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ISOLATED CALMNESS OF EFFICIENT POINT
MULTIFUNCTIONS IN PARAMETRIC VECTOR OPTIMIZATION

THAI DOAN CHUONG AND JEN-CHIH YAO*

ABSTRACT. In the present paper the stability theory of the efficient point multi-
function of a parametric vector optimization problem is considered. We establish
new sufficient conditions for this efficient point multifunction to be isolatedly
calm at a given point in its graph. Furthermore, the elaboration of these condi-
tions in a broad class of conventional vector optimization problems is undertaken
as well as examples are also provided for analyzing and illustrating the results
obtained.

1. INTRODUCTION

This paper deals with the stability theory of parametric vector optimization prob-
lems. We first give some notations and definitions.

Let f: P x X — Y be a vector function and C': P = X a multifunction, where
P, X and Y are Euclidean spaces equipped with the usual norms. Let F': P =2 Y
be a multifunction given by

(1.1) F(p) = f(p,C(p)) = {f(p,z) |z € C(p)}.

Let K C Y be a pointed, closed and convex cone with apex at the origin.

Definition 1.1. We say that y € A is an efficient point of a subset A C Y with
respect to K if and only if (y — K) N A = {y}. The set of efficient points of A is
denoted by Eff x A. We stipulate that Eff x0) = (). When int K # (), an element y € A
is called a weakly efficient point of A with respect to K and write y € Effig A, if
(y — intK) N A = (). We stipulate that Eff () = (). From now on when speaking of
weakly efficient points we always assume that K has a nonempty interior.

We consider the following parametric vector optimization problem:

(1.2) Eff g {f(p,z) |z € C(p)},

where z is the unknown (decision variable) and p € P is a parameter.
The multifunction F : P =2 Y assigns to p the set of efficient points of (1.2), i.e.,

(1.3) F(p) :=Effg {f(p,2) |z € C(p)} = Efx F(p),
is called the efficient point multifunction of (1.2).
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Stability analysis in vector optimization problems has been investigated inten-
sively by many researchers. One of the main problems here is to find sufficient
conditions for the efficient point multifunction F to have a certain stability prop-
erty such as lower (upper) semi-continuous, calmness and continuous properties.
For instance, the lower (upper) semi-continuity of the efficient point multifunction
have been examined by Penot [28,29]. Other results in this direction for the convex
problems can be found in [39]. We can consult the books by Tanino, Sawaragi and
Nakayama [37], Luc [24] for more various stability properties of the efficient point
multifunction. Using the so-called domination property and containment property,
Bednarczuk [2,3] studied the Hausdorff upper semi-continuity, the K-Hausdorff up-
per semi-continuity and the lower (upper) semi-continuity of F. Moreover, some of
the principal results in [2, 3] being valid under weaker assumptions is proved by the
authors in a recent paper [11]. More recently, paper [8] gave sufficient conditions
in terms of the Fréchet and limiting coderivatives of parametric multifunctions for
the efficient solution map to have the calmness.

The contingent derivative has proved to be not only useful in necessary/sufficient
conditions of vector optimization (see e.g., [24]) but also successful in sensitivity
analysis (see e.g., [19,20,35,36,38,39] and the references therein).

In this work the contingent derivative is exploited to study the stability theory
of parametric vector optimization problems. Namely, we establish new sufficient
conditions for the efficient point multifunction F of (1.2) to be isolatedly calm at a
given point in its graph. Furthermore, these conditions are elaborated in a broad
class of conventional vector optimization problems.

The rest of the paper is organized as follows. In Section 2, we provide further the
basic definitions and notations from set-valued analysis. Then we recall some known
auxiliary results which will be useful hereafter. In Section 3 we establish sufficient
conditions for the efficient point multifunction F to have the isolated calmness at
a given point in general cases. The further elaboration of these conditions on the
concrete/conventional classes in parametric vector optimization problems will be
undertaken in the last section. Moreover, examples are also simultaneously provided
to analyze and illustrate the obtained results.

2. PRELIMINARIES AND AUXILIARY RESULTS

In this section we provide further the basic definitions and notations from set-
valued analysis which will be widely used in what follows and also present some
auxiliary results which will be useful in the next section. Let G : P = Y be a
multifunction. The effective domain and the graph of G are defined, respectively,
by

domG = {p € P | G(p) # 0}, gphG = {(p,y) € P x Y |y € G(p)}.

Let By :={y € Y | ||y|]| < 1}. We denote by N (y) the set of all neighborhoods of
yey.

Definition 2.1. (i) G is upper locally Lipschitz at p € domG if there exist U € N (p)
and a real number M > 0 such that

G(p) C G(p) + Mllp —pl|By VpeU.
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(ii) We say that G is isolatedly calm at (p,7y) € gph G if there exists V' € N (g) such
that V NG (p) = {y} and the multifunction p — V N G(p) is upper locally Lipschitz
at p.
(iii) G is pseudo-Lipschitz at (p,7) € gphG if there exist U € N (p) and V € N (%)
and a real number M > 0 such that

G(p1) NV C G(p2) + M|[p1 — p2||By  Vp1,p2 € U.

Note that the isolated calmness was introduced in [14] under the name upper
Lipschitz continuity at a point, Levy [22] called it local upper Lipschitz. Recently,
this property was called isolated calmness in [15] and this is the name we use here.
The reader is referred to the book [18] for the study in details and the comparison
among various concepts of Lipschitz-type stable properties.

Definition 2.2. (i) G is said to be convex if
aG(p) + (1 — )G C Glap + (1 —a)p’) Vp,p' € PVa € [0,1].
(ii) G is said to be K-convez if
aG(p)+ (1 —a)Gp) Cc Glap+ (1 —a)p)+ K Vp,p' € P,Va € [0,1].
It is known that (see e.g., [39]) G is convex if and only if gphG is a convex set
in P x Y. Given a subset Q C Y, we denote the interior and the closure of €2,

respectively, by int{) and cl€). Let § € clQ). The Bouligand tangent cone to Q at g is
defined by

TE(Q;9) = {v e Y |3{tn} C (0, +0),t, — 0,3H{v,} C Y, 0, = v
with g + t,v, € Q Vn € N},
where N := {1,2,...}. It is well known that this cone is closed.
When €2 is convex, the normal cone to 0 CY at gy € (1 is defined by
NQy):={veY |[(v,y—y) <0 VyeQ}

and N(Q;y) := 0 if § ¢ Q. Since Q is convex, it is known that in this case the
normal cone to  at § € €1 is precisely the negative polar cone of the Bouligand
tangent cone to ) at this point, that is

N;9) =T (9)° ={veY|(vy) <0 VyeT ()}

Definition 2.3. Let (p,y) € gphG.
(i) (See [1]) The multifunction DG(p,y) : P = Y is said to be the contingent
derivative of G at (p, ) if gphDG(p, ) = T2 (gphG; (p,7)). Equivalently,

) 1, ., _
DG(p,y)(p) = limsup ; (Gp+1tp)—y) VYpeP.
(t.p")—(0F.p)

(ii) (See [27]) The multifunction D;G(p,y) : P = Y is said to be the lower
derivative of G at (p,y) if

gphDiG(p,y) ={(p,y) € P x Y |¥{pa} C P,pn — p,V{tn} C (0, +00),tn — 0,
H{yn} C Kyn — Y, Eln(] € N,Vn Z noag + tnyn € G(ﬁ—F tnpn)}
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Equivalently,
1
DG(p,y = liminf -(G(p+tp')—y) VpeP.
G p)p) = lminf o (G(p+1p) —g) p
The multifunction G is said to be semi-differentiable at (p,y) if DG(p,y) =
DiG(p, ).

The notion of semi-differentiable multifunction introduced by Penot [27] is closer
to the classical differentiability of mappings; see [27,31,32] for its various properties
and applications therein. Let us recall a result in [31] which will be useful hereafter.

Lemma 2.4 (See [31, Theorem 5.4]). Let X,Y and Z be finite dimensional spaces
and let G : X =Y be a multifunction having the form

G(z) ={y € Q| h(z,y) € O},
where h : X XY — Z is a continuously differentiable mapping and the sets Q C'Y
and © C Z are closed and convex. Suppose for (z,y) € gph G that the following
constraint qualification holds:

The only vector z € N(@; h(z, gj)) satisfying — zVyh(z,y) € N(Q;7) is z = 0.
Then G is semi-differentiable and pseudo-Lipschitz at (Z,y) as well as for each
T € X,

DG(z,5)(x) = {y € TP(27) | Vah(z,9)(x) + Vyh(z,5)(y) € T7(0; h(z, 7))},
where Vh(z,y) = (Voh(Z,9),V,h(Z,7)) denotes the Fréchet derivative of h at
(@,9).

Definition 2.5 (See [4]). G is called directionally compact at (p,y) € gphG if for
every sequence {t,} C (0,+00),t, — 0 and for every sequence {h,} C P, h, —

h € P, any sequence y, with §y + t,y, € G(p + tphy) for each n € N contains a
convergent subsequence.

There are several sufficient conditions for the directionally compactness of G at a
given point in its graph that can be found in [4]. Here we invoke some other criteria
from [10] which will be used in the sequel.

Lemma 2.6 (See [10, Proposition 2.5]). If G is upper locally Lipschitz at p € domG
with G(p) = {y}, then G is directionally compact at (p, 7).

Shi [35] introduced the following derivative of G at (p,y) € gph G in the direction
p:
DSG(@ y)(p) :=={y € Y | H{tn} C (0,+00),Hpn} C P,yn € G(pn)
such that p, — P, tn(Pn — P, yn — 9) = (P, y)}-
It is easy to check that gph DG(p, %) C gph D°G(p, 7) and gph DG (p, §) = gph D G(p, )
if G is a convex multifunction.

Lemma 2.7 (See [10, Proposition 2.6]). Let (p,y) € gph G. If the following condi-
tion is fulfilled, then G is directionally compact at (p,q),

(2.1) D*G(p,7)(0) = {0}.
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Note that the condition (2.1) has served well as a qualification condition for having
the so-called proto-differentiability of G. We refer the reader to [21] for more details
and its applications therein.

In what follows we also use the characterization of the isolated calmness of a
multifunction in terms of its contingent derivative.

Lemma 2.8 (See [22, Proposition 4.1]). Let G : P =Y be a multifunction and let
(p,y) € gph G. Then G is isolatedly calm at (p,y) if and only if DG(p,y)(0) = {0}.

3. ISOLATED CALMNESS OF THE EFFICIENT POINT MULTIFUNCTION IN GENERAL
CASES

In this section we provide sufficient conditions for the efficient point multifunction
F in (1.3) to be isolatedly calm at a given point in its graph. To do this, we first
need to establish an outer estimate of the contingent derivative of F at the reference
point via the set of weakly efficient points of the contingent derivative of F' in (1.1)
at the corresponding point.

Proposition 3.1. Let (p,y) € gph F. If one of the following conditions is satisfied:
(i) F is semi-differentiable at (p,y);
(ii) F is K-conver and p € int(dom F),

then
(3-2) DF(p,y)(p) C EfRgDF(p,y)(p) Vp € P.
Proof. 1t follows from [17, Theorem 3.6.19]. O

The next example shows that under condition (i) or (ii) the inclusion (3.2) may

6oy

be not true if the superscription “w” is omitted. In other words, we do not have in
general a sharper outer estimate DF (p,y)(p) C Eff x DF(p, y)(p) for all p € P.

Example 3.2. Let P=R,X =Y =R? K =R? andlet f: PxX - Y,C: P = X
be mappings which are given as follows:

f(p,x) =2 VYpe P Vx e X,
C(p) = {x = (x1,22) € R? | x3 > 21} VpeP.
We have
F(p)={y=(y1,y2) €R* | > 47} Vpe P,
Fp)={y=(y1,92) ER*[go =9, y1 <0} VpeP.
Take p =0 and y = (0,0), then § € F(p). By simple computation, one can find
DF(p,5)(p) = (—o0,0] x {0},
DF(p,y)(p) =R x [0,+00) Vpe P.

It is easy to see that F' is K-convex and p € int(dom F'), i.e., the assumption (ii) is
fulfilled. Meanwhile, Eff x DF'(p, §)(p) = () for all p € P and therefore the inclusion
DF(p,y)(p) C Ef k. DF(p,y)(p) fails to hold for all p € P.

We are now ready to formulate the main result of this section.
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Theorem 3.3. Let (p,y) € gphF. Suppose that Eff DF (p,y)(0) = {0}. If one of
the following conditions is satisfied:

(i) F is semi-differentiable at (p,y);

(ii) F is K-conver and p € int(dom F),
then F is isolatedly calm at (p,y).

Proof. Employing Proposition 3.1 and Lemma 2.8, we get the desired result. 0

It is worth to noticing that the assumptions in the above theorem are essential.
Let us first revisit Example 3.2. Consider p = 0 and y = (0,0) € F(p). We have
Eff % DF(p,y)(0) = R x {0} # {0}. Observe that F is not isolatedly calm at (p,y)
although the condition (ii) in Theorem 3.3 holds. In the next example neither (i)
nor (ii) in Theorem 3.3 is satisfied, the conclusion of this theorem is invalid.

Example 3.4. Let P=X =Y =R, K =Ry andlet f: PxX =Y, C: P=3 X
be mappings which are given as follows:

f(p,z)=2x Vpe P, Vxe X,
C(p) = {\/ﬁ et

0 otherwise.

We have F(p) = F(p) = C(p) for all p € P. Take p =0 and g = 0, then g € F(p).
By computing, we obtain Effiy DF(p, 7)(0) = {0}. Since p ¢ int(dom F'), it follows
that neither (i) nor (ii) in Theorem 3.3 is satisfied. Actually, F is not isolatedly
calm at (p, 7).

4. ISOLATED CALMNESS OF THE EFFICIENT POINT MULTIFUNCTION IN
SPECIAL/CONCRETE CASES

4.1. Multifunction constraints. We now consider the problem (1.2) with con-
straint mapping C' : P = X. Define C': P x Y = X as follows

(4.1) Clp,y) ={z € Cp) | flp,x) =y}

Our first auxiliary result in this section gives a formula for computing contingent
derivatives of F' in (1.1) at the reference point via the contingent derivative of the
constraint mapping C' and the Fréchet derivative of the objective function f at the
corresponding points.

Proposition 4.1. Let p € P,z € C(p) and y = f(p,x). Suppose that f is Fréchet
differentiable at (p, ) with the derivative Vf(p,z) := (Vpf(p, %), Vo f(D,Z)) and
that C' defined in (4.1) is directionally compact at ((p,y),Z). One has

(42) DF(®,9)(p) ={Vpf(D,2)(p) + Vo f (P, %)(z) | z € DC(p,Z)(p)} VpeEP.
(

Furthermore, if C' is semi-differentiable at (p,Z), then F is semi-differentiable at
(P, y) as well.

Proof. The inclusion “2” in (4.2) has been proved in [17, Theorem 2.7.8]. Let us
justify the inverse “C” in (4.2). For each p € P, take any y € DF(p,y)(p), i.e.,
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(p,y) € TB(gphF; (p,7)). Then there exist sequences {t,} C (0,+0o0),t, — 0 and
{(pmyn)} C PxY, (pmyn) — (p,y) with
U+ tnyn € F(p+ tnpy) for all n.
Thus it follows from the composite from of F' in (1.1) that there exists {z,} C
C(p + tnpn) such that
(4.3) G+ tnyn = f(P+ tupn, x,) for all n,
ie., z, € 5(;5+ tnDn, ¥ + tnyn) for all n.

Set Z,, = x’;;j. We get x,, = + t, 2y € 5’(;5 + tnPn, Y + tnyy) for all n. Since Cis
directionally compact at ((p,¥),z), without loss of generality, we may assume that
{Zn} converges to some & € X. Thus € DC(p,z)(p). By (4.3), we have
— T f(ﬁ+tnpna-f+tn-%n)_f(ﬁvj)
y = lim y, = lim
n—00 n—00 tn

= Vipf (0, 2)(p) + Vo [ (P, 7)(2)
and thus (4.2) has been established. We have by definition

(4.4) DiF(p,y)(p) C DF(p,y)(p) Vp€ P.

In order to show that F' is semi-differentiable at (p,7), it suffices to justify the
converse inclusion in (4.4). Let p € P and take any y € DF(p,y)(p). By (4.2),
there exists « € DC(p, Z)(p) such that y = V, f(p,Z)(p) + V2 f(p,Z)(x). From the
semi-differentiability of C' at (p,z) it follows that for any {t,} C (0,+00),t, — 0,
and {pn} C P,pn — p, there exist {z,} C X, z, — = and ny € N such that

T+ than € C(P+tapn) Vn > ny.

Setting
FB+ tapns T + taxy) — f(P, 7)
tn ’

Yn

we have lim y, =y and
n—oo

F(p+t -9
Yn € (p-l—tnpn) J Vn > ng.
n

Hence y € liminf w = DiF(p,y)(p) and this completes the proof. [
(t.p")—(0%,p)

Remark 4.2. Observe that, in the proof of Proposition 4.1, the multifunction C

is directionally compact at ((p,y),Z) whenever the multifunction C has the corre-

sponding property at (p, Z). Thus the conclusion of Proposition 4.1 remains valid if

the assumption C is directionally compact at ((p, ), Z) is replaced by the assump-

tion C is directionally compact at (p, T).

Corollary 4.3. Let p € P,z € C(p) and y = f(p,Z). Suppose that f is Fréchet
differentiable at (p, ) with the derivative V f(p,z) :== (Vpf(p, Z), Vo f (D, Z)). If one
of the following requirements is fulfilled:

(i) C is upper locally Lipschitz at p € domC' with C(p) = {Z};

(i) DSC(p,7)(0) = {0}
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(iii) C defined in (4.1) is upper locally Lipschitz at (p,y) € domC with 5(;5, y) =
{z};

(iv) D°C((p,9),%)(0,0) = {0},
then (4.2) holds true.

Proof. The proof is immediate from Lemmas 2.6, 2.7, Proposition 4.1 and Re-
mark 4.2. O

Note that the formula (4.2) is stated and proved by Tanino [38] under the condi-
tion (iii) in Corollary 4.3 and a slightly more exacting assumption that f is a con-
tinuously differentiable function; see further [17, Theorem 2.7.8] for a proof which
has been undertaken under the condition (i) in Corollary 4.3.

The following proposition gives us another criteria for computing contingent
derivatives of F' in (1.1) at a given point in its graph.

Proposition 4.4. Let p € P,z € C(p) and y = f(p,x). Suppose that f is Fréchet
differentiable at (p,T) with the derivative V f(p,z) := (Vo f(p,Z), Vo f(P,T)). If one
of the following requirements is fulfilled:

(i) f is K-convex, C is a conver multifunction with C(Z) being a closed set

and z € int(domC), and C defined in (4.1) is isolatedly calm at ((p,§),) with
Cp.y) ={z};

(ii) C defined in (4.1) is pseudo-Lipschitz at ((p,y), ),
then (4.2) holds true.

Proof. The proof of (i) is similar to that given in [39, Proposition 5.2]. We only
justify the proposition under condition (ii). In view of [17, Theorem 2.7.8], it suffices
to prove that

(45) DF®,9)(p) C{Vpf(D,Z)(p) + Vo f (P, %)(z) | x € DC(p,Z)(p)} VpeP.

For each p € P, take any y € DF(p,§)(p), i.e., (p,y) € TB(gphF; (p,7)). Then there
exist sequences {tn} C (0,400),tn = 0 and {(pn,yn)} C P x Y, (pn,yn) — (p,y)
with

U+ tnyn € F(p+ tupy) for all n € N.

Since C is pseudo-Lipschitz at ((p,§), ), there exist U; € N(p),Us € N(3),V €
N (z) and M > 0 such that

(4.6) C(p1,y1) NV CC(pa, ya) + M(||p1 — pal|® + ||y1 — y2H2)%BX
Vp1,p2 € U, Vy1,y2 € Us.
Choose § > 0 such that p+ dBp C Uy,y + 6By C Us. It follows from (4.6) that
(4.7) z€C[B.y) NV OB+t 5+ ty') + Mt(|p'|> + |Iy']1)? Bx
Vt € (0,0),Vp" € P||tp'|| <,V € Y, [|ty'|| < 0.

Since t, — 0 and (pn,yn) — (p,y), without loss of generality, we may assume that
there exists M; > 0 such that (|[pn]|? + [|yn]|?)2 < M; and t, € (0,0), ||tupn|| <
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S, |[tnynl| < 0 for all n. So, by (4.7) there exists {z,} C C(P + tPn, § + tnyn) such

that ||Z — z,|| < MMty for all n. Set &, = #2==. Then [|&,|| < MM for all n and

(4.8) Tn =T+ tndn € C(P+ taPn, J + tnyn) Vn.

Since X is finite dimensional, without loss of generality, we may assume that {z,}
converges to some & € X. This together with the fact that

T+ tpin € C(D+ taPn, J + tayn) C C(P + tupn) for all n

yields & € DC(p, z)(p). It follows from (4.8) that y+t,yn = f(p+tnpn, zy) for all n.
We have

i o — lig P tapn, T A tadn) — (P, T)
Y n—00 Yn n—00 tn

and thus (4.5) has been justified. O

The criteria for the mapping C to be pseudo-Lipschitz or upper locally Lipschitz
can be found in [38,39] (also see [30] for the more general mappings).

We now provide sufficient conditions in the presence of the objective function f
and the constraint mapping C' for the efficient point multifunction F in (1.3) to be
isolatedly calm at the reference point.

Theorem 4.5. Let p € P and let = € C(p) be such that §y = f(p,Z) € F(p).
Suppose that f is Fréchet differentiable at (p,x) with the derivative V f(p,z) =
(Vpf(0,Z),Vof(D,Z)). Assume further that (4.2) holds and that

Eff g {Vaf(p,7)(x) | x € DC(p,)(0)} = {0}
If C is semi-differentiable at (p,x), then F is isolatedly calm at (p,q).

Proof. Combining Theorem 3.3 and Proposition 4.1, we get the desired result. 0O

4.2. Operator constraints. We now consider the problem (1.2) with the con-
straint mapping C : P = X given in the form

(4.9) C(p) :={x € Q| h(p,x) € O},

where h : P x X — Z is a single-valued mapping between finite dimensional spaces.
Here Q C X,© C Z are nonempty, closed and convex. Constraints of type (4.9) are
known as operator constraints. They include geometric, functional, and other types
of constraints under appropriate specifications of h and O, see [25,26, 32] for more
discussions and examples.

The following theorem gives a sufficient condition ensuring the efficient point
multifunction F in (1.3) with constraints given by (4.9) to be isolatedly calm at the
point under consideration.

Theorem 4.6. Let F be the efficient point multifunction of (1.2) with the constraint
mapping C given by (4.9) and let p € P, & € C(p) be such that y = f(p,z) € F(p).
Suppose that f is Fréchet differentiable at (p,x) with the derivative Vf(p,z) =
(Vpf (D, %),V f(p,T)) and h in (4.9) is continuously differentiable at (p,T) with the
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deriative Vh(p,z) = (Vph(p, ), Vzh(p,T)). Assume further that (4.2) holds and
that the following constraint qualification is fulfilled:

(4'711(]12? only vector z € N(@; h(p, :E)) satisfying — 2V h(p,z) € N(;Z) is z = 0.

If the following is valid,

(411) BEL{V.f(5,7)() | € TP 3), Vah(p,5)(x) € T (05 h(5, 7))} = {0},

then F is isolatedly calm at (p, 7).

Proof. According to Lemma 2.4, we have C' is semi-differentiable at (p, z) and
DO(3,7)(p) = {z € T 3) | Vph(5,5)(p) + Vah(5,5)(x) € TP (03 h(5, 7))}

for all p € P. To finish the proof it remains to apply Theorem 4.5. U

The next theorem shows that the assumption (4.11) always holds in the following
case.

Theorem 4.7. Let F be the efficient point multifunction of (1.2) with the constraint
mapping C given by (4.9) and let p € P, & € C(p) be such that y = f(p,z) € F(p).
Suppose that f is Fréchet differentiable at (p,x) with the derivative V f(p,z) =
(Vpf (D, %), Vo f (P, T)) and h in (4.9) is continuously differentiable at (p,T) with the
deriwative Vh(p,z) = (Vph(p, ), Vizh(p,T)). Assume further that (4.2) holds and
that the following constraint qualification is fulfilled:
The only vector z € N(@; h(p, :Z‘)) satisfying — zV,h(p,z) € N(Q;Z) is z = 0.

If C(p,z) = {x}, then F is isolatedly calm at (P, 7).

Proof. 1t follows from Lemma 2.4 that C is pseudo-Lipschitz at (p, ). Moreover,
C(p,z) = {z}, we therefore have that C is isolatedly calm at (p,z). By Lemma 2.8,

DC(p,z)(0) = {0}. Using again Lemma 2.4 we have that C is semi-differentiable
at (p, ). Applying now Theorem 4.5, we get the desired result. O

4.3. Constraints described by finitely many equalities and inequalities.
Next we consider the problem (1.2) with the functional constraints described by
finitely many equalities and inequalities given as follows

Clp) == {r € X | gi(p,x) <0, i=1,...,m,
(4.12) gi(p,x) =0, i=m+1,....m+r},

where g;, i = 1,...,m+r, are real-valued functions on the space P x X. Constraints
of this type can be treated as a particular case of the operator constraints (4.9) with
h:Px X — R™7" defined by

(4.13) h(p,z) = (91(p, ), - - - gmtr (P 7)),
Q= X and © C R™"" defined by
0 := {(al,...,am+T)ERm+T\aiSO, 1=1,...,m,
(4.14) =0, i=m+1,....m+r}.
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However, constraints of type (4.12) is a conventional and remarkable class in para-
metric nonlinear programs and parametric vector optimization. The following corol-
laries provide sufficient conditions for the efficient point multifunction F in (1.3)
with constraints given by (4.12) to be isolatedly calm at the reference point via the
Mangasarian-Fromouvitz constraint qualification which is as follows:

(4.15)
the gradients Vgu,1+1(P,Z), .., Vgm+ir (D, T) are linearly independent, and

there is u € P x X such that (Vg;(p,Z),u) =0 for i=m+1,... m+r
and that (Vg;(p,z),u) <0 whenever i =1,...,m with g;(p,z)=0.

Corollary 4.8. Let F be the efficient point multifunction of (1.2) with the con-
straint mapping C given by (4.12) and let p € P, = € C(p) be such that § =
f(D,7) € F(p). Suppose that [ is Fréchet differentiable at (p,T) with the deriva-
tive VI(p,z) := (Vpf(p, %), Vo f(p,Z)) and that g;,i = 1,...,m+r, in (4.12) are
continuously differentiable at (p, ). Assume further that (4.2) holds and that the
Mangasarian-Fromovitz constraint qualification (4.15) is fulfilled. If the following is
valid, then F is isolatedly calm at (p,7y),

}"({sz(ﬁ,:i)( )|z € X,Va9i(p,z)(x) <0 for alli € I(p, T)
V.9i(p, T)(x) = Ofori:m—l—l,...,m—i—r}:{O},
(
z).

where 1(p,z) = {i € {1,...,m} | gi(p, &) = 0} denotes the index set of active
inequality constmmts in (4. 12) at (p,

Proof. Observe that the condition (4.10) which is fulfilled is precisely the Mangasarian-
Fromovitz constraint qualification (4.15) and the fact that

T8 (0;h(p, 7)) = {(M,- -, Amgr) € R™TT|N; <0 for all i € I(p, 7)
Ai=0fori=m+1,....,m+r},

where h and © were defined in (4.13) and (4.14) respectively. Thus the proof is
immediate from Theorem 4.6. g

4.4. Constraints described by an arbitrary (possibly infinite) number of
inequalities. In this subsection we consider the problem (1.2) with the constraint
mapping C': P = X defined by

(4.16) Clp)={zxe€eX : gt(p,x) <0,t €T},

where T is an arbitrary (possibly infinite) index set and for eacht € T, g; : Px X —
R is proper, lower semicontinuous (l.s.c.) and convex.

Constraints of type (4.16) are known as semi-infinite/infinite inequality con-
straints. It is well known that models of semi-infinite optimization cover, e.g.,
pollution control models, engineering design, control of robots, mechanical stress of
materials, optimal experimental design in regression and the popular semi-definite
programming. Semi-infinite optimization programming and its wide applications
have attracted much attention from many researchers. We refer readers to the
books [16,33] for more details and discussions and some recent papers [5-7,9,12,13]
for references.
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Denote by R(T) (respectively, R( )) the collection of all the functions A : T' —
R taking nonzero (respectively, nonnegatlve) values only at finitely many points

of T, and supp A := {t € T|\ # 0}. Given u € R(T) and X € Rf), we put
(M) = X tesupp A Attie. In connection with (4.16), we use the set of active constraint
multipliers defined by

(4.17) Ap,z) ={X € R ])\tgt p,z) =0 for all t € supp A}

Definition 4.9. Let C be defined in (4.16) and let (p,z) € gphC. We say that C
satisfies the regular constraint qualification (RCQ) at (p, x) if

(4.18) NephCi) = U | X Adan 7).
ACA(p,E) tEsupp A

where the symbol 0 stands for the subdifferential in the sense of convex analysis.

Various criteria for the validity of this qualification condition can be found in
[7,13,23].

The following proposition gives a criterion for computing the contingent derivative
of the constraint mapping C' in (4.16) at a given point.

Proposition 4.10. Let (p,x) € gphC. Suppose that C in (4.16) satisfies (RCQ)
n (4.18). Then

(4.19) DC(p,7)(p) ={z € X| Y M0g(p,T)(p,x) <0, VA€ A(p,Z)} Vp € P.

tesupp A
Proof. Note that gph C' = { )€ PxX| gi(p,x) <0forallt e T} is convex.
Since C satisfies (RCQ) in (4.1 ) it holds
(4.20) NephCim0) = U [ Y Moam o).

\EA(p,) tEsupp A
Since T8 (gph C; (p, :E)) is closed, we have

(4.21) 7% (gph C; (p, 7)) = (T” (gph C; (5, 2))°)° = N (gph C; (5, 7))°.
Combining (4.20) with (4.21) and using the definition of the contingent derivative,
we get (4.19). The proof is complete. O

Our first result in this subsection provides a sufficient condition for verifying the
isolated calmness of the efficient point multifunction F in (1.3) with the constraints
of nondifferentiable functions at a given point.

Theorem 4.11. Let F be the efficient point multifunction of (1.2) with the con-
straint mapping C given by (4.16) and let p € P,z € C(p) be such that § =
f(p, &) € F(p). Suppose that f is Fréchet differentiable at (p,z) with the deriva-
tive Vf(p,z) == (Vpf(p,Z),Vaf(p,Z)). Assume further that (4.2) holds and that C
satisfies (RCQ) in (4.18) as well as

WAV (DD (z) [z € X, ) MIgi(p,2)(0,2) <0, VA € A(p,Z)} = {0}.

tEsupp A
If C is semi-differentiable at (p, x), then F is isolatedly calm at (p,q).
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Proof. The proof follows from Proposition 4.10 and Theorem 4.5. O

Remark 4.12. It is worth to mention here that since C' is a convex multifunction,
one thus gets the semi-differentiability of C' at (p,Z) as long as p € int(dom C)
(see [17, Theorem 2.7.6]).

As an immediate consequence of Theorem 4.11, we have the following result
which gives a criterion for verifying the isolated calmness of the efficient point
multifunction F in (1.3) with the constraints of differentiable functions at the point
under consideration.

Corollary 4.13. Let F be the efficient point multifunction of (1.2) with the con-
straint mapping C given by (4.16) and let p € P,z € C(p) be such that §j =
f(D,7) € F(p). Suppose that [ is Fréchet differentiable at (p,T) with the deriva-
tive V(p,z) == (Vpf(p,Z), Vo f (D, Z)) and that all g, t € T, in (4.16) are Fréchet
differentiable at this point. Assume further that (4.2) holds and that C satisfies
(RCQ) in (4.18) as well as

(4.22)
EfR{V.f(0,2)(z) |z € X, DY ANVegi(p,7)(x) <0, VA€ A(p,2)} = {0}.

tesupp A
If C is semi-differentiable at (p,Z), then F is isolatedly calm at (p, 7).

Finally we present an example which aims for illustrating the results obtained.
Example 4.14. Let T =[0,1]U{-1} U{2},P =R, X =Y =R?* K =R? and let
f:RxR? = R? g :RxR?— R,t €T be mappings which are given as follows:

f(p,z) = (p+z1,20) Vz = (x1,29) €R? VpER,
gi(p,x) =tp—txy — (1 —t)zy Vo = (z1,29) € R, Vp €R.

We consider the problem (1.2) with C' defined in (4.16). By simple computation,
one can find

C(p) ={x = (x1,22) € R? | —p+ 21 — 229 <0,2p — 221 + 22 < 0},
F(p)={y=(y1.92) ER’| —2p+y1 — 2 < 0,4p— 2y1 + 12 <0} Vp€eP.
In particular, for p = 0,
C(p) = {x = (w1,22) € R?*| 21 — 229 < 0, —2x1 + 72 < 0},
F(p) = {y = (y1,92) € R* | y1 — 245 <0, —2y1 +y2 < 0},

and thus z = (0,0) € C(p) as well as § = f(p,z) = (0,0) € F(p). Observe that C
is a convex multifunction and p € int(dom C') and therefore it is semi-differentiable
at (p,z) (see [17, Theorem 2.7.6]).

For each t € T', we have

9 (p,w) = {

0 if (p,z) = (t,—t,t —1)

epigi = {t} x {~t} x {t — 1} x Ry,

Vo = (x1,22) € R%, Vp € R,
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where g/ denotes the conjugate function of g;. Thus cone ( User epig;‘) =R, xR?% x

R, which is closed in R*, where cone(f2) stands for the conver conical hull of €.
So it follows from [7, Theorem 3.7] that C' satisfies (RCQ) in (4.18). Using now
Proposition 4.10, we obtain

DC(p,z)(p) = {x = (z1,13) € R? | tp—ta;—(1—t)zy <O VL € T} =C(p) VpeP.
Thus for each p € P,

{Vuf(0,2)(p) + Vaf(p, 7)(x)| € DC(p,7)(p)} = F(p)-

Besides, DF(p,5)(p) = {y € R? | = 2p+ y1 — 2y> < 0,4p — 2y1 + 3o < 0} for all
p € P. So (4.2) is valid. Similarly, it is easy to check that (4.22) is satisfied. We
now assert by Corollary 4.13 that F is isolatedly calm at (p,y).
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