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This paper is dedicated to Professor Simeon Reich on his 65th birthday

ABSTRACT. Using the Opial property, we establish a theorem regarding the struc-
ture of the common fixed point set of commuting nonexpansive self-mappings of
sets in Cartesian products of Banach spaces.

1. INTRODUCTION

In 1967 Z. Opial [26] introduced a property which is very useful in metric fixed
point theory (for the characterization of this property and its generalizations, see
(1], 31, (4], {51, [6], (7], [8], [9], [12], [13], [14], [15], [19], [21], [22], [23], [24], [25], [27],
[28], [30], [31]). The Opial property deals with weakly convergent sequences but in
many applications we often need this property for nets especially when we study
either convergence (in the Hausdorff linear topology 7') of almost orbits of various
types of semigroups of self-mappings of a T-compact subset C' of X or nonexpansive
retractions on fixed point sets (see, for example [16], [20], [29]). It was shown in [6]
that in the case of I'-topology the Opial property for nets is equivalent to the
Opial property for sequences. For the weak topology and weak compact sets this
equivalence was proved by W. Kaczor and S. Prus in [17].

In this paper we show how to construct a nonexpansive retraction on a common
fixed point set of commuting nonexpansive mappings in a Cartesian product of two
Banach spaces with the Opial property for nets.

2. PRELIMINARIES

Throughout this paper all Banach spaces will be real.

Let (X,]|-]|) be a Banach space and 7 the Hausdorff vector topology in X. We
say that a nonempty set C' C X satisfies the T-Opial condition (or has the T-Opial
property), if whenever a bounded sequence {z,} of elements of C' converges in the
topology T to z € C and y € C\{z}, then we have

lim supy, [, — || < limsup, ||z, =yl

We say that C satisfies the T-Opial condition for nets, (or has T-Opial property for
nets) if whenever a bounded net {x, }qocr of elements of C' converges in the topology
T tox € C and y € C\ {z}, then

thUPaeIHma —z|| < lim SUPaeIHxa —yl.
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In many applications we consider topologies generated by some families of con-
tinuous and linear functionals. Therefore we recall the following definitions. Let
(X,]]"]l) be a Banach space and let I" be a nonempty subspace of its dual X*. If

sup{f (z): f e L,[Ifll =1} = [l]]
for each x € X, then we say that I' is a norming set for X. It is obvious that a
norming set generates a Hausdorff linear topology o (X,I") on X which is weaker
than the weak topology o (X, X™*). In the case when I' is a norming subset of X* and
C' a nonempty subset of X we say that C satisfies the I'-Opial condition (the I'-Opial
condition for nets), if C' satisfies the o (X,I")-Opial condition (the o (X,I")-Opial
condition for nets). Now, let us observe that the following theorem is valid.

Theorem 2.1 ([6]). Let (X,||-||) be a Banach space, I be a norming set for X and
C a nonempty, bounded and sequentially I'-compact subset of X. Then for such a
C the I'-Opial condition for nets is equivalent to the I'-Opial condition.

Remark 2.2. For the weak topology the above theorem was proved (by using a
different method) by W. Kaczor and S. Prus [17].

Next, we will also use the notions of an asymptotic radius and an asymptotic
center [10]. Let (X, | -||) be a Banach space and C' a nonempty subset of X. For
x € X and a bounded sequence {z,,} C X (a bounded net {z,}ner C X), define the
asymptotic radius of {z,} ({a}aer) at z as the number

r(@, {za}) = limsup [l — o]

(r(m, {Za}taer) = limsup ||z, — xH) .
The asymptotic radius of {zn} ({Za}aer) in C is the number
r(C,{zn}) = inf {r(z,{z,}) 12 € C}

(r(C,{za}acr) = nf {r(z,{za}taer) : 2 € C})
and the asymptotic center of {z,,} ({Za}aer) in C is the set

A(C{zn}) = {z € C:r(x {zn}) = r(C {zn})}
(A(C, {xa}aEI) = {l’ €eC: 7“(.1‘, {xa}aEI) = T(C7 {xa}aef)}) :

Finally, we recall definitions of a nonexpansive mapping and a nonexpansive
retraction. Let (X, | - ||) be a Banach space. If C,C; are nonempty subsets of X
and T : C — (1 satisfies

[Tz —Ty[| < ||z -yl
for each z,y € C, then T is called a nonexpansive mapping.

We say that a nonempty C' C X has FPP (the fixed point property) for non-
expansive mappings if each nonexpansive T : C' — C has a fixed point, i.e. there
exists g € C such that Tzy = zp. Then the set {x € C : Tx = x} is denoted by
FizT and called the fixed point set of T'.

If for a nonempty subset D C C there exists a nonexpansive mapping r : C — D
such that r(z) = z for each € D, then D is called a nonexpansive retract of C
and the mapping r is called a nonexpansive retraction.
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3. FIXED POINT THEOREMS IN CARTESIAN PRODUCT OF SETS
The following theorems are generally known.

Theorem 3.1. Let (X, ||-||) be a Banach space with the Hausdorff vector topology T
and let a nonempty, bounded, convex, and sequentially compact in T subset C C X
have the T -Opial property. Then C has FPP for nonexpansive mappings.

Theorem 3.2. Let (X, | - ||) be a Banach space with the Hausdorff vector topology
T such that the norm ||-|| is lower semicontinuous in this topology. Let a nonempty,
bounded, convex, and compact in T subset C C X have the T -Opial property for
nets. Then C has FPP for nonexpansive mappings and for each nonexpansive map-
ping T : C — C its fixed point set FixT is a nonexpansive retract of C.

Till the end of this chapter we will always assume that if (X7, ||-||1) and (X2, -||2)
are Banach spaces then the norm in the Cartesian product X7 x X5 is the max norm.
We will investigate fixed point property of subsets of the Cartesian products of two
sets with the Opial property (with the Opial property for nets). The two basic
theorems are the following.

Theorem 3.3. Let (X1, |[1) and (X2,]| -||2) be Banach spaces with the Hausdorff
vector topologies T1 and Ty, respectively. Let the norms || - |1 and || - |2 be lower
semicontinuous with respect to the topologies T1 and Ta, respectively. Let nonempty
bounded convex sets C1 C X1 and Co C Xo be sequentially compact in T1 and
T2, respectively, and let Cy have the T1-Opial property and Cy have the T3-Opial
property. If a nonempty and convex subset C of C1 x Cy is closed in the topology
T1 X T2, then C has FPP for nonexpansive mappings.

Proof. Let T = (T1,T3) : C — C be a nonexpansive mapping. Choose & =
(Z1,Z2) € C. For each n € N there exists a unique x,, = (15, %2,) € C such

that
1 1
Ty = —T+ <1 — ) Tx,.
n n

Then ||Tx,, — x| —»0. Taking a subsequence {zy, }, which tends to y = (y1,42) € C
in the topology 71 x Tz, by the Opial property we get y € A(C, {zy, }) and next
limsup ||z, — Tx| = limsup ||Txy,, — Tz| < limsup ||z,, — z||
k k k
for each z € A(C,{x,,}), i.e.
T (A(C{zn,})) € AC {zn, })-
Without loss of generality we can assume that
limsup ||z, — y|| = max{limsup ||z1p, — y1]|1, imsup ||z2,, — y2ll2}
k k k
= limkSUP 1210, = w11,

which implies (by the Opial property)
A(C7 {xnk}) - {yl} X Da,

where D5 is a nonempty, convex and norm-closed subset of Cs.
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The asymptotic center A(C,{zy,}) is T-invariant. Choose W = (w1, W2) €
A(C,{zp, }). For each n € N there exists a unique wy,, = (wip, w2,) € A(C,{zn,})

such that
1 1
w = Lit <1 _ ) Tuw,.
n n

Then ||Tw, — wy||—n0. Take a subsequence {wy, } which tends to w = (w1, wz) =
(y1,w2) € C in the topology 71 x T2. By the Opial property we obtain w €
A(C, {wp, }) and next

limsup ||wy,, — Tz|| = limsup ||Tz,, — Tz| < limsup ||z,, — z||
k k k

for each z € A(C, {wp, }). It is easy to observe that
A(C, {wnk}) = (B(w1,7(C, {wnk}) x {w2}) NC = By x {wa},

where B(wy,r(C,{wy,}) is a closed ball in (X7, || - ||1). Therefore the set By C X3
is nonempty, convex, sequentially compact in Ty, T'(-, wo)-invariant and T5(B; X
{w2}) = {wa}. By Theorem 3.1, the nonexpansive mapping 77 (-,ws2) : By — B
has a fixed point w; € B; and hence the point w = (w1, ws) € C is a fixed point of

T. This completes the proof. O
Theorem 3.4. Let (X1,]| - ||1) and (Xa,|| - ||2) be Banach spaces with the Haus-
dorff vector topologies T1 and Tz, respectively. Let the norms || - |1 and || - |2 be

lower semicontinuous with respect to the topologies T1 and Tz, respectively, and let
nonempty bounded convexr sets C7 C X1 and Cy C Xo be compact in T and Ts,
respectively. Let C1 have the T1-Opial property for nets and Cy have the Ta-Opial
property for nets. If a nonempty and convex subset C of C1 x Cy is closed in the
topology T1 X Ta, then C has FPP for nonerpansive mappings and for each nonez-
pansive mapping T : C — C a fized point set FixT is a nonexpansive retract of
T.

Proof. Let T = (T1,T3) : C — C be a nonexpansive mapping. For each z =
(z1,x2) € C and for each n € N there exists a unique F(z,n) = (Fi(z,n), Fa(z,n)) €
C such that . .
F(z,n) = —t (1 n) T(F(z,n)).

Each mapping F(-,n) : C — C is nonexpansive. The set N of all natural numbers
can be treated as a sequence {n},cn. Hence it has a subnet {nq}ocs which is an
ultranet (see [11] and [18] for properties of ultranets). Then for each x € C we
get convergence of {F(z,nq)}acr to y(z) = (y1(z),y2(x)) € C (in the topology
T1 % T2). By lower semicontinuity of norms || - ||; and || - ||1 in the topologies 71 and
Ta, respectively, the mapping y(-) : C — C is nonexpansive. Next, by the Opial
property for nets, we get y(z) € A(C,{F(x,nqa)}acr) and

lim | T(F(z,n4)) — F(z,n4)]] =0,
[F(z,na) = F(Z,nq)| < [lo — 2|
for each =,z € C, and

limsup ||F(z,n) —T(z)|| = limsup | T(F(x,nq)) —T(2))|| < limsup ||F(z,nq) — z||
a k k



COMMON FIXED POINT SET 203

for each z € A(C, {F(z,nq4}acr), 1-€., T (A(C, {F(x,n0) tacr)) CA(C,{F(x,n40)}acr)
for each x € C'. Let us observe that now we have two cases: either

limsup || F(z,nq) — y(z)]]
(e}

= max{limsup ||F}(z,nq) — y1(z)||1, imsup || F2(x,n) — y2(z)||2}

= limsup || F1 (2, na) — y1(z)[1
(0%
or
limsup || F(z,nq) — y(z)]]
(0%

= max{limsup || F1(z,na) — y1(x)||1, limsup || Fo(x,na) — ya2(x) |2}
(e} o

= limsup || F2(z, na) — y2(x) |2
(0%

Then (by the Opial property for nets) we get
A(CAF(z,na)}a) = {y1(2)} x Dy

in the first case and

(ACAF(2,10)}a) = D1 x {y1(2)})

in the second one, where Dy (D7) is a nonempty, convex and norm-closed subset of
Cy (C1). The asymptotic center A(C,{F(z,nq)}a) is T-invariant and therefore for
each n € N there exists a unique G(z,n) = (G1(z,n), Ga(z,n)) € A(C,{F(x,n4)}a)
such that

Gla.m) = Fua),n) = o) + (1= 1) TRy )

1 1
= Ey(a:) + <1 - n> TG(z,n).
Then || TG(x,n)— G(z,n)||—,0. Taking an ultranet {G(x,ny)}aecr, which tends (in
the topology 71 x T2) to
w(x) = (wi(x), wa(r)) = (y1(x), wa(z)) € C
in the first case and to
w(z) = (wi(z), wa(x)) = (w1(x),y2()) € C

in the second case, we obtain w(x) € A(C,{G(x,nq)}acr) (by the Opial property
for nets). Next, we have

limsup |G(z,nq) — Tz|| = limsup ||T(G(x, ne) — Tz|| < limsup ||G(z,na) — 2|
(0% (64 (03

for each z € A(C,{G(x,nq)}acr). Asin the first part of this proof we can show that
each mapping G(-,n) : C — C and the mapping w(-) : C' — C are nonexpansive. It
is easy to observe that

A(C{G(2,n0) }aer) = (B(w1,7(C,{G(x,n0) }aer)) X {wa2(z)}) NC
1(z) x {wa(z)}
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in the first case and
A(C{G(z,na)}acr) = {wi(2)} x (B(w2, 7(C,{G(2,na)}ac1)) N C
= {wi(2)} x By(x)

in the second one. Therefore the set Bi(x) C X; (Ba(z) C X2) is nonempty, convex,
compact in 77 (72) and T} (-, we(x))-invariant (T5(wi(z), -)-invariant). Additionally,
we have To(B1(z) x {wa(x)}) = {wa(x)} (Th({wi(z)} x Ba(x)) = {wi(x)}). Once

more we take a sequence {H (x,n)} such that

H{(z,n) = (Hi(z,n), Ha(x,n)) € A(C,{G(x,n0)}a) = Bi(z) x {wa(2)}
or, respectively,

H(z,n) = (Hy(w,n), Ha(w, 1)) € A(C, {G(z,na)}a) = {wn(2)} X Ba(x)

and

H(z,n) = F(w(x),n) = —w(x) + (1 - 1) TF(w(z),n)

l
= Lu(e) + (1 - ;) TH(x.n)

for n € N. Then the ultranet {H(x,n4)}acs tends to

r(z) = (ri(z), ra(2)) = (ri(z), wa(z)) € A(C,{H(x,na)}a) = Bi(x) x {wa(z)}

or, respectively, to

r(x) = (ri(z), r2(z)) = (wi(z),r2(x)) € A(C,{H (#,14)}a) = {w2(x)} x Ba(z)
in the topology 71 x T2. By the Opial property for nets we obtain
{r(z)} = A(A(C.A{G(z,na) o) {H (2, n0) bacr)
= A(B1(z) x {wa(2)}, {H (2, n0) }acr)
in the first case and
{r(z)} = A(A(CAG(z,n0) }a), {H (2, n0) }acr)
= A{wi(2)} x Ba(x), {H (z,14) }acr)

in the second one. Since

A(A(Ca {G(x’ na)}a)’ {H(l’, na)}ael)

is T-invariant, we have T'(r(z)) = r(z). It is obvious that if z € FizT, then
T(r(x)) = x. As in the previous step we can prove that the mappings H(-,n) and
r(-) : C — C are nonexpansive. This completes the proof. O

4. THE CASE OF FAMILIES OF MAPPINGS

We begin this part of the paper with a result about a finite family of nonexpansive
retracts in a more general setting. The idea of this theorem and its proof are due
to R. E. Bruck [2].
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Theorem 4.1. Let C' be a subset of a Banach space X with the FPP and for each
nonexpansive T : C — C let the fized point set FixT be a nonexpansive retract
of C. Then every finite family {T1,...,T;n} of commuting nonexpansive mappings
from C to C' has a nonempty common fized point set FixTy N---N FixT,, which is
a nonexpansive retract of C.

Our first result in this section is the following.

Theorem 4.2. Let (X, | - ||) be a Banach space with the Hausdorff vector topology
T such that (X,|| - ||) has the T-Opial property for nets. Let the norm || -| be lower
semicontinuous with respect to the topology T. If a nonempty bounded convex set
C C X is compact in T, then for any infinite family M = {Ty}aer of commuting
nonexpansive self-mappings of C the set Fix(M) = (s Fiz(Ta) of common fized
points of M is a nonempty nonexpansive retract of C.

Proof. Let J be the set of all finite subsets of I. To each j € J there corresponds
a subset {a1,...,,}, and by Theorems 3.4 and 4.1, there exists a nonexpansive
retraction r; : C — (2, Fiz(T,,). The set J is directed by inclusion and can be
considered as a net itself. Let (j3)ge,s be an ultranet in J. For each € C consider
the ultranet (r;,(z))ges. By the T-compactness of C' this ultranet tends in 7 to
r(z) € C. By the lower semicontinuity of the norm || - || with respect to the topology
T the mapping r : C' — C is nonexpansive. Moreover, for each z € C and each
a € I we obtain
i sup | 7o (r(2) = 1, (o) = i sup | 7o (r(2) = Ta(r3, ()|
BeJ’ BeJ’
< limsup [[r(z) — 7, ()],
BeJ’

which combined with the Opial property for nets gives
To(r(z)) = r(x).

It then follows that the set of common fixed points (,c; F'iz(T,) is nonempty.
Next, we have r(z) = x for each x € Fiz(T) = (s F'iz(T,). Hence

r(C) = () Fiz(T.)

ael

and r is the desired retraction. O

Now we consider the Cartesian product of two Banach spaces.

Theorem 4.3. Let (X1, -||1) and (X2, | - ||2) be Banach spaces with the Haus-
dorff vector topologies T1 and Ta, respectively. Let the norms || - |1 and || - ||2 be
lower semicontinuous with respect to the topologies T1 and Ta, respectively, and let
nonempty bounded convexr sets C7 C X1 and Cy C X9 be compact in T and Ta,
respectively. Let C1 have the T1-Opial property for nets and Co have the Ta-Opial
property for nets. If a nonempty and convex subset C of C1 x Cy is closed in the
topology T1 X Tz, then for any infinite family M = {Ta}aer of commuting nonex-
pansive self-mappings of C the set Fix(M) = (e Fiz(Ta) of common fized points
of M is a nonempty nonexpansive retract of C.
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Proof. As in the previous proof we consider the set J of all finite subsets of I. To
each j € J there corresponds a subset {1, ..., @, }, and by Theorems 4.1 and 4.2,
there exists a nonexpansive retraction r; = (r15,72;) : C — (%, Fiz(T,,). Once
more the set J is directed by inclusion and can be considered as a net itself. Let
(jg)pes be an ultranet in J. Choose x € C. For this x consider the ultranet
{rjs(x)}ses- By the Ti x Ta-compactness of C this ultranet tends in 71 x Tz
to y(z) = (y1(z),y2(x)) € C. Now we use the asymptotic center method. The
asymptotic center of {rjﬁ (x)} ey with respect to C' is a nonempty, closed in norm
and convex subset of C. Next, it is easy to note that if j € J, € J and j < jg,
then
rj (rjs(2)) = 1, (@)
and hence the inequality

r(rj (2) {rjs(2)}ser) = 1im;up I (2) = 35 ()

< limsup ||z — Tis ()]l
B

=7 (2 {rj;(®)}ger)

is valid for each j € J and each z € C. This implies that the asymptotic center
A (C’, {ris (3:)}56]/) is rj-invariant for each j € J. Moreover, by the Opial property
for nets, the asymptotic center A (C, {r;, (z)}ge) is equal either to the Cartesian
product

{y1(2)} x Da(x)
or to the Cartesian product

Dy x {ya2(x)},
where D; and Ds are nonempty, convex and norm- closed subsets of C. This
procedure defines the mapping y(-) : C — C which is nonexpansive (by lower
semicontinuity of the norms || - ||; and || - |2 in the topologies T; and 73, respec-
tively). Now, we repeat the above reasoning. Namely, we consider the ultranet
{rjs(y(x))}ses and asymptotic center A(C,{r;,(y(x))}gesr) of this net with re-
spect to the set C. The ultranet {rj,(y(z))}ges tends to w(z) = (w1 (x), wa(z)) =
(y1(z),wa(x)) € C (w(z) = (wi(x),w2(z)) = (wi(z),y2(x)) € C in the second
case) in the topology 71 X T2. Again, by the Opial property for nets, we obtain
w(z) € A(C,{rj;(y(x))}pses) and next

r(rj (2) {rjs (y(2) }pesr) = 1imﬁsup 175 (2) = 75 (y(2))
< lim;up 12 =745 (y (@)
=1 (2, {r), (y(x)) } per')
is valid for each j € J and each z € C. This implies that the asymptotic center

A (C {rjs(y(x))}ges) is rj-invariant for each j € J. Likewise, we can prove that
the mapping w(-) : C'— C is nonexpansive. Now, it is easy to observe that we have

A(C{rjs(y(@)}gesr) = (Bwi(z), r(C,{G (2, na) Yaer)) X {wa(z)}) NC
= Bi(z) x {wz(z)}
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in the first case and
A(CArjs (@)} ser) = ({wr (@)} x (Blwa(x),7(C, {rjs (y(x))}ges)) N C
= {wi(2)} x Ba(z)

in the second case. The set Bi(z) C X; (Ba2(x) C Xa2) is nonempty, convex,
compact in 71 (72) and rq;(-, wa(x))-invariant (rg;(wi(x), -)-invariant) for each j €
J. Additionally, we have ro;(B1(z) x {wa(2)}) = {wa(x)} (rij({wi(x)} x Ba(x)) =
{wi(x)}) for each j € J. Once more we take the ultranet {r;,(w(z))}gec; which
tends (in the topology 71 x T2) to

R(z) = (Ri(z), Ra(x)) = (Ri(x), wa(x)) € A(C,{rj;(w(z))}ses)
= Bi(z) x {wa(z)}
in the first case and to
R(z) = (Ri(), Ra(x)) = (wi(z),r2(x)) € A(C, {rjs(w(z))}ses)
= {wa(2)} x Ba(x)
in the second case. By the Opial property for nets we obtain, respectively,
{R(2)} = A(A(C, {rj, (y(x))} ses), {rjs (w(z)) } ses)
= A(By(x) x {wa(2)}, {rj, (y(x))}pesr)
and
{R(z)} = A(A(C, {rjs (y(@)) }pes), {rjs (w(@)) } pe)
A({wi(x)} x Ba(x), {rjs (y(x)) } ser)-
Now, since A(A(C,{rj, (y())}ses), {rjs(y(x))}pes) is rj-invariant for each j € J,
we have r;(R(x)) = R(z). It is obvious that if x € Fiz(M) = (,¢; Fiz(Ta), then

rj(R(x)) = . As in the previous step we can prove that the mapping R(-) : C — C
is nonexpansive. This completes the proof. O
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