J. Math. Anal. Appl. 40 (1972),
369–372.

[39] B. Halpern, Fixed points of nonexpanding maps, Bull. Amer. Math. Soc. 73 (1967), 591–597.
[40] S. Ishikawa, Fixed points by a new iteration method, Proc. Amer. Math. Soc. 44 (1974), 147–

150.
[41] J. Jost, Equilibrium maps between metric spaces, Calc. Var. Partial Diff. Equations 2 (1994),

173–204.
[42] J. Jost, Convex functionals and generalized harmonic maps into spaces of nonpositive curva-

ture, Comment. Math. Helv. 70 (1995), 659–673.
[43] W. Kaczor, Fixed points of λ-firmly nonexpansive mappings on nonconvex sets, Nonlinear

Analysis 47 (2001), 2787–2792.
[44] S. Kakutani, Topological properties of the unit sphere of a Hilbert space, Proc. Imp. Acad.

Tokyo 19 (1943), 269–271.
[45] R. Kato and K. Masuda, Trotter’s product formula for nonlinear semigroups generated by the

subdiffrerential of convex functionals, J. Math. Soc. Japan 30 (1978), 169–178.
[46] W. A. Kirk, A fixed point theorem for mappings which do not increase distances, Amer. Math.

Monthly 72 (1965), 1004–1006.
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