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A FIXED POINT THEOREM FOR CYCLIC MAPPINGS IN
COMPLETE METRIC SPACES

RAVI P. AGARWAL, JIN LIANG*, AND JUN ZHANG

ABSTRACT. In this note, we introduce a new type of cyclic mappings — “eventual
cyclic gross contraction” in complete metric spaces and present a fixed point
theorem for the eventual cyclic gross contraction, which generalizes some existing
results for cyclic mappings.

1. INTRODUCTION

The study of the existence of fixed points for various cyclic mappings is an im-
portant topic in the fixed point theory. There have been many related results in
literature. In 2003, by virtue of the well-known fixed point theorem (cf, e.g., [7])

Theorem 1.1. Let (X,d) be a complete metric space, f : X — X be continuous
such that

d(fz, f?z) < kd(z, fz), foralze X, and0 <k <1,
then f has a fized point in X

[7] gave some new results for cyclic mappings in complete metric spaces. For
example, the following fixed point theorem was proved.

Theorem 1.2. Let A and B be two nonempty closed subsets of a complete metric
space X, f: AUB — AU B be a cyclic mapping such that

d(fz, fy) < kd(x,y), forallx e A,ye B and 0 <k < 1.
Then f has a unique fized point in AN B.

Recently, Karpagam and Agrawal [6] introduced the notion of cyclic orbital con-
traction, and obtained the following unique fixed point for such mappings.

Theorem 1.3. Let A and B be two nonempty closed subsets of a complete metric
space X, f: AUB — AU B be a cyclic orbital contraction. Then f has a unique
fixed point in AN B.

Meanwhile, we would like to mention the cyclic Meir-Keeler contraction, a well-
known cyclic mapping. Actually,

Definition 1.4 ([8]). A mapping ¢ : R™ — R is said to be a Meir-Keeler-type
mapping if for each 1 > 0, there exists § > 0 such that for t € R withn <t < n+4,
we have ¥(t) < .
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Definition 1.5 ([3]). Let (X, d) be a metric space, and let A and B be nonempty
subsets of X. Then f: AUB — AU B is called a cyclic Meir-Keeler contraction if
the following are satisfied:

(1) f is a cyclic mapping;

(2) for every e > 0, there exists ¢ > 0 such that

d(z,y) <d(A,B)+¢ec+0d implies d(fz, fy) < d(A,B) +¢
for all z € A and y € B.

There have appeared many fixed point theorems for the cyclic Meir-Keeler con-
traction so far (cf., e.g., [6]).

After reading the papers cited above as well as [1, 2, 4, 5], in this note, we
introduce a new type of cyclic mappings — “eventual cyclic gross contraction” in
complete metric spaces and present a fixed point theorem for the eventual cyclic
gross contraction, which generalizes some existing results for cyclic mappings.

2. RESULT AND PROOF

Throughout this paper, R* is the set of all nonnegative real numbers and N
is the set of all natural numbers. Let A and B be nonempty subsets of a metric
space(X, d).

Recall that

Definition 2.1. A mapping T: AUB — AU B, T is called a cyclic mapping if
T(A)c B, T(B) C A.
Definition 2.2. A function f: RT™ — RT is called an altering distance function if
it satisfies the following conditions:

(1) f is monotone increasing and continuous;

(2) f(t) =0if and only if t = 0.

We introduce the following a new type of cycle mappings — “eventual cyclic gross
contraction”.

Definition 2.3. Let (X, d) be a metric space, and let A and B be nonempty subsets
of X. Then T: AUB — AU B is called an eventual cyclic gross contraction if the
following are satisfied:

(1) fis a cyclic mapping;
(2) for some = € A,

FAT™, Ty)) < f(%[d(TZ”’lx, Ty) + d(y, T"z)))
—g(d(T* 'z, Ty), d(y, T*"z)),
(2.1) n>K, yeA,

where f : R — RT is an altering distance function, g : RT x Rt — R*
is a lower semi-continuous mapping such that g(a, b) = 0 if and only if
a=0b=0,and K € N is sufficiently large.

Now, we are ready to state our fixed point theorem for cycle mappings in complete
metric spaces.
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Theorem 2.4. Let A and B be two nonempty closed subsets of a complete metric
space (X, d), and let T: AUB — AU B be an eventual cyclic gross contraction.
Then A B is nonempty and T has a unique fized point in A()B.

Proof. Set y = T?"x for n > K. Then, by (2.1), we have
fd(T* e, Ty)) = [Tz, T )

< f (%[d(TQ”_lx, T ) + d(T*"z, T%x)D
—g(d(Tzn_lx, T2+ d(T? T%))
- f(%d(TZn—lw7 T2n+1w)) _g(d(Tanlx, Tan),O)
(2.2) < f(%d(TZn—lx’ Tznﬂw))_
In view of that f is a monotone increasing, we obtain, for all n > K,
d(T?"z, T>" ) < %d(T%*lx’ T2ty
(2.3) < %d(T%*lx, T2n) + %d(TZ”a;, T2+ ),

From (2.3) it follows that
d(T?"z, T ) < d(T?" 'z, T?"z), n> K.
Similarly, we can deduce that for all n € N with n > K,
d(T? e, T?x) < d(T? 2z, TP 1),
Clearly, for all n > K, the sequence {d(T"z, T" 'z)} is decreasing and bounded
below. Letting
lim d(T"z, T" 'z) = ¢ >0,

n—oo
We will claim that ¢ = 0, Otherwise if ¢ > 0. Taking n — oo in (2.3), we get

1
5nh_>1,1010 d(TQn_llL‘, T2n+1$) S ©,

@ <
thus
lim d(T%" e, T2 z) = 2¢.
n—oo

Using the continuity of f and the lower semi-continuous of g and taking n — oo in
(2.2), we have

flo) < flp) = 9(2¢,0),
Therefore, g(2¢,0) = 0, which implies that ¢ = 0.

Next, we will show that {z,} is a Cauchy sequence. If this is not true, i.e., if
{zn} is not a Cauchy sequence, then there is a number ¢y > 0 such that for all
k > 0, we can find two subsequences {n;} and {my} satisfying that:

(i) mg > ng > k,
(il) d(T"x, T z) > &,
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Moreover, taking the critical positive integer power of satisfying (ii) above into
account, we can also let these two subsequences {ny} and {my} satisfy

(iii) d(T™lx, T™ 1) < &.
By the assumptions, we get
g0 < d(T™x, T™ g) < d(T™ 1o, T™x) + d(T™ 1, T"%x)
By taking k — oo, we have
g0 < d(T"™*, T ) < g9,

which yields that

lim d(T"™z, T™* ) = &.
k—o0

On the other hand, we can show that
g0 < d(T™x, T™ )
< d(T™z, T"™ ) + d(T™ Lo, T )
< ATz, T™x) + 2d(T™ 1o, T ),
letting £ — oo, one has
g0 < d(T™z, T™ 12) < gq.
Considering

f(e0)

IN

fA(T™z, T x))
< f(%[(T"k:c,ka_lx)—|—d(T"’“_1:L‘,Tm’f:U)])

—g((T”kx,ka_la:), d(T"’“_lx,Tm’“ac)),
provided k — oo, we get

feo) < f(eo) — g(e0, o)
which means that
9(60, 60) = 0.
By the property of g, we see that
g0 =0,
which is contradiction with eg > 0. Therefore 7"z is a cauchy sequence.
Since (X, d) is a complete metric space, there exists g € A|J B such that

lim T"x = xo.
n—oo

It follows from our assumption that 72"*t'z € A. Hence, g € A. Similarly, we
know that zq € B by T?"z € B. Consequently,

ro € A m B 75 0.
Next, we prove that xg is a fixed point of T'. Taking advantage of the fact that

F(d(Txo, T 12)) < f(%[d(T%x,Txg) + d(Tzn_lx,xo)])
_g(d(TanaT'rO)? d(TQn_lxa .%'0))
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Taking n — oo, we have

F((Ta0,20) < F(3ldwo, o) +dlwo, )
—g(d(zo, Txo), d(z0,0))
< (w0, Tav)).

By the monotone increasing property of f, we get

—_

d(Tzo,m9) < (d(x0,T0)),

[\

which yields that
d(TﬂZo, Jfo) = 0.

Thus, T'zg = xg.
Finally, let us to prove the uniqueness of fixed point of T
If there is x, € A B such that Tz = x;, then

fld(zo,20)) = f(d(Txo, Txy))

]. !/ !
< f(§[d(:1;0, Txy) + d(Txo, JJO)]>
_g(d(x(b sz)), d(TxO’ $E)))
< f(d(:EOv JJE))) - g(d(fl)o, :L‘Z))’ d(an :EZ)))
This implies that
d(zxo, 936) =0,
i.e.,
Tro = $£)
by the properties of f and g. O
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