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PROXIMAL QUASI-NORMAL STRUCTURE AND A BEST
PROXIMITY POINT THEOREM

A. ABKAR AND M. GABELEH

ABSTRACT. In this paper we prove the existence of best proximity points for
weak cyclic Kannan contraction mappings in Banach spaces. Moreover, we in-
troduce a notion of quasi-proximal normal structure and study the existence of
best proximity points for relatively Kannan nonexpansive mappings which are
relatively nonexpansive.

1. INTRODUCTION AND PRELIMINARIES

Let X be a Banach space, and let A, B be nonempty subsets of X. A mapping
T:AUB — AU B is said to be cyclic provided that T'(A) C B and T'(B) C A.
For this class of mappings the fixed point equation x = T’z may not have solution.
Thus we can consider the minimization problem

1.1 in d(z,Tz).
(1.1) min (z,Tx)

Each solution of (1.1) is called a best proximity point of the cyclic mapping 7.

Definition 1.1. Let T be a cyclic mapping. A point x € AU B is said to be a best
proximity point for 7' provided that d(z,Tz) = dist(A, B), where dist(A, B) :=
inf{d(z,y) :x € A,y € B}.

Existence and convergence of best proximity points for various classes of mappings
is an interesting subject which was studied by several authors; see for example
[1, 2, 3, 4, 13, 14, 15].

Let (A, B) be a nonempty pair in a Banach space X. We say that the pair (A, B)
of subsets in a Banach space X satisfies a property if both A and B satisfy that
property. For example, (A, B) is convex if and only if both A and B are convex.
Moreover, throughout this paper we shall use the following notations and definitions:

(A,B)C (C,D)< ACC, and BCD,
0:(A) = sup{d(x,y) : y € A} for all z € X,
d(A, B) =sup{d(x,y) :z € A, y € B}.

2. WEAK CcYCLIC KANNAN CONTRACTION MAPPINGS

Definition 2.1. ([10]) Let (A4, B) be a nonempty pair in a Banach space X and
T:AUB — AU B be a cyclic mapping. We say that T is a weak cyclic Kannan
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contraction mapping if
(2.1) [Tz = Tyl < aflle = Tzl + ly — Tyll} + (1 — 2a)dist(A, B),

for some « € (0,3) and for all (z,y) € A x B.

The following theorem was established in [10].
Theorem 2.2. Let (A, B) be a nonempty closed convex pair in a uniformly convex
Banach space X. Suppose that T : AUB — AU B is a weak cyclic Kannan

contraction mapping. Then T has a unique best proximity point z € A. Moreover,
the sequence {T?"x} converges to z for any x € A.

We emphasize that the geometric property of X, that is, being a uniformly con-
vex Banach space, plays an important role in the proof of Theorem 2.2.
In this section we prove the existence of best proximity points for weak cyclic Kan-
nan contractions in Banach spaces.

Theorem 2.3. Let (A, B) be a nonempty weakly compact convex pair in a Banach
space X. Assume that T : AUB — AU B is a weak cyclic Kannan contraction
mapping. If B.P.P(T) denotes the set of all best proximity points of T, then both
B.P.P(T)NA and B.P.P(T) N B are nonempty subsets of X.

Proof. Let ¥ denote the collection of all nonempty weakly compact convex pairs
(E, F) which are subsets of (A, B) and such that 7" is cyclic on £ U F. Then ¥ is
nonempty, since (A4, B) € ¥. Note that ¥ is partially ordered by the revers inclusion,
that is (A, B) < (C,D) < (C,D) C (A, B). It is easy to check that every increasing
chain in ¥ is bounded above. Hence by Zorn’s lemma we can get a minimal element,
say (K1, K3) € . We have

(co(T(Kz)),co(T(K1))) € (K1, Ka).
Moreover
T(co(T(K2))) € T(K1) C co(T(Ky)),
and also
T(E(T(K:))) C (T(K>)).
Now by the minimality of (K1, K2), we have ¢o(T(K2)) = Ki, co(T(K1)) = Kos.
Let a € K1, then Ky C B(a;d,(K2)). Now if y € K5, then

[Ta =Tyl < oflla = Tall + [Ty — yll} + (1 — 22)dist(A, B)

< 206(K7, K2) + (1 — 2a)dist(A, B).
Therefore for all y € K5, we have
T(K2) C B(Ta;2a6(K1, Ka) + (1 — 2a)dist(A, B)).
Hence,
K, =7c0(T(K32)) C B(Ta;2a6(K1, K2) + (1 — 2a)dist(A, B)).
This implies that
|z — Tal < 2ad(K7, K2) + (1 —2a)dist(A, B) for all z € K,
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so that

(2.2) dra(K1) < 2a6(K7, K2) + (1 — 2a)dist(A, B).
Similarly, if b € Ky, we see that

(2.3) oy (K2) < 200(Ky, K2) + (1 — 2a)dist(A, B).

Now, we put
Ey:={x € K1 : 6,(K>3) < 2ad(K1,K2) + (1 — 2a)dist(A, B)},
By :={y € Ky :6,(K1) < 2a6(K1, K2) + (1 — 2a)dist(A, B)}.
Then (E1, E3) is nonempty, and

By = () B(y;206(Ky, Ky) + (1 - 2a)dist(A, B)) N Ky,
yEKo

Ey = () B(x;2ad(K1, K2) + (1 — 2a)dist(A, B)) N K.
reK
Moreover, by (2.2) and (2.3) it is easy to check that T is cyclic on E1 U Ey. Now by
the minimality of (K7, K2) we must have E; = K; and Fy = K. Thus we obtain

0z (K2) < 2ad(K1, K2) + (1 — 2a)dist(A, B), forall z € Ky,
which implies that

5(K1,K2) = sup 63;(K2) < 20&5(K1,K2) + (1 — 20z)di8t(A, B)
reKy
Therefore
(5(K1, KQ) = diSt(A, B)
Now we have

|z — Tz|| < §,(K2) = dist(A, B) for all z € Kj.

This shows that each point in K; is a best proximity point of T, so that K; C
B.P.P(T)N A. Similarly, we see that Ko C B.P.P(T)N B. O

Corollary 2.4. Let (A, B) be a nonempty bounded closed convex pair in a reflexive
Banach space X. Assume that T : AUB — AU B is a weak cyclic Kannan
contraction mapping. Then both B.P.P(T)N A and B.P.P(T) N B are nonempty
subsets of X.

3. PROXIMAL QUASI-NORMAL STRUCTURE

The notion of normal structure for Banach spaces was introduced by Brodskii
and Milman in [5], where it was shown that every weakly compact convex set which
has this property contains a point which is fixed under surjective isometry. More
information on normal structure, can be found in [7, 8, 9, 11]. In [16] Wong proved
that X has the weak fixed point property for Kannan maps if and only if it has
weak normal structure. Also it is shown in [17] that spaces which are separable or
strictly convex have normal structure. After that a concept weaker than that of
normal structure was introduced by Soardi in [12]. It was announced in [17] that if
X is a Banach space with quasi-weak normal structure if and only if every Kannan
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mapping T of a non-empty weakly compact convex subset K of X into itself has a
fixed point.
The notion of proximal normal structure was introduced in [6] as follows:

Definition 3.1. A pair (A, B) of subsets of a linear space X is said to be a proximal
pair if for each (z,y) € A x B there exists (#,7) € A x B such that

|z =9Il = [|£ — yll = dist(A, B).

Definition 3.2. A convex pair (Ki,K2) in a Banach space X is said to have
proximal normal structure if for any bounded, closed and convex proximal pair
(Hl,HQ) - (Kl,KQ) for which dist(Hl,Hg) = d’iSt(Kl,Kz) and 5(H1,H2) >
dist(Hy, Hs), there exits (x1,x2) € Hy X Hy such that

(5x1(H2) < 5(H1,H2), (5x2(H1) < (5(H1,H2).

By using this geometric property Eldred et. al established the following theorem.
Before we mention the main theorem of [6], we recall the following definition.

Definition 3.3. Let (A, B) be a nonempty pair of a normed linear space X and
T: AUB — AU B be a mapping. We say that T is relatively nonexpansive if
[Tz — Ty|| < ||z — y|| for all (z,y) € A x B.

Theorem 3.4. ([6]) Let (A, B) be a nonempty, weakly compact convex pair in a
Banach space X, and suppose (A, B) has proximal normal structure. Assume that
T:AUB — AU B is a cyclic relatively nonexpansive mapping. Then T has a best
prozimity point in both A and B, that is, there exists (z*,y*) € A X B such that
la* — Ta*l| = | Ty* — y°|| = dist(A, B).

We now introduce a notion of proximal quasi-normal structure.

Definition 3.5. A convex pair (Ki,K2) in a Banach space X is said to have
proximal quasi-normal structure if for any bounded, closed and convex proximal
pair (Hy, Ha) C (K1, K») for which dist(Hy, Hy) = dist(K1, K2) and 0(Hy, Ha) >
dist(Hy, Hs), there exits (p1,p2) € Hi x Hg such that

d(p1,y) < 0(Hy, Ha), d(xz,p2) <6(Hy, Hy),
for all (z,y) € Hy x Ha.

It follows from Definition 3.6 that for a convex subset K of a Banach space X, the
pair (K, K) has proximal quasi-normal structure if and only if K has quasi-normal
structure. Moreover,

proximal normal structure = proximal gausi-normal structure.

Example 3.6. Let (A, B) be a bounded closed convex pair in a uniformly convex
Banach space X. Then (A, B) has proximal quasi-normal structure.

Proof. By Proposition 2.1 of [6], (A, B) has proximal normal structure and thus has
proximal quasi-normal structure. O

Before we shift to the main result of this section, we prove the following lemma.

Lemma 3.7. Let (K1, K2) be a nonempty pair of a normed linear space X. Then
(K1, K2) = d(co(K1),co(K2)).
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Proof. Tt is sufficient to show that 6(co(K7),c0(K2)) < 6(Ki,Ks). Let z € K.
For all y € Ky we have y € B(r;0,(K1)). Then Ky C (,cg, B(w;0.(K1)) and
hence ¢o(K1) C (V,ck, B(z;0:(K1)). Now if 2z € ¢o(Ky), it is easy to see that
co(K2) C B(z;0(K1, K2)). Thus €o(K2) € (,cap(k,) B(250(K71, K3)), and the result
follows. U

Theorem 3.8. Let (A, B) be a nonempty, weakly compact convex pair in a Banach
space X and suppose (A, B) has proximal quasi-normal structure. Let T : AUB —
AU B be a cyclic mapping such that

. 1
(3.1) |72 — Tyl < min { S (e = T + |y = Tyl), | — I }.
for all (x,y) € A x B. Then there exists (z*,y*) € A x B such that
|2* = Ta™|| = |Ty" — y*| = dist(A, B).

Proof. 1t is not difficult to see that (A, By) is a nonempty, weakly compact convex
pair and dist(A, B) = dist(Ao, Bo). Moreover, T is cyclic on Ag U By (for more
details see [6]). Let X denote the collection of all nonempty, weakly compact convex
pairs (E, F') which are subsets of (A, B) and dist(E, F') = dist(A, B) and T is cyclic
on EUF. Then ¥ is nonempty, since (Ap, Bp) € ¥. By using Zorn’s lemma we
can see that ¥ has a minimal element, say (K7, K2) with respect to revers inclusion

relation and dist(K, K2) = dist(A, B) (see Theorem 2.1 of [6]). Now let r be a real
positive number such that r > dist(A, B) and let (p,q) € K1 x Ky is such that

Ip —qll = dist(A, B),|lp—Tpl| < r
and || T'q — q|| < r. Put
Ki={zeK;:|lz—Tz| <r}, Ky ={x € Ky : ||[Tx — x| <r},

and set C] :=co(T(K7)), C5 :=7co(T(K3)). We claim that T is cyclic on C] U C5.
Firstly, we prove C] C KJ. Let x € C]. If | Tz — x| = dist(A, B), then z € KJ.
Suppose ||Tx — z|| > dist(A,B). Set s := sup{||Tw — Tz| : w € K]}. Then
B(Txz;s) O T(K7). This implies that C] C B(T'z;s). Since x € C], we have
|Tx — z|| < s. By the definition of s, for each € > 0 there exists w € K] such that
s —e < ||Tw — Tz||. Hence

IT2 e —e < s—¢ < |[Tw-Te| < Sllw-Tw| + |Te -] < ||Tz - af + 5r.
This implies that | Tz — z|| < r + 2e. Thus x € K} and hence C] C Kj. Therefore
T(C]) CT(Ky) Cco(T(Ky)) = Cy.

Similar argument shows that T'(C%) C C{. Thus T is cyclic on C] U Cj. We now
prove that §(CT,C3) < r. By Lemma 3.7 we have

6(C1,C3) = o(co(T (K1), T(K3)))
= O(T(K7), T(K3)) = sup{|[Tx = Ty| : x € K,y € K3}

1
< sup{jfllz = Tl + [Ty —yll] : = € K7,y € K3}

gl trl=r

IN
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On the other hand since p € K7, q € K} and ||p—q|| = dist(A, B), we conclude that
dist(A, B) < dist(C5,CT) < [|[Tq —Tpl|| < |lp — q|| = dist(A, B),

that is, dist(C3, C]) = dist(A, B).
Put
ro = inf{||z — Tz| : x € K1 U K»}.
Then 9 > dist(A,B). Let {r,} be a nonnegative sequence such that r, | ro.

Thus {C]"},{C5"} are descending sequences of nonempty, weakly compact convex
subsets of K1, K5 respectively. By the weakly compactness of K7, Ko we must have

Cle =[O #0, Ci° = () Gy~ # 0.
n=1 n=1

Also by the preceding argument 7 : C{° U C5° — C[° U C5° is a cyclic map-
ping. Moreover, since dist(Cy",C™) = dist(A, B) for all n € N, we conclude that
dist(C5°,C]°) = dist(A, B). The minimality of (K, K») implies that C3° = K
and C]° = Ky. Hence ||z — Tz|| < rg for all z € K; U K. Now let rg > dist(A, B).
Since (A, B) has proximal quasi-normal structure, there exists (p1,q1) € Kj x Ko
such that

[p1 —yll < 0(Kq, K2) <o, |z —aqil| < (K7, K2) < ro,
for all (z,y) € K; x Kj. Therefore
[p1 — Tp1l| < 0(K1, K2) <70 & [|[Tq1 — q1| < 0(K1, K2) < 7o,
which is a contradiction. This implies that ro = dist(A, B) and hence
|z = Tzl| = [Ty — yl| = dist(A, B)
for all (z,y) € K7 x K. O

Remark 3.9. Let (A, B) be a nonempty pair of a normed linear space X and
T: AUB — AU B be a mapping. We say that T is relatively Kannan nonexpansive
if
1
1T =Tyl < Sllle = Tzl + lly = Tyll]

for all (z,y) € Ax B. We note that the class of mappings introduced in (3.1) consists
of relatively Kannan nonexpansive mappings which are relatively nonexpansive as
well.

Example 3.10. Let X = R with the usual metric and A = [0,1], B = [3,2]. Define
T:AUB — AU B with

if x=0,

if x#£0,2€A,

it x € B.

T(z) =

— ol N

It is easy to check that 7" is cyclic on AU B and satisfies the condition (3.1). Thus
by Theorem 3.8, T" has a best proximity point in AU B.
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