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A GENERALIZED SUZUKI’'S CONDITION
IN THE SENSE OF RAKOTCH

DAVID ARIZA-RUIZ, ANTONIO JIMENEZ-MELADO, AND GENARO LOPEZ-ACEDO

ABSTRACT. Suzuki has recently proved a fixed point theorem that generalizes
the classical Banach-Caccioppoli fixed point theorem. A somewhat different
generalization of this classical result was given by Dugundji and Granas, who
extended Banach-Caccioppoli theorem to the class of maps which are contractive
in a certain weak sense. It turns out that the class of weakly contractive maps
in the sense of Dugundji and Granas coincides with the class of maps which are
contractive in a weak sense introduced previously by Rakotch. In this paper we
generalize Suzuki’s fixed point theorem by extending his result to the class of
maps in the weak sense of Rakotch. Additionally, we obtain a Cauchy rate as
well as a rate of convergence for Picard iterates and an explicit expression of
uniqueness modulus for this new class of maps.

1. INTRODUCTION

Suppose that (X, d) is a complete metric space and that 7' : X — X is a map.
The well known Banach-Caccioppoli fixed point theorem [3, 5] states that 7" has a
fixed point if it is contractive, that is, if there exists a € [0,1) such that

d(Tz,Ty) < ad(z,y)

for all z,y € X.

Since then, many generalizations of this theorem have been given, and some
of these extensions have been achieved by replacing the constant « by a function
a = a(x,y) with certain properties. As far as we know, the first result in this
direction was given in 1962 by Rakotch [14], and reads as follows.

Theorem 1.1. Let (X, d) be a complete metric space and 7' : X — X a self-map
of X satisfying
(1.1) d(Tz,Ty) < a(d(z,y))d(z,y)
for all z,y € X, where « : [0,00) — [0, 1]. If « verifies the following two conditions:
(C1) a(t) <1 for all t > 0;
(C) «a is decreasing, that is, if ¢y < ¢1 then a(t1) < a(to);
then 7" has a unique fixed point.
In the same year, Rakotch himself [15] generalized the previous result by intro-

ducing the concept of a weakly contractive map (see [7, Page 24]) as a map T for
which the function «vin (1.1) satisfies, instead of (C1) and (C2), the weaker condition

(1.2) sup{a(t) ra <t <b} <1
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for all 0 < a <b.

In 1969 Krasnosel’skii et al. [13] referred to a fixed point theorem, attributed to
Krasnosel’skii (1964), for the class of maps 7': D C X — X satisfying the condition

(1.3) d(Tz,Ty) < ©(a,b)d(z,y) for all z,y € D,with a < d(z,y) <b,

where O(a,b) < 1 for all b > a > 0. Obviously, condition (1.3) is more general than
the condition introduced by Rakotch.

A somewhat different condition was introduced in 1975 by Dugundji and Granas 8]
who gave a fixed point theorem for the class of maps T': D C X — X satisfying
the following condition:

There exists a compactly positive function ¢ : D x D — [0, 1] such that

(1.4) d(Tz, Ty) < d(z,y) — ¢(z,y) for all z,y € D.
Recall that a function ¢ : D x D — [0, 1] is compactly positive if
inf {¢(z,y) : a < d(z,y) <b} >0 for all b > a > 0.

Although condition (1.4) looks different of condition (1.3), they are equal, since
the authors themself proved in [8] that (1.4) can be rewritten as

(1.5) d(Tz,Ty) < a(x,y)d(z,y) for all z,y € D,
where o : D x D — [0, 1] is a function that satisfies
(1.6) sup {a(z,y) :a < d(z,y) <b} <1 for all b > a > 0.

If the reader has not yet got lost in this forest of conditions, he may still consult
some other definitions of weak contractiveness, as given, for instance, by Browder [4]
in 1968 and by Alber and Guerre-Delabriere [1] in 1997.

A different kind of generalization, obtained by combining the Banach contractive
condition and those introduced by Kannan [11] and Chatterjea [6], was given by
Zamfirescu [22] in 1972, who proved a fixed point theorem for the class of maps
T : X — X for which there exists ( € [0,1) such that, for all z,y € X,

(1.7)

d(Tz,Ty)) < ¢ max {d(x,y), %[d(:E,TI) +d(y, Ty)], % [d(z,Ty) + d(y, Tx)] }

In the same fashion of previous results, this theorem has recently been generalized
in [2], by the authors of this paper, to the class of maps which satisfy condition (1.7)
in the weak sense of Dugundji-Granas.

A new worthy contractive condition has been introduced by Suzuki [20] in 2008
in order to characterize the completeness of the space. Namely, a map T from
a nonempty subset D of a metric space (X,d) into X is said to satisfy Suzuki’s
condition if there exists r € [0, 1) such that

O(r)d(xz,Tx) < d(xz,y) implies d(Tz,Ty) <rd(z,y),
where 0 : [0,1) — (1/2,1] is defined by
1 if0<r<(v6-1)/2,

(1.8) O(r):=< (1—7r)r=2 if (/5-1)/2<r<1/V2,
(1+r)~t if1/V/2<r<1.
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The aim of this paper is to generalize Suzuki’s fixed point theorem by extending it
to the class of maps which satisfy Suzuki’s condition in a weak sense. Up to present,
it seems that the more general way of weakening a strong contractive concept is
that followed by Dugundji-Granas, introducing in this case the analogue condition

0 (1.4). On the other hand, it is very easy to prove that conditions (1.4) and (1.2)
are equivalent, so that a generalization of this type should be properly named as a
weak condition in the sense of Rakotch, as it is done here. As a by product of our
proof, we obtain a Cauchy rate and a rate of convergence for the Picard iterates.
This rate of convergence is given in terms of appropriate modulus for the class of
maps considered. We point out that our results on rates of convergence are new
even for Suzuki type maps.

2. A GENERALIZATION OF SUZUKI’S CONDITION IN THE SENSE OF RAKOTCH

We consider the family of functions r : [0,00) — [0, 1] satisfying the following
properties:

(C1) r(t) <1 forall t > 0;

(Co) r is decreasing, that is, if tg < t1 then r(t1) < r(to).

(Cs) If {t,} — t as n — oo, then limsup,,_, . 7(tn) < r(t);
If we check carefully the proof of Suzuki’s fixed point result, we can see that the
following contractive condition is essential.
(2.1)
There exists a constant r € [0,1) such that d(Tz, T?z) < rd(x, Tx) for all x € X.

This condition has been studied by several authors, as for instance Hicks and
Rhoades [9], Ivanov [10], Kasahara [12], Rus [17], [18], [19, Example 4.6] and
Taskovic [21]. The above condition can be generalized changing the constant r
with a function satisfying certain properties. To be more precise, we shall consider
the self-maps 7' defined on a metric space (X, d) satisfying the following condition:

(2.2) d(Tz, T?z) < r(d(z,Tz))d(z, Tx)
for all z € X, where r : [0,00) — [0, 1] satisfies (C7) and (C3).
Remark 2.1. Suppose that T : X — X satisfies condition (2.2). If for any fixed
o € (0,1) we define r, : [0,00) — [0, 1] by

ro(t) := max{r(t),o},
then T also satisfies the above condition with r,, and, moreover, we have that (C1)
and (C2) hold for r, and r,(t) > 0 for all ¢t € [0,00). Thus, from now on, when

considering an r as in condition (2.2) we will assume that we have r(t) > 0 for all
t>0.

Definition 2.2. Let {x,}n,en be a sequence in a metric space (X,d) and let h :
(0,00) — (0,00) be a function such that h(t) — 0 as t — 0. We say that v :
(0,00) — N is an h-rate of asymptotic regularity for {x, },en if for all € > 0 we have
that d(zg, xg+1) < h(e) for each k € N with k& > ~(e).

Lemma 2.3. Let (X, d) be a metric space and h : (0,00) — (0, 00) a function with
lim;_,o+ h(t) = 0. Assume that T : X — X satisfies condition (2.2). Let xg € X
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be the starting point of the sequence {z,},en defined by x,11 := Tzy,. Let b > 0
satisfy d(zg,z1) < b, and define 7 : (0,00) — N by
log h(e)—logb .
[7&5&(5)5& ] 1, ifh(e) <b
(2.3) 2e) =

0 otherwise.

where [-] denotes the ceiling function given by [z] := min{n € Z : x < n}. Then
is a h-rate of asymptotic regularity for {z, }nen.

Proof. Let xyp € X be fixed such that d(zg,Txg) < b. First, let us remark that
by (2.2) the sequence {d(zp,Zn+1)}nen is decreasing. Let ¢ > 0. If b < h(e),
it follows that d(xy,,zn4+1) < h(e) for all n € N. Let us consider the case that
h(e) < b. We have to show that d(xg,xr+1) < h(e) for all & > v(e). In order
to do this, notice that it is sufficient to see that d(x, (), T()+1) < h(e) because
the sequence {d(zn, Tn+1)}nen is decreasing. Arguing by contradiction, we assume
h(e) < d(z(c), Ty(e)41)- Then, by (Ca), r(d(z(), Ty(e)+1)) < 7(h(¢)). Hence,

h(e)

N
.

(Ty(e)» Ty(e)+1)

r(d(xv(a)—la xv(a))) d($'y(5)—1a l‘w(e))
- < r(h(e)@ d(ao, 1)
r(h(e))" b
h(e),

which is a contradiction. O

IN N

AN

Lemma 2.4. Let D be a nonempty subset of a metric space (X, d). Assume that
T : D — X satisfies the following condition:

(2.4) d(z,Tz) < d(x,y) implies d(Tx,Ty)<r(d(z,y))d(z,y)

for all z,y € X, where r : [0,00) — [0, 1] verifies (C1). Then, T has at most one
fixed point in D.

Proof. Suppose that p and ¢ are fixed points of T', with p # ¢. Since d(p,Tp) =0 <
d(p, q), then by (2.4) and (C})

d(p,q) = d(T'p,Tq) < r(d(p,q)) d(p,q) < d(p,q),

which is a contradiction. O

We can obtain for the family of maps satisfying (2.4) an explicit expression of a
modulus of uniqueness for fixed points of T'. Recall that if T': X — X is a self-
map on a metric space (X,d), a function ¢ : (0,00) — (0,00) is called a modulus
of uniqueness (for fixed points of T') if for all € > 0 and z,y € X the following
implication holds.

d(z,Tz) < ¢(e)
=d(z,y) <e.
d(y, Ty) < é(¢)
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Proposition 2.5. Let (X, d) be a metric space. Suppose that T': X — X satisfies
condition (2.4) with r verifying (C7) and (C2). Define 1, : (0,00) — (0,00) by
t

Pr(t) = 5 (1—r(t)).

Then, 1, is a modulus of uniqueness for fixed points of T'.

Proof. Notice that v, is well defined because r satisfies (C1). Let ¢ > 0 and z,y € X
such that d(z,Tz) < 9, (¢) and d(y,Ty) < ¥,(g). Assume that ¢ < d(z,y) and we
shall get a contradiction as follows. Since ¥,(¢) < &, we have d(z,Tz) < ¢(g) <
e < d(z,y). Then, by (2.4), d(Tx,Ty) < r(d(x,y))d(z,y). In this case, we obtain

d(z,y) < d(z,Tx) + d(Tz,Ty) + d(y, Ty)
< thr(e) +r(d(z,y)) d(@, y) + r(e)
< 2¢p(e) +7r(e) d(z, y),
that is,

2¢r (e)
R

which is a contradiction. O

:8’

Definition 2.6. Let {x,},en be a sequence in a metric space (X,d). We say
that v : (0,00) — N is a Cauchy rate for {z,}nen if for all € > 0 we have that
d(T(c), To(e)4k) < € for each k € N.

Proposition 2.7. Let (X,d) be a metric space. Assume that 7' : X — X satis-
fies (2.4) with r : [0,00) — [0, 1] verifying (C4), (C2). Let 9 € X be the start-
ing point of the sequence {x,},en defined by x,11 := Tx,. Let b > 0 satisfy
d(xo,z1) < b, and define h : (0,00) — (0,00) by

(€ .
h(e) := min {5 (1—r(2)) ,b} .
Then, the function v : (0,00) — N given by (2.3) is a Cauchy rate for {x, }nen.

Proof. Let zy € X and b > 0 such that d(xp,z1) < b. Let € > 0. Note that T
satisfies condition (2.2). Then, by Lemma 2.3, d(x, xg4+1) < h(e) for each k € N
with k& > ~y(g). In particular, for k = v(g), we have

d(Ty(e)s Try(e)41) < min {%(1 -7(5)), b} .

We will prove inductively that d(z.(.), Ty()+x) < € for all k € N. It is obvious for
k=0 and k = 1, and assuming d(z.y(c), T(c) 1) < €, let us see d(2(c), Ty(e)4r+1) <
€.

If d(r(c), To(e)+k) < 5

=

(Ty(e)s Ty(e) k) T ATy (e) 415 Try(e)+ht1)

(Ta()s Ty(e)+k) T A(Tr(e)s To(e) 1)
13
+5(1=r(3))

d(xv(e)a mw(e)—i—l) <
<

=

IAN A
™ oM
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And if d(24(2), Ty(e)+1) = 5, applying (C2), we have that
r(d(Zs(e)s Ty(e)4k)) < 7(5)-
Moreover, we note that
A 01, T23(0)) = A0, 5(41) < 5 (1= 7(5)) <
Then, by (2.4),
A(24(e)+15 Ty(e)+h+1) = AT Ty (e)s T e) k)
(Z5(e)> Ty(e)+k)) ATy (e)> To () 1)

< d(2y (), Ty(e)+k)-

| ™

<
—
S

Thus,
A(Tr(e), Ty (e)+h+1) S ATy (e)s Ty(e)+1) + ATy ()15 o) 4hr1)
E: g [

=5 (1+7(9)
<eE.

Therefore, {T"x},¢n is a Cauchy sequence and « is a Cauchy rate. g

In 1971, Ciri¢ [7] introduced the notions of orbitally continuous maps and orbitally
complete spaces, which appear very often in Fixed Point Theory.

Definition 2.8. Let (X,d) be a metric space. A map 7' : X — X is said to be
orbitally continuous if for all xg,z € X

lim T"zg = z implies that lim T(T"xzg) = T=.

n—oo n—oo

The space X is said to be T-orbitally complete if any sequence of the form 7"z that
is a Cauchy sequence has a limit point in X.

Using the above definitions, we can obtain a fixed point result for maps satisfying
condition (2.4).

Proposition 2.9. Let (X,d) be a metric space and T : X — X satisfying (2.4),
with r : [0, 00) — [0, 1] verifying (C1) and (Cs). If T is orbitally continuous and X
is T-orbitally complete, then T has a unique fixed point p in X and, moreover, for
each x € X the Picard sequence {T"z},cn converges to p.

Proof. Let x € X. From Proposition 2.7 we have {T"z},¢n is a Cauchy sequence.
Since X is T-orbitally complete, there exists p in X such that {T"z},cn converges
to p. By orbital continuity of T it follows

Tp= lim T(T"z) = lim Tz = p,
n—oo n—oo
that is, p is a fixed point of T. The uniqueness of fixed point is obtained by
Lemma 2.4. 0

Remark 2.10. Notice that if a map T': X — X satisfies Rakotch’s condition (1.1)
then T verifies every hypothesis of the above result. Therefore, Rakotch’s fixed
point theorem is a consequence of Proposition 2.9.
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Definition 2.11. Let D be a nonempty subset of a metric space (X, d). We say that
amap T : D — X is a weakly Suzuki map if there exists a function r : [0, 00) — [0, 1]
satisfying (C1), (C2) and (Cj3), such that

(SB)  O(r(d(z, Ta))) d(z, Tz) < d(z,y) mplies d(Tx, Ty) < r(d(z.y)) d(z.)
for all z,y € D, where 6(t) is defined by (1.8) for ¢t € [0,1) and 0(1) = 1/2.

Lemma 2.12. Let (X, d) be a metric space. If T : X — X is a weakly Suzuki map,
then for every x,y € X with r(d(z,Tx)) > f’ either

0(r(d(z,Tx))) d(z, Tz) < d(z,y)

" 0(r(d(z,Tx))) d(Tz, Tz) < d(Tz,y)

holds.

Proof. Assume that there exist z,y € X, with d(x,Tz) > 7 such that
O(r(d(z,Tx)))d(x, Tx) > d(z,y)

and

O(r(d(zx, Tx))) d(Tz, T*x) > d(Tx,y).
Then, we obtain that

d(z,Tz) < d(z,y) + d(y, Tx)
< 0(r(d(z,Tx))) d(x, Tz) + 0(r(d(x, Tz))) d(Tz, T*z)
= 0(r(d(z,Tx))) (d(z, Tz) + d(Tz, T?z))
< O(r(d(z,Tx))) (d(z, Tz) + r(d(z, Tz)) d(z, Tz))
=d(z,Tx),
which is a contradiction. g

For the main result we need to recall that given a sequence {zy }nen in a metric
space (X,d), the function 7 : (0,00) — N is a rate of convergence for {z,}nen to
z € X if for all € > 0 we have that n > y(e) gives d(z,z,) < ¢.

Theorem 2.13. Let (X, d) be a complete metric space and T': X — X a weakly
Suzuki map. Then, T has a fixed point p in X and the Picard iterate {T"z},en
converges to p, for every x € X. Moreover, the function given by (2.3) is a rate of
convergence for the Picard iterates.

Proof. Our proof starts with the remark that (SZ) implies (2.4) and, therefore, (2.2).
Then, by Proposition 2.7, we have that for each x in X the Picard iterate {T"x },en
is a Cauchy sequence. Let zg € X be fixed. Since X is complete, there exists p in X
such that {T"xo},en converges to p and moreover the Cauchy rate given by (2.3)
turns into a rate of convergence.

Let us see that
(2.5) d(Tz,p) < r(d(z,p)) d(z,p) for every z € X,z # p.
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Fix z € X with x # p. Since
li_}m 9(T(d(T"$0,T"+1xo))) d(T"xo, T" o) = 0 < d(p, ) = lim d(T"zo, ),
n—oo

n—oo

there exists a natural number ngy such that
H(T(d(T"xo,T”+1xo))) d(T"xo, T o) < d(T"xg,xz)  for all n > ny.
Using (),
d(T" 2y, Tx) < r(d(T"zo, x)) d(T"zo,x) for all n > ng.
Taking superior limit as n — co, we obtain

limsup d(T" " zg, Tz) < limsupr(d(T"zg, ) d(T"x0, ),

n—oo n—oo
that is,
d(p,Tx) < r(d(p, x)) d(p, ),
because by (Cs)

limsup r(d(T"zo, x)) < r(lim sup d(T"x, x)) =r(d(p,z)).

n—oo n—o0

Notice that if T"p = p for some n € N then Tp = p, since {T"p}nen is a Cauchy
sequence (by Proposition 2.7). Therefore, we must study the case T"p # p for all
n € N. Bearing in mind (2.5), we have that

(2.6) d(T" ' p,p) < r(d(T"p,p)) d(T"p,p) for all n € N.

We consider two cases.

Case 1. r(t) < % for all t > 0. Observe that

0(r(d(T?p, T%p))) d(Tp,T%p) < d(T?p, p).

Indeed, if d(T?p, p) < Q(T(d(sz, T3p)) d(T?p, T3p) then using the fact that
{d(T"p, T"1p)}cn is a decreasing sequence (see Proposition 2.7), (C3) and
O(t)t? +t <1forall0<t< %, we get

d(p,Tp) < d(p, T?p) + d(T*p, Tp)

< d(p,T?p) + r(d(Tp,p)) d(Tp, p)

< 0(r(d(T%p, T°p))) d(T?p, T°p) + r(d(Tp,p)) d(Tp, p)
[9 (r(d(T?p, T°p))) r(d(Tp, Tp)) r(d(Tp, p))
+7(d(Tp, )] d(Tp,p)
< [0(r(a(T?p, T*p))) 1(d(T?p, T*p)) r(d(T?, T*p))

+7(d(Tp, T°p))] d(Tp, p)

< d(Tp,p),

which is a contradiction. Hence, using (Sf), we deduce that

d(T?p,Tp) < r(d(T?p,p)) d(T>p, p).

IN
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Thus,
d(p,Tp) < d(p, T?p) + d(T°p, Tp)
< d(p, T’p) + r(d(T?p,p)) d(T"p, p)
< r(d(T?p,p)) d(T?p,p) + r(d(T*p, p)) d(T°p, p)

< d(Tp,p),
which is a contradiction.

Case 2. There exists tg > 0 such that % < r(tp). In this case, there exists ng € N
such that r(d(T?"zg, T*"*12g)) > 2
either

0 (r(d(T*"xo, T2”+1x0))) d(T?"zo, T?" o) < d(T?"z0,p)

for all n > ng. Hence, by Lemma 2.12,

S

2

or
Q(r(d(TQ”on, T2n+2x0))) d(T2n+1x07 T2n+2x0) < d(Tszrl.CC[),p)
holds for every n > ng. Then, using (SE), we have that either
d(T2n+1$07 Tp) < T(d(Tznx()?p)) d(Tznx()?p)

or
d(T2n+2:L‘0,Tp) < T(T2n+1$07p) d(T2n+1;L‘07p)
holds for every n > mng. Since {T™z¢}nen converges to p, the above
inequalities imply there exists a subsequence of {T"x},en which converges
to T'p. This implies Tp = p.
Therefore, p is a fixed point of T. The uniqueness of fixed point is implied by
Lemma 2.4. 0

Remark 2.14. Suzuki fixed point result [20, Thm. 2] is a consequence of the above
theorem.

The following example show that the class of weakly Suzuki maps is larger than
the class of maps satisfying the hypothesis of Suzuki fixed point theorem.

Example 2.15 (See [2], Example 22). Fix w > 0. Let D = [0,00) be the subset
of the metric space X = R with the usual metric d(z,y) = |z —y|. The map
T:D — X defined by Tz = wz/(w + ) is a weakly Suzuki map but not a Suzuki
map. Indeed, if T' is a Suzuki map, then there exists r € [0, 1) such that for z,y € D
with 0(r)d(z,Tx) < d(x,y) implies d(Tx,Ty) < rd(z,y). Taking x = 0, we get
d(T0,Ty) <rd(0,y) for all y € [0,00), which is impossible since
im L0Ty) W@
y—0t  d(0,y) y—0t W+ Yy
On the other hand, T" is a weakly Suzuki map because for all z,y € [0, c0) we have

w2 w
d(Tz,Ty) = Wro)(w+y) lz—y| < PR Pe—— 2 —y| =r(d(z,y)) d(z,y),
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where the function r(t) = w/(w + t) satisfies the properties (Cy), (C3) and (Cs).

Using Example 1 of Suzuki’s paper [20] together Example 21 in [2], we can show
that weakly Suzuki maps and weakly Zamfirescu maps are independent. Recall that
amap T : D C X — X is a weakly Zamfirescu map if there exists a functional
a: D x D —[0,1] satisfying (1.6), such that

(Zw) d(T‘T7Ty) < a(a:,y) MT(x7y)
for all x,y € D, where

My (z,y) := max {d(ac, ), %[d(x, Tz)+d(y,Ty)], % [d(z, Ty) + d(y, Tz)] } .

Example 2.16. Consider the metric space (X, d), where X = [0,1] and d is the
usual metric. The map T : [0, 1] — [0, 1] given as

22 f0<z<1,
Tx =
0 ifx=1,

is a weakly Zamfirescu map, (for more details, see [2, Example 21]). However, T is
not a weakly Suzuki map, since T' does not satisfy (2.4) for x =0 and 0 < y < %

Example 2.17. Define a complete metric space X by X = {(0,0), (4,0), (0,4), (4,5),
(5,4)} and its metric d by d((z1,22), (y1,y2)) = |21 — y1| + |x2 — y2|. The map T
on X defined by
(33‘1,0) if I S o,
T(wl,l’g) =
(0, IL‘Q) if 1 > @9.

is a weakly Suzuki map, since T satisfies Suzuki’s condition with % <r <1 (see [20,
Example 1]). However, T is not a weakly Zamfirescu map because

d(T(4,5),T(5,4)) =8> 5= Mp((4,5),(5,4)).

Remark 2.18. The above example also shows that the class of Suzuki maps is
strictly larger than that of contraction maps since every contraction map is a weakly
Zamfirescu map.
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